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❉✐❼❧❡①❤ ✷✶

❍ !❢❛$%❛

❍ ❡♣✐❢❼♥❡✐❛ +❤❝ .❢❛/0❛❝ ❡/♥❛✐ ♦ ❣❡✇♠❡+0✐❦6❝ +6♣♦❝ +✇♥ .❤♠❡/✇♥ +♦✉ 8➳0♦✉ E3
♣♦✉ ❛♣:8♦✉♥

.+❛❥❡0➔ ❛♣6.+❛.❤ ❛♣6 :♥❛ .+❛❥❡06 .❤♠❡/♦ K : (a, b, c)✳

❚♦ ❣❡♥✐❦6 .❤♠❡/♦ X : (x, y, z) +❤❝ .❢❛/0❛❝ ✐❦❛♥♦♣♦✐❡/ +❤♥ ❡①/.✇.❤

|KX| = r

➔

(x− a)2 + (y − b)2 + (z − c)2 − r2 = 0 . ✭✺✳✶✮

✬❖+❛♥ ❛♥❛♣+D①♦✉♠❡ +❛ +❡+0❼❣✇♥❛ :8♦✉♠❡

x2 + y2 + z2 − 2ax− 2by − 2cz + a2 + b2 + c2 − r2 = 0 .

❏:+♦✉♠❡ A = −2a✱ B = −2b✱ C = −2c ❦❛✐ D = a2 + b2 + c2 − r2 ❦❛✐ :8♦✉♠❡ ❡①/.✇.❤ +❤❝

♠♦0❢➔❝

x2 + y2 + z2 +Ax+By + Cz +D = 0 . ✭✺✳✷✮

❙8➔♠❛ ✺✳✶✿ ❍ .❢❛/0❛ ♠❡ ❦:♥+0♦ K ❦❛✐ ❛❦+/♥❛ r✳

❏❛ ❞❡/①♦✉♠❡ ♦+✐✱ ❛♥+/.+0♦❢❛✱ ❦❼❥❡ ❡①/.✇.❤ ❛✉+➔❝ +❤❝ ♠♦0❢➔❝ ♣❛0✐.+❼♥❡✐ .❢❛/0❛ ❡❼♥

4D < A2 +B2 + C2 .

K0❼❣♠❛+✐✱ r2 = a2 + b2 + c2 − D✱ +♦ ♦♣♦/♦ ❡/♥❛✐ ❥❡+✐❦6 D < a2 + b2 + c2✱ ❞❤❧❛❞➔ 4D <

A2 +B2 + C2
✳

❊❼♥ X1✱ X2✱ X3 X4 ❡/♥❛✐ +:..❡0❛ .❤♠❡/❛ ♠❡ .✉♥+❡+❛❣♠:♥❡❝ (xi, yi, zi)✱ i = 1, . . . , 4✱

❛✉+❼ ❜0/.❦♦♥+❛✐ .❡ ♠/❛ .❢❛/0❛ ♠❡ .✉♥+❡❧❡.+:❝ A, B, C, D ❡❼♥

x21 + y21 + z21 +Ax1 +By1 + Cz1 +D = 0
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x22 + y22 + z22 +Ax2 +By2 + Cz2 +D = 0

x23 + y23 + z23 +Ax3 +By3 + Cz3 +D = 0

x24 + y24 + z24 +Ax4 +By4 + Cz4 +D = 0 ,

❦❛✐ &♦ ❣❡♥✐❦+ ,❤♠❡/♦ X : (x, y, z) ❛✉&➔❝ &❤❝ ,❢❛/4❛❝ ✐❦❛♥♦♣♦✐❡/ &❤♥ ❡①/,✇,❤

x2 + y2 + z2 +Ax+By + Cz +D = 0 .

✬❊:♦✉♠❡ ❧♦✐♣+♥ &♦ ,<,&❤♠❛ &✇♥ ✺ ❡①✐,➳,❡✇♥✱ &♦ ♦♣♦/♦ @:❡✐ ♠❤ ♠❤❞❡♥✐❦@❝ ❧<,❡✐❝ ❡❼♥ ❤ ♦4/✲

③♦✉,❛

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

x2 + y2 + z2 x y z 1

x21 + y21 + z21 x1 y1 z1 1

x22 + y22 + z22 x2 y2 z2 1

x23 + y23 + z23 x3 y3 z3 1

x24 + y24 + z24 x4 y4 z4 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

= 0 . ✭✺✳✸✮

❆✉&➔ ❤ ,:@,❤ ❞/❞❡✐ &❤♥ ❡①/,✇,❤ &❤❝ ,❢❛/4❛❝ ♣♦✉ ♣❡4♥❼❡✐ ❛♣+ &❛ ,❤♠❡/❛ X1✱ X2✱ X3 X4✱ ❡❼♥

♦ ,✉♥&❡❧❡,&➔❝ &♦✉ x2 + y2 + z2 ❡/♥❛✐ ❞✐❛❢♦4❡&✐❦+❝ ❛♣+ &♦ ♠❤❞@♥✳ ❆✉&+❝ ♦ ,✉♥&❡❧❡,&➔❝ ❡/♥❛✐

♦ ,✉♠♣❛4❼❣✇♥ C11✱ ♦ ♦♣♦/♦❝ ❡/♥❛✐ ❞✐❛❢♦4❡&✐❦+❝ ❛♣+ &♦ ♠❤❞@♥ ❛❦4✐❜➳❝ +&❛♥ &❛ ,❤♠❡/❛ X1✱

X2✱ X3 X4 ❞❡♥ ❜4/,❦♦♥&❛✐ ,&♦ /❞✐♦ ❡♣/♣❡❞♦✳

❙!❡#✐❦&❝ ❥&)❡✐❝ )❢❛,-❛❝ ❦❛✐ ❡♣✐♣&❞♦✉

❍ &♦♠➔ ♠/❛❝ ,❢❛/4❛❝ ❦❛✐ ❡♥+❝ ❡♣✐♣@❞♦✉ ,&♦ E3
❡/♥❛✐ @♥❛❝ ❦<❦❧♦❝ ❡❼♥ ❤ ❛♣+,&❛,❤ &♦✉ ❡♣✐♣@❞♦✉

❛♣+ &♦ ❦@♥&4♦ &❤❝ ,❢❛/4❛❝ ❡/♥❛✐ ♠✐❦4+&❡4❤ ❛♣+ r✳ ✬❊&,✐ &♦ ❡♣/♣❡❞♦ Π : Ax+By+Cz+D = 0

&@♠♥❡✐ &❤ ,❢❛/4❛ (x− a)2 + (y − b)2 + (z − c)2 = r2 ,❡ @♥❛♥ ❦<❦❧♦ ❡❼♥

d(Π, K)2 =
(Aa+Bb+ Cc+D)2

A2 +B2 + C2
< r2 .

❊❼♥ d(Π, K) = r✱ &+&❡ &♦ ❡♣/♣❡❞♦ @:❡✐ ❛❦4✐❜➳❝ @♥❛ ❦♦✐♥+ ,❤♠❡/♦ ♠❡ &❤ ,❢❛/4❛ ❦❛✐ ❡/♥❛✐

❡❢❛♣&+♠❡♥♦ ❡♣/♣❡❞♦ &❤❝ ,❢❛/4❛❝✳ ❚♦ ,❤♠❡/♦ ❡♣❛❢➔❝ X0 : (x0, y0, z0) ❡/♥❛✐ ❤ ❦❼❥❡&❤ ♣4♦❜♦❧➔

&♦✉ K ,&♦ ❡♣/♣❡❞♦ Π✿ &♦ ♣4+,❤♠♦ ❡①❛4&❼&❛✐ ❛♣+ &♦ D @&,✐ ➳,&❡ &♦ X0 ♥❛ ❛♥➔❦❡✐ ,&♦ Π✱

−−−→
KX0 =

±r√
A2 +B2 + C2

(A, B, C) .

❆♥&/,&4♦❢❛✱ ❡❼♥ X0 : (x0, y0, z0) ❡/♥❛✐ ,❤♠❡/♦ &❤❝ ,❢❛/4❛❝✱ &♦ ❡♣/♣❡❞♦ ♣♦✉ ❡❢❼♣&❡&❛✐

,&❤ ,❢❛/4❛ ,&♦ X0 ❡/♥❛✐ ❦❼❥❡&♦ ,&♦

−−−→
KX0✱ ❼4❛ &♦ ❣❡♥✐❦+ ,❤♠❡/♦ &♦✉ ❡❢❛♣&+♠❡♥♦✉ ❡♣✐♣@❞♦✉

✐❦❛♥♦♣♦✐❡/ &❤♥ ❡①/,✇,❤

(x0 − a)(x− x0) + (y0 − b)(y − y0) + (z0 − c)(z − z0) = 0 .

❊❼♥ ❛♥&✐❦❛&❛,&➔,♦✉♠❡ x− x0 = (x− a) + (a− x0)✱ ❦❛✐ ❛♥❼❧♦❣❛ ❣✐❛ &❛ y ❦❛✐ z✱ @:♦✉♠❡ &❤♥

❡①/,✇,❤ &♦✉ ❡❢❛♣&+♠❡♥♦✉ ❡♣✐♣@❞♦✉ ,&♦ X0 ,&❤ ♠♦4❢➔

(x0 − a)(x− a) + (y0 − b)(y − b) + (z0 − c)(z − c) = r2 . ✭✺✳✹✮
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❙#➔♠❛ ✺✳✷✿ ❚♦ ❡❢❛♣01♠❡♥♦ ❡♣3♣❡❞♦ 50❤ 5❢❛37❛✱ 50♦ 5❤♠❡3♦ X0✳

❙#➔♠❛ ✺✳✸✿ :♦❧✐❦1 ❡♣3♣❡❞♦ ✇❝ ♣7♦❝ 5❢❛37❛✿ 5❤♠❡3♦ ❡❦01❝ 0❤❝ 5❢❛37❛❝✳

❊❼♥ X1 : (x1, y1, z1) ❡3♥❛✐ 5❤♠❡3♦ B①✇ ❛♣1 0❤ 5❢❛37❛✱ 0♦ ❡♣3♣❡❞♦ Π ♣♦✉ ♣❡7♥❼❡✐ ❛♣1 0♦

X1 ❦❛✐ ❡❢❼♣0❡0❛✐ 50❤ 5❢❛37❛ 50♦ X0 ❥❛ B#❡✐ ❡①35✇5❤ ✺✳✹✳ ✬❆7❛ 0❛ X1 ❦❛✐ X0 ✐❦❛♥♦♣♦✐♦I♥

0❤ 5#B5❤

(x0 − a)(x1 − a) + (y0 − b)(y1 − b) + (z0 − c)(z1 − b) = r2 .

❙✉♠♣❡7❛3♥♦✉♠❡ ♦0✐ ❣✐❛ 50❛❥❡71 5❤♠❡3♦ X1 ♠❡ (x− a)2 + (y− b)2 + (z − c)2 > r2✱ 0❛ ❡♣3♣❡❞❛

♣♦✉ ♣❡7♥♦I♥ ❛♣1 0♦ X1 ❦❛✐ ❡❢❼♣0♦♥0❛✐ 50❤ 5❢❛37❛ B#♦✉♥ 5❤♠❡3♦ ❡♣❛❢➔❝ ♠❡ 0❤ 5❢❛37❛ 50♦

❡♣3♣❡❞♦ ♠❡ ❡①35✇5❤

(x1 − a)(x− a) + (y1 − b)(y − b) + (z1 − c)(z − c) = r2 . ✭✺✳✺✮

●✐❛ ❦❼❥❡ 5❤♠❡3♦ X1 0♦✉ #➳7♦✉ E3
✱ ❞✐❛❢♦7❡0✐❦1 ❛♣1 0♦ ❦B♥07♦ K 0❤❝ 5❢❛37❛❝✱ ❤ ❡①35✇5❤

✺✳✺ ♦73③❡✐ 0♦ ♣♦❧✐❦% ❡♣3♣❡❞♦ 0♦✉ 5❤♠❡3♦✉ X1 ✇❝ ♣7♦❝ 0❤ 5❢❛37❛ ✺✳✶✳ ❆♥0350♦✐#❛✱ 0♦ 5❤♠❡3♦

X1 ♠❡ 5✉♥0❡0❛❣♠B♥❡❝

x1 = a+A , y1 = b+B , z1 = c+ C ✭✺✳✻✮
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❡$♥❛✐ ♦ ♣!❧♦❝ )♦✉ ❡♣✐♣,❞♦✉ ♠❡ ❡①$0✇0❤

Ax+By + Cz = r2 +Aa+Bb+ Cc , ✭✺✳✼✮

✇❝ ♣8♦❝ )❤ 0❢❛$8❛ ✺✳✶✳

❚♦ ♣♦❧✐❦= ❡♣$♣❡❞♦ )♦✉ 0❤♠❡$♦✉ X1 ❡$♥❛✐ ❦❼❥❡)♦ 0)♦ ❞✐❼♥✉0♠❛

−−−→
KX1✱ ❦❛✐ ),♠♥❡✐ )❤♥ ❡✉❥❡$❛

KX1 0)♦ 0❤♠❡$♦ X0 ❣✐❛ )♦ ♦♣♦$♦

−−−→
KX1 · −−−→KX0 = r2✳

❙C➔♠❛ ✺✳✹✿ G♦❧✐❦= ❡♣$♣❡❞♦ ✇❝ ♣8♦❝ 0❢❛$8❛✿ 0❤♠❡$♦ ❡♥)=❝ )❤❝ 0❢❛$8❛❝✳

%❛'❼❞❡✐❣♠❛ ✺✳✶ ▼$❛ ❡✉❥❡$❛ ❡❢❼♣)❡)❛✐ 0)❤ 0❢❛$8❛ S ❡❼♥ ,C❡✐ ,♥❛ ♠=♥♦ ❦♦✐♥= 0❤♠❡$♦ ♠❡

)❤♥ S✳ ❚=)❡ ❤ ❛♣=0)❛0❤ )♦✉ ❦,♥)8♦✉ )❤❝ 0❢❛$8❛❝ ❛♣= )❤♥ ❡✉❥❡$❛ ❡$♥❛✐ $0❤ ♠❡ )❤♥ ❛❦)$♥❛ )❤❝

0❢❛$8❛❝✳

❏❛ ❜8♦K♠❡ )❤♥ ❡①$0✇0❤ )❤❝ ♦✐❦♦❣,♥❡✐❛❝ 0❢❛✐8➳♥ ♣♦✉ ,C♦✉♥ ❦,♥)8♦ 0)❤♥ ❡✉❥❡$❛ y = z = 0

❦❛✐ ❡❢❼♣)♦♥)❛✐ 0)❤♥ ❡✉❥❡$❛ ε : x = y = z✳

❚♦ ❦,♥)8♦ )❤❝ 0❢❛$8❛❝ Sλ ❡$♥❛✐ Kλ : (λ, 0, 0)✱ ❡♥➳ ❤ ❡✉❥❡$❛ ,C❡✐ ♣❛8❛♠❡)8✐❦➔ ♣❡8✐❣8❛❢➔

ε : (x, y, z) = t(1, 1, 1)✳ ❍ ❛❦)$♥❛ )❤❝ 0❢❛$8❛❝ ❡$♥❛✐ ❤ ❛♣=0)❛0❤ )♦✉ 0❤♠❡$♦✉ (λ, 0, 0) ❛♣=

)❤♥ ❡✉❥❡$❛ ε✱

rλ =
|−−−→OKλ × (1, 1, 1)|√

3

=
|(0, −λ, λ)|√

3
=

√
2√
3
λ

❍ ❡①$0✇0❤ )❤❝ ♦✐❦♦❣,♥❡✐❛❝ 0❢❛✐8➳♥ ❡$♥❛✐

(x− λ)2 + y2 + z2 − 2

3
λ2 = 0 .

%❛'❼❞❡✐❣♠❛ ✺✳✷ ❏❛ ❜8♦K♠❡ )♦✉❝ ❦K❦❧♦✉❝ ♣♦✉ ❛♣♦)❡❧♦K♥ )♦♠➔ )❤❝ 0❢❛$8❛❝ S : x2+ y2+

z2 + 4x− 2y − 4 = 0 ♠❡ )❛ ❡♣$♣❡❞❛ Πµ : 2x+ y − z = µ✳
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❚♦ ❡♣'♣❡❞♦ Πµ : 2x + y − z = µ )*♠♥❡✐ )❤ /❢❛'2❛ S 3)❛♥ ♦ ♣3❧♦❝ )♦✉ Πµ ❜2'/❦❡)❛✐ *①✇

❛♣3 )❤ /❢❛'2❛✳ ❆♣3 )❤♥ ✺✳✻✱ 3)❛♥ ❤ ❡①'/✇/❤ )♦✉ ❡♣✐♣*❞♦✉ ❡'♥❛✐ /)❤ ♠♦2❢➔ Ax+By+Cz −
Aa − Bb− Cc = r2✱ 3♣♦✉ (a, b, c) ❡'♥❛✐ )♦ ❦*♥)2♦ ❦❛✐ r ❤ ❛❦)'♥❛ )❤❝ /❢❛'2❛❝✱ ♦ ♣3❧♦❝ )♦✉

❡♣✐♣*❞♦✉ ❡'♥❛✐ )♦ /❤♠❡'♦ (a+A, b+B, c+ C)✳

❙✉❣❦2'♥♦♥)❛❝ ♠❡ )❤♥ ✺✳✷✱ ❜2'/❦♦✉♠❡ ♦)✐ )♦ ❦*♥)2♦ )❤❝ /❢❛'2❛❝ S ❡'♥❛✐ )♦ /❤♠❡'♦ K :

(−2, 1, 0)✱ ❦❛✐ ❤ ❛❦)'♥❛ )❤❝ ❡'♥❛✐ r = 3✳ ●✐❛ ♥❛ ❢*2♦♠❡ )❤♥ ❡①'/✇/❤ )♦✉ ❡♣✐♣*❞♦✉ Πµ /)❤

♠♦2❢➔ ✺✳✼ ♣♦❧❧❛♣❧❛/✐❼③♦♠❡ ♠❡ κ✿

Ax+By + Cz = 2κx+ κy − κz = κµ ,

❦❛✐

r2 +Aa+Bb+ Cc = r2 + 2κ(−2) + κ(1)− κ(0) = κµ .

✬❆2❛ r2 − 3κ = κµ ❦❛✐ κ = r2

µ+3 ✳

❙✉♠♣❡2❛'♥♦✉♠❡ ♦)✐ ♦ ♣3❧♦❝ )♦✉ ❡♣✐♣*❞♦✉ Πµ ❡'♥❛✐ )♦ /❤♠❡'♦ ♠❡ /✉♥)❡)❛❣♠*♥❡❝

(

2r2

µ+ 3
− 2,

r2

µ+ 3
+ 1,

−r2
µ+ 3

)

.

❆✉)3 )♦ /❤♠❡'♦ ❜2'/❦❡)❛✐ *①✇ ❛♣3 )❤ /❢❛'2❛ S 3)❛♥

(

2r2

µ+ 3

)2

+

(

r2

µ+ 3

)2

+

(

r2

µ+ 3

)2

> r2 ,

♣♦✉ ❣'♥❡)❛✐ 6r2 > (µ + 3)2✱ ❞❤❧❛❞➔ 3)❛♥ −3 − 3
√
6 < µ < −3 + 3

√
6✳ ●✐❛ )✐♠*❝ )♦✉ µ

/❡ ❛✉)3 )♦ ❞✐❼/)❤♠❛✱ )♦ ❡♣'♣❡❞♦ )*♠♥❡✐ )❤ /❢❛'2❛ /❡ *♥❛♥ ❦I❦❧♦✳ ❚♦ ❦*♥)2♦ )♦✉ ❦I❦❧♦✉

❡'♥❛✐ )♦ /❤♠❡'♦ )♦♠➔❝ )♦✉ ❡♣✐♣*❞♦✉ Πµ ♠❡ )❤♥ ❡✉❥❡'❛ (−2, 1, 0) + s(2, 1, −1)✱ )♦ ♦♣♦'♦ *K❡✐

/✉♥)❡)❛❣♠*♥❡❝

1
6(2µ− 6, µ+9, 3−µ)✳ ❖ ❦I❦❧♦❝ *K❡✐ ❛❦)'♥❛ ρ )*)♦✐❛ ➳/)❡ ρ2 = 9− (µ+3)2

6 ✳

●❡✇❣$❛❢✐❦)❝ +✉♥.❡.❛❣♠)♥❡❝ +.❤ +❢❛1$❛

❙)♦ K➳2♦ E3
❥❡✇2♦I♠❡ ❞❡①✐3/)2♦❢♦ ♦2❥♦❦❛♥♦♥✐❦3 /I/)❤♠❛ ❛♥❛❢♦2❼❝ (O, ~i, ~j, ~k) ❦❛✐ )❤

/❢❛'2❛ S ♠❡ ❦*♥)2♦ /)♦ /❤♠❡'♦ ❛♥❛❢♦2❼❝✱ ❦❛✐ ❛❦)'♥❛ r✳ ❙)♦ ❡♣'♣❡❞♦ z = 0 ❡♣✐❧*❣♦✉♠❡

)♦♥ ♣2♦/❛♥❛)♦❧✐/♠3 ♣♦✉ ❞'❞❡)❛✐ ❛♣3 )❤ ❞✐❼)❛①❤ (~i, ~j)✳ ●✐❛ ❦❼❥❡ /❤♠❡'♦ X : (x, y, z) )❤❝

/❢❛'2❛❝ S ❞✐❛❢♦2❡)✐❦3 ❛♣3 )❛ (0, 0, ±r)✱ ❥❡✇2♦I♠❡ )❤♥ ♣2♦❜♦❧➔ )♦✉ X /)♦ ❡♣'♣❡❞♦ z = 0✱

X ′ : (x, y, 0)✳ ❙)♦ ❤♠✐❡♣'♣❡❞♦ ♣♦✉ ♣❡2✐*K❡✐ )♦♥ z✲❼①♦♥❛ ❦❛✐ )♦ /❤♠❡'♦ X ❡♣✐❧*❣♦✉♠❡ )♦♥

♣2♦/❛♥❛)♦❧✐/♠3 ♣♦✉ ❞'❞❡)❛✐ ❛♣3 )❤ ❞✐❼)❛①❤ (
−−→
OX, ~k)✳

▼❡ ❛✉)*❝ )✐❝ ❡♣✐❧♦❣*❝✱ ❥❡✇2♦I♠❡ )❤♥ ♣2♦/❛♥❛)♦❧✐/♠*♥❤ ❣✇♥'❛

ϑ = ∡(
−−→
OX ′,

−−→
OX) , −π

2
< ϑ <

π

2
,

❦❛✐ )❤♥ ♣2♦/❛♥❛)♦❧✐/♠*♥❤ ❣✇♥'❛

ϕ = ∡(~i,
−−→
OX) , 0 ≤ ϕ < 2π .
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❚$%❡

x = r cosϑ cosϕ ,

y = r cosϑ sinϕ ,

z = r sinϑ .

❍ ❣✇♥+❛ ϑ ❡+♥❛✐ %♦ ✭❣❡✇❣$❛❢✐❦)✮ ♣❧❼.♦❝ %♦✉ 0❤♠❡+♦✉ X✱ ❦❛✐ ❤ ❣✇♥+❛ ϕ %♦ ✭❣❡✇❣$❛✲

❢✐❦)✮ ♠➔❦♦❝ %♦✉ 0❤♠❡+♦✉ X✳

❍ ❛♣❡✐❦$♥✐0❤ Ψ : {(ϑ, ϕ) : −π
2 < ϑ < π

2 , 0 ≤ ϕ < 2π} −→ S✱

Ψ(ϑ, ϕ) = (r cosϑ cosϕ, r cosϑ sinϕ, r sinϕ)

❡+♥❛✐ ♠+❛ ♣❛7❛♠❡%7✐❦➔ ♣❡7✐❣7❛❢➔ %❤❝ 0❢❛+7❛❝✱ ❡❦%$❝ ❛♣$ %❛ 0❤♠❡+❛ (0, 0, ±r)✳

❙<➔♠❛ ✺✳✺✿ ●❡✇❣7❛❢✐❦@❝ 0✉♥%❡%❛❣♠@♥❡❝ 0%❤ 0❢❛+7❛✳

❚♦ ✉♣♦0A♥♦❧♦ {Ψ(ϑ, ϕ) : ϑ = ϑ0} ❣✐❛ 0%❛❥❡7$ ϑ0 ∈ (−π
2 ,

π
2 )✱ ❡+♥❛✐ @♥❛❝ ❦A❦❧♦❝✱ ♣♦✉

♦♥♦♠❼③❡%❛✐ ♣❛$❼❧❧❤❧♦❝ %❤❝ 0❢❛+7❛❝ S✱ ❣✐❛ ❣❡✇❣7❛❢✐❦$ ♣❧❼%♦❝ ϑ0✳ ❖ ♣❛7❼❧❧❤❧♦❝ ❣✐❛

❣❡✇❣7❛❢✐❦$ ♣❧❼%♦❝ 0 ♦♥♦♠❼③❡%❛✐ ✐5❤♠❡$✐♥)❝ %❤❝ 0❢❛+7❛❝ S✳

❚♦ ✉♣♦0A♥♦❧♦ {Ψ(ϑ, ϕ) : ϕ = ϕ0} ❣✐❛ 0%❛❥❡7$ ϕ0 ∈ [0, 2π)✱ ❡+♥❛✐ @♥❛ ❤♠✐❦A❦❧✐♦✱ ♣♦✉

♦♥♦♠❼③❡%❛✐ ♠❡5❤♠❜$✐♥)❝ %❤❝ 0❢❛+7❛❝ S✱ ❣✐❛ ❣❡✇❣7❛❢✐❦$ ♠➔❦♦❝ ϕ0✳

❙!❡#❡♦❣#❛❢✐❦➔ ♣❛#❛♠-!#❤/❤ !❤❝ /❢❛1#❛❝

❙%♦ <➳7♦ E3
❥❡✇7♦A♠❡ ❞❡①✐$0%7♦❢♦ ♦7❥♦❦❛♥♦♥✐❦$ 0A0%❤♠❛ ❛♥❛❢♦7❼❝ (O, ~i, ~j, ~k) ❦❛✐ %❤

0❢❛+7❛ S ♠❡ ❦@♥%7♦ 0%♦ 0❤♠❡+♦ ❛♥❛❢♦7❼❝✱ ❦❛✐ ❛❦%+♥❛ r✳ ❏❡✇7♦A♠❡ %♦ 0❤♠❡+♦ N : (0, 0, r)✳

●✐❛ ❦❼❥❡ 0❤♠❡+♦ X : (x, y, z) %❤❝ 0❢❛+7❛❝✱ ❞✐❛❢♦7❡%✐❦$ ❛♣$ %♦ N ✱ ❤ ❡✉❥❡+❛ NX %@♠♥❡✐ %♦

❡♣+♣❡❞♦ z = 0 0❡ @♥❛ 0❤♠❡+♦ Q : (s, t, 0) ❦❛✐ ❛♣$ %♦ %7+❣✇♥♦ NOQ ❜7+0❦♦✉♠❡

s =
rx

r − z
, t =

ry

r − z
.

❆♥%+0%7♦❢❛✱ ❣✐❛ ❦❼❥❡ 0❤♠❡+♦ Q : (s, t, 0) %♦✉ ❡♣✐♣@❞♦✉ z = 0✱ ❤ ❡✉❥❡+❛ NQ %@♠♥❡✐ %❤

0❢❛+7❛ S 0❡ @♥❛ 0❤♠❡+♦ X ❞✐❛❢♦7❡%✐❦$ ❛♣$ %♦ N ✳ ●✐❛ %✐❝ 0✉♥%❡%❛❣♠@♥❡❝ (x, y, z) ❛✉%♦A %♦✉



❑❡❢❼❧❛✐♦ ✺ ❊♣✐❢❼♥❡✐❡❝ -.♦ /➳1♦ ✶✽✶

❙#➔♠❛ ✺✳✻✿ ❙+❡-❡♦❣-❛❢✐❦➔ ♣❛-❛♠4+-❤6❤ +❤❝ 6❢❛8-❛❝✳

6❤♠❡8♦✉ 4#♦✉♠❡

x =
s(r − z)

r
,

y =
t(r − z)

r
,

r2 = x2 + y2 + z2 .

❆♥+✐❦❛❥✐6+➳♥+❛❝ +✐❝ ❞?♦ ♣-➳+❡❝ 6#46❡✐❝ 6+❤♥ +-8+❤ 4#♦✉♠❡ s2(r−z)2+t2(r−z)2+r2z2 = r4✱

❛♣✢ B♣♦✉ ❜-86❦♦✉♠❡

(s2 + t2)(r − z)2 = r2(r2 − z2) ,

❦❛✐ ❦❛+❛❧➔❣♦✉♠❡ 6+✐❝

z =
r(s2 + t2 − r2)

s2 + t2 + r2
,

x =
2sr2

s2 + t2 + r2
,

y =
2tr2

s2 + t2 + r2
.

❍ ❛♣❡✐❦B♥✐6❤ Φ : R2 −→ S✱

Φ(s, t) =
r

s2 + t2 + r2
(2rs, 2rt, s2 + t2 − r2)

❡8♥❛✐ ♠8❛ ♣❛-❛♠❡+-✐❦➔ ♣❡-✐❣-❛❢➔ +❤❝ 6❢❛8-❛❝✱ ❡❦+B❝ ❛♣B +♦ 6❤♠❡8♦ (0, 0, r)✳

 ❛"❼❞❡✐❣♠❛ ✺✳✸ ✬❊♥❛❝ ♣❛-❼❧❧❤❧♦❝ 6+❤ 6❢❛8-❛ ♠❡ ❣❡✇♠❡+-✐❦B ♣❧❼+♦❝ ϑ ❛♣❡✐❦♦♥8③❡+❛✐ ❛♣B

+❤♥ Φ−1 6+♦♥ ❦?❦❧♦ ♠❡ ❦4♥+-♦ O ❦❛✐ ❛❦+8♥❛ ρ✱ ❙#➔♠❛ ✺✳✼✱ B♣♦✉

r cosϑ

r(1− sinϑ)
=

ρ

r
.
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❙✉♥❡♣➳❝ ♦ ♣❛,❼❧❧❤❧♦❝ ❛♥0✐20♦✐3❡4 20♦ 25♥♦❧♦ ♠❡ 20❡,❡♦❣,❛❢✐❦:❝ ♣❛,❛♠:0,♦✉❝ (s, t) 0:0♦✐❡❝

➳20❡

s2 + t2 = r2
1 + sinϑ

1− sinϑ
.

❙3➔♠❛ ✺✳✼✿ ❙0❡,❡♦❣,❛❢✐❦:❝ 2✉♥0❡0❛❣♠:♥❡❝ ♣❛,❼❧❧❤❧♦✉ ❦5❦❧♦✉✳


