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Idiotimèc kai DiagwniopoÐhsh Je¸rhma Cayley – Hamilton

Je¸rhma Cayley – Hamilton

Je¸rhma (Cayley – Hamilton)

E�n χL(x) = bnx
n + · · ·+ b1x + b0 eÐnai to qarakthristikì polu¸numo

tou telest  L, se èna dianusmatikì q¸ro peperasmènhc di�stashc V ,

tìte o telest c

χL(L) = bnL
n + · · ·+ b1L+ b0IV

eÐnai o mhdenikìc telest c:

gia k�je v ∈ V , χL(L)(v) = 0.
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Idiotimèc kai DiagwniopoÐhsh Je¸rhma Cayley – Hamilton

Upologismìc

Sthn apìdeixh tou Jewr matoc ja qrhsimopoi soume to

qarakthristikì polu¸numo tou pÐnaka

B =



0 0 . . . 0 0 a1

1 0
. . . 0 0 a2

0 1
. . . 0 0 a3

...
. . .

. . .
. . .

...
...

0 . . . 0 1 0 ak−1
0 . . . . . . 0 1 ak


.
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Idiotimèc kai DiagwniopoÐhsh Je¸rhma Cayley – Hamilton

Upologismìc

χB(x) = det(B − xIk) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

−x 0 . . . 0 0 a1

1 −x . . . 0 0 a2

0 1
. . . 0 0 a3

...
. . .

. . .
. . .

...
...

0 . . . 0 1 −x ak−1
0 . . . . . . 0 1 ak − x

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
.
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Idiotimèc kai DiagwniopoÐhsh Je¸rhma Cayley – Hamilton

Upologismìc

UpologÐzoume thn orÐzousa me apaloif  twn x sth diag¸nio apì

k�tw proc ta p�nw:

χB(x) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

0 0 . . . 0 0 a1 + a2x + · · ·+ akx
k−1 − xk

1 0
. . . 0 0 a2 + a3x + · · ·+ akx

k−2 − xk−1

0 1
. . . 0 0

...
...

. . .
. . .

. . .
...

...

0 . . . 0 1 0 ak−1 + akx − x2

0 . . . . . . 0 1 ak − x

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
.
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Idiotimèc kai DiagwniopoÐhsh Je¸rhma Cayley – Hamilton

Upologismìc

AnaptÔssoume wc proc thn pr¸th gramm  kai brÐskoume to

qarakthristikì polu¸numo

χB(x) = det(B − xI)

= (−1)k+1(a1 + a2x + · · ·+ akx
k−1 − xk)

= (−1)k(xk − akx
k−1 − · · · − a2x − a1) .
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Idiotimèc kai DiagwniopoÐhsh Je¸rhma Cayley – Hamilton

Je¸rhma Cayley – Hamilton

Je¸rhma (Cayley – Hamilton)

E�n χL(x) = bnx
n + · · ·+ b1x + b0 eÐnai to qarakthristikì polu¸numo

tou telest  L, se èna dianusmatikì q¸ro peperasmènhc di�stashc V ,

tìte o telest c

χL(L) = bnL
n + · · ·+ b1L+ b0IV

eÐnai o mhdenikìc telest c: gia k�je v ∈ V , χL(L)(v) = 0.

Pìrisma

E�n A eÐnai tetragwnikìc n × n pÐnakac kai χA(x) = det(A− xIn) eÐnai
to qarakthristikì polu¸numo tou A, tìte o pÐnakac χA(A) eÐnai o
mhdenikìc n × n pÐnakac.
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Idiotimèc kai DiagwniopoÐhsh Je¸rhma Cayley – Hamilton

Apìdeixh Jewr matoc Cayley – Hamilton

Kataskeu�zoume b�sh tou V ,

B = {v1, . . . , vk , wk+1, . . . , wn} ,

tètoia ¸ste gia i = 1, . . . , k − 1,

vi+1 = L(vi ) ,

kai

L(vk) = a1v1 + · · ·+ akvk .
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Idiotimèc kai DiagwniopoÐhsh Je¸rhma Cayley – Hamilton

Apìdeixh Jewr matoc Cayley – Hamilton

O upìqwroc 〈v1, . . . , vk〉 eÐnai analloÐwtoc apì ton L. 'Ara o pÐnakac

tou L wc proc th b�sh B èqei th morf 

BLB =

[
A B
0 D

]
.

kai

χL(x) = χA(x)χD(x) .
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Idiotimèc kai DiagwniopoÐhsh Je¸rhma Cayley – Hamilton

Apìdeixh Jewr matoc Cayley – Hamilton

AfoÔ gia i = 1, . . . , k − 1, vi+1 = L(vi ), to p�nw arister� mplok tou

pÐnaka èqei th morf 

A =



0 0 . . . 0 0 a1

1 0
. . . 0 0 a2

0 1
. . . 0 0 a3

...
. . .

. . .
. . .

...
...

0 . . . 0 1 0 ak−1
0 . . . . . . 0 1 ak


.
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Idiotimèc kai DiagwniopoÐhsh Je¸rhma Cayley – Hamilton

Apìdeixh Jewr matoc Cayley – Hamilton

Apì ton prohgoÔmeno upologismì, èqoume

χA(x) = (−1)k(xk − akx
k−1 − · · · − a2x − a1) .

Jètoume x = L kai èqoume

χA(L)(v) = (−1)k(Lk(v1)− akL
k−1(v1)− · · · − a2L(v1)− a1v1)

= (−1)k(L(vk)− akvk − · · · − a2v2 − a1v1)

= 0 .
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Idiotimèc kai DiagwniopoÐhsh Je¸rhma Cayley – Hamilton

Apìdeixh Jewr matoc Cayley – Hamilton

All� o pollaplasiasmìc poluwnÔmwn eÐnai metajetikìc

χL(x) = χA(x)χD(x) = χD(x)χA(x) ,

kai sunep¸c

χL(L)(v) = χD(L) ◦ χA(L)(v) = 0 .

2
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Idiotimèc kai DiagwniopoÐhsh Je¸rhma Cayley – Hamilton

Par�deigma

JewroÔme ton telest  L(x , y) = (x + 2y , 3x + 2y) me pÐnaka wc proc

thn kanonik  b�sh tou R2

A =

[
1 2
3 2

]
,

kai qarakthristikì polu¸numo

χL(λ) = χA(λ) =

∣∣∣∣ 1− λ 2
3 2− λ

∣∣∣∣ = λ2 − 3λ− 4 .

SÔmfwna me to Je¸rhma Cayley - Hamilton, o telest c χL(L) eÐnai o
mhdenikìc telest c kai o pÐnakac χA(A) = 0.
Pr�gmati

χA(A) = A2 − 3A− 4I2 =

[
7 6
9 10

]
−
[
3 6
9 6

]
−
[
4 0
0 4

]
= 0 .
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Idiotimèc kai DiagwniopoÐhsh Je¸rhma Cayley – Hamilton

Par�deigma

To Je¸rhma Cayley - Hamilton epitrèpei na aplopoioÔme parast�seic

me pÐnakec,   na ekfr�zoume ton antÐstrofo enìc pÐnaka wc

polu¸numo.

AfoÔ A2 = 3A+ 4I2,

A3 = 3A2 + 4A = 3(3A+ 4I2) + 4A = 13A+ 12I2 ,

A4 = 13A2 + 12A = 13(3A+ 4I2) + 12A = 51A+ 52I2 , k.o.k.

AfoÔ o stajerìc ìroc tou qarakthristikoÔ poluwnÔmou χA(x) den
eÐnai mhdèn, to mhdèn den eÐnai idiotim  tou pÐnaka A, kai o A eÐnai

antistrèyimoc.

AfoÔ A2 − 3A = 4I2, èqoume A− 3I2 = 4A−1 kai sunep¸c

A−1 = 1
4A−

3
4 I2.
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Idiotimèc kai DiagwniopoÐhsh Je¸rhma Cayley – Hamilton

Par�deigma

JewroÔme ton pÐnaka

A =

 2 0 1
1 2 0
0 3 1

 ,
me qarakthristikì polu¸numo

χA(λ) = −λ3 + 5λ2 − 8λ+ 7 .

Apì to Je¸rhma Cayley – Hamilton upologÐzoume

A3 = 5A2 − 8A+ 7I3 ,

A4 = AA3 = 5A3 − 8A2 + 7A

= 17A2 − 33A+ 35I3 ,

A5 = 5A4 − 8A3 + 7A2

= 5(17A2 − 33A+ 35I3)− 8(5A2 − 8A+ 7I3) + 7A2 .
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Idiotimèc kai DiagwniopoÐhsh Je¸rhma Cayley – Hamilton

Par�deigma

Me aut  th diadikasÐa mporoÔme na upologÐsoume kai arnhtikèc

dun�meic enìc pÐnaka e�n autìc eÐnai antistrèyimoc.

AfoÔ o stajerìc ìroc tou qarakthristikoÔ poluwnÔmou χA(x) den
eÐnai mhdèn, mporoÔme na ekfr�soume to A−1 wc polu¸numo tou A:

A2 = A3A−1 = (5A2 − 8A+ 7I3)A
−1 = 5A− 8I3 + 7A−1 .

'Ara

A−1 =
1

7
(A2 − 5A+ 8I3) .
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Idiotimèc kai DiagwniopoÐhsh Je¸rhma Cayley – Hamilton

Par�deigma

JewroÔme to polu¸numo

p(x) = x8 − 17x6 + 33x5 − 36x4 + 5x3 − 6x2 + 7x + 1 .

To diairoÔme me to qarakthristikì polu¸numo χA(x):

p(x) = χA(x)(−x5 − 5x4 + x) + 2x2 + 1 .

AfoÔ χA(A) = 0, èqoume p(A) = 2A2 + I3,dhlad 

p(A) = 2

 2 0 1
1 2 0
0 3 1

2

+

 1 0 0
0 1 0
0 0 1

 =

 9 6 6
8 11 2
6 18 5

 .
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