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0'❤♠❛ ❛♥❛❢♦1❼❝✱ 9:❡✐ ❡①&0✇0❤

x2

a2
+

y2

b2
−

z2

c2
= 1 , a, b, c > 0 .

❚♦ ♠♦♥>:✇♥♦ ✉♣❡1❜♦❧♦❡✐❞9❝ ❡&♥❛✐ 0✉♠♠❡'1✐❦> ✇❝ ♣1♦❝ '❛ ❡♣&♣❡❞❛ (x, y)✱ (x, z) ❦❛✐ (y, z)✱

❦❛❥➳❝ ❦❛✐ ✇❝ ♣1♦❝ '♦✉❝ ❼①♦♥❡❝ x, y, z ❦❛✐ '♦ 0❤♠❡&♦ ❛♥❛❢♦1❼❝✱ ✭❙:➔♠❛ ✺✳✶✷✮✳

❙:➔♠❛ ✺✳✶✷✿ ▼♦♥>:✇♥♦ ✉♣❡1❜♦❧♦❡✐❞9❝✳

❚♦ ❡♣&♣❡❞♦ (x, y) '9♠♥❡✐ '❤♥ ❡♣✐❢❼♥❡✐❛ 0'❤♥ 9❧❧❡✐②❤

x2

a2
+

y2

b2
= 1 , z = 0 .

❚♦ ❡♣&♣❡❞♦ (x, z) '9♠♥❡✐ '❤♥ ❡♣✐❢❼♥❡✐❛ 0'❤♥ ✉♣❡1❜♦❧➔

x2

a2
−

z2

c2
= 1 , y = 0 ,

❡♥➳ '♦ ❡♣&♣❡❞♦ (y, z) 0'❤♥ ✉♣❡1❜♦❧➔

y2

b2
−

z2

c2
= 1 , x = 0 .

●❡♥✐❦>'❡1❛✱ ❦❼❥❡ ❡♣&♣❡❞♦ ♠❡ ❡①&0✇0❤ z = k✱ '9♠♥❡✐ '❤♥ ❡♣✐❢❼♥❡✐❛ 0❡ ♠&❛ 9❧❧❡✐②❤

x2

a2
+

y2

b2
= 1−

k2

c2
, z = k .
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❑❼❥❡ ❡♣(♣❡❞♦ ♠❡ ❡①(-✇-❤ x = m✱ 12♠♥❡✐ 1❤♥ ❡♣✐❢❼♥❡✐❛ -❡ ♠(❛ ✉♣❡8❜♦❧➔ ❡❼♥ |m| 6= a✱ ❤ ♦♣♦(❛

2<❡✐ ❡①✐-➳-❡✐❝

y2

b2
−

z2

c2
= 1−

m2

a2
, x = m.

✬❖1❛♥ |m| = a✱ 1− m
2

a2
= 0 ❦❛✐ ❤ ❡①(-✇-❤ ❣(♥❡1❛✐

y

b
= ±

z

c
, x = m,

❤ ♦♣♦(❛ ♣❛8✐-1❼♥❡✐ ❞C♦ ❡✉❥❡(❡❝ ♣♦✉ 12♠♥♦♥1❛✐ -1♦ (m, 0, 0)✳

❙1❤♥ ❡✐❞✐❦➔ ♣❡8(♣1✇-❤ ♣♦✉ a = b✱ 2<♦✉♠❡ 1♦ ♠♦♥F<✇♥♦ ✉♣❡8❜♦❧♦❡✐❞2❝ ❡❦ ♣❡8✐-18♦❢➔❝✳

❉!"✇♥♦ ✉♣❡)❜♦❧♦❡✐❞.❝

❉!"✇♥♦ ✉♣❡)❜♦❧♦❡✐❞.❝ ❦❛❧❡(1❛✐ ❤ ❡♣✐❢❼♥❡✐❛ ❤ ♦♣♦(❛✱ -❡ ❦❛1❼❧❧❤❧♦ ♦8❥♦❣➳♥✐♦ -C-1❤♠❛

❛♥❛❢♦8❼❝✱ 2<❡✐ ❡①(-✇-❤

x2

a2
+

y2

b2
−

z2

c2
= −1 , a, b, c > 0 .

❚♦ ❞(<✇♥♦ ✉♣❡8❜♦❧♦❡✐❞2❝ ❡(♥❛✐ -✉♠♠❡18✐❦F ✇❝ ♣8♦❝ 1❛ ❡♣(♣❡❞❛ (x, y)✱ (x, z) ❦❛✐ (y, z)✱ ❦❛❥➳❝

❦❛✐ ✇❝ ♣8♦❝ 1♦✉❝ ❼①♦♥❡❝ x, y, z ❦❛✐ 1♦ -❤♠❡(♦ ❛♥❛❢♦8❼❝✱ ✭❙<➔♠❛ ✺✳✶✸✮✳

❙<➔♠❛ ✺✳✶✸✿ ❉(<✇♥♦ ✉♣❡8❜♦❧♦❡✐❞2❝✳

❚♦ ❡♣(♣❡❞♦ (x, y) ❞❡♥ 12♠♥❡✐ 1❤♥ ❡♣✐❢❼♥❡✐❛✳ ✬❊♥❛ ❡♣(♣❡❞♦ ♠❡ ❡①(-✇-❤ z = k 12♠♥❡✐ 1❤♥

❡♣✐❢❼♥❡✐❛ -❡ ♠(❛ 2❧❧❡✐②❤ ❡❼♥ |k| > c✱ ❦❛✐ -❡ 2♥❛ -❤♠❡(♦ ❡❼♥ |k| = c✳

❚❛ ❡♣(♣❡❞❛ (x, z) ❦❛✐ (y, z)✱ ❦❛❥➳❝ ❦❛✐ ❡♣(♣❡❞❛ ♣❛8❼❧❧❤❧❛ ♣8♦❝ ❛✉1❼✱ 12♠♥♦✉♥ 1❤♥ ❡♣✐❢❼✲

♥❡✐❛ -❡ ♠(❛ ✉♣❡8❜♦❧➔✳

❙1❤♥ ❡✐❞✐❦➔ ♣❡8(♣1✇-❤ ♣♦✉ a = b 2<♦✉♠❡ 1♦ ❞(<✇♥♦ ✉♣❡8❜♦❧♦❡✐❞2❝ ❡❦ ♣❡8✐-18♦❢➔❝✳
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❊❧❧❡✐♣%✐❦' ♣❛)❛❜♦❧♦❡✐❞-❝

❊❧❧❡✐♣%✐❦' ♣❛)❛❜♦❧♦❡✐❞-❝ ❦❛❧❡'(❛✐ ❤ ❡♣✐❢❼♥❡✐❛ ❤ ♦♣♦'❛✱ 1❡ ❦❛(❼❧❧❤❧♦ ♦2❥♦❣➳♥✐♦ 16✲

1(❤♠❛ ❛♥❛❢♦2❼❝✱ :;❡✐ ❡①'1✇1❤

x2

a2
+

y2

b2
= 2cz , a, b > 0 , c 6= 0 .

❚♦ ❡❧❧❡✐♣(✐❦? ♣❛2❛❜♦❧♦❡✐❞:❝ ❡'♥❛✐ 1✉♠♠❡(2✐❦? ✇❝ ♣2♦❝ (❛ ❡♣'♣❡❞❛ (x, z) ❦❛✐ (y, z)✱ ❦❛❥➳❝

❦❛✐ ✇❝ ♣2♦❝ (♦♥ z✲❼①♦♥❛✱ ✭❙;➔♠❛ ✺✳✶✹✮✳

❙;➔♠❛ ✺✳✶✹✿ ❊❧❧❡✐♣(✐❦? ♣❛2❛❜♦❧♦❡✐❞:❝✳

❚♦ ❡♣'♣❡❞♦ (x, y) 1✉♥❛♥(❼❡✐ (❤♥ ❡♣✐❢❼♥❡✐❛ ♠?♥♦ 1(♦ 1❤♠❡'♦ ❛♥❛❢♦2❼❝✳ ❑❼❥❡ ❡♣'♣❡❞♦

♣❛2❼❧❧❤❧♦ ♣2♦❝ (♦ ❡♣'♣❡❞♦ (x, y) ♠❡ ❡①'1✇1❤ z = k✱ ❣✐❛ k > 0 (:♠♥❡✐ (❤♥ ❡♣✐❢❼♥❡✐❛ 1❡ ♠'❛

:❧❧❡✐②❤ ♠❡ ❡①✐1➳1❡✐❝

x2

a2
+

y2

b2
= 2ck , z = k .

❊❼♥ k < 0✱ (♦ ❡♣'♣❡❞♦ z = k ❞❡♥ (:♠♥❡✐ (❤♥ ❡♣✐❢❼♥❡✐❛✳

❊♣'♣❡❞❛ ♣❛2❼❧❧❤❧❛ ♣2♦❝ (♦ (x, z) ➔ (♦ (y, z) ❡♣'♣❡❞♦✱ (:♠♥♦✉♥ (❤♥ ❡♣✐❢❼♥❡✐❛ 1❡ ♠'❛

♣❛2❛❜♦❧➔✳ ●✐❛ ♣❛2❼❞❡✐❣♠❛✱ (♦ ❡♣'♣❡❞♦ (x, z) (:♠♥❡✐ (❤♥ ❡♣✐❢❼♥❡✐❛ 1(❤♥ ♣❛2❛❜♦❧➔

x2 = 2a2cz , y = 0 ,

❡♥➳ (♦ ❡♣'♣❡❞♦ y = m (:♠♥❡✐ (❤♥ ❡♣✐❢❼♥❡✐❛ 1(❤♥ ♣❛2❛❜♦❧➔

x2

a2
= 2cz −

m2

b2
, y = m.
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❯♣❡#❜♦❧✐❦) ♣❛#❛❜♦❧♦❡✐❞,❝

❯♣❡#❜♦❧✐❦) ♣❛#❛❜♦❧♦❡✐❞,❝ ❦❛❧❡&'❛✐ ❤ ❡♣✐❢❼♥❡✐❛ ❤ ♦♣♦&❛✱ 0❡ ❦❛'❼❧❧❤❧♦ ♦1❥♦❣➳♥✐♦

050'❤♠❛ ❛♥❛❢♦1❼❝✱ 89❡✐ ❡①&0✇0❤

x2

a2
−

y2

b2
= 2cz , a, b > 0 , c 6= 0 .

❍ ❡♣✐❢❼♥❡✐❛ ❡&♥❛✐ 0✉♠♠❡'1✐❦➔ ✇❝ ♣1♦❝ '❛ ❡♣&♣❡❞❛ (x, z) ❦❛✐ (y, z)✱ ❦❛❥➳❝ ❦❛✐ ✇❝ ♣1♦❝ '♦♥

z✲❼①♦♥❛✱ ❦❛✐ 0✉♥❛♥'❼❡✐ '♦✉❝ ❼①♦♥❡❝ ♠A♥♦ 0'♦ 0❤♠❡&♦ ❛♥❛❢♦1❼❝✱ ✭❙9➔♠❛ ✺✳✶✺✮✳

❙9➔♠❛ ✺✳✶✺✿ ❯♣❡1❜♦❧✐❦A ♣❛1❛❜♦❧♦❡✐❞8❝✳

❚♦ ❡♣&♣❡❞♦ z = 0 '8♠♥❡✐ '❤♥ ❡♣✐❢❼♥❡✐❛ ❦❛'❼ ♠➔❦♦❝ ❞5♦ '❡♠♥♦♠8♥✇♥ ❡✉❥❡✐➳♥✱ ♠❡ ❡①✐0➳0❡✐❝

x2

a2
−

y2

b2
= 0 , z = 0 ,

❡♥➳ ❦❼❥❡ ❡♣&♣❡❞♦ ♣❛1❼❧❧❤❧♦ ♣1♦❝ '♦ ❡♣&♣❡❞♦ z = 0✱ ♠❡ ❡①&0✇0❤ z = k ❣✐❛ k 6= 0✱ 0✉♥❛♥'❼❡✐

'♦ ✉♣❡1❜♦❧✐❦A ♣❛1❛❜♦❧♦❡✐❞8❝ 0❡ ♠&❛ ✉♣❡1❜♦❧➔✱ ♠❡ ❡①✐0➳0❡✐❝

x2

a2
−

y2

b2
= 2ck , z = k .

❊♣&♣❡❞❛ ♣❛1❼❧❧❤❧❛ ♣1♦❝ '♦ ❡♣&♣❡❞♦ x = 0 ➔ '♦ y = 0 ✱ '8♠♥♦✉♥ '❤♥ ❡♣✐❢❼♥❡✐❛ 0❡ ♠&❛

♣❛1❛❜♦❧➔✳ ●✐❛ ♣❛1❼❞❡✐❣♠❛✱ '♦ ❡♣&♣❡❞♦ x = m ❣✐❛ m 6= 0✱ '8♠♥❡✐ '❤♥ ❡♣✐❢❼♥❡✐❛ 0'❤♥ ♣❛1❛❜♦❧➔

♠❡ ❡①✐0➳0❡✐❝

y2

b2
= −2cz +

m2

a2
, x = m.
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✬❆❧❧❡❝ ❡♣✐❢❼♥❡✐❡❝ ✷♦✉ ❜❛❥♠♦1

❊❦%&❝ ❛♣& %❛ ♣*♥%❡ ❡-❞❤ ❡♣✐❢❛♥❡✐➳♥ ✷♦✉ ❜❛❥♠♦8 ♣♦✉ ♣❡9✐❣9❼②❛♠❡✱ ✉♣❼9>♦✉♥ ✜❡❦❢✉❧✐A♠*♥❡❝✢

♣❡9✐♣%➳A❡✐❝✱ &♣♦✉ *>♦✉♠❡ ♠-❛ ❦✇♥✐❦➔ ➔ ❦✉❧✐♥❞9✐❦➔ ❡♣✐❢❼♥❡✐❛✱ ❡♣-♣❡❞❛✱ ❡✉❥❡-❛ ➔ %♦ ❦❡♥& A8✲

♥♦❧♦✳ G❛9❛❦❼%✇ ❞-❞♦✉♠❡ >❛9❛❦%❤9✐A%✐❦❼ ♣❛9❛❞❡-❣♠❛%❛ ❛✉%➳♥ %✇♥ ♣❡9✐♣%➳A❡✇♥✳

❡❧❧❡✐♣%✐❦&❝ ❦➳♥♦❝

x2

a2
+

y2

b2
−

z2

c2
= 0

♣❛9❛❜♦❧✐❦&❝ ❦8❧✐♥❞9♦❝ y2 = 2cz, c 6= 0

✉♣❡9❜♦❧✐❦&❝ ❦8❧✐♥❞9♦❝

y2

b2
−

z2

c2
= 1

❡❧❧❡✐♣%✐❦&❝ ❦8❧✐♥❞9♦❝

y2

b2
+

z2

c2
= 1

❞8♦ %*♠♥♦♠❡♥❛ ❡♣-♣❡❞❛

x2

a2
−

y2

b2
= 0

❞8♦ ♣❛9❼❧❧❤❧❛ ❡♣-♣❡❞❛

z2

c2
= 1

*♥❛ ❡♣-♣❡❞♦ z2 = 0

♠-❛ ❡✉❥❡-❛

x2

a2
+

y2

b2
= 0

*♥❛ A❤♠❡-♦

x2

a2
+

y2

b2
+

z2

c2
= 0

%♦ ❦❡♥& A8♥♦❧♦

x2

a2
+

y2

b2
+

z2

c2
= −1

 ❛"❼❞❡✐❣♠❛ ✺✳✶✵ ●✐❛ ♥❛ ❜9♦8♠❡ %❤♥ ❡♣✐❢❼♥❡✐❛ ♣♦✉ ♣❛9✐A%❼♥❡✐ ❤ ❡①-A✇A❤

x2 − y2 − z2 + 4x− 8y + 2z − 17 = 0

A✉♠♣❧❤9➳♥♦✉♠❡ %❛ %❡%9❼❣✇♥❛✱ ❦❛✐ *>♦✉♠❡

(x+ 2)2 − 4− (y + 4)2 + 16− (z − 1)2 + 1− 17 = 0

➔

(x+ 2)2 − (y + 4)2 − (z − 1)2 = 4 .

❊❼♥ ♠❡%❛❢*9♦✉♠❡ %♦ A❤♠❡-♦ ❛♥❛❢♦9❼❝ A%♦ (−2, −4, 1)✱ ❤ ❡①-A✇A❤ ❣-♥❡%❛✐

x′2

4
−

y′2

4
−

z′2

4
= 1 .



❑❡❢❼❧❛✐♦ ✺ ❊♣✐❢❼♥❡✐❡❝ -.♦ /➳1♦ ✶✾✸

❙✉♠♣❡(❛*♥♦✉♠❡ ♦-✐ ❤ ❡①*1✇1❤ ♣❛(✐1-❼♥❡✐ 4♥❛ ❞*6✇♥♦ ✉♣❡(❜♦❧♦❡✐❞4❝ ❡❦ ♣❡(✐1-(♦❢➔❝✱ ♠❡ ❦4♥-(♦

1-♦ 1❤♠❡*♦ (−2, −4, 1)✱ ❦❛✐ ❦>(✐♦ ❼①♦♥❛ ♣❛(❼❧❧❤❧♦ ♣(♦❝ -♦♥ x✲❼①♦♥❛✳ ❍ ❡♣✐❢❼♥❡✐❛ -4♠♥❡✐

-♦♥ ❦>(✐♦ ❼①♦♥❛ 1-❛ 1❤♠❡*❛ (0, −4, 1) ❦❛✐ (−4, −4, 1)✳

✬❆"❦❤"❤ ✶✵✳✶ ●✐❛ -✐❝ ❛❦C❧♦✉❥❡❝ ❡①✐1➳1❡✐❝✱

❛F✳ ♦♥♦♠❼1-❡ -❤♥ ❡♣✐❢❼♥❡✐❛ -❤♥ ♦♣♦*❛ ♣❛(✐1-❼♥♦✉♥

❜F✳ ❜(❡*-❡ -✐❝ ❡①✐1➳1❡✐❝ -✇♥ -♦♠➳♥ -❤❝ ❡♣✐❢❼♥❡✐❛❝ ♠❡ -❛ ❡♣*♣❡❞❛

(x, y), (x, z), (y, z)✳

❣F✳ ❜(❡*-❡ -✐❝ ❡①✐1➳1❡✐❝ -✇♥ -♦♠➳♥ -❤❝ ❡♣✐❢❼♥❡✐❛❝ ♠❡ -❛ ❡♣*♣❡❞❛ x = 4✱ y = 4 ❦❛✐

z = 4✳

i✳ 9x2 + 4z2 = 36y

ii✳ 4y2 + 4z2 − x2 = 0

iii✳ 9x2 − y2 = 4z

iv✳ 2y2 + 4z2 = x2

v✳ x2 + y
2

4
+ z

2

9
= 1

vi✳
x2

9
+

y2

16
−

z2

4
= 1

vii✳ −
x2

4
−

y2

9
+ z2 = 1

viii✳
x2

4
−

y2

9
= 0✳

✬❆"❦❤"❤ ✶✵✳✷ ❋4(❡-❡ -✐❝ ❛❦C❧♦✉❥❡❝ ❡①✐1➳1❡✐❝ 1❡ ❦❛♥♦♥✐❦➔ ♠♦(❢➔ 1✉♠♣❧❤(➳♥♦♥-❛❝

-❛ -❡-(❼❣✇♥❛✱ ❦❛✐ ♦♥♦♠❼1-❡ -✐❝ ❡♣✐❢❼♥❡✐❡❝ ♣♦✉ ♣❛(✐1-❼♥♦✉♥✿

❛F✳ x2 + y2 + z2 − 6x+ 4y − 8 = 0

❜F✳ 2x2 + y2 − 4z2 + 4z − 6y − 2 = 0

❣F✳ y2 − x2 − 4z2 = 2x+ 8z

❞F✳ x2 − 4y2 + 2x− z + 8y − 3 = 0

❡F✳ x2 + z2 + 2x+ 3

2
y + 2z − 3 = 0

✝F✳ x2 + z2 − 4x− y − 5 = 0

③F✳ x2 − z2 − y2 − 4x+ 4z − 1 = 0


