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✺✳✺ ❊#✇%❡'✐❦* ❣✐♥*♠❡♥♦

❙$❤ &✉♥)*❡✐❛ ❥❛ */❤&✐♠♦♣♦✐♦3♠❡ $♦ &✉♠❜♦❧✐&♠6 $♦✉ &✉③✉❣♦3❝✱ ā✱ ❦❛$❛♥♦➳♥$❛❝ ♦$✐ ❡❼♥ $♦

&➳♠❛ K ❡>♥❛✐ ♦✐ ♣/❛❣♠❛$✐❦♦> ❛/✐❥♠♦>✱ $6$❡ ā = a✳

❖!✐#♠%❝ ✺✳✼✳ ❏❡✇/♦3♠❡ ❞✐❛♥✉&♠❛$✐❦6 *➳/♦ V ♣❼♥✇ ❛♣6 $♦ &➳♠❛ K (= R ➔ C)✳ ▼✐❛

❛♣❡✐❦6♥✐&❤

V × V → K : (v, w) 7→ 〈v, w〉

♦♥♦♠❼③❡$❛✐ ❡#✇,❡!✐❦% ❣✐♥%♠❡♥♦ ❡❼♥

❊● ✶✳ ❊>♥❛✐ ❣/❛♠♠✐❦➔ &$❤♥ ♣/➳$❤ ♠❡$❛❜❧❤$➔✱ ❞❤❧❛❞➔ ❡❼♥ ❣✐❛ ❦❼❥❡ u, v, w ∈ V ❦❛✐ a ∈ K✱

〈u+ v, w〉 = 〈u, w〉+ 〈v, w〉

❦❛✐

〈av, w〉 = a〈v, w〉 .

❊● ✷✳ ●✐❛ ❦❼❥❡ v, w ∈ V ✱

〈v, w〉 = 〈w, v〉

❊● ✸✳ ●✐❛ ❦❼❥❡ v ∈ V ✱ ❡❼♥ v 6= 0✱ $6$❡ 〈v, v〉 > 0✳

❊❼♥ 〈v, w〉 = 0✱ ❧)♠❡ ♦$✐ $❛ ❞✐❛♥3&♠❛$❛ v ❦❛✐ w ❡>♥❛✐ ♦!❥♦❣➳♥✐❛✳

I❛/❛$❤/♦3♠❡ ♦$✐ ❡❼♥ $♦ &➳♠❛ K = R✱ $6$❡ ❤ ✐❞✐6$❤$❛ ❊● ✷ &❤♠❛>♥❡✐ ♦$✐ $♦ ❡&✇$❡/✐❦6

❣✐♥6♠❡♥♦ ❡>♥❛✐ &✉♠♠❡$/✐❦6✱ ❦❛✐ ♠❛③> ♠❡ $❤♥ ❊● ✶✱ ♦$✐ ❡>♥❛✐ ❣/❛♠♠✐❦6 ❦❛✐ &$❤ ❞❡3$❡/❤ ♠❡$❛❜❧❤$➔✳

❆♥$✐❥)$✇❝✱ ❡❼♥ K = C✱ ❣✐❛ $❤ ❞❡3$❡/❤ ♠❡$❛❜❧❤$➔ )*♦✉♠❡

〈v, aw〉 = 〈aw, v〉
= a〈w, v〉
= ā〈v, w〉 .

4❛!❼❞❡✐❣♠❛ ✺✳✶✶ ❙$♦ R
n
♦/>③❡$❛✐ $♦ ❡✉❦❧❡>❞❡✐♦ ❡&✇$❡/✐❦6 ❣✐♥6♠❡♥♦✿ ❡❼♥ x = (x1, . . . , xn), y =

(y1, . . . , yn) ,

〈x, y〉 =
n
∑

i=1

xiyi .

❚❛ ❞✐❛♥3&♠❛$❛ (x1, x2) ❦❛✐ (−x2, x1) ❡>♥❛✐ ♦/❥♦❣➳♥✐❛ ❞✐❛♥3&♠❛$❛ &$♦ R
2
♠❡ $♦ ❡✉❦❧❡>❞❡✐♦

❡&✇$❡/✐❦6 ❣✐♥6♠❡♥♦✳

4❛!❼❞❡✐❣♠❛ ✺✳✶✷ ❙$♦ C
n
♦/>③❡$❛✐ ❡&✇$❡/✐❦6 ❣✐♥6♠❡♥♦ ❣✐❛ z = (z1, . . . , zn), w = (w1, . . . , wn) ,

〈z, w〉 =
n
∑

i=1

ziw̄i .
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❉!❛#$❤!✐'$❤$❛ ✺✳✹ ❚❛ ❞✐❛♥()♠❛+❛ (z1, z2) ❦❛✐ (−z2, z1) ❞❡♥ ❡.♥❛✐ ♦0❥♦❣➳♥✐❛

)+♦ C
2
♠❡ ❛✉+5 +♦ ❡)✇+❡0✐❦5 ❣✐♥5♠❡♥♦✳ ❇0❡.+❡ 9♥❛ ♠❤ ♠❤❞❡♥✐❦5 ❞✐❼♥✉)♠❛ ♦0❥♦❣➳♥✐♦

)+♦ (z1, z2)

+❛!❼❞❡✐❣♠❛ ✺✳✶✸ ❏❡✇0♦(♠❡ ♣.♥❛❦❛ A =

[

a b

c d

]

✱ ❦❛✐ ♦0.③♦✉♠❡ +❤♥ ❛♣❡✐❦5♥✐)❤ f :

K2 ×K2 −→ K✱

f(v, w) = vTAw̄ ✭✺✳✶✹✮

= [v1, v2]

[

a b

c d

][

w̄1

w̄2

]

✭✺✳✶✺✮

= av1w̄1 + bv1w̄2 + cv2w̄1 + dv2w̄2 . ✭✺✳✶✻✮

❊❧9❣①+❡ ♦+✐ ✐❦❛♥♦♣♦✐❡.+❛✐ ❤ ✐❞✐5+❤+❛ ❊●✶✳ ●✐❛ +❤♥ ❊●✷✱ aw1v̄1 + bw1v̄2 + cw2v̄1 + dw2v̄2 =

āv̄1w1+ b̄v̄1w2+ c̄v̄2w1+ d̄v̄2w2♣09♣❡✐ ♥❛ ❛♣❛✐+➔)♦✉♠❡ a = ā✱ d = d̄ ❦❛✐ c = b̄✳ ❚9❧♦❝✱ ❣✐❛ ♥❛

✐)K(❡✐ ❤ ❊●✸✱ ♣09♣❡✐ ♥❛ ✐)K(❡✐ av1v̄1 + bv1v̄2 + cv2v̄1 + dv2v̄2 > 0 ❣✐❛ ❦❼❥❡ v ∈ K2
✱ v 6= 0✳

❏❡✇0♦(♠❡ v = (1, 0) ➔ v = (0, 1)✱ ❦❛✐ 9K♦✉♠❡ a > 0✱ d > 0✳ ▼♣♦0♦(♠❡ ♥❛ ❞❡.①♦✉♠❡ ♦+✐ f

✐❦❛♥♦♣♦✐❡. +❤♥ ✐❞✐5+❤+❛ ❊●✸ ❡❼♥ ❦❛✐ ♠5♥♦♥ ❡❼♥ ad − bb̄ > 0✳ ✭❉❡❝ +❤♥ ✬❆)❦❤)❤ ✺✳✶✵ ❣✐❛ +❤♥

♣0❛❣♠❛+✐❦➔ ♣❡0.♣+✇)❤✳✮

+❛!❼❞❡✐❣♠❛ ✺✳✶✹ ❙+♦ K➳0♦ +✇♥ ♣♦❧✉✇♥(♠✇♥ K[x] ♦0.③♦✉♠❡ +♦ ❡)✇+❡0✐❦5 ❣✐♥5♠❡♥♦

〈p(x), q(x)〉 =
∫

1

0

p(t) q(t) dt ✭✺✳✶✼✮

❉!❛#$❤!✐'$❤$❛ ✺✳✺ ❊❧9❣①+❡ ♦+✐ ❤ ✺✳✶✼ ♣0❼❣♠❛+✐ ♦0.③❡✐ 9♥❛ ❡)✇+❡0✐❦5 ❣✐♥5♠❡♥♦✳

❚❛ ♣♦❧✉➳♥✉♠❛ p(x) = (x− 1

2
)2 ❦❛✐ q(x) = (x− 1

2
)3 ❡.♥❛✐ ♦0❥♦❣➳♥✐❛✿

〈p(x), q(x)〉 =

∫

1

0

(t− 1

2
)2(t− 1

2
)3dt

=

∫

1

0

(t− 1

2
)5dt

= 0 .

+❛!❼❞❡✐❣♠❛ ✺✳✶✺ ❙+♦ K➳0♦ +✇♥ )✉♥❡K➳♥ )✉♥❛0+➔)❡✇♥ )+♦ ❞✐❼)+❤♠❛ [a, b]✱ ♠❡ ♣0❛❣♠❛✲

+✐❦9❝ +✐♠9❝✱ C[a, b]✱ ➔ ♠❡ ♠✐❣❛❞✐❦9❝ +✐♠9❝ ✱ CC[a, b]✱ ♦0.③♦✉♠❡ +♦ ❡)✇+❡0✐❦5 ❣✐♥5♠❡♥♦

〈f, g〉 =
∫ b

a
f(s) g(s) ds ✭✺✳✶✽✮

❉!❛#$❤!✐'$❤$❛ ✺✳✻ ❊❧9❣①+❡ ♦+✐ ❤ ✺✳✶✽ ♣0❼❣♠❛+✐ ♦0.③❡✐ 9♥❛ ❡)✇+❡0✐❦5 ❣✐♥5♠❡♥♦✳
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❖✐ %✉♥❛)*➔%❡✐❝ sin ❦❛✐ cos ❡/♥❛✐ ♦)❥♦❣➳♥✐❡❝ %*♦ C[0, π]✿

∫ π

0

sin t cos tdt =
1

2

∫ π

0

sin 2tdt = 0 .

❏❡➳#❤♠❛ ✺✳✹ ✭❆♥✐./0❤0❛ Cauchy-Schwarz✮ ❙❡ "♥❛ %➳'♦ ♠❡ ❡*✇,❡'✐❦/ ❣✐♥/♠❡♥♦

✐*%1❡✐✱ ❣✐❛ ❦❼❥❡ v, w✿

|〈v, w〉| ≤
√

〈v, v〉
√

〈w, w〉 .

❆♣/❞❡✐①❤✳ ❊❼♥ w = 0✱ *8*❡ ❦❛✐ ♦✐ ❞:♦ ♣❧❡✉)=❝ ♠❤❞❡♥/③♦♥*❛✐ ❦❛✐ ❤ %A=%❤ ❡♣❛❧❤❥❡:❡*❛✐✳

❯♣♦❥=*♦✉♠❡ ♦*✐ w 6= 0 ❦❛✐ ❥❡✇)♦:♠❡✱ ❣✐❛ a ∈ K✱ *♦ ❞✐❼♥✉%♠❛ v − aw✿

0 ≤ 〈v − aw, v − aw〉
= 〈v, v〉 − 〈v, aw〉 − 〈aw, v〉+ 〈aw, aw〉
= 〈v, v〉 − ā〈v, w〉 − a〈v, w〉+ aā〈w, w〉 .

❊✐❞✐❦8*❡)❛✱ ❣✐❛ a = 〈v, w〉
〈w,w〉 =A♦✉♠❡

〈v, v〉 ≥ 〈v, w〉〈v, w〉〈w, w〉

➔

|〈v, w〉|2 ≤ 〈v, v〉〈w, w〉 ,

❦❛✐ ❛❢♦: ♦✐ ♣)❛❣♠❛*✐❦♦/ ❛)✐❥♠♦/ 〈v, v〉, 〈w, w〉 ❦❛✐ |〈v, w〉| ❡/♥❛✐ ❥❡*✐❦♦/ ➔ ♠❤❞=♥✱ =A♦✉♠❡

|〈v, w〉| ≤
√

〈v, v〉
√

〈w, w〉 .

�

❊✐❞✐❦=❝ ♣❡)✐♣*➳%❡✐❝ *❤❝ ❛♥✐%8*❤*❛❝ Cauchy-Schwarz ❡/♥❛✐ ♦✐ ❛❦8❧♦✉❥❡❝ ❛♥✐%8*❤*❡❝✳

❙*♦ A➳)♦ R
n
➔ C

n
✱ ♠❡ *♦ %✉♥➔❥❡❝ ❡%✇*❡)✐❦8 ❣✐♥8♠❡♥♦ 〈x, y〉 =

∑n
i=1

xiȳi✱

∣

∣

∣

∣

∣

n
∑

i=1

xiȳi

∣

∣

∣

∣

∣

≤
(

n
∑

i=1

|xi|2
)1/2( n

∑

i=1

|yi|2
)1/2

.

❙*♦ A➳)♦ C[a, b]✱ ♠❡ ❡%✇*❡)✐❦8 ❣✐♥8♠❡♥♦ 〈f, g〉 =
∫ b
a f(s)g(s)ds ,

∣

∣

∣

∣

∫ b

a
f(s)g(s)ds

∣

∣

∣

∣

≤
(
∫ b

a
(f(s))2 ds

)1/2(∫ b

a
(g(s))2 ds

)1/2

.

5#/0❛.❤ ✺✳✺ ❊❼♥ V ❡7♥❛✐ %➳'♦❝ ♠❡ ❡*✇,❡'✐❦/ ❣✐♥/♠❡♥♦✱ ,/,❡ ♦'7③❡,❛✐ ♠7❛ ♥/'♠❛ *,♦ V ✿

||v|| =
√

〈v, v〉 .
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❆♣"❞❡✐①❤✳ ❍ ❛♣&❞❡✐①❤ ,✇♥ ◆ ✶ ❦❛✐ ◆ ✷ ❡2♥❛✐ ❛♣❧➔✳ ●✐❛ ♥❛ ❛♣♦❞❡2①♦✉♠❡ ,❤♥ ,:✐❣✇♥✐❦➔

❛♥✐<&,❤,❛ ◆ ✸✱ ♣❛:❛,❤:♦?♠❡ ♦,✐

||v + w||2 = 〈v + w, v + w〉
= ||v||2 + ||w||2 + 2Re 〈v, w〉 ,

❦❛✐ ♦,✐

(||v||+ ||w||)2 = ||v||2 + ||w||2 + 2||v|| ||w|| .

❆❧❧❼ ❛♣& ,❤♥ ❛♥✐<&,❤,❛ Cauchy-Schwarz✱ 〈v, w〉 ≤ ||v|| ||w|| ❦❛✐ <✉♥❡♣➳❝

||v + w||2 ≤ (||v||+ ||w||)2 .

❆❢♦? ♦✐ ♣:❛❣♠❛,✐❦♦2 ❛:✐❥♠♦2 ||v + w||, ||v|| ❦❛✐ ||w|| ❡2♥❛✐ ❥❡,✐❦♦2 ➔ ♠❤❞F♥✱ FG♦✉♠❡

||v + w|| ≤ ||v||+ ||w|| .

�

▼❡ ,♦♥ <✉♠❜♦❧✐<♠& ,❤❝ ♥&:♠❛❝✱ ❤ ❛♥✐<&,❤,❛ Cauchy-Schwarz ❣:❼❢❡,❛✐ <,❤ ♠♦:❢➔

|〈v, w〉| ≤ ||v|| ||w|| .

❏❡✇:➳♥,❛❝ ,❤ ♥&:♠❛ ✇❝ ,♦ ♠➔❦♦❝ ,♦✉ ❞✐❛♥?<♠❛,♦❝✱ ♠♣♦:♦?♠❡ ♥❛ ♦:2<♦✉♠❡ ,❤ ❣✇♥,❛ ♠❡/❛①0

❞0♦ ❞✐❛♥✉3♠❼/✇♥ <❡ ♦♣♦✐♦❞➔♣♦,❡ ♣:❛❣♠❛,✐❦& ❞✐❛♥✉<♠❛,✐❦& G➳:♦ ♠❡ ❡<✇,❡:✐❦& ❣✐♥&♠❡♥♦✳

❆♣& ,❤♥ ❛♥✐<&,❤,❛ Cauchy-Schwarz FG♦✉♠❡

−1 ≤ 〈v, w〉
||v|| ||w|| ≤ 1 ,

❦❛✐ <✉♥❡♣➳❝ ✉♣❼:G❡✐ ϑ ∈ [0, π] ,F,♦✐♦ ➳<,❡

cosϑ =
〈v, w〉
||v|| ||w|| . ✭✺✳✶✾✮

❆✉,&❝ ♦ ♦:✐<♠&❝ ❣✇♥2❛❝ ,❛✐:✐❼③❡✐ ♠❡ ,❤♥ F♥♥♦✐❛ ,❤❝ ♦:❥♦❣✇♥✐&,❤,❛❝✱ ♣♦✉ FG♦✉♠❡ ♦:2<❡✐ <❡

♦♣♦✐♦❞➔♣♦,❡ G➳:♦ ♠❡ ❡<✇,❡:✐❦& ❣✐♥&♠❡♥♦✱ ♣:❛❣♠❛,✐❦& ➔ ♠✐❣❛❞✐❦&✳ ✬❖,❛♥ 〈v, w〉 = 0✱ ϑ = π
2

❦❛✐ ,❛ ❞✐❛♥?<♠❛,❛ v ❦❛✐ w <G❤♠❛,2③♦✉♥ ♦:❥➔ ❣✇♥2❛✳

❙,❤♥ ❡✉❦❧❡2❞❡✐❛ ❣❡✇♠❡,:2❛✱ ♦ ✜♥&♠♦❝ ,♦✉ ♣❛:❛❧❧❤❧♦❣:❼♠♠♦✉✢ ❧F❡✐ ♦,✐ <❡ F♥❛ ♣❛:❛❧❧❤❧&✲

❣:❛♠♠♦✱ ,♦ ❼❥:♦✐<♠❛ ,✇♥ ,❡,:❛❣➳♥✇♥ ,✇♥ ,❡<<❼:✇♥ ♣❧❡✉:➳♥ ✐<♦?,❛✐ ♠❡ ,♦ ❼❥:♦✐<♠❛ ,✇♥

,❡,:❛❣➳♥✇♥ ,✇♥ ❞✐❛❣✇♥2✇♥✳ ✬❖,❛♥ ,♦ ♣❛:❛❧❧❤❧&❣:❛♠♠♦ ❡2♥❛✐ ♦:❥♦❣➳♥✐♦✱ ❛✉,& ❡2♥❛✐ ✐<♦❞?✲

♥❛♠♦ ♠❡ ,♦ V✉❥❛❣&:❡✐♦ ❏❡➳:❤♠❛✳ ❏❛ ❞♦?♠❡ ♦,✐ F♥❛ ❛♥❼❧♦❣♦ ❛♣♦,F❧❡<♠❛ ✐<G?❡✐ <❡ ❦❼❥❡

❞✐❛♥✉<♠❛,✐❦& G➳:♦ ♠❡ ❡<✇,❡:✐❦& ❣✐♥&♠❡♥♦✳
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 !"#❛%❤ ✺✳✻ ✬❊"#✇ V %♥❛❝ )➳+♦❝ ♠❡ ❡"✇#❡+✐❦1 ❣✐♥1♠❡♥♦✳

✶✳ ◆!♠♦❝ %♦✉ '❛)❛❧❧❤❧♦❣)❼♠♠♦✉✳ ●✐❛ ❦❼❥❡ v, w ∈ V ✐")8❡✐ ❤ ✐"1#❤#❛

||v + w||2 + ||v − w||2 = 2||v||2 + 2||w||2 .

✷✳ '✉❥❛❣!)❡✐♦ ❏❡➳)❤♠❛✳ ❊❼♥ v1, . . . , vk ∈ V ❦❛✐ 〈vi, vj〉 = 0 1#❛♥ i 6= j✱ #1#❡

||v1 + · · ·+ vk||2 = ||v1||2 + · · ·+ ||vk||2 .

❆♣"❞❡✐①❤✳ ❙❡ $♥❛ '➳)♦ ♠❡ ❡,✇.❡)✐❦1 ❣✐♥1♠❡♥♦ $'♦✉♠❡ ||v||2 = 〈v, v〉✳ ❙✉♥❡♣➳❝

||v + w||2 = 〈v + w, v + w〉 = 〈v, v〉+ 〈v, w〉+ 〈w, v〉+ 〈w, w〉 , ✭✺✳✷✵✮

||v − w||2 = 〈v − w, v − w〉 = 〈v, v〉 − 〈v, w〉 − 〈w, v〉+ 〈w, w〉 . ✭✺✳✷✶✮

<)♦,❥$.♦♥.❛❝ .✐❝ ✺✳✷✵ ❦❛✐ ✺✳✷✶ $'♦✉♠❡ .♦♥ ✜♥1♠♦ .♦✉ ♣❛)❛❧❧❤❧♦❣)❼♠♠♦✉✢✳

||v + w||2 + ||v − w||2 = 2〈v, v〉+ 2〈w, w〉 .

●✐❛ k = 2 .♦ ✜<✉❥❛❣1)❡✐♦ ❏❡➳)❤♠❛✢ ♣)♦❦E♣.❡✐ ❛♣1 .❤♥ ✺✳✷✵✱ ❛❢♦E 〈v1, v2〉 = 0✳ ❍ ❣❡♥✐❦➔

♣❡)J♣.✇,❤ ❛♣♦❞❡✐❦♥E❡.❛✐ ♠❡ ❡♣❛❣✇❣➔ ,.♦ k✳ ❆❢♦E 〈v1 + · · ·+ vk−1, vk〉 = 0✱

||v1 + · · ·+ vk||2 = ||v1 + · · ·+ vk−1||2 + ||vk||2

= ||v1||2 + · · ·+ ||vk−1||2 + ||vk||2 .

�

 ❛!❼❞❡✐❣♠❛ ✺✳✶✻ ❏❛ ❞❡J①♦✉♠❡ ♦.✐ ❤ ℓ1 ♥1)♠❛ ,.♦ R
2
❞❡♥ ✐❦❛♥♦♣♦✐❡J .♦ ♥1♠♦ .♦✉ ♣❛✲

)❛❧❧❤❧♦❣)❼♠♠♦✉✳ ❏❡✇)♦E♠❡ .❛ ❞✐❛♥E,♠❛.❛ v = (1, 0) ❦❛✐ w = (0, 1)✳ ❚1.❡ ||v||1 =

|1| + |0| = 1✱ ||w||1 = 1✱ ❦❛✐ ||v + w||1 = 2✱ ||v − w||1 = 2✳ ✬❆)❛ 2||v||2 + 2||w||2 = 4

❡♥➳ ||v + w||2 + ||v − w||2 = 8✳

❆❢♦E ❦❼❥❡ ♥1)♠❛ ♣♦✉ ♣)♦$)'❡.❛✐ ❛♣1 ❡,✇.❡)✐❦1 ❣✐♥1♠❡♥♦ ✐❦❛♥♦♣♦✐❡J .♦ ◆1♠♦ .♦✉ <❛)❛❧✲

❧❤❧♦❣)❼♠♠♦✉✱ ,✉♠♣❡)❛J♥♦✉♠❡ ♦.✐ ❤ ♥1)♠❛ ℓ1 ❞❡♥ ♣)♦❦E♣.❡✐ ❛♣1 ❡,✇.❡)✐❦1 ❣✐♥1♠❡♥♦✳

✺✳✻ ❖$❥♦❦❛♥♦♥✐❦❼ ,-♥♦❧❛ ❞✐❛♥✉,♠❼2✇♥

✬❊♥❛ ,E♥♦❧♦ ❞✐❛♥✉,♠❼.✇♥ S = {v1, . . . , vn} ♦♥♦♠❼③❡.❛✐ ♦!❥♦❣➳♥✐♦ ❡❼♥ .❛ ,.♦✐'❡J❛ .♦✉

❡J♥❛✐ ♦)❥♦❣➳♥✐❛ ❛♥❼ ❞E♦✱ ❞❤❧❛❞➔ ❡❼♥ ❣✐❛ ❦❼❥❡ i, j = 1, . . . , n, i 6= j ,

〈vi, vj〉 = 0 .

❊❼♥ ❡♣J ♣❧$♦♥✱ ❣✐❛ ❦❼❥❡ i = 1, . . . , n, ||vi|| = 1✱ .♦ ,E♥♦❧♦ ♦♥♦♠❼③❡.❛✐ ♦!❥♦❦❛♥♦♥✐❦"✳

◗)❤,✐♠♦♣♦✐➳♥.❛❝ .♦ ,✉♠❜♦❧✐,♠1 δ .♦✉ Kronecker✱

δij =

[

0 i 6= j

1 i = j
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❜❧%♣♦✉♠❡ ♦+✐ +♦ -.♥♦❧♦ S ❡0♥❛✐ ♦2❥♦❦❛♥♦♥✐❦5 ❡❼♥ ❦❛✐ ♠5♥♦♥ ❡❼♥✱ ❣✐❛ ❦❼❥❡ i, j = 1, . . . , n ,

〈vi, vj〉 = δij .

▲➔♠♠❛ ✺✳✼ ✬❊♥❛ ♦%❥♦❦❛♥♦♥✐❦) *+♥♦❧♦ ❡.♥❛✐ ❣%❛♠♠✐❦❼ ❛♥❡①❼%3❤3♦✳

❆♣)❞❡✐①❤✳ ❯♣♦❥%+♦✉♠❡ ♦+✐ {v1, . . . , vn} ❡0♥❛✐ %♥❛ ♦2❥♦❦❛♥♦♥✐❦5 -.♥♦❧♦✱ ❦❛✐ ♦✐ ❛2✐❥♠♦0

a1, . . . , an ❡0♥❛✐ +%+♦✐♦✐ ➳-+❡

a1v1 + · · ·+ anvn = 0 .

●✐❛ ❦❼❥❡ j = 1, . . . , n✱ %<♦✉♠❡

0 = 〈0, vj〉

=

〈

n
∑

i=1

aivi, vj

〉

=

n
∑

i=1

ai〈vi, vj〉

=
n
∑

i=1

aiδij

= aj .

❙✉♥❡♣➳❝ aj = 0 ❣✐❛ ❦❼❥❡ j = 1, . . . , n✱ ❦❛✐ +♦ -.♥♦❧♦ {v1, . . . , vn} ❡0♥❛✐ ❣2❛♠♠✐❦❼ ❛♥❡①❼2✲

+❤+♦✳

�

✬❊♥❛ ♦2❥♦❦❛♥♦♥✐❦5 -.♥♦❧♦ ❛♣♦+❡❧❡0 ♠0❛ ✐❞✐❛0+❡2❛ <2➔-✐♠❤ ❜❼-❤ ❣✐❛ +♦ <➳2♦ +♦♥ ♦♣♦0♦

♣❛2❼❣❡✐✳ ❖✐ -✉♥+❡+❛❣♠%♥❡❝ ❡♥5❝ ❞✐❛♥.-♠❛+♦❝ ✇❝ ♣2♦❝ ♠0❛ ♦2❥♦❦❛♥♦♥✐❦➔ ❜❼-❤ ❞0❞♦♥+❛✐ ❛♣❧➳❝

❛♣5 +❛ ❡-✇+❡2✐❦❼ ❣✐♥5♠❡♥❛ +♦✉ ❞✐❛♥.-♠❛+♦❝ ♠❡ +❛ ❞✐❛♥.-♠❛+❛ +❤❝ ❜❼-❤❝✳ I2❼❣♠❛+✐✱ ❡❼♥

{v1, . . . , vn} ❡0♥❛✐ ♦2❥♦❦❛♥♦♥✐❦➔ ❜❼-❤✱ ❦❛✐

v = a1v1 + · · ·+ anvn

+5+❡

〈v, vj〉 =

〈

n
∑

i=1

aivi , vj

〉

=

n
∑

i=1

ai〈vi, vj〉

=

n
∑

i=1

aiδij

= aj .

❙❡ %♥❛ <➳2♦ ♣❡♣❡2❛-♠%♥❤❝ ❞✐❼-+❛-❤❝ ♠❡ ❡-✇+❡2✐❦5 ❣✐♥5♠❡♥♦✱ ♠♣♦2♦.♠❡ ♣❼♥+❛ ♥❛ ❦❛+❛✲

-❦❡✉❼-♦✉♠❡ ♠✐❛ ♦2❥♦❦❛♥♦♥✐❦➔ ❜❼-❤✱ ❡❢❛2♠5③♦♥+❛❝ +❤ ❞✐❛❞✐❦❛-0❛ ♦0❥♦❦❛♥♦♥✐❦♦♣♦4❤5❤❝

Gram-Schmidt✳
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❏❡➳#❤♠❛ ✺✳✽ ✭❖#❥♦❦❛♥♦♥✐❦♦♣♦2❤3❤ Gram-Schmidt✮ ❏❡✇#♦%♠❡ '➳#♦ V ♠❡ ❡✲

*✇+❡#✐❦. ❣✐♥.♠❡♥♦✱ ❦❛✐ 3♥❛ ❣#❛♠♠✐❦❼ ❛♥❡①❼#+❤+♦ *%♥♦❧♦ {v1, . . . , vn}✳ ❚.+❡ ✉♣❼#'❡✐ ♦#❥♦✲
❦❛♥♦♥✐❦. *%♥♦❧♦ {e1, . . . , en} +3+♦✐♦ ➳*+❡ ❣✐❛ ❦❼❥❡ i = 1, . . . , n

ei ∈ 〈v1, . . . , vi〉

❦❛✐

〈e1, . . . , en〉 = 〈v1, . . . , vn〉 .

❙$❤♥ ❛♣)❞❡✐①❤ $♦✉ ❏❡✇2➔♠❛$♦❝ ♦ 6✉♠❜♦❧✐6♠)❝ 〈. . .〉 92❤6✐♠♦♣♦✐❡:$❛✐ ❣✐❛ ♥❛ ❞❤❧➳6❡✐ $)6♦

$♦ ❡6✇$❡2✐❦) ❣✐♥)♠❡♥♦ )6♦ ❦❛✐ $♦♥ ♣❛2❛❣)♠❡♥♦ ✉♣)9✇2♦✱ ❛❧❧❼ ❤ ❞✐❼❦2✐6❤ ❡:♥❛✐ 6✉♥➔❥✇❝

❡A❦♦❧❤ ❛♣) $❛ 6✉♠❢2❛③)♠❡♥❛✳

❆♣6❞❡✐①❤✳ ●✐❛ ❦❼❥❡ j ♦2:③♦✉♠❡ ♣2➳$❛ $♦ ❞✐❼♥✉6♠❛ e′j ♦2❥♦❣➳♥✐♦ ♣2♦❝ $❛ ei ❣✐❛ i =

1, . . . , j− 1✱ ❦❛✐ ♠❡$❼ ❞✐❛✐2♦A♠❡ ♠❡ $❤ ♥)2♠❛ $♦✉ e′j ❣✐❛ ♥❛ ♣❼2♦✉♠❡ $♦ ♠♦♥❛❞✐❛:♦ ❞✐❼♥✉6♠❛ ej ✳

F♥❛ 6A♥♦❧♦ ♠❤ ♠❤❞❡♥✐❦➳♥ ♦2❥♦❣✇♥:✇♥ ❞✐❛♥✉6♠❼$✇♥ e′
1
, . . . , e′n✱ ❦❛✐ 6$❤ 6✉♥F9❡✐❛ ❥❛ ♦2:6♦✉♠❡

$❛ ♠♦♥❛❞✐❛:❛ ❞✐❛♥A6♠❛$❛

ei =
1

||e′i||
e′i .

❆❢♦A $❛ {v1, . . . , vn} ❡:♥❛✐ ❣2❛♠♠✐❦❼ ❛♥❡①❼2$❤$❛✱ v1 6= 0✱ ❦❛✐ ♦2:③♦✉♠❡

e′1 = v1 , e1 =
1

||e′
1
|| e

′
1 .

❚♦ e′
2
♣2♦❦A♣$❡✐ ❛♣) $♦ v2 ❛❢❛✐2➳♥$❛❝ ❦❛$❼❧❧❤❧♦ ♣♦❧❧❛♣❧❼6✐♦ $♦✉ e1 ➳6$❡ e′

2
♥❛ ❡:♥❛✐

♦2❥♦❣➳♥✐♦ ♣2♦❝ $♦ e1✳

e′2 = v2 − 〈v2, e1〉e1 .

I2❼❣♠❛$✐

〈e′2, e′1〉 = 〈v2 − 〈v2, e1〉 e1, e1〉
= 〈v2, e1〉 − 〈v2, e1〉 〈e1, e1〉
= 0

I❛2❛$❤2♦A♠❡ ♦$✐ ❛❢♦A $❛ e1, v2 ❡:♥❛✐ ❣2❛♠♠✐❦❼ ❛♥❡①❼2$❤$❛✱ e′
2
6= 0 ❦❛✐ ♠♣♦2♦A♠❡ ♥❛ ❞✐❛✐2F✲

6♦✉♠❡ $♦ e′
2
♠❡ $❤ ♥)2♠❛ $♦✉ ❣✐❛ ♥❛ ♣❼2♦✉♠❡ $♦ ♠♦♥❛❞✐❛:♦

e2 =
1

||e′
2
|| e

′
2 .

I❛2❛$❤2♦A♠❡ ♦$✐ $❛ e1, e2 ♣❛2❼❣♦✉♥ $♦♥ :❞✐♦ ✉♣)9✇2♦ ♣♦✉ ♣❛2❼❣♦✉♥ $❛ v1, v2✳

❙$❤ 6✉♥F9❡✐❛✱ ❣✐❛ j = 3, . . . , n✱ ♦2:③♦✉♠❡ ❛♥❛❞2♦♠✐❦❼ $❛ ♠❤ ♠❤❞❡♥✐❦❼ ❞✐❛♥A6♠❛$❛

e′j = vj −
j−1
∑

i=1

〈vj , ei〉 ei , ✭✺✳✷✷✮
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#❛ ♦♣♦'❛ ✐❦❛♥♦♣♦✐♦+♥ 〈ei, e′j〉 = 0 ❣✐❛ i = 1, . . . , j−1✳ ❚♦ e′j ❞❡♥ ❡'♥❛✐ ♠❤❞❡♥✐❦3✱ ❼6❛ ♠♣♦6♦+♠❡

♥❛ #♦ ❞✐❛✐678♦✉♠❡ ♠❡ #❤ ♥36♠❛ #♦✉ ❣✐❛ ♥❛ ♣❼6♦✉♠❡ #♦ ❞✐❼♥✉8♠❛

ej =
1

||e′j ||
e′j .

❆♣3 #❤♥ ✺✳✷✷ ❡'♥❛✐ ❢❛♥❡63 ♦#✐

ej ∈ 〈v1, . . . , vj〉

❦❛✐ ♦#✐

vj ∈ 〈e1, . . . , ej〉 .

❙✉♥❡♣➳❝✱ ❣✐❛ ❦❼❥❡ j = 1, . . . , n

〈e1, . . . , ej〉 = 〈v1, . . . , vj〉 .

�

 ❛"❛#➔"❤&❤ ✬❖#❛♥ ❦❼♥♦✉♠❡ ✉♣♦❧♦❣✐8♠♦+❝ ♠❡ #♦ E76✐✱ ❡'♥❛✐ 8✉E♥❼ ♣6♦#✐♠3#❡6♦ ♥❛ ✉♣♦✲

❧♦❣'8♦✉♠❡ 3❧❛ #❛ e′j ✱ ❛❦♦❧♦✉❥➳♥#❛❝ #❤ ❞✐❛❞✐❦❛8'❛ Gram – Schmidt 3♣✇❝ #❤♥ ♣❡6✐❣6❼②❛♠❡

8#♦ I❛6❼❞❡✐❣♠❛ ✶✳✾✱ ❦❛✐ 8#♦ #7❧♦❝ ♥❛ ❞✐❛678♦✉♠❡ ❦❼❥❡ ❞✐❼♥✉8♠❛ e′i ♠❡ #❤ ♥36♠❛ #♦✉✳ ▼❡

❛✉#3♥ #♦♥ #63♣♦ ❛♣♦❢❡+❣♦✉♠❡ ♥❛ ♠❡#❛❢76♦✉♠❡ 8❡ 3❧❤ #❤ ❞✐❛❞✐❦❛8'❛ #✐❝ #❡#6❛❣✇♥✐❦7❝ 6'③❡❝

♣♦✉ ♣6♦❦+♣#♦✉♥ ❛♣3 #❤ ♥36♠❛✳

 ♦❧✉➳♥✉♠❛ Legendre

❍ 8✉♥➔❥❤❝ ❜❼8❤ #♦✉ E➳6♦✉ #✇♥ ♣♦❧✉✇♥+♠✇♥✱ {1, x, x2, . . .}✱ ❞❡♥ ❡'♥❛✐ ♦6❥♦❣➳♥✐❛ ❣✐❛ ♦♣♦✐♦✲

❞➔♣♦#❡ ❡8✇#❡6✐❦3 ❣✐♥3♠❡♥♦ #❤❝ ♠♦6❢➔❝ 〈p, q〉 =
∫ b
a p(t)q̄(t)dt✳

●✐❛ ♥❛ ♦6'8♦✉♠❡ ♠'❛ ♦6❥♦❦❛♥♦♥✐❦➔ ♦✐❦♦❣7♥❡✐❛ ♣♦❧✉✇♥+♠✇♥✱ ♣♦✉ ❥❛ ♠❛❝ ❡♣✐#67♣❡✐ ♥❛ ♣6♦✲

8❡❣❣'③♦✉♠❡ 8✉♥❛6#➔8❡✐❝ ❛♣3 #✐❝ ♣6♦❜♦❧7❝ #♦✉❝ 8#❛ 8#♦✐E❡'❛ ❛✉#➔❝ #❤❝ ♦✐❦♦❣7♥❡✐❛❝✱ ❞✐❡✉✲

❦♦❧+♥❡✐ ♥❛ E6❤8✐♠♦♣♦✐➔8♦✉♠❡ 7♥❛ ❡8✇#❡6✐❦3 ❣✐♥3♠❡♥♦ ♣♦✉ ♦6'③❡#❛✐ 8#♦ ❞✐❼8#❤♠❛ [−1, 1]✳
▼❡ ❛✉#➔ #❤♥ ❡♣✐❧♦❣➔✱ ❦❼❥❡ ❼6#✐♦ ♣♦❧✉➳♥✉♠♦✱ ❣✐❛ #♦ ♦♣♦'♦ p(x) = p(−x)✱ ❡'♥❛✐ ❡① ❛6E➔❝

♦6❥♦❣➳♥✐♦ 8❡ ❦❼❥❡ ♣❡6✐##3 ♣♦❧✉➳♥✉♠♦✱ ❣✐❛ #♦ ♦♣♦'♦ p(x) = −p(−x)✳
❏❡✇6♦+♠❡ ❧♦✐♣3♥ #♦ ❡8✇#❡6✐❦3 ❣✐♥3♠❡♥♦ 8#♦ E➳6♦ R[x]✱

〈p, q〉 =
∫

1

−1
p(t)q(t)dt ,

❦❛✐ #❛ ♣♦❧✉➳♥✉♠❛ p0(x) = 1✱ p1(x) = x✱ p2(x) = x2✱ . . . , pn(x) = xn, . . . ✳

❖6'③♦✉♠❡

w0(x) = p0(x) = 1 .

✬❊E♦✉♠❡ 〈p1, w0〉 =
∫

1

−1 t dt = 0✳ ✬❆6❛

w1(x) = p1(x)−
〈p1, w0〉
〈w0, w0〉

w0(x) = x .



❑❡❢❼❧❛✐♦ ✺ ◗➳+♦✐ ♠❡ ❡-✇/❡+✐❦1 ❣✐♥1♠❡♥♦ ✶✻✺

●✐❛ ♥❛ ❜(♦*♠❡ -♦ w2✱ ✉♣♦❧♦❣3③♦✉♠❡ -❛ ❡5✇-❡(✐❦❼ ❣✐♥9♠❡♥❛

〈p2, w1〉 =

∫

1

−1
t3 dt = 0 ,

〈p2, w0〉 =

∫

1

−1
t2 dt =

1

3
t3
∣

∣

∣

∣

1

−1

=
2

3
,

〈w0, w0〉 =

∫

1

−1
1 dt = 2 ,

〈w1, w1〉 =

∫

1

−1
t2 dt =

2

3
.

✬❊-5✐ <=♦✉♠❡

w2(x) = p2(x)−
〈p2, w1〉
〈w1, w1〉

w1(x)−
〈p2, w0〉
〈w0, w0〉

w0(x)

= x2 − 2/3

2
= x2 − 1

3
.

❦❛✐

〈w2, w2〉 =
∫

1

−1

(

t2 − 1

3

)2

dt =
8

45
.

✬❖-❛♥ ❞✐❛✐(<5♦✉♠❡ -❛ w0, w1, w2 ♠❡ -❤ ♥9(♠❛ -♦✉❝✱ <=♦✉♠❡

q0(x) =
1√
2
,

q1(x) =

√
3√
2
x ,

q2(x) =
3
√
5√
8

(

x2 − 1

3

)

=

√
5√
8
(3x2 − 1) .

❆✉-❼ 5✉♥❞<♦♥-❛✐ ♠❡ -❛ ♣♦❧✉➳♥✉♠❛ Legendre✱

Pm(x) =
1

2mm!

dm

dxm
(x2 − 1)m .

●✐❛ m = 0, . . . , n− 1✱ -❛ ♣♦❧✉➳♥✉♠❛

qm(x) =

√

2m+ 1

2
Pm(x)

❡3♥❛✐ ❤ ♦(❥♦❦❛♥♦♥✐❦➔ ❜❼5❤ -♦✉ Rn−1[x] ♣♦✉ ♣(♦❦*♣-❡✐ ♠❡ -❤ ❞✐❛❞✐❦❛53❛ Gram – Schmidt✱ ❣✐❛

-♦ ❡5✇-❡(✐❦9 ❣✐♥9♠❡♥♦ 5-♦ ❞✐❼5-❤♠❛ [−1, 1]✱ ❛♣9 -❤ 5✉♥➔❥❤ ❜❼5❤ {1, x, x2, . . . , xn−1}✳



✶✻✻ ●!❛♠♠✐❦➔ ✬❆❧❣❡❜!❛ ■

✬❆"❦❤"❤ ✺✳✶ ❏❡✇%♦'♠❡ ❞✐❛♥'-♠❛.❛ v = (v1, v2) ❦❛✐ w = (w1, w2) -.♦ R
2
✳

✶✳ ❉❡2①.❡ ♦.✐ ❤ -✉♥❼%.❤-❤

(v, w) = 4v1w1 + 9v2w2

♦%2③❡✐ ❡-✇.❡%✐❦8 ❣✐♥8♠❡♥♦ -.♦ R
2
✳

✷✳ ❉❡2①.❡ ♦.✐ ❤ -✉♥❼%.❤-❤

(v, w) = 2v1w1 − v2w2

❞❡♥ ♦%2③❡✐ ❡-✇.❡%✐❦8 ❣✐♥8♠❡♥♦✳

✬❆"❦❤"❤ ✺✳✷ ❏❡✇%♦'♠❡ .♦ ;➳%♦ C[0, 1] .✇♥ -✉♥❡;➳♥ -✉♥❛%.➔-❡✇♥ -.♦ ❞✐❼-.❤♠❛

[0, 1]✱ ♠❡ ❡-✇.❡%✐❦8 ❣✐♥8♠❡♥♦

(f, g) =

∫

1

0

f(t) g(t) dt

✶✳ ❇%❡2.❡ .♦ ❡-✇.❡%✐❦8 ❣✐♥8♠❡♥♦ .✇♥ f(x) = 2x+ 1, g(x) = 3x− 2✳

✷✳ ❉❡2①.❡ ♦.✐ ♦✐ -✉♥❛%.➔-❡✐❝ f(x) = x2 ❦❛✐ g(x) = 4x− 3 ❡2♥❛✐ ♦%❥♦❣➳♥✐❡❝✳

✸✳ ❇%❡2.❡ ♠2❛ -✉♥❼%.❤-❤ ♦%❥♦❣➳♥✐❛ ♣%♦❝ .❤♥ f(x) = 6x+ 12

✬❆"❦❤"❤ ✺✳✸ ❏❡✇%♦'♠❡ .♦ ♠✐❣❛❞✐❦8 ❞✐❛♥✉-♠❛.✐❦8 ;➳%♦ C
2
✱ ♠❡ .♦ -'♥❤❥❡❝ ❡-✇.❡✲

%✐❦8 ❣✐♥8♠❡♥♦✳ ❇%❡2.❡ .❛ (u, v), ||u||, ||v|| ❦❛✐ .❤♥ ❛♣8-.❛-❤ d(u, v) = ||u − v|| ❣✐❛
.❛ ❞✐❛♥'-♠❛.❛✿

✶✳ u = (2− i, 3 + 2i), v = (3− 2i, 2 + i)✳

✷✳ u = (2− 3i, −2 + 3i), v = (1, 1)✳

✬❆"❦❤"❤ ✺✳✹ ❙.♦ ;➳%♦ R
3
✱ ♠❡ .♦ ❡✉❦❧❡2❞❡✐♦ ❡-✇.❡%✐❦8 ❣✐♥8♠❡♥♦✱ ❜%❡2.❡ .❤♥ ♦%❥♦✲

❦❛♥♦♥✐❦➔ ❜❼-❤ ♣♦✉ ♣%♦❦'♣.❡✐ ❛♣8 .❤♥ ❡❢❛%♠♦❣➔ .❤❝ ❞✐❛❞✐❦❛-2❛❝ Gram-Schmidt -.❤

❜❼-❤

{(1, 1, 0), (2, 1, 0), (0, 1, 2)} .
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✬❆"❦❤"❤ ✺✳✺ ❏❡✇&➔()❡ ❥❡)✐❦➔ (✉♥❡/➔ (✉♥❼&)❤(❤ f : [0, 1]→ R✳ ❉❡4①)❡ ♦)✐ ❡❼♥

p(x), q(x) ❡4♥❛✐ ♣♦❧✉➳♥✉♠❛✱ )=)❡

〈p, q〉f =

∫

1

0

f(t)p(t)q(t)dt ,

♦&4③❡✐ ❡(✇)❡&✐❦= ❣✐♥=♠❡♥♦ ()♦ /➳&♦ )✇♥ ♣♦❧✉✇♥@♠✇♥ ♠❡ ♣&❛❣♠❛)✐❦♦@❝ (✉♥)❡❧❡()B❝✳

❊❼♥ f(x) = x + 1✱ ❜&❡4)❡ ♦&❥♦❦❛♥♦♥✐❦➔ ❜❼(❤ ❣✐❛ )♦ /➳&♦ )✇♥ ♣♦❧✉✇♥@♠✇♥ ❜❛❥♠♦@

)♦ ♣♦❧@ ✶✱ ♠❡ )♦ ❡(✇)❡&✐❦= ❣✐♥=♠❡♥♦ 〈 ✱ 〉f ✳

✬❆"❦❤"❤ ✺✳✻ ❇&❡4)❡ =❧❛ )❛ ❞✐❛❢♦&❡)✐❦❼ ❡(✇)❡&✐❦❼ ❣✐♥=♠❡♥❛ ♣♦✉ ♦&4③♦♥)❛✐ (❡ B♥❛

❞✐❛♥✉(♠❛)✐❦= /➳&♦ ❞✐❼()❛(❤❝ ✷ ♣❼♥✇ ❛♣= )♦ R✳

✬❆"❦❤"❤ ✺✳✼ ❏❡✇&♦@♠❡ ❞✐❛♥✉(♠❛)✐❦= /➳&♦ V ♣❼♥✇ ❛♣= )♦ R✱ ♠❡ ❡(✇)❡&✐❦= ❣✐✲

♥=♠❡♥♦✱ ❦❛✐ ❞@♦ ❞✐❛❢♦&❡)✐❦❼ ❞✐❛♥@(♠❛)❛ a, b ∈ V ✳ ❆♣♦❞❡4①)❡ ♦)✐ ❡❼♥ x ∈ V ❦❛✐

||x− a||+ ||x− b|| = ||a− b||✱ )=)❡ x = λa+ µb✱ ♠❡ λ, µ ∈ R ❦❛✐ λ+ µ = 1✳

✬❆"❦❤"❤ ✺✳✽ ❏❡✇&♦@♠❡ )♦♥ ❞✐❛♥✉(♠❛)✐❦= /➳&♦ R
3
✱ ♠❡ )♦ ❦❛♥♦♥✐❦= ❡(✇)❡&✐❦=

❣✐♥=♠❡♥♦✳

✶✳ ❊♣❛❧❤❥❡@()❡ ♦)✐ )❛ ❞✐❛♥@(♠❛)❛

v1 = (1, 1, 1), v2 = (1, 2, −3), v3 = (5, −4, −1)

❡4♥❛✐ ❛♥❼ ❞@♦ ♦&❥♦❣➳♥✐❛✱ ❦❛✐ ❜&❡4)❡ ♠4❛ ♦&❥♦❦❛♥♦♥✐❦➔ ❜❼(❤ )♦✉ V ✱ ❞✐❛❢♦&❡)✐❦➔

❛♣= )❤♥ ❦❛♥♦♥✐❦➔✳

✷✳ ❇&❡4)❡ )❛ ♠♦♥❛❞✐❛4❛ ❞✐❛♥@(♠❛)❛ )❛ ♦♣♦4❛ ❡4♥❛✐ )❛✉)=/&♦♥❛ ♦&❥♦❣➳♥✐❛ ♠❡ )❛

v1 − v2 ❦❛✐ v1 + v3✳

✸✳ ❇&❡4)❡ )❛ ❞✐❛♥@(♠❛)❛ )❛ ♦♣♦4❛ ❡4♥❛✐ ♦&❥♦❣➳♥✐❛ ()♦ 2v2 + v3 ❦❛✐ ❛♥➔❦♦✉♥ ()♦♥

❣&❛♠♠✐❦= ✉♣=/✇&♦ ♣♦✉ ♣❛&❼❣❡)❛✐ ❛♣= )❛ v1 − v2, v1 + v3✳

✬❆"❦❤"❤ ✺✳✾ ❏❡✇&♦@♠❡ )♦♥ ❞✐❛♥✉(♠❛)✐❦= /➳&♦ R
4
♠❡ )♦ ❦❛♥♦♥✐❦= ❡(✇)❡&✐❦= ❣✐✲

♥=♠❡♥♦✱ ❦❛✐ )♦♥ ✉♣=/✇&♦ X ♣♦✉ ♣❛&❼❣❡)❛✐ ❛♣= )❛ ❞✐❛♥@(♠❛)❛ u1 = (1, 1, 0, 0) ❦❛✐

u2 = (0, 1, −1, 1)✳
❇&❡4)❡ ♠4❛ ♦&❥♦❦❛♥♦♥✐❦➔ ❜❼(❤ )♦✉ ♦&❥♦❣✇♥4♦✉ (✉♠♣❧❤&➳♠❛)♦❝X⊥

✱ ❦❛✐ (✉♠♣❧❤&➳()❡

)❤♥ (❡ ♠✐❛ ♦&❥♦❦❛♥♦♥✐❦➔ ❜❼(❤ )♦✉ R
4
✳


