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●✐❛ #♦ R
n
✱ &'♦✉♠❡ ❞❡✐ #♦ ❡,✇#❡.✐❦0 ❣✐♥0♠❡♥♦ ❞3♦ ❞✐❛♥✉,♠❼#✇♥ x ❦❛✐ y✱

x · y = xT y = x1y1 + · · ·+ xnyn

❦❛✐ #❤ ♥0.♠❛

||x|| =
√

〈x, y〉 .

❙#♦ C✱ ❥❛ ❥&❧❛♠❡ ❤ ♥0.♠❛ ||z|| ♥❛ ,✉♠♣:♣#❡✐ ♠❡ #♦ ♠&#.♦ |z| ❦❛✐✱ ❡❼♥ z = x+ iy ♠❡ #❤ ♥0.♠❛

#♦✉ (x, y)✿

||z|| = |z| =
√
zz̄ =

√

x2 + y2 = ||(x, y)|| .

❆♥❼❧♦❣❛✱ ,#♦ C
n
✱ ❡❼♥ ❥&❧♦✉♠❡ ||(z1, . . . , zn)|| ♥❛ ,✉♠♣:♣#❡✐ ♠❡ #❤ ♥0.♠❛ #♦✉ ❞✐❛♥3,♠❛#♦❝

(x1, y1, x2, y2, . . . , xn, yn) ,#♦ R
2n
✱ 0♣♦✉ zj = xj + iyj ✱ ♣.&♣❡✐ ♥❛ ♦.:,♦✉♠❡ #❤ ♥0.♠❛

||z|| =
√
z1z̄1 + · · ·+ znz̄n

❦❛✐ #♦ ❡,✇#❡.✐❦0 ❣✐♥0♠❡♥♦

〈z, w〉 = z1w̄1 + · · ·+ znw̄n .

▼❡#❼ ❛♣0 ❛✉#&❝ #✐❝ ♣❛.❛#❤.➔,❡✐❝✱ ❞:❞♦✉♠❡ #♦♥ ❛❦0❧♦✉❥♦ ♦.✐,♠0✳

❖!✐#♠%❝ ✺✳✶✳ V ❞✐❛♥✉,♠❛#✐❦0❝ '➳.♦❝ ♣❼♥✇ ❛♣0 #♦ ,➳♠❛ K ✭= R ➔ C✮✳ ▼✐❛ ❛♣❡✐❦0♥✐,❤

V −→ R : v 7→ ||v|| ♦♥♦♠❼③❡#❛✐ ♥%!♠❛ ✭➔ #,❼❥♠❤✮ ❡❼♥

◆ ✶✳ ||v|| = 0 ❡❼♥ ❦❛✐ ♠0♥♦♥ ❡❼♥ v = 0

◆ ✷✳ ●✐❛ ❦❼❥❡ v ∈ V ❦❛✐ a ∈ K✱ ||av|| = |a| ||v||

◆ ✸✳ ●✐❛ ❦❼❥❡ v, w ∈ V ✱ ||v + w|| ≤ ||v||+ ||w|| ✭#.✐❣✇♥✐❦➔ ❛♥✐,0#❤#❛✮

✶✹✹
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▲➔♠♠❛ ✺✳✶ ❙❡ "♥❛ ❞✐❛♥✉(♠❛*✐❦, -➳/♦ V ♠❡ ♥,/♠❛✱

✶✳ ●✐❛ ❦❼❥❡ v ∈ V ✱ ||v|| ≥ 0✳

✷✳ ●✐❛ ❦❼❥❡ v, w ∈ V ✱ ||v − w|| ≥ | ||v|| − ||w|| |✳

❆♣)❞❡✐①❤✳

✶✳ ●✐❛ ❦❼❥❡ v ∈ V ✱

||v|| =
1

2
(||v||+ ||v||) = 1

2
(||v||+ || − v||)

≥ 1

2
||v + (−v)|| = 1

2
||0|| = 0 .

✷✳ ●✐❛ ❦❼❥❡ v, w ∈ V ✱

||v|| = ||(v − w) + w|| ≤ ||v − w||+ ||w|| ,

❦❛✐ -✉♥❡♣➳❝

||v − w|| ≥ ||v|| − ||w|| .

❆♥❼❧♦❣❛

||v − w|| = ||w − v|| ≥ ||w|| − ||v|| .

�

❚❛ ❛①✐➳♠❛:❛ ◆ ✶ ❦❛✐ ◆✸ ♠❛❝ ❡♣✐:=>♣♦✉♥ ♥❛ ❥❡✇=♦@♠❡ :❤ ♥B=♠❛ ✇❝ ❣❡♥C❦❡✉-❤ :❤❝ >♥♥♦✐❛❝

:♦✉ ♠➔❦♦✉❝ ❡♥B❝ ❣❡✇♠❡:=✐❦♦@ ❞✐❛♥@-♠❛:♦❝✳ ❑❼❥❡ ❞✐❼♥✉-♠❛ >G❡✐ ♠➔❦♦❝ ♠❡❣❛❧@:❡=♦ ➔ C-♦ ♠❡

:♦ ♠❤❞>♥✱ ❦❛✐ ♠B♥♦ :♦ ♠❤❞❡♥✐❦B ❞✐❼♥✉-♠❛ >G❡✐ ♠➔❦♦❝ ♠❤❞>♥✳ ▼♣♦=♦@♠❡ ♥❛ ❥❡✇=➔-♦✉♠❡ :♦

||v − w|| ✇❝ -:❤♥ ❛♣B-:❛-❤ ❛♣B :♦ ❞✐❼♥✉-♠❛ v -:♦ ❞✐❼♥✉-♠❛ w✱ ♣♦✉ ✐❦❛♥♦♣♦✐❡C :❤ ❜❛-✐❦➔

✐❞✐B:❤:❛ :❤❝ ❛♣B-:❛-❤❝✱ :❤♥ :=✐❣✇♥✐❦➔ ❛♥✐-B:❤:❛ ||v − w|| ≤ ||v − u||+ ||u− w||✳

/❛0❼❞❡✐❣♠❛ ✺✳✶ ❙:♦ R
n
❦❛✐ -:♦ C

n
❤ ❡✉❦❧❡C❞❡✐❛ ♥B=♠❛ ✭ ➔ ℓ2✲♥B=♠❛✮ ❡C♥❛✐ ❤ -✉♥➔❥❤❝

♥B=♠❛

||x|| =
√

x21 + · · ·+ x2n

❦❛✐

||z|| =
√
z1z̄1 + · · ·+ znz̄n .

/❛0❼❞❡✐❣♠❛ ✺✳✷ ❍ ℓ1✲♥B=♠❛ -:♦ R
n
♦=C③❡:❛✐ ✇❝

||x||1 = |x1|+ · · ·+ |xn| .

❊❧>❣G♦✉♠❡ :❛ ❛①✐➳♠❛:❛✿
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◆ ✶✳

||x||1 = 0 ⇔ |x1| = · · · = |xn| = 0

⇔ x = 0 .

◆ ✷✳

||ax||1 =
n
∑

i=1

|axi| = |a|
n
∑

i=1

|xi| = |a| ||x||1 .

◆ ✸✳

||x+ y||1 =
n
∑

i=1

|xi + yi| ≤
n
∑

i=1

|xi|+ |yi| = ||x||1 + ||y||1 .

 ❛"❼❞❡✐❣♠❛ ✺✳✸ ❍ ℓ∞✲♥*+♠❛ ./♦ R
n
♦+1③❡/❛✐ ✇❝

||x||∞ = max{|xi| : i = 1, . . . , n} .

✬❆.❦❤.❤ ✺✳✶ ❉❡1①/❡ ♦/✐ ||x||∞ ✐❦❛♥♦♣♦✐❡1 /❛ ❛①✐➳♠❛/❛ /❤❝ ♥*+♠❛❝✳

 ❛"❼❞❡✐❣♠❛ ✺✳✹ ❙/♦ >➳+♦ /✇♥ ♣♦❧✉✇♥A♠✇♥ K[x]✱ ♠❡ K = R ➔ C✱ ♦+1③♦✉♠❡ /❤ ♥*+♠❛

||p(x)|| =
(∫ 1

0
|p(t)|2dt

)1/2

.

❖ E❧❡❣>♦❝ /✇♥ ❛①✐✇♠❼/✇♥ ◆ ✶ ❦❛✐ ◆ ✷ ❡1♥❛✐ ❡A❦♦❧♦❝✳ ●✐❛ /♦ ◆ ✸ ♣❛+❛/❤+♦A♠❡ ♦/✐

||p(x) + q(x)||2 =

∫ 1

0
|p(t) + q(t)|2dt

=

∫ 1

0
|p(t)|2dt+

∫ 1

0
|q(t)|2dt+ 2Re

∫ 1

0
p(t)q(t)dt

❡♥➳

(||p(x)||+ ||q(x)||)2 = ||p(x)||2 + ||q(x)||2 + 2||p(x)|| ||q(x)|| .

✬❆+❛ ❣✐❛ ♥❛ ✐.>A❡✐ ❤ /+✐❣✇♥✐❦➔ ❛♥✐.*/❤/❛✱ ❛+❦❡1 ♥❛ ✐.>A❡✐ ❤ ❛♥✐.*/❤/❛

Re

∫ 1

0
p(t)q(t)dt ≤ ||p(x)|| ||q(x)|| ,

/❤♥ ♦♣♦1❛ ❥❛ ❛♣♦❞❡1①♦✉♠❡ ./❤♥ M+*/❛.❤ ✺✳✺✳

 ❛"❼❞❡✐❣♠❛ ✺✳✺ ❙/♦ >➳+♦ C[a, b] /✇♥ .✉♥❡>➳♥ .✉♥❛+/➔.❡✇♥ ./♦ ❞✐❼./❤♠❛ [a, b] ✭♠❡

♣+❛❣♠❛/✐❦E❝ ➔ ♠✐❣❛❞✐❦E❝ /✐♠E❝✮ ♦+1③♦✉♠❡ /❤♥ L2
✲♥*+♠❛

||f || =
(∫ b

a
|f(t)|2dt

)1/2
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❦❛✐ &❤♥ L∞✲♥*+♠❛

||f ||∞ = max{|f(x)| : x ∈ [a, b]} .

✬❆"❦❤"❤ ✺✳✷ ❉❡/①&❡ ♦&✐ ||f ||∞ ✐❦❛♥♦♣♦✐❡/ &❛ ❛①✐➳♠❛&❛ &❤❝ ♥*+♠❛❝✳

(❛*❼❞❡✐❣♠❛ ✺✳✻ ❖ ♣❡+✐♦+✐7♠*❝ 7&♦ ♣+♦❤❣♦9♠❡♥♦ ♣❛+❼❞❡✐❣♠❛ 7❡ 7✉♥❡=❡/❝ 7✉♥❛+&➔7❡✐❝ ❞❡♥

❡/♥❛✐ ❢✉7✐♦❧♦❣✐❦*❝✱ ❛❢♦9 ❣✐❛ &♦♥ ♦+✐7♠* &❤❝ ♥*+♠❛❝ =+❤7✐♠♦♣♦✐♦9♠❡ ♠*♥♦ &♦ ♦❧♦❦❧➔+✇♠❛✳

❙&❤♥ ❆♥❼❧✉7❤ 7✉=♥❼ ❡①❡&❼③♦✉♠❡ *+✐❛ 7✉♥❛+&➔7❡✇♥✱ ❦❛✐ &♦ *+✐♦ ♠/❛ ❛❦♦❧♦✉❥/❛❝ 7✉♥❡=➳♥

7✉♥❛+&➔7❡✇♥ ❞❡♥ ❡/♥❛✐ ❛♣❛+❛/&❤&❛ 7✉♥❡=➔❝ 7✉♥❼+&❤7❤✳ ❆❝ ♣+♦7♣❛❥➔7♦✉♠❡ ♥❛ ♦+/7♦✉♠❡ ♠/❛

♥*+♠❛ 7❡ G♥❛ ♠❡❣❛❧9&❡+♦ 79♥♦❧♦ 7✉♥❛+&➔7❡✇♥✳ ❖+/③♦✉♠❡ L2(I) ✇❝ &♦ 79♥♦❧♦ &✇♥ 7✉✲

♥❛+&➔7❡✇♥ 7&♦ ❞✐❼7&❤♠❛ I = [0, 1] ✭♠❡ ♣+❛❣♠❛&✐❦G❝ ➔ ♠✐❣❛❞✐❦G❝ &✐♠G❝✮✱ ❣✐❛ &✐❝ ♦♣♦/❡❝ &♦

♦❧♦❦❧➔+✇♠❛

∫ 1
0 |f(t)|2dt <∞✳ ❊9❦♦❧❛ ❞❡/=♥♦✉♠❡ ♦&✐ ❛✉&* &♦ 79♥♦❧♦ ❡/♥❛✐ ❦❧❡✐7&* ✇❝ ♣+♦❝

♣♦❧❧❛♣❧❛7✐❛7♠* ♠❡ ❛+✐❥♠*✳ ▼♣♦+♦9♠❡ ❡♣/7❤❝ ♥❛ ❞❡/①♦✉♠❡ ♦&✐

∫ 1

0
|f(t) + g(t)|2dt ≤

(

(∫ 1

0
|f(t)|2dt

)1/2

+

(∫ 1

0
|g(t)|2dt

)1/2
)2

,

❦❛✐ 7✉♥❡♣➳❝ &♦ 79♥♦❧♦ ❡/♥❛✐ ❦❧❡✐7&* ✇❝ ♣+♦❝ &❤♥ ♣+*7❥❡7❤ 7✉♥❛+&➔7❡✇♥✳ ❙✉♠♣❡+❛/♥♦✉♠❡

♦&✐ L2(I) ❡/♥❛✐ ❞✐❛♥✉7♠❛&✐❦*❝ =➳+♦❝

✶

✳ ❙&♦ L2(I) ♦+/③♦✉♠❡ &❤ 7✉♥❼+&❤7❤

||f || =
(∫ 1

0
|f(t)|2dt

)1/2

,

❤ ♦♣♦/❛ ✐❦❛♥♦♣♦✐❡/ &❛ ❛①✐➳♠❛&❛ ◆ ✷ ❦❛✐ ◆ ✸✳ ✬❖♠✇❝ ♠/❛ 7✉♥❼+&❤7❤ ♠❡ ♠❤❞❡♥✐❦* ♦❧♦❦❧➔+✇♠❛

❞❡♥ ❡/♥❛✐ ✉♣♦=+❡✇&✐❦❼ /7❤ ♠❡ ✵✳ ●✐❛ ♣❛+❼❞❡✐❣♠❛✱ ❤ 7✉♥❼+&❤7❤ h : [0, 1] −→ R ♠❡

h(x) =

{

1 x = 1
2

0 x 6= 1
2

,

❡/♥❛✐ ♦❧♦❦❧❤+➳7✐♠❤✱ ♠❡

∫ 1
0 |h(t)|2dt = 0 ❛❧❧❼ ❞❡♥ ❡/♥❛✐ ❤ ♠❤❞❡♥✐❦➔ 7✉♥❼+&❤7❤✳

●✐❛ ♥❛ ♠♣♦+G7♦✉♠❡ ♥❛ ♦+/7♦✉♠❡ ♠/❛ ♥*+♠❛ 7❡ ❛✉&➔ &❤♥ ♣❡+/♣&✇7❤✱ =+❡✐❼③❡&❛✐ ♥❛ ❡①❡&❼7♦✉♠❡

G♥❛♥ ❞✐❛❢♦+❡&✐❦* ❞✐❛♥✉7♠❛&✐❦* =➳+♦✳ ❚♦ 79♥♦❧♦ *❧✇♥ &✇♥ 7✉♥❛+&➔7❡✇♥ f ∈ L2(I) ♠❡

||f || = 0 ❛♣♦&❡❧❡/ ❞✐❛♥✉7♠❛&✐❦* ✉♣*=✇+♦ L0 &♦✉ L2(I)✳ ❏❡✇+♦9♠❡ &♦ =➳+♦ ♣❤❧/❦♦ &♦✉ L2(I)

♠❡ &♦ ❞✐❛♥✉7♠❛&✐❦* ✉♣*=✇+♦ L0✳ ❚*&❡ &♦ 79♥♦❧♦ L0 ❛♥&✐7&♦✐=❡/ 7&♦ ♠❤❞❡♥✐❦* ❞✐❼♥✉7♠❛ &♦✉

L2(I)/L0✳ ❊❼♥ h ∈ L0✱ &*&❡ ❣✐❛ ❦❼❥❡ 7✉♥❼+&❤7❤ f ∈ L2(I)✱ ||f+h|| = ||f ||✳ ❙✉♠♣❡+❛/♥♦✉♠❡
♦&✐ ❤ 7✉♥❼+&❤7❤ (f + L0) 7→ ||f || ❡/♥❛✐ ❦❛❧❼ ♦+✐7♠G♥❤ 7&♦ =➳+♦ ♣❤❧/❦♦ L2(I)/L0✱ ❦❛✐ ♦&✐

✐❦❛♥♦♣♦✐❡/ &❛ ❛①✐➳♠❛&❛ ♠/❛❝ ♥*+♠❛❝✳ ❖ ❞✐❛♥✉7♠❛&✐❦*❝ =➳+♦❝ L2(I)/L0 ♠❡ ❛✉&➔ &❤ ♥*+♠❛

7✉♠❜♦❧/③❡&❛✐ L2(I)✱ ❦❛✐ ❤ ♥*+♠❛ ♦♥♦♠❼③❡&❛✐ L2
✲♥*+♠❛✳

✶

❙!♦♥ ♦$✐&♠( !♦✉ *➳$♦✉ L
2(I) *$❤&✐♠♦♣♦✐♦.♠❡ 0♥❛♥ ❼❧❧♦ ♦$✐&♠( !♦✉ ♦❧♦❦❧❤$➳♠❛!♦❝✱ !♦ ♦❧♦❦❧➔$✇♠❛

Lebesgue✱ !♦ ♦♣♦9♦ (♠✇❝ 0*❡✐ ✐❞✐(!❤!❡❝ ♣❛$(♠♦✐❡❝ ♠❡ ❛✉!0❝ !♦✉ ♦❧♦❦❧❤$➳♠❛!♦❝ Riemann ♣♦✉ 0*❡!❡ ❣♥✇$9&❡✐

&!♦♥ ❆♣❡✐$♦&!✐❦( ▲♦❣✐&♠( ■



✶✹✽ ●!❛♠♠✐❦➔ ✬❆❧❣❡❜!❛ ■

✺✳✷ ■$♦❞'♥❛♠❡❝ ◆./♠❡❝

❖!✐#♠%❝ ✺✳✷✳ ✬❊%&✇ V (♥❛❝ ❞✐❛♥✉%♠❛&✐❦1❝ 2➳4♦❝✳ ❉8♦ ♥14♠❡❝ ‖·‖, ‖·‖′ %&♦♥ V ❧(❣♦♥&❛✐

✐#♦❞,♥❛♠❡❝ ❛♥ ✉♣❼42♦✉♥ ❥❡&✐❦(❝ %&❛❥❡4(❝ m ❦❛✐ M &(&♦✐❡❝ ➳%&❡✱ ❣✐❛ ❦❼❥❡ x ∈ V ✱

m‖x‖ ≤ ‖x‖′ ≤M‖x‖ .

❆♣1 &♦♥ ♣❛4❛♣❼♥✇ ♦4✐%♠1 ♣4♦❦8♣&❡✐ ❼♠❡%❛ ♦&✐ ❣✐❛ ❦❼❥❡ x ∈ V ✱

1

M
‖x‖′ ≤ ‖x‖ ≤ 1

m
‖x‖′ .

0❛!❼❞❡✐❣♠❛ ✺✳✼ ❖✐ ♥14♠❡❝ ‖ · ‖1 ❦❛✐ ‖ · ‖∞ &♦✉ R
n
❡B♥❛✐ ✐%♦❞8♥❛♠❡❝ ♠❡&❛①8 &♦✉❝✳

D4❼❣♠❛&✐ ❣✐❛ x ∈ R
n
(2♦✉♠❡

‖x‖1 =
n
∑

i=1

|xi| ≤ max
i
|xi|

n
∑

i=1

1 = n‖x‖∞

✬❊%&✇ k ♦ ❞❡B❦&❤❝ ❣✐❛ &♦♥ ♦♣♦B♦ |xk| = ‖x‖∞✱ &1&❡ (2♦✉♠❡

‖x‖∞ = |xk| ≤
n
∑

i=1

|xi| = ‖x‖1

❙✉♥❞✉❼③♦♥&❛❝ &✐❝ ♣❛4❛♣❼♥✇ %2(%❡✐❝✱ (2♦✉♠❡ %8♠❢✇♥❛ ♠❡ &♦♥ ♦4✐%♠1 ❣✐❛ m = 1, M = n✱

‖x‖∞ ≤ ‖x‖1 ≤ n‖x‖∞

▲➔♠♠❛ ✺✳✷ ❑❼❥❡ ♥%&♠❛ ‖ · ‖ )*♦♥ R
n
❡,♥❛✐ ✐)♦❞/♥❛♠❤ ♠❡ *❤ ♥%&♠❛ ♠❡❣,)*♦✉ ‖ · ‖∞ *♦✉

R
n
✳

�

◗4❤%✐♠♦♣♦✐➳♥&❛❝ &♦ ♣❛4❛♣❼♥✇ ▲➔♠♠❛ ♠♣♦4♦8♠❡ ♥❛ ❞❡B①♦✉♠❡ &♦ ❛❦1❧♦✉❥♦ ♣✐♦ ❣❡♥✐❦1 ❛♣♦✲

&(❧❡%♠❛✳

▲➔♠♠❛ ✺✳✸ ✬❖❧❡❝ ♦✐ ♥%&♠❡❝ )*♦♥ R
n
❡,♥❛✐ ✐)♦❞/♥❛♠❡❝ ♠❡*❛①/ *♦✉❝✳

●❡♥✐❦1&❡4❛ ♠♣♦4❡B ♥❛ ❞❡B①❡✐ ❦❛♥❡B❝ ♦&✐ %❡ 2➳4♦✉❝ ♣❡♣❡4❛%♠(♥❤❝ ❞✐❼%&❛%❤❝ 1❧❡❝ ♦✐ ♥14♠❡❝

♣❼♥✇ %&♦ 2➳4♦ ❡B♥❛✐ ✐%♦❞8♥❛♠❡❝ ♠❡&❛①8 &♦✉❝✳ ❙❡ ❛✉&➔ &❤♥ ♣❡4B♣&✇%❤ ♦✐ ❛♥&B%&♦✐2❡❝ %&❛❥❡4(❝

m, M &♦✉ ♦4✐%♠♦8✱ ♠♣♦4❡B ♥❛ ❡①❛4&➳♥&❛✐ ❛♣1 &❤ ❞✐❼%&❛%❤ &♦✉ 2➳4♦✉✳

✺✳✸ ◆./♠❡❝ 1✐♥❼❦✇♥

❊✐%❼❣♦✉♠❡ &➳4❛ &✐❝ ♥14♠❡❝ ♣✐♥❼❦✇♥✳ ❙&♦♥ ❣4❛♠♠✐❦1 2➳4♦ M(n, R) &✇♥ ♣✐♥❼❦✇♥ ♠♣♦4♦8♠❡

♥❛ ♦4B%♦✉♠❡ ❞✐❼❢♦4❡❝ ♥14♠❡❝✳ ✬❖♠✇❝✱ ❥❡✇4♦8♠❡ &♦✉❝ ♣B♥❛❦❡❝ ✇❝ ❛♣❡✐❦♦♥,)❡✐❝ ❛♣1 &♦♥ R
n

%&♦♥ R
n
❦❛✐ ♦4B③♦✉♠❡ &✐❝ ♥14♠❡❝ ♣✐♥❼❦✇♥ ♠❡ %✉❣❦❡❦4✐♠♠(♥♦ &41♣♦✳
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❖!✐#♠%❝ ✺✳✸✳ ▼✐❛ ❛♣❡✐❦)♥✐+❤ M(n, R) −→ R : A 7→ ‖A‖ ❧.❣❡0❛✐ ♥%!♠❛ ♣✐♥❼❦✇♥✭➔

#0❼❥♠❤ ♣✐♥❼❦✇♥✮ ❡❛♥

◆5 ✶✳ ‖A‖ = 0 ❡❼♥ ❦❛✐ ♠)♥♦♥ ❡❼♥ A = 0

◆5 ✷✳ ●✐❛ ❦❼❥❡ A ∈M(n, R) ❦❛✐ a ∈ R✱ ‖av‖ = |a| ‖v‖

◆5 ✸✳ ●✐❛ ❦❼❥❡ A, B ∈M(n, R)✱ ‖A+B‖ ≤ ‖A‖+ ‖B‖ ✭0?✐❣✇♥✐❦➔ ❛♥✐+)0❤0❛✮

◆5 ✹✳ ●✐❛ ❦❼❥❡ A, B ∈M(n, R)✱ ‖AB‖ ≤ ‖A‖ ‖B‖

5❛?❛0❤?♦A♠❡ ♦0✐ ♦✐ 0?❡✐❝ ♣?➳0❡❝ ✐❞✐)0❤0❡❝ 0❤❝ ♥)?♠❛❝ ♣E♥❛❦❛ 0❛✉0E③♦♥0❛✐ ♠❡ 0✐❝ ❛♥0E+0♦✐H❡❝

0❤❝ ♥)?♠❛❝ ❞✐❛♥A+♠❛0♦❝✳

3❛!❼❞❡✐❣♠❛ ✺✳✽ ✬❊♥❛ ♣❛?❼❞❡✐❣♠❛ ♥)?♠❛❝ ♣E♥❛❦❛ ❡E♥❛✐ ❤ ♥)?♠❛ Frobenius ✿

‖A‖F =





n
∑

i,j=1

|aij |2




1/2

.

❙0❤ +✉♥.H❡✐❛ ❥❛ ❡♣✐❦❡♥0?✇❥♦A♠❡ +❡ ♠✐❛ +✉❣❦❡❦?✐♠♠.♥❤ ❦❛0❤❣♦?E❛ ♥♦?♠➳♥ ♣✐♥❼❦✇♥✱ 0✐❝

❧❡❣)♠❡♥❡❝ ❢✉#✐❦:❝ ♥%!♠❡❝ ➔ ♥%!♠❡❝ 0❡❧❡#0➳♥✳

❖!✐#♠%❝ ✺✳✹✳ ✬❊+0✇ R
n −→ R : u 7→ ‖u‖v ♠✐❛ ♥)?♠❛ ❞✐❛♥✉+♠❼0✇♥✳ ❍ ❛♣❡✐❦)♥✐+❤

M(n, R) −→ R : A 7→ ‖A‖m
‖A‖m = sup

x∈Rn

x 6=0

‖Ax‖v
‖x‖v

✭✺✳✶✮

❧.❣❡0❛✐ ❢✉#✐❦➔ ♥%!♠❛ ♣?♥❛❦❛ ♣❛?❛❣)♠❡♥❤ ❛♣) 0❤♥ ♥)?♠❛ ‖ · ‖v 0♦✉ R
n
✳

❉❡♥ ❡E♥❛✐ ❞A+❦♦❧♦ ♥❛ ❞❡✐ ❦❛♥❡E❝ ♦0✐ ♠✐❛ ❢✉"✐❦➔ ♥'(♠❛ ♣,♥❛❦❛ ❡E♥❛✐ ♠✐❛ ♥)?♠❛ ♣✐♥❼❦✇♥✳

5?❼❣♠❛0✐ ♠♣♦?♦A♠❡ ♥❛ ❡♣❛❧❤❥❡A+♦✉♠❡ )0✐ ❤ ✺✳✶ ✐❦❛♥♦♣♦✐❡E )❧❡❝ 0✐❝ ✐❞✐)0❤0❡❝ 0♦✉ ♦?✐+♠♦A

✺✳✸✳ ●✐❛ ❦❼❥❡ A,B ∈M(n, R) ❦❛✐ λ ∈ R✱

‖A‖ = 0 ⇐⇒ supx∈Rn

x 6=0

‖Ax‖
‖x‖ ⇐⇒ ∀x ∈ R

n Ax = 0⇐⇒ A = 0

‖λA‖ = supx∈Rn

x 6=0

‖λAx‖
‖x‖ = |λ| supx∈Rn

x 6=0

‖Ax‖
‖x‖ = |λ| ‖A‖

‖A+B‖ = supx∈Rn

x 6=0

‖(A+B)x‖
‖x‖ ≤ supx∈Rn

x 6=0

‖Ax‖
‖x‖ + supx∈Rn

x 6=0

‖Bx‖
‖x‖ = ‖A‖+ ‖B‖

‖AB‖ = supx∈Rn

x 6=0

‖ABx‖
‖x‖ ≤ supx∈Rn

x 6=0

‖A‖‖Bx‖
‖x‖ = ‖A‖ ‖B‖

❍ 0❡❧❡✉0❛E❛ +H.+❤ ♣?♦❦A♣0❡✐ ❛♣) 0❤♥

‖Ax‖ ≤ ‖A‖ ‖x‖

❣✐❛ ❦❼❥❡ x ∈ R
n
✱ ❤ ♦♣♦E❛ ❡E♥❛✐ ❼♠❡+❤ +✉♥.♣❡✐❛ 0♦✉ ♦?✐+♠♦A ✺✳✶✳



✶✺✵ ●!❛♠♠✐❦➔ ✬❆❧❣❡❜!❛ ■

✺✳✸✳✶ $❛&❛❞❡)❣♠❛,❛ ❢✉/✐❦➳♥ ♥♦&♠➳♥ ♣✐♥❼❦✇♥

✶✳ ❙%♦♥ R
n
❥❡✇+♦,♠❡ %❤♥ ♥/+♠❛ ♠❡❣23%♦✉ ‖ · ‖∞✳ ❍ ❛♥%23%♦✐7❤ ❢✉3✐❦➔ ♥/+♠❛ ♣2♥❛❦❛ ♣♦✉

♣❛+❼❣❡%❛✐ ♦♥♦♠❼③❡%❛✐ ♥!"♠❛ ❛❥"♦'(♠❛)♦❝ ❣"❛♠♠➳♥ ❦❛✐ ❞2♥❡%❛✐ ❛♣/

A ∈M(n, R), ‖A‖∞ = max
1≤i≤n

n
∑

j=1

|aij | ✭✺✳✷✮

✷✳ ❙%♦♥ R
n
❥❡✇+♦,♠❡ %❤♥ ♥/+♠❛ ‖ · ‖1✳ ❍ ❛♥%23%♦✐7❤ ❢✉3✐❦➔ ♥/+♠❛ ♣2♥❛❦❛ ♣♦✉ ♣❛+❼❣❡%❛✐

♦♥♦♠❼③❡%❛✐ ♥!"♠❛ ❛❥"♦'(♠❛)♦❝ ()❤❧➳♥ ❦❛✐ ❞2♥❡%❛✐ ❛♣/

A ∈M(n, R), ‖A‖1 = max
1≤j≤n

n
∑

i=1

|aij | ✭✺✳✸✮

✸✳ ❙%♦♥ R
n
❥❡✇+♦,♠❡ %❤♥ ❊✉❦❧❡2❞✐❛ ♥/+♠❛ ‖ · ‖2✳ ❍ ❛♥%23%♦✐7❤ ❢✉3✐❦➔ ♥/+♠❛ ♣2♥❛❦❛ ♣♦✉

♣❛+❼❣❡%❛✐ ❞2♥❡%❛✐ ❛♣/

A ∈M(n, R), ‖A‖2 =
(

ρ(AT A)
)1/2

✭✺✳✹✮

/♣♦✉ ρ(A) ❡2♥❛✐ ❤ ❢❛(♠❛)✐❦➔ ❛❦)'♥❛ %♦✉ ♣2♥❛❦❛ A ❦❛✐ ♦+2③❡%❛✐ ✇❝ %♦ ♠G❣✐3%♦ %➳♥

❛♣♦❧,%✇♥ %✐♠➳♥ %✇♥ ✐❞✐♦%✐♠➳♥ %♦✉ ♣2♥❛❦❛ A✳

 ❛"❼❞❡✐❣♠❛ ✺✳✾ ●✐❛ %♦♥ ♣2♥❛❦❛

A =







1 2 −2
2 3 −4

−1 −2 0






✭✺✳✺✮

G7♦✉♠❡ /%✐ ‖A‖∞ = 9, ‖A‖1 = 7, ‖A‖2 = 6, 3543, ‖A‖F = 6, 5574

❚G❧♦❝ ♥❛ ❛♥❛❢G+♦✉♠❡ ♦%✐ ❤ ♥/+♠❛ Frobenius ♣♦✉ ♦+23❛♠❡ ♣❛+❛♣❼♥✇ ❞❡♥ ❡2♥❛✐ ❢✉3✐❦➔ ♥/+♠❛✳

✺✳✹ ❉❡%❦'❤❝ ❦❛'❼,'❛,❤❝ ♣%♥❛❦❛

✬❊3%✇ A ∈M(n, R), b ∈ R
n
✳ ❯♣♦❥G%♦✉♠❡ /%✐ ♦ ♣2♥❛❦❛❝ A ❡2♥❛✐ ❛♥%✐3%+G②✐♠♦❝ ❦❛✐ ❥❡✇+♦,♠❡

%❤ ❧,3❤ %♦✉ ❣+❛♠♠✐❦♦, 3✉3%➔♠❛%♦❝

Ax = b. ✭✺✳✻✮

✬❊3%✇ ♦%✐ 3%❛ 3%♦✐7❡2❛ %♦✉ b ❡✐3❼❣❡%❛✐ ❦❼♣♦✐❛ ❞✐❛%❛+❛7➔ ∆b✳ ❆✉%/ G7❡✐ ✇❝ 3✉♥G♣❡✐❛ ♥❛

❞✐❛%❛+❼①❡✐ %❤♥ ❧,3❤ %♦✉ ✺✳✻ 3❡ x+∆x✱

A(x+∆x) = b+∆b. ✭✺✳✼✮

❊"➳.❤♠❛ ✿ ▼♣♦+♦,♠❡ ♥❛ ❡❦%✐♠➔3♦✉♠❡ %♦ ♠G❣❡❥♦❝ %❤❝ 37❡%✐❦➔❝ ♠❡%❛❜♦❧➔❝ ‖∆x‖/‖x‖ %❤❝

❧,3❤❝ %♦✉ 3✉3%➔♠❛%♦❝ ❧/❣✇ %❤❝ ♠❡%❛❜♦❧➔❝ %♦✉ ❞❡①✐♦, ♠G❧♦✉❝❄
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▼❡ $❤♥ '(➔*❤ $✇♥ ♥♦(♠➳♥ ♠♣♦(♦0♠❡ ♥❛ ❛♣❛♥$➔*♦✉♠❡ ❥❡$✐❦❼ *$♦ ♣❛(❛♣❼♥✇ ❡(➳$❤♠❛✳ ❆❝

❞♦0♠❡ ♣✇❝ ✦ ❆❢❛✐(♦0♠❡ ❦❛$❼ ♠=❧❤ $✐❝ *'=*❡✐❝ ✺✳✻ ❦❛✐ ✺✳✼ ♣❛A(♥♦✉♠❡

A ∆x = ∆b⇒ ∆x = A−1 ∆b⇒ ‖∆x‖ ≤ ‖A−1‖‖∆b‖ ✭✺✳✽✮

❣✐❛ ❦❼♣♦✐❛ ♥F(♠❛ ‖ · ‖ *$♦♥ R
n
❦❛✐ $❤♥ ♣❛(❛❣F♠❡♥❤ ❢✉*✐❦➔ ♥F(♠❛ ♣A♥❛❦❛✳ ❯♣♦❥=$♦♥$❛❝ ♦$✐

b 6= 0✱ ❼(❛ ❦❛✐ x 6= 0✱ ❛♣F $❤♥ ✺✳✻ ='♦✉♠❡ F$✐

‖b‖ ≤ ‖A‖‖x‖ ✭✺✳✾✮

❙✉♥❞✉❼③♦♥$❛❝ $✐❝ *'=*❡✐❝ ✺✳✽✱ ✺✳✾ ♣❛A(♥♦✉♠❡ $❤♥ ❡❦$A♠❤*❤

‖∆x‖
‖x‖ ≤ ‖A‖ ‖A−1‖‖∆b‖

‖b‖ ✭✺✳✶✵✮

❉♦*♠=♥♦✉ ♦$✐ ❣✐❛ ❦❼❥❡ ♣A♥❛❦❛ A ❦❛✐ ♥F(♠❛ ‖ · ‖ ♠♣♦(♦0♠❡ ♥❛ ❜(♦0♠❡ b ❦❛✐ ∆b =$*✐ ➳*$❡ ❤

✺✳✶✵ ♥❛ ✐*'0❡✐ ✇❝ ✐*F$❤$❛ ❦❛$❛❧➔❣♦✉♠❡ ♦$✐ ♦ ❛(✐❥♠F❝

κ(A) = ‖A‖ ‖A−1‖ ✭✺✳✶✶✮

❡A♥❛✐ =♥❛❝ *✉♥$❡❧❡*$➔❝ ✧❡✉❛✐*❥❤*A❛*✲♠❡❣=♥❥✉*❤*✢ ♣♦✉ ❡❦❢(❼③❡✐ $❤ ♠=❣✐*$❤ ❞✉♥❛$➔ ♠❡$❛❜♦❧➔

$❤❝ ❧0*❤❝ ‖∆x‖/‖x‖ ✇❝ ♣(♦❝ $❤♥ ♠❡$❛❜♦❧➔ $♦✉ ❞❡①✐♦0 ♠=❧♦✉❝ ‖∆b‖/‖b‖

❖!✐#♠%❝ ✺✳✺✳ ❖ ❛(✐❥♠F❝ κ(A) = ‖A‖ ‖A−1‖ ♦♥♦♠❼③❡$❛✐ ❞❡+❦-❤❝ ❦❛-❼#-❛#❤❝ $♦✉

♣A♥❛❦❛ A✳

T❛(❛$❤(♦0♠❡ F$✐ ♦ κ(A) ❡A♥❛✐ ❥❡$✐❦F❝ ❛(✐❥♠F❝ ❦❛✐ ♠❼❧✐*$❛ ❡A♥❛✐ ♠❡❣❛❧0$❡(♦❝ ➔ A*♦❝ ♠❡ $❤♥

♠♦♥❼❞❛✱

1 = ‖I‖ = ‖A A−1‖ ≤ ‖A‖ ‖A−1‖ = κ(A).

❍ $✐♠➔ $♦✉ κ(A) ❡①❛($❼$❛✐ ❛♣F $❤♥ ♥F(♠❛ ♣A♥❛❦❛ ♣♦✉ '(❤*✐♠♦♣♦✐♦0♠❡✳ ●✐❛ $♦ ♣A♥❛❦❛ *$♦

♣❛(❼❞❡✐❣♠❛ ✺✳✺ ='♦✉♠❡ F$✐ κ∞(A) = 63, κ1(A) = 45, 5, κ2(A) = 32, 45, κF (A) = 33, 76✳

❆❝ ❞♦0♠❡ $➳(❛ ♠❡ =♥❛ ♣❼(❛❞❡✐❣♠❛ ♣➳❝ ❡♣❤(❡❼③❡✐ ♦ ❞❡A❦$❤❝ ❦❛$❼*$❛*❤❝ ❡♥F❝ ♣A♥❛❦❛ $❤

❧0*❤ ❡♥F❝ ❣(❛♠♠✐❦♦0 *✉*$➔♠❛$♦❝✳

1❛!❼❞❡✐❣♠❛ ✺✳✶✵ ❏❡✇(♦0♠❡ $♦ ♣❛(❛❦❼$✇ ❣(❛♠♠✐❦F *0*$❤♠❛

[

0, 913 0, 659

0, 780 0, 563

] [

x1

x2

]

=

[

0, 254

0, 217

]

✭✺✳✶✷✮

$♦ ♦♣♦A♦ ='❡✐ ♠♦♥❛❞✐❦➔ ❧0*❤ x = (1,−1)T ✱ ❛♥ ❢✉*✐❦❼ ❦❼♥♦✉♠❡ $✐❝ ♣(❼①❡✐❝ ❛❦(✐❜➳❝✱ ❞❤❧❛❞➔

'(❤*✐♠♦♣♦✐➳♥$❛❝ ❼♣❡✐(❛ ❞❡❦❛❞✐❦❼ ②❤❢A❛✳ ✬❖♠✇❝ ❛♥ ❥❡❧♦0♠❡ ♥❛ ❧0*♦✉♠❡ $♦ *✉*$➔♠❛ *❡ =♥❛

✉♣♦❧♦❣✐*$➔ ♦✐ ♣(❼①❡✐❝ ❥❛ ❣A♥♦✉♥❡ ♠❡ ❛(✐❥♠❤$✐❦➔ ♣❡♣❡(❛*♠=♥❤❝ ❛❦(A❜❡✐❛❝✳ ❖ ❧F❣♦❝ ❡A♥❛✐

F$✐ ❛❦F♠❛ ❦❛✐ ♦✐ ♣✐♦ *0❣'(♦♥♦✐ ✉♣♦❧♦❣✐*$=❝ '(❤*✐♠♦♣♦✐♦0♥ ♣❡♣❡(❛*♠=♥♦ ❛(✐❥♠F ❞❡❦❛❞✐❦➳♥

②❤❢A✇♥ ❣✐❛ $❤♥ ❛♥❛♣❛(❼*$❛*❤ $✇♥ ❛(✐❥♠➳♥✳



✶✺✷ ●!❛♠♠✐❦➔ ✬❆❧❣❡❜!❛ ■

✬❊%&✇ ❧♦✐♣,♥ ,&✐ ❥/❧♦✉♠❡ ♥❛ ❧4%♦✉♠❡ &♦ ♣❛5❛♣❼♥✇ %4%&❤♠❛ %❡ /♥❛ ✉♣♦❧♦❣✐%&➔ ♣♦✉

:5❤%✐♠♦♣♦✐❡; ✸ ❞❡❦❛❞✐❦❼ ②❤❢;❛ ❣✐❛ ❛♥❛♣❛5❼%&❛%❤ &✇♥ ❛5✐❥♠➳♥✳ ❚,&❡ ❤ ❛♣❛❧♦✐❢➔ Gauss %❡

❛✉&,♥ &♦♥ ✉♣♦❧♦❣✐%&➔ ❥❛ ❞➳%❡✐

[

0, 913 0, 659

0 0, 001

] [

x̃1

x̃2

]

=

[

0, 254

0, 001

]

❦❛✐ ❤ ❛♥❼❞5♦♠❤ ❛♥&✐❦❛&❼%&❛%❤ ❥❛ ❞➳%❡✐ &❤♥ ❧4%❤ x̃ = (1,−0, 443)✦✦✦ ❖ ❧,❣♦❝ ❛♣♦&✉:;❛❝ ❥❛

♣❡; ❦❛♥❡;❝ ❡;♥❛✐ ❤ ❛5✐❥♠❤&✐❦➔ ♣❡♣❡5❛%♠/♥❤❝ ❛❦5;❜❡✐❛❝ &✇♥ &5✐➳♥ ❞❡❦❛❞✐❦➳♥ ②❤❢;✇♥ &♦✉ %✉❣❦❡✲

❦5✐♠/♥♦✉ ✉♣♦❧♦❣✐%&➔✳ ❆✉&, ❡;♥❛✐ ❡♥ ♠/5❡✐ %✇%&, ❦❛✐ ❛♥ :5❤%✐♠♦♣♦✐➔%♦✉♠❡ /♥❛♥ ✉♣♦❧♦❣✐%&➔

♠❡ ❛❦5;❜❡✐❛ ✻ ❞❡❦❛❞✐❦➳♥ ②❤❢;✇♥ ❥❛ ♣❼5♦✉♠❡ &❤♥ ❛❦5✐❜➔ ❧4%❤ &♦✉ %✉%&➔♠❛&♦❝ x = (1,−1)T ✳
❆❝ ❡①❡&❼%♦✉♠❡ ,♠✇❝ ❧;❣♦ ♣✐♦ ♣5♦%❡❦&✐❦❼ &♦ %4%&❤♠❛ ❛✉&,✳ ❆❝ ❦5❛&➔%♦✉♠❡ &♦♥ ♣;♥❛❦❛

&♦✉ %✉%&➔♠❛&♦❝ %&❛❥❡5, ❦❛✐ ❛❝ ♠❡&❛❜❼❧❧♦✉♠❡ &♦ ❞❡①; ♠/❧♦❝ ❡❧❼:✐%&❛✱ ❦❛✐ ❛❝ ❥❡✇5➔%♦✉♠❡

&♦ ❡①➔❝ ❞✐❛&❛5❛❣♠/♥♦ %4%&❤♠❛

[

0, 913 0, 659

0, 780 0, 563

][

y1

y2

]

=

[

0, 253

0, 218

]

. ✭✺✳✶✸✮

O❛5❛&❤5➔%&❡ ♦&✐ ❤ ❞✐❛&❛5❛:➔ &♦✉ ❞❡①✐♦4 ♠/❧♦✉❝ &♦✉ ✺✳✶✸ %❡ %:/%❤ ♠❡ &♦ ❛♥&;%&♦✐:♦ &♦✉

✺✳✶✷ ❡;♥❛✐ ∆b = (−0, 001, 0, 001)✳ ❍ ❛❦5✐❜➔❝ ❧4%❤ &♦✉ ✺✳✶✸ ❡;♥❛✐ y = (1223,−1694)T ✦✦✦ ▼✐❛

♠✐❦5➔ ♠❡&❛❜♦❧➔ &♦✉ ❞❡①✐♦4 ♠/❧♦✉❝ ♣5♦❦❼❧❡%❡ ♠✐❛ ♠❡❣❼❧❤ ♠❡&❛❜♦❧➔ %&❤ ❧4%❤ x✳ ❍ ❡❦&;♠❤%❤

✺✳✶✵ ❦❛✐ ♠❡5✐❦♦; ❛♣❧♦; ✉♣♦❧♦❣✐%♠♦; ❥❛ ♠❛❝ ❜♦❤❥➔%♦✉♥ ♥❛ ❦❛&❛❧❼❜♦✉♠❡ ❣✐❛&; %✉♥/❜❤ ❛✉&,✳

❏❡✇5♦4♠❡ &❤♥ ♥,5♠❛ ‖ · ‖1 %&♦♥ R
n
❦❛✐ &❤♥ ♣❛5❛❣,♠❡♥❤ ♥,5♠❛ ♣;♥❛❦❛ ✺✳✸✳ ❚,&❡ /:♦✉♠❡

‖∆x‖1 = ‖y − x‖1 = |1223− 1|+ | − 1694 + 1| = 2915, ‖x‖1 = 2⇒ ‖∆x‖1
‖x‖1

∼ 1, 5× 103

‖∆b‖1 = 2× 10−3, ‖b‖1 = 0, 471⇒ ‖∆b‖1
‖b‖1

∼ 4× 10−3

❊♣;%❤❝

‖A‖1 = max(1, 693, 1, 222) = 1, 693, ‖A−1‖1 = 106max(1, 572, 1, 343) = 1, 572× 106

✬❆5❛ ♦ ❞❡;❦&❤❝ ❦❛&❼%&❛%❤❝ &♦✉ ♣;♥❛❦❛ ❡;♥❛✐ κ1(A) = 2, 66 × 106 ✦✦✦ ❆♣, &❤♥ ❡❦&;♠❤%❤ ✺✳✶✵

❜❧/♣♦✉♠❡ ❛♠/%✇❝ ♣✇❝ ♠✐❛ ♠✐❦5➔ ♠❡&❛❜♦❧➔ &❤❝ &❼①❡✇❝ 10−3 %&♦ ❞❡①; ♠/❧♦❝ &♦✉ %✉%&❤♠❼✲

&♦❝ ♣♦❧❧❛♣❧❛%✐❼%&❤❦❡ ❛♣, &♦ ❞❡;❦&❤ ❦❛&❼%&❛%❤❝ &♦✉ ♣;♥❛❦❛✱ &❼①❡✇❝ 106✱ ❣✐❛ ♥❛ ❞➳%❡✐ ♠✐❛

♠❡❣/♥❥✉♥%❤ &❼①❡✇❝ 103 %&❤ ❧4%❤✳

❆♣, &♦♥ ♦5✐%♠, &♦✉ ❞❡;❦&❤ ❦❛&❼%&❛%❤❝ κ(A) ❜❧/♣♦✉♠❡ ♦&✐ ❛✉&,❝ ♦5;③❡&❛✐ ❣✐❛ ❛♥&✐%&5/②✐✲

♠♦✉❝ ♣;♥❛❦❡❝✳ ▼♣♦5❡; ♥❛ ❞❡✐:❥❡; ♦&✐ ♦ ❧,❣♦❝ 1/κ(A) ❛♣♦&❡❧❡; /♥❛ ♠/&5♦ ❣✐❛ &❤♥ ❛♣,%&❛%❤

&♦✉ A ❛♣, &♦ %4♥♦❧♦ &✇♥ ♠❤✲❛♥&✐%&5/②✐♠✇♥ ♣✐♥❼❦✇♥✳ ❊✐❞✐❦,&❡5❛ ♠♣♦5♦4♠❡ ♥❛ ❞❡;①♦✉♠❡ &❤♥

♣❛5❛❦❼&✇ ❡❦&;♠❤%❤

1

κ(A)
≤ inf

{‖A−B‖
‖A‖ , B ∈M(n, R) ♠❤✲❛♥&✐%&5/②✐♠♦❝

}

✬❆5❛ ,&❛♥ κ(A) → ∞ ♦ ♣;♥❛❦❛❝ A &❡;♥❡✐ ♥❛ ❣;♥❡✐ ♠❤✲❛♥&✐%&5/②✐♠♦❝✳ ●✐❛ %✉❣❦❡❦5✐♠♠/♥❡❝

♥,5♠❡❝ ♣✐♥❼❦✇♥ ❤ ♣5♦❤❣♦4♠❡♥❤ ❛♥✐%,&❤&❛ ✐%:4❡✐ ❦❛✐ ✇❝ ✐%,&❤&❛✳

 ❛"❛#❤"➔&❡✐❝



❑❡❢❼❧❛✐♦ ✺ ◗➳+♦✐ ♠❡ ❡-✇/❡+✐❦1 ❣✐♥1♠❡♥♦ ✶✺✸

✶✳ ●✐❛ '♦♥ ✉♣♦❧♦❣✐.♠0 '♦✉ κ(A) ❛♣❛✐'❡2'❛✐ ❤ ❣♥➳.❤ '♦✉ ❛♥'2.'5♦❢♦✉ A−1 '♦✉ ♦♣♦2♦✉ '♦

❦0.'♦❝ ✉♣♦❧♦❣✐.♠♦9 ❡2♥❛✐ ♣♦❧9 ✉②❤❧0 ❣✐❛ ♠❡❣❛❧;❝ '✐♠;❝ '♦✉ n✳ ❙'❤ ♣5❼①❤ ?5❤.✐♠♦✲

♣♦✐♦9♥'❛✐ ❡✐❞✐❦♦2 ❛❧❣05✐❥♠♦✐ ♦✐ ♦♣♦2♦✐ ♣5♦.❡❣❣2③♦✉♥ '❤♥ ‖A−1‖✳ ❙✉♥❛5'➔.❡✐❝ ✉♣♦❧♦✲

❣✐.♠♦9 '♦✉ κ(A) ✉♣❼5?♦✉♥ .❡ 0❧❛ '❛ .9❣?5♦♥❛ ♣❛❦;'❛✲❜✐❜❧✐♦❥➔❦❡❝ ❡♣2❧✉.❤❝ ❣5❛♠♠✐✲

❦➳♥ .✉.'❤♠❼'✇♥✳ ❙'❤ Python ❤ .✉♥❼5'❤.❤ numpy.linalg.cond(A, p) ♣5♦.❡❣❣2③❡✐ '♦♥

κ(A) ♠❡ ♠❡❣❼❧❤ ❛❦52❜❡✐❛ .'❤ ♥05♠❛ ♣2♥❛❦❛ ♣♦✉ ♣5♦.❞✐♦52③❡'❛✐ ❛♣♦ '❤♥ ♣❛5❼♠❡'5♦ p✳

✷✳ ✬❖♣✇❝ ❡2❞❛♠❡✱ '0.♦ ❤ ♦52③♦✉.❛ det(A) 0.♦ ❦❛✐ ♦ ❧0❣♦❝ 1/κ(A) ❛♣♦'❡❧♦9♥ ♠;'5❛ ❣✐❛ '♦

❡❛♥ ;♥❛❝ ♣2♥❛❦❛❝ ❡2♥❛✐ ❛♥'✐.'5;②✐♠♦❝ ➔ ♦?✐✳ ✬❖♠✇❝ ❣✐❛ '❤♥ ❡♣2❧✉.❤ ❡♥0❝ ❣5❛♠♠✐❦♦9 .✉✲

.'➔♠❛'♦❝ ❦❛✐ ❦❛'❼ ♣0.♦ ❛✉'0 ❡♣❤5❡❼③❡'❛✐ ❛♣0 ♠✐❦5;❝ ❞✐❛'❛5❛?;❝ .'❛ ❞❡❞♦♠;♥❛✱ ♠❡❣❛❧➔

.❤♠❛.2❛ ;?❡✐ ♦ ❞❡2❦'❤❝ ❦❛'❼.'❛.❤❝ '♦✉ ♣2♥❛❦❛ ❦❛✐ 0?✐ ❤ ♦52③♦✉.❛ '♦✉✳ ❆♥❛❢;5♦✉♠❡

'♦ ❡①➔❝ ?❛5❛❦'❤5✐.'✐❦0 ♣❛5❼❞❡✐❣♠❛ ✿ ❏❡✇5➔.'❡ '❤♥ ❧9.❤ ❡♥0❝ ❣5❛♠♠✐❦♦9 .✉.'➔♠❛'♦❝

♦ ♣2♥❛❦❛❝ '♦✉ ♦♣♦2♦✉ ❡2♥❛✐ ❞✐❛❣➳♥✐♦❝ ❦❛✐ 0❧❛ '❛ .'♦✐?❡2❛ '♦✉ ❡✐♥❛✐ 2.❛ ♠❡ 1/2✳ ❚0'❡

det(A) = 1/2n → 0, n → ∞ ❼5❛ ❣✐❛ ♠❡❣❛❧;❝ '✐♠;❝ '♦✉ n ♦ ♣2♥❛❦❛❝ '❡2♥❡✐ ♥❛ ❣2♥❡✐

♠❤✲❛♥'✐.'5;②✐♠♦❝✳ ❆♣0 '❤♥ ❼❧❧❤ ♠❡5✐❼ 0♠✇❝ κ(A) = 1, ∀n ❦❛✐ .❡ ♦♣♦✐❼❞❤♣♦'❡ ♥05♠❛✳

✬❆5❛ ♦ ♣2♥❛❦❛❝ ❡2♥❛✐ ✐❞❛♥✐❦0❝ ❣✐❛ ♥❛ ❧9♥♦✉♠❡ ❣5❛♠♠✐❦❼ .✉.'➔♠❛'❛ ♠❡ '❤♥ ;♥♥♦✐❛ 0'✐

'✉?0♥ ♠✐❦5;❝ ❞✐❛'❛5❛?;❝ .'❛ ❞❡❞♦♠;♥❛ ➔ .'✐❝ ♣5❼①❡✐❝ ❞❡♥ ❥❛ ❡♣✐5❡❼.♦✉♥ '❤♥ ❧9.❤✳

✸✳ ❙❡ ♣♦❧❧;❝ ❡❢❛5♠♦❣;❝ ❦❛'❛❧➔❣♦✉♠❡ ♥❛ ❧9.♦✉♠❡ ;♥❛ ♣♦❧9 ♠❡❣❼❧♦ ❣5❛♠♠✐❦0 .9.'❤♠❛

Ax = b✱ ❦❛✐ ❤ ?5➔.❤ '❤❝ ❛♣❛❧♦✐❢➔❝ Gauss ❡2♥❛✐ .✉♥➔❥✇❝ ♦ ❛❧❣05✐❥♠♦❝ ♣♦✉ ?5❤.✐✲

♠♦♣♦✐❡2'❛✐✳ ▲0❣✇ '❤❝ ♣❡♣❡5❛.♠;♥❤❝ ❛❦52❜❡✐❛❝ '♦✉ ✉♣♦❧♦❣✐.'➔ ❡✐.❼❣♦♥'❛✐ .❢❼❧♠❛'❛✲

❞✐❛'❛5❛?;❝ '0.♦ .'❤ ❛♥❛♣❛5❼.'❛.❤ '✇♥ .'♦✐?❡2✇♥ '♦✉ .✉.'➔♠❛'♦❝ 0.♦ ❦❛✐ ❦❛'❼ '❤♥

❡❦';❧❡.❤ '✇♥ ♣5❼①❡✇♥✳ ❍ '❡❧✐❦➔ ❧9.❤ x̃ ♣♦✉ ❞2♥❡✐ ♦ ✉♣♦❧♦❣✐.'➔❝ ❡2♥❛✐ ♠✐❛ ♣5♦.;❣❣✐.❤

'❤❝ ❛❦5✐❜♦9❝ ❧9.❤❝ x✳ ❚♦ .?❡'✐❦0 .❢❼❧♠❛ '❤❝ ♣5♦.❡❣❣2.❤❝ ❛✉'➔❝ ♠♣♦5❡2 ♥❛ ❡❦'✐♠❤❥❡2

❦❛✐ ❞2♥❡'❛✐ ❛♣0

‖x− x̃‖∞
‖x‖∞

≤ 2 u κ∞(A)

1− u κ∞(A)

0♣♦✉ u ❡2♥❛✐ '♦ ♠♦♥❛❞✐❛&♦ '❢❼❧♠❛ '+,♦❣❣.❧❡✉'❤❝ ♠❡ u ∼ 10−7 ❣✐❛ ❛♣❧➔ ❛❦52❜❡✐❛

❦❛✐ u ∼ 10−15 ❣✐❛ ❞✐♣❧➔ ❛❦52❜❡✐❛✳ ❆♣0 '❤♥ ♣❛5❛♣❼♥✇ ❡❦'2♠❤.❤ ♣❡5✐♠;♥♦✉♠❡ 0'✐ ❛♥

u κ∞(A) ∼ 1✱ ❞❤❧❛❞➔ ❛♥ κ∞(A) >>> 1✱ '0'❡ '♦ .?❡'✐❦0 .❢❼❧♠❛ .'❤ ❧9.❤ ❥❛ ❡2♥❛✐

♣♦❧✉ ♠❡❣❛❧0✳ ✭❉❡2'❡ '♦ ♣5♦❤❣♦9♠❡♥♦ ♣❛5❼❞❡✐❣♠❛ ♠❡ '♦♥ 2× 2 ♣2♥❛❦❛✮✳


