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❛♥,✐❦❡<♠❡♥♦ ,❤❝ ❉✐❛❢♦0✐❦➔❝ ●❡✇♠❡,0<❛❝✳ ❙❡ ❛✉,6 ,♦ ♠❼❥❤♠❛ ❥❛ ❞♦2♠❡ ♦0✐+♠:♥❛ ♣❛0❛❞❡<❣♠❛,❛✳

❊♣✐❢❼♥❡✐❡❝ ❡❦ ♣❡)✐*+)♦❢➔❝

▼<❛ ❡♣✐❢❼♥❡✐❛ ♦♥♦♠❼③❡,❛✐ ❡♣✐❢❼♥❡✐❛ ❡❦ ♣❡(✐)*(♦❢➔❝ ❡❼♥ ♠♣♦0❡< ♥❛ ♣❛0❛.❥❡< ❛♣6 ,❤♥

♣❡0✐+,0♦❢➔ ♠<❛❝ ❦❛♠♣2❧❤❝ ❣20✇ ❛♣6 :♥❛♥ ❼①♦♥❛✳ ❑❛,❼ ,❤♥ ♣❡0✐+,0♦❢➔✱ ❦❼❥❡ +❤♠❡<♦ ,❤❝

❦❛♠♣2❧❤❝ ❞✐❛❣0❼❢❡✐ :♥❛ ❦2❦❧♦ ♠❡ ❦:♥,0♦ +,♦♥ ❼①♦♥❛✱ ♦ ♦♣♦<♦❝ ❜0<+❦❡,❛✐ +❡ ❡♣<♣❡❞♦ ❦❼❥❡,♦

+,♦♥ ❼①♦♥❛✳ ❍ ❦❛♠♣2❧❤ ♦♥♦♠❼③❡,❛✐ ❣❡♥/*❡✐(❛ ,❤❝ ❡♣✐❢❼♥❡✐❛❝✳

0❛(❼❞❡✐❣♠❛ ✺✳✺ ❊❼♥ ❤ ❣❡♥:,❡✐0❛ ❡<♥❛✐ ♠<❛ ❡✉❥❡<❛ ♣❛0❼❧❧❤❧❤ ♣0♦❝ ,♦♥ ❼①♦♥❛✱ ❤ ❡♣✐❢❼♥❡✐❛

❡<♥❛✐ ✭♦(❥7❝ ❦✉❦❧✐❦7❝✮ ❦;❧✐♥❞(♦❝✳ ❊❼♥ ❥❡✇0➔+♦✉♠❡ ✇❝ ❼①♦♥❛ ,♦♥ z✲❼①♦♥❛✱ ,6,❡ ❤

❡♣✐❢❼♥❡✐❛ ❛♣♦,❡❧❡<,❛✐ ❛♣6 ,❛ +❤♠❡<❛ (x, y, z) ,♦✉ .➳0♦✉ ♣♦✉ ✐❦❛♥♦♣♦✐♦2♥ ,❤♥ ❡①<+✇+❤

x2 + y2 = a2 .

L❛0❛,❤0♦2♠❡ ♦,✐ ❤ ❛♣♦✉+<❛ ,♦✉ z +,❤♥ ❡①<+✇+❤✱ +❤♠❛<♥❡✐ ♦,✐ ❛✉,➔ ❤ +✉♥,❡,❛❣♠:♥❤ ♠♣♦0❡< ♥❛

♣❼0❡✐ ♦♣♦✐❛❞➔♣♦,❡ ,✐♠➔ +,♦ R✳

0❛(❼❞❡✐❣♠❛ ✺✳✻ ❊❼♥ ❤ ❣❡♥:,❡✐0❛ ❡<♥❛✐ ❡✉❥❡<❛ ❤ ♦♣♦<❛ ,:♠♥❡✐ ,♦♥ ❼①♦♥❛✱ ❤ ❡♣✐❢❼♥❡✐❛ ❡<♥❛✐

✭♦(❥7❝ ❦✉❦❧✐❦7❝✮ ❦➳♥♦❝✳ ❊❼♥ ❥❡✇0➔+♦✉♠❡ ✇❝ ❼①♦♥❛ ,♦♥ z✲❼①♦♥❛✱ ❦❛✐ ✇❝ ❣❡♥:,❡✐0❛ ,❤♥

❡✉❥❡<❛ z = λx✱ y = 0✱ ,6,❡ ❤ ❡♣✐❢❼♥❡✐❛ ❛♣♦,❡❧❡<,❛✐ ❛♣6 ,❛ +❤♠❡<❛ ,♦✉ .➳0♦✉ ♣♦✉ ✐❦❛♥♦♣♦✐♦2♥

,❤♥ ❡①<+✇+❤

x2 + y2 =
z2

λ2
.

❑❼♣✇❝ ♣✐♦ ❣❡♥✐❦❼✱ ❡❼♥ ♦ ❼①♦♥❛❝ ♣❡0✐+,0♦❢➔❝ ❡<♥❛✐ ♦ z✲❼①♦♥❛❝ ❦❛✐ ❤ ❣❡♥:,❡✐0❛ ❜0<+❦❡,❛✐

+,♦ (x, z)✲❡♣<♣❡❞♦✱ ♠❡ ❡①<+✇+❤

f(x, z) = 0 , y = 0 , x ≥ 0 ,

,6,❡ ❤ ❡♣✐❢❼♥❡✐❛ ❡❦ ♣❡0✐+,0♦❢➔❝ ❛♣♦,❡❧❡<,❛✐ ❛♣6 ,❛ +❤♠❡<❛ (x, y, z) ∈ R
3
♣♦✉ ✐❦❛♥♦♣♦✐♦2♥

,❤♥ ❡①<+✇+❤

f(
√

x2 + y2, z) = 0. ✭✺✳✽✮

L0❼❣♠❛,✐✱ ❡❼♥ ,♦ +❤♠❡<♦ (x0, 0, z0) ❜0<+❦❡,❛✐ ♣❼♥✇ +,❤ ❣❡♥:,❡✐0❛✱ ,6,❡ ❛♣6 ,❤♥ ♣❡0✐+,0♦❢➔✱

❜0<+❦♦♥,❛✐ ♣❼♥✇ +,❤♥ ❡♣✐❢❼♥❡✐❛ 6❧❛ ,❛ +❤♠❡<❛ +,♦ ❡♣<♣❡❞♦ z = z0✱ ,❛ ♦♣♦<❛ ❛♣:.♦✉♥ ❛♣6✲

+,❛+❤ x0 ❛♣6 ,♦♥ z✲❼①♦♥❛✱ ❞❤❧❛❞➔ 6❧❛ ,❛ +❤♠❡<❛ ♠❡ +✉♥,❡,❛❣♠:♥❡❝ (x, y, z0) ,:,♦✐❡❝ ➳+,❡

√

x2 + y2 = x0✳

0❛(❼❞❡✐❣♠❛ ✺✳✼ ❊❧❧❡✐②♦❡✐❞/❝ ❡❦ ♣❡(✐)*(♦❢➔❝ ✭➔ )❢❛✐(♦❡✐❞/❝✮ ❦❛❧❡<,❛✐ ❤ ❡♣✐✲

❢❼♥❡✐❛ ♣♦✉ ♣❛0❼❣❡,❛✐ ❛♣6 ,❤♥ :❧❧❡✐②❤

x2

a2
+

y2

b2
= 1, z = 0
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#$❛♥ ♣❡)✐+$)❛❢❡- ❣/)✇ ❛♣# 1♥❛♥ ❛♣# $♦✉❝ ❼①♦♥❡❝ $❤❝✱ ✭❙;➔♠❛ ✺✳✽✮✳ ❊❼♥ ❤ ♣❡)✐+$)♦❢➔ ❡-♥❛✐

❣/)✇ ❛♣# $♦♥ x✲❼①♦♥❛✱ ❤ ❡♣✐❢❼♥❡✐❛✱ +/♠❢✇♥❛ ♠❡ $❤♥ ✺✳✽✱ 1;❡✐ ❡①-+✇+❤

x2

a2
+

y2 + z2

b2
= 1

✳

❙;➔♠❛ ✺✳✽✿ ❊❧❧❡✐②♦❡✐❞1❝ ❡❦ ♣❡)✐+$)♦❢➔❝✳

 ❛"❼❞❡✐❣♠❛ ✺✳✽ ❙♣❡."❛ ✭➔ /0"♦❝✮ ❦❛❧❡-$❛✐ ❤ ❡♣✐❢❼♥❡✐❛ ♣♦✉ ♣❛)❼❣❡$❛✐ ❛♣# $❤♥ ♣❡)✐✲

+$)♦❢➔ ❡♥#❝ ❦/❦❧♦✉ ❣/)✇ ❛♣# 1♥❛♥ ❼①♦♥❛ ♣♦✉ ❜)-+❦❡$❛✐ +$♦ ❡♣-♣❡❞♦ $♦✉ ❦/❦❧♦✉ ❦❛✐ ❞❡♥

$1♠♥❡✐ $♦♥ ❦/❦❧♦✱ ✭❙;➔♠❛ ✺✳✾✮✳ ❏❡✇)♦/♠❡ ✇❝ ❼①♦♥❛ $♦♥ z✲❼①♦♥❛ ❦❛✐ ✇❝ ❣❡♥1$❡✐)❛ $♦♥ ❦/❦❧♦

(x− a)2 + z2 = r2 , y = 0 , a > r > 0 .

❚#$❡ ❤ ❡①-+✇+❤ $❤❝ +♣❡-)❛❝ ❡-♥❛✐

(

√

x2 + y2 − a
)2

+ z2 = r2

 ❛"❼❞❡✐❣♠❛ ✺✳✾ ❍ ❡♣✐❢❼♥❡✐❛ ♠❡ ❡①-+✇+❤

x2 + y2 − 2pz = 0

❡-♥❛✐ ❡♣✐❢❼♥❡✐❛ ❡❦ ♣❡)✐+$)♦❢➔❝✱ ❣✐❛$- 1;❡✐ ❡①-+✇+❤ $❤❝ ♠♦)❢➔❝ f(
√

x2 + y2, z) = 0✳ ❙✉♠♣❡✲

)❛-♥♦✉♠❡ ♦$✐ ♠♣♦)❡- ♥❛ ♣)♦❦/②❡✐ ♠❡ ♣❡)✐+$)♦❢➔ $❤❝ ❦❛♠♣/❧❤❝ x2 = 2pz✱ y = 0 ❣/)✇ ❛♣# $♦♥

z✲❼①♦♥❛✳ ❆✉$➔ ❤ ❡♣✐❢❼♥❡✐❛ ❦❛❧❡-$❛✐ ♣❛)❛❜♦❧♦❡✐❞1❝ ❡❦ ♣❡)✐+$)♦❢➔❝✱ ✭❙;➔♠❛ ✺✳✶✵✮ ✳

❊♣✐❢❼♥❡✐❡❝ ❞❡✉*+,♦✉ ❜❛❥♠♦2

❙$❤ +✉♥1;❡✐❛ ❥❛ ♠❡❧❡$➔+♦✉♠❡ ♦)✐+♠1♥❡❝ ❣❡♥✐❦#$❡)❡❝ ❡♣✐❢❼♥❡✐❡❝ ♦✐ ♦♣♦-❡❝ ♣❡)✐❣)❼❢♦♥$❛✐ ❛♣#

❡①-+✇+❤ ❞❡/$❡)♦✉ ❜❛❥♠♦/ ✇❝ ♣)♦❝ x✱ y ❦❛✐ z✳ ❍ ❣❡♥✐❦➔ ♠♦)❢➔ ❛✉$➔❝ $❤❝ ❡①-+✇+❤❝ ❡-♥❛✐

A11x
2 +A22y

2 +A33z
2 +2A12xy+2A13xz+2A23yz+2A41x+2A42y+2A43z+A44 = 0 .
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❙$➔♠❛ ✺✳✾✿ ❙♣❡./❛✳

❙$➔♠❛ ✺✳✶✵✿ 1❛/❛❜♦❧♦❡✐❞7❝ ❡❦ ♣❡/✐:;/♦❢➔❝✳

❙❡ ❦❼❥❡ ♣❡/.♣;✇:❤ ❥❛ ❥❡✇/➔:♦✉♠❡ ;♦ :B:;❤♠❛ ❛♥❛❢♦/❼❝ ♣♦✉ ❡❦♠❡;❛❧❧❡B❡;❛✐ ;✐❝ :✉♠♠❡;/.❡❝

;❤❝ ❡♣✐❢❼♥❡✐❛❝✱ ➳:;❡ ♥❛ ❧❼❜♦✉♠❡ ;❤♥ ❛♣❧♦B:;❡/❤ ♠♦/❢➔ ;❤❝ ❡①.:✇:❤❝✳

❊❧❧❡✐②♦❡✐❞'❝

❊❧❧❡✐②♦❡✐❞'❝ ❦❛❧❡.;❛✐ ❤ ❡♣✐❢❼♥❡✐❛ ❤ ♦♣♦.❛✱ :❡ ❦❛;❼❧❧❤❧♦ ♦/❥♦❣➳♥✐♦ :B:;❤♠❛ ❛♥❛❢♦/❼❝✱

7$❡✐ ❡①.:✇:❤

x2

a2
+

y2

b2
+

z2

c2
= 1 , a, b, c > 0 .

❊❼♥ f(x, y, z) =
x2

a2
+

y2

b2
+

z2

c
− 1✱ ♣❛/❛;❤/♦B♠❡ ♦;✐

f(x, y, z) = f(−x, y, z) = f(x, −y, z) = f(x, y, −z)
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❦❛✐ ❡♣♦♠*♥✇❝ .♦ ❡❧❧❡✐②♦❡✐❞*❝ ❡2♥❛✐ 3✉♠♠❡.5✐❦6 ✇❝ ♣5♦❝ .❛ ❡♣2♣❡❞❛ (y, z)✱ (x, z) ❦❛✐ (x, y)✳

❙✉♥❡♣➳❝ ❡2♥❛✐ ❡♣23❤❝ 3✉♠♠❡.5✐❦6 ✇❝ ♣5♦❝ .♦✉❝ .5❡2❝ ❼①♦♥❡❝ 3✉♥.❡.❛❣♠*♥✇♥✱ ❦❛✐ ✇❝ ♣5♦❝ .♦

3❤♠❡2♦ ❛♥❛❢♦5❼❝✱ ✭❙A➔♠❛ ✺✳✶✶✮✳

❙A➔♠❛ ✺✳✶✶✿ ❊❧❧❡✐②♦❡✐❞*❝✳

❚♦ ❡❧❧❡✐②♦❡✐❞*❝ ♣❡5✐*A❡.❛✐ 3❡ *♥❛ ♦5❥♦❣➳♥✐♦ ♣❛5❛❧❧❤❧❡♣2♣❡❞♦ ♠❡ ♣❧❡✉5*❝ 2a, 2b, 2c✱ ❦❛✐

.*♠♥❡✐ .♦✉❝ ❼①♦♥❡❝ 3.❛ 3❤♠❡2❛ A : (a, 0, 0)✱ A′ : (−a, 0, 0)✱ B : (0, b, 0)✱ B′ : (0, −b, 0)✱

C : (0, 0, c)✱ C ′(0, 0, −c)✳

❚♦ ❡❧❧❡✐②♦❡✐❞*❝ .*♠♥❡✐ .♦ (x, y)✲❡♣2♣❡❞♦ 3.❤♥ *❧❧❡✐②❤

x2

a
+

y2

b
= 1 , z = 0 .

✬❊♥❛ ❡♣2♣❡❞♦ ♣❛5❼❧❧❤❧♦ ♣5♦❝ .♦ (x, y)✲❡♣2♣❡❞♦✱ ♠❡ ❡①23✇3❤ z = k ❣✐❛ −c ≤ k ≤ c✱ .*♠♥❡✐ .♦

❡❧❧❡✐②♦❡✐❞*❝ 3.♦ 3K♥♦❧♦

x2

a2
+

y2

b2
= 1−

k2

c2
, z = k ,

.♦ ♦♣♦2♦ ❡2♥❛✐ *♥❛ 3❤♠❡2♦ 6.❛♥ |k| = c✱ ❡♥➳ 6.❛♥ |k| < c ❡2♥❛✐ ♠2❛ *❧❧❡✐②❤✱ ♠❡ ❤♠✐❼①♦♥❡❝

a

√

1−
k2

c2
, b

√

1−
k2

c2
.

L❛56♠♦✐❛ ✐3AK♦✉♥ ❣✐❛ .✐❝ .♦♠*❝ .♦✉ ❡❧❧❡✐②♦❡✐❞♦K❝ ♠❡ ❡♣2♣❡❞❛ ♣❛5❼❧❧❤❧❛ ♣5♦❝ .❛ ❡♣2♣❡❞❛
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