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❉✐❼❧❡①❤ ✶✽

❯♣❡#❜♦❧➔

❯♣❡&❜♦❧➔ ❡+♥❛✐ ♦ ❣❡✇♠❡2&✐❦4❝ 24♣♦❝ 2✇♥ 6❤♠❡+✇♥ 2♦✉ ❡♣✐♣9❞♦✉ ♠❡ 2❤♥ ✐❞✐42❤2❛ ♦2✐ ❤ ❛♣4❧✉2❤

2✐♠➔ 2❤❝ ❞✐❛❢♦&❼❝ 2✇♥ ❛♣♦62❼6❡✇♥ ❛♣4 ❞=♦ 62❛❥❡&❼ 6❤♠❡+❛ ❡+♥❛✐ 62❛❥❡&➔✳

❊❼♥ F1, F2 ❡+♥❛✐ 2❛ 62❛❥❡&❼ 6❤♠❡+❛✱ ✉♣♦❥92♦✉♠❡ ♦2✐ 2♦ 6❤♠❡+♦ ❛♥❛❢♦&❼❝ ❡+♥❛✐ 2♦ ♠96♦ 2♦✉

❞✐❛62➔♠❛2♦❝ F1F2✱ ❦❛✐
~i =

−−−→
F1F2

|−−−→F1F2|
✳ ❚42❡ 2❛ 6❤♠❡+❛ F1, F2 9C♦✉♥ 6✉♥2❡2❛❣♠9♥❡❝ (−c, 0) ❦❛✐

(c, 0) ❛♥2+62♦✐C❛✳ ❆♥ X ❡+♥❛✐ 9♥❛ 6❤♠❡+♦ 2❤❝ ✉♣❡&❜♦❧➔❝ ❦❛✐

∣

∣

∣
|−−→XF1| − |−−→XF2|

∣

∣

∣
= 2a

242❡ ❛♣4 2❤♥ 2&✐❣✇♥✐❦➔ ❛♥✐642❤2❛

∣

∣

∣
|−−→XF1| − |−−→XF2|

∣

∣

∣
≤ |−−−→F1F2|✳ ❊❼♥ c = a✱ 2❛ ♠4♥❛ 6❤♠❡+❛ ♣♦✉

✐❦❛♥♦♣♦✐♦=♥ 2❤ 6✉♥❥➔❦❤ ❡+♥❛✐ ♦✐ ❞=♦ ❤♠✐❡✉❥❡+❡❝ x ≥ c, y = 0 ❦❛✐ x ≤ c, y = 0✳ ❙2❤ 6✉♥9C❡✐❛

✉♣♦❥92♦✉♠❡ ♦2✐ c > a✳

❆♣4 2♦♥ ♦&✐6♠4 2❤❝ ✉♣❡&❜♦❧➔❝ 9C♦✉♠❡

√

(x+ c)2 + y2 −
√

(x− c)2 + y2 = ±2a

❛♣✢ 4♣♦✉ ♣❛+&♥♦✉♠❡

(x+ c)2 + y2 = 4a2 + 4a
√

(x− c)2 + y2 + (x− c)2 + y2 ,

♣♦✉ ❛♣❧♦♣♦✐❡+2❛✐ 6❡

cx− a2 = ±a
√

(x− c)2 + y2

❦❛✐ 2❡❧✐❦❼

(a2 − c2)x2 + a2y2 = a2(a2 − c2) .

❊❢✢ 46♦♥ c > a✱ ♠♣♦&♦=♠❡ ♥❛ ❥96♦✉♠❡ b2 = c2 − a2✱ ❦❛✐ ♥❛ ❦❛2❛❧➔①♦✉♠❡ 62❤♥ ❡①+6✇6❤

x2

a2
− y2

b2
= 1 . ✭✹✳✷✸✮

❆❢♦=

x2

a2
− 1 =

y2

b2
> 0✱ 4❧❛ 2❛ 6❤♠❡+❛ 2❤❝ ✉♣❡&❜♦❧➔❝ ✐❦❛♥♦♣♦✐♦=♥ 2❤ 6C96❤ |x| > a✳

❍ ❡①+6✇6❤

y2

b2
− x2

a2
= 1 ✭✹✳✷✹✮

♣❛&✐62❼♥❡✐ ❡♣+6❤❝ ♠+❛ ✉♣❡&❜♦❧➔✱ ♠❡ ❡62+❡❝ 2❛ 6❤♠❡+❛ (0, c) ❦❛✐ (0, −c)✳ ❖✐ ✉♣❡&❜♦❧9❝ ✹✳✷✸ ❦❛✐

✹✳✷✹ ♦♥♦♠❼③♦♥2❛✐  ✉③✉❣❡%❝✳

❖ ❧4❣♦❝ e =
c

a
♦♥♦♠❼③❡2❛✐ ❡❦❦❡♥)*+)❤)❛ 2❤❝ ✉♣❡&❜♦❧➔❝ ✹✳✷✸✳ ❍ ✉♣❡&❜♦❧➔ ✹✳✷✹ 9C❡✐

❡❦❦❡♥2&42❤2❛ e′ =
c

b
✳

●✐❛ 2❤♥ ❡❦❦❡♥2&42❤2❛ 2❤❝ ✉♣❡&❜♦❧➔❝ ✐6C=❡✐ e > 1✳ ❏❛ ♣❡&✐❣&❼②♦✉♠❡ 2✐ 6✉♠❜❛+♥❡✐ ❦❛❥➳❝

e → 1 ➔ e → +∞✳
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❙$➔♠❛ ✹✳✶✽✿ ❖✐ .✉③✉❣❡3❝ ✉♣❡6❜♦❧:❝

x2

a2
− y2

b2
= 1 ❦❛✐

y2

b2
− x2

a2
= 1✳

❊❼♥ ❥❡✇6➔.♦✉♠❡ A✐❝ ❡.A3❡❝ .A❛❥❡6:❝ ❦❛✐ A♦ a → c✱ :A.✐ ➳.A❡ e → 1✱ A❛ .❤♠❡3❛ A❤❝

✉♣❡6❜♦❧➔❝ ♣❧❤.✐❼③♦✉♥ A♦♥ x✲❼①♦♥❛ ♠❡ A❤♥ ❛❦G❧♦✉❥❤ :♥♥♦✐❛✿ ❣✐❛ .A❛❥❡6G x✱ ❦❛❥➳❝ a → c✱

y → 0✳ ▲:♠❡ ♦A✐ ❤ ✉♣❡6❜♦❧➔ A❡3♥❡✐ .A✐❝ ❤♠✐❡✉❥❡3❡❝ |x| ≥ c, y = 0✱ ❛❧❧❼ G$✐ ♦♠♦✐G♠♦6❢❛✳

❊❼♥ ❥❡✇6➔.♦✉♠❡ A✐❝ ❡.A3❡❝ .A❛❥❡6:❝ ❦❛✐ A♦ a → 0✱ :A.✐ ➳.A❡ e →= ∞✱ A❛ .❤♠❡3❛ A❤❝

✉♣❡6❜♦❧➔❝ ♣❧❤.✐❼③♦✉♥ A♦♥ y✲❼①♦♥❛ ♠❡ A❤♥ ❛❦G❧♦✉❥❤ :♥♥♦✐❛✿ ❣✐❛ .A❛❥❡6G y✱ ❦❛❥➳❝ a → 0✱

±x → 0✳ ▲:♠❡ ♦A✐ ❤ ✉♣❡6❜♦❧➔ A❡3♥❡✐ .A❤♥ ❡✉❥❡3❛ x = 0✱ ❛❧❧❼ G$✐ ♦♠♦✐G♠♦6❢❛✳

❖✐ ❡✉❥❡3❡❝

δ1 : x = −a2

c
❦❛✐ δ2 : x =

a2

c
♦♥♦♠❼③♦♥A❛✐ ❞✐❡✉❥❡%♦'(❡❝ A❤❝ ✉♣❡6❜♦❧➔❝

❏❡➳,❤♠❛ ✹✳✶✵ ❖ ❧"❣♦❝ &✇♥ ❛♣♦+&❼+❡✇♥ ❡♥"❝ +❤♠❡0♦✉ &❤❝ ✉♣❡2❜♦❧➔❝ ❛♣" ♠0❛ ❡+&0❛ ❦❛✐

&❤♥ ❛♥&0+&♦✐7❤ ❞✐❡✉❥❡&♦:+❛ ❡0♥❛✐ +&❛❥❡2"❝ ❦❛✐ 0+♦❝ ♣2♦❝ &❤♥ ❡❦❦❡♥&2"&❤&❛ &❤❝ ✉♣❡2❜♦❧➔❝✳

❆♣6❞❡✐①❤✳ ❊❼♥ ❤ ✉♣❡6❜♦❧➔ :$❡✐ ❡①3.✇.❤ ✹✳✷✸✱ ❦❛✐ r1✱ r2 ❡3♥❛✐ ♦✐ ❛♣♦.A❼.❡✐❝ ❡♥G❝ .❤♠❡3♦✉

X : (x, y) ❛♣G A✐❝ ❡.A3❡❝ (−c, 0) ❦❛✐ (c, 0) ❛♥A3.A♦✐$❛✱ ❙$➔♠❛ ✹✳✶✾✱ :$♦✉♠❡ r2
1
= (x+c)2+y2✱

r2
2
= (x− c)2+ y2 ❦❛✐ ❛♣G A♦♥ ♦6✐.♠G A❤❝ ✉♣❡6❜♦❧➔❝✱ r1− r2 = ±2a✳ ✬❆6❛ ±r1 =

cx

a
+ a ❦❛✐

±r2 =
cx

a
− a✳

❍ ❛♣G.A❛.❤ A♦✉ X ❛♣G A✐❝ ❞✐❡✉❥❡A♦Q.❡❝ ❡3♥❛✐

d1 = d(X, δ1) = −a2

c
− x ❦❛✐ d2 = d(X, δ2) =

a2

c
− x ,

❛♣✢ G♣♦✉ ❜63.❦♦✉♠❡ ♦A✐

r1
d1

=
a2 + cx

a

c

a2 − cx
=

c

a
= e

❦❛✐ ❛♥❼❧♦❣❛ ❣✐❛

r2
d2

✳

�
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❙#➔♠❛ ✹✳✶✾✿ ❉✐❡✉❥❡0♦23❛ 0❤❝ ✉♣❡7❜♦❧➔❝✳

❙!❡#✐❦&❝ ❥&)❡✐❝ ❡✉❥❡+❛❝ ❦❛✐ ✉♣❡.❜♦❧➔❝

❖!✐#♠%❝ ✹✳✻✳ ▼;❛ ❡✉❥❡;❛ ❡;♥❛✐ ❡❢❛♣.♦♠0♥❤ 0❤❝ ✉♣❡7❜♦❧➔❝

x2

a2
− y2

b2
= 1 ❡❼♥ >#❡✐

❛❦7✐❜➳❝ >♥❛ ❦♦✐♥A 3❤♠❡;♦ ♠❡ 0❤♥ ✉♣❡7❜♦❧➔ ❦❛✐ ❤ ❦❧;3❤ 0❤❝ ❞❡♥ ❡;♥❛✐ ;3❤ ♠❡ ± b
a
✳

❏❛ ❞♦2♠❡ ❛7❣A0❡7❛ ❣✐❛0; #7❡✐❼③❡0❛✐ ❛✉0A❝ ♦ ♣❡7✐♦7✐3♠A❝✳

❚♦ 3❤♠❡;♦

X : (x, y) =

(

x1 + tx2
1 + t

,
y1 + ty2
1 + t

)

0❤❝ ❡✉❥❡;❛❝ ♣♦✉ ♣❡7♥❼❡✐ ❛♣A 0❛ 3❤♠❡;❛ X1 : (x1, y1) ❦❛✐ X2 : (x2, y2)✱ ❜7;3❦❡0❛✐ 30❤♥

✉♣❡7❜♦❧➔ ❡❼♥ 0♦ t ✐❦❛♥♦♣♦✐❡; 0❤♥ ❡①;3✇3❤

(x1 + tx2)
2

a2(1 + t)2
− (y1 + ty2)

2

b2(1 + t2)
= 1 ,

➔

(

x2
2

a2
− y2

2

b2
− 1

)

t2 + 2
(x1x2

a2
− y1y2

b2
− 1

)

t+

(

x2
1

a2
− y2

1

b2
− 1

)

= 0 . ✭✹✳✷✺✮

❊❼♥ ❥>3♦✉♠❡

L =
x2
2

a2
− y2

2

b2
− 1 , M =

x1x2
a2

− y1y2
b2

− 1 ❦❛✐ N =
x2
1

a2
− y2

1

b2
− 1 ,

❤ ❡①;3✇3❤ ✹✳✷✺ >#❡✐ ♠♦♥❛❞✐❦➔ 7;③❛ A0❛♥

M2 − LN = 0 ✭✹✳✷✻✮

❆✉0➔ ❡;♥❛✐ ❛♥❛❣❦❛;❛ 3✉♥❥➔❦❤ ❣✐❛ ♥❛ ❡;♥❛✐ ❤ ❡✉❥❡;❛ X1X2 ❡❢❛♣0♦♠>♥❤ 30❤♥ ✉♣❡7❜♦❧➔✳

❊✐❞✐❦A0❡7❛✱ A0❛♥ X1 ❜7;3❦❡0❛✐ 30❤♥ ✉♣❡7❜♦❧➔✱ ❙#➔♠❛ ✹✳✷✵✱ 0A0❡ N = 0✱ ❦❛✐ ❤ 3✉♥❥➔❦❤

❣✐❛ ♥❛ ❡;♥❛✐ ❤ ❡✉❥❡;❛ X1X2 ❡❢❛♣0♦♠>♥❤ ❣;♥❡0❛✐

M = 0
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✳ ❙✉♠♣❡)❛+♥♦✉♠❡ ♦.✐ .♦ ❣❡♥✐❦2 3❤♠❡+♦ X .❤❝ ❡❢❛♣.♦♠7♥❤❝ .❤❝ ✉♣❡)❜♦❧➔❝ 3.♦ 3❤♠❡+♦ X1

✐❦❛♥♦♣♦✐❡+ .❤♥ ❡①+3✇3❤

x1x

a2
− y1y

b2
= 1 , 2♣♦✉

x2
1

a2
− y2

1

b2
= 1 . ✭✹✳✷✼✮

❙A➔♠❛ ✹✳✷✵✿ ❊❢❛♣.♦♠7♥❤ 3.❤♥ ✉♣❡)❜♦❧➔ 3.♦ 3❤♠❡+♦ X1✳

❖!✐#♠%❝ ✹✳✼✳ ❊❼♥ X1 : (x1, y1) ❡+♥❛✐ 7♥❛ 3❤♠❡+♦ ❞✐❛❢♦)❡.✐❦2 ❛♣2 .♦ O✱ ❤ ♣♦❧✐❦➔

❡✉❥❡2❛ .♦✉ X1 ✇❝ ♣)♦❝ .❤♥ ✉♣❡)❜♦❧➔ ✹✳✷✸ ❡+♥❛✐ ❤ ❡✉❥❡+❛ ε1 ♠❡ ❡①+3✇3❤

x1x

a2
− y1y

b2
= 1 .

❊❼♥ ε1 : Ax+ By + C = 0 ❡+♥❛✐ ♠+❛ ❡✉❥❡+❛ ♣♦✉ ❞❡♥ ♣❡)♥❼❡✐ ❛♣2 .♦ O✱ ♦ ♣%❧♦❝ .❤❝ ε1 ✇❝

♣)♦❝ .❤♥ ✉♣❡)❜♦❧➔ ✹✳✷✸ ❡+♥❛✐ .♦ 3❤♠❡+♦

X1 :

(

−Aa2

C
,
Bb2

C

)

.

❊❼♥ .♦ X1 ❜)+3❦❡.❛✐ ♠❡.❛①J .✇♥ ❞J♦ ❦❧❼❞✇♥ .❤❝ ✉♣❡)❜♦❧➔❝✱ ❞❤❧❛❞➔ 2.❛♥

x2
1

a2
− y2

1

b2
< 1✱

.♦ ❣❡♥✐❦2 3❤♠❡+♦ X .❤❝ ❡❢❛♣.♦♠7♥❤❝ ♣)♦❝ .❤♥ ✉♣❡)❜♦❧➔ ❛♣2 .♦ 3❤♠❡+♦ X1 ✐❦❛♥♦♣♦✐❡+ .❤♥

❡①+3✇3❤

(x1x

a2
− y1y

b2
− 1

)2

−
(

x2
1

a2
− y2

1

b2
− 1

)(

x2

a2
− y2

b2
− 1

)

= 0 ✭✹✳✷✽✮

❤ ♦♣♦+❛ ♣❛)✐3.❼♥❡✐ ❞J♦ ❡✉❥❡+❡❝ ♣♦✉ .7♠♥♦♥.❛✐ 3.♦ X1✳ ❊❼♥ y1 6= ± b
a
x1✱ .2.❡ ♦✐ ❞J♦ ❡✉❥❡+❡❝

❡❢❼♣.♦♥.❛✐ 3.❤♥ ✉♣❡)❜♦❧➔✱ ❙A➔♠❛ ✹✳✷✶✳ ❍ ♣♦❧✐❦➔ ❡✉❥❡+❛ ε1 .♦✉ 3❤♠❡+♦✉ X1 ♣❡)♥❼❡✐ ❛♣2 .❛

3❤♠❡+❛ 3.❛ ♦♣♦+❛ ❡❢❼♣.♦♥.❛✐ ♦✐ ❡❢❛♣.2♠❡♥❡❝ .❤❝ ✉♣❡)❜♦❧➔❝ ❛♣2 .♦ 3❤♠❡+♦ X1✳
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❙$➔♠❛ ✹✳✷✶✿ ❊❢❛♣/0♠❡♥❡❝ 4/❤♥ ✉♣❡7❜♦❧➔ ❛♣0 /♦ 4❤♠❡;♦ X1✳

❊❼♥ X1 = (0, 0)✱ ❤ ❡①;4✇4❤ ✹✳✷✽ ❣;♥❡/❛✐

x2

a2
− y2

b2
= 0

♣♦✉ ❡;♥❛✐ ❤ ❡①;4✇4❤ ❞D♦ ❡✉❥❡✐➳♥ y = ± b

a
x✳

❖!✐#♠%❝ ✹✳✽✳ ❖✐ ❡✉❥❡;❡❝ y = ± b

a
x ❡;♥❛✐ ♦✐ ❛#+♠♣-✇-❡❝ /❤❝ ✉♣❡7❜♦❧➔❝ ✹✳✷✸✳

❏❡✇7♦D♠❡ I♥❛ 4❤♠❡;♦ P :
(

x, bx
a

)

♣❼♥✇ 4/❤♥ ❡✉❥❡;❛ y = b
a
x✱ ❦❛✐ /♦ 4❤♠❡;♦Q :

(

x, b
a

√
x2 − a2

)

/♦ ♦♣♦;♦ ❜7;4❦❡/❛✐ ♣❼♥✇ 4/❤♥ ✉♣❡7❜♦❧➔✱ ❙$➔♠❛ ✹✳✷✷✳ ❍ ❛♣04/❛4❤ ♠❡/❛①D /♦✉ 4❤♠❡;♦✉ 4/❤♥

✉♣❡7❜♦❧➔ ❦❛✐ /♦✉ ❛♥/;4/♦✐$♦✉ 4❤♠❡;♦✉ ♣❼♥✇ 4/❤♥ ❡✉❥❡;❛ ❡;♥❛✐

|−−→PQ| = b(x−
√
x2 − a2)

a
=

ab

x+
√
x2 − a2

.

✬❊/4✐ /❛ 4❤♠❡;❛

(

x,
bx

a

)

❦❛✐

(

x, −bx

a

)

♣❧❤4✐❼③♦✉♥ /❛

(

x,
b

a

√

x2 − a2
)

❦❛✐

(

x, − b

a

√

x2 − a2
)

❛♥/;4/♦✐$❛ ❦❛❥➳❝ x → ∞✱ ❡♥➳ /❛ 4❤♠❡;❛

(

x,
bx

a

)

❦❛✐

(

x, −bx

a

)

♣❧❤4✐❼③♦✉♥ /❛

(

x, − b

a

√

x2 − a2
)

❦❛✐

(

x,
b

a

√

x2 − a2
)

❛♥/;4/♦✐$❛ ❦❛❥➳❝ x → −∞✳

❊❼♥ X1 ❜7;4❦❡/❛✐ ♣❼♥✇ 4❡ ♠;❛ ❛♣0 /✐❝ ❛4D♠♣/✇/❡❝✱ y1 = ± b
a
x1✱ ❛❧❧❼ x1 6= 0✱ /0/❡

❤ ♠;❛ ❡✉❥❡;❛ ♣♦✉ ✐❦❛♥♦♣♦✐❡; /❤♥ ❡①;4✇4❤ ✹✳✷✽ ❡;♥❛✐ ❤ ❛4D♠♣/✇/❤ ❦❛✐ ❤ ❼❧❧❤ ❤ ❡❢❛♣/♦♠I♥❤
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❙$➔♠❛ ✹✳✷✷✿ ❆,-♠♣/✇/❡❝ /❤❝ ✉♣❡5❜♦❧➔❝✳

,/❤♥ ✉♣❡5❜♦❧➔✳ ❍ ♣♦❧✐❦➔ ❡✉❥❡>❛ /♦✉ X1 ,❡ ❛✉/➔ /❤♥ ♣❡5>♣/✇,❤ ❡>♥❛✐ ♣❛5❼❧❧❤❧❤ ♣5♦❝ /❤♥

❛,-♠♣/✇/❤ ❦❛✐ /@♠♥❡✐ /❤♥ ✉♣❡5❜♦❧➔ ,/♦ ,❤♠❡>♦ ❡♣❛❢➔❝ /❤❝ ❡❢❛♣/♦♠@♥❤❝ ❛♣B /♦ X1✱ ❙$➔♠❛

✹✳✷✷✳ D❛5❛/❤5♦-♠❡ ♦/✐ ❡✉❥❡>❡❝ ♣❛5❼❧❧❤❧❡❝ ♣5♦❝ /✐❝ ❛,-♠♣/✇/❡❝ /@♠♥♦✉♥ /❤♥ ✉♣❡5❜♦❧➔ ,❡

@♥❛ ,❤♠❡>♦ ❛❧❧❼ ❞❡♥ ❡>♥❛✐ ❡❢❛♣/B♠❡♥❡❝✳

 !"#❛%❤ ✹✳✶✶ ❍ ❦❧#$❤ λ ♠#❛❝ ❡❢❛♣,♦♠.♥❤❝ ,❤❝ ✉♣❡1❜♦❧➔❝ ✹✳✷✸ ✐❦❛♥♦♣♦✐❡#

|λ| > b

a
.

❊❼♥ ,♦ $❤♠❡#♦ X1 ❜1#$❦❡,❛✐ ♠❡,❛①< ,❤❝ ✉♣❡1❜♦❧➔❝ ❦❛✐ ,✇♥ ❛$✉♠♣,➳,✇♥✱ ❞❤❧❛❞➔ ❡❼♥ 0 <
x2

a2
− y2

b2
< 1✱ ,A,❡ ♦✐ ❞<♦ ❡❢❛♣,A♠❡♥❡❝ ♣1♦❝ ,❤♥ ✉♣❡1❜♦❧➔ ❛♣A ,♦ X1 ❡❢❼♣,♦♥,❛✐ $,♦♥ #❞✐♦

❦❧❼❞♦ ,❤❝ ✉♣❡1❜♦❧➔❝✳

❊❼♥

x2

a2
− y2

b2
< 0 ,A,❡ ♦✐ ❞<♦ ❡❢❛♣,A♠❡♥❡❝ ♣1♦❝ ,❤♥ ✉♣❡1❜♦❧➔ ❛♣A ,♦ X1 ❡❢❼♣,♦♥,❛✐ $❡

❞✐❛❢♦1❡,✐❦♦<❝ ❦❧❼❞♦✉❝ ,❤❝ ✉♣❡1❜♦❧➔❝✳

❆♣"❞❡✐①❤✳ ❊❼♥ X1 ❜5>,❦❡/❛✐ ,/❤♥ ✉♣❡5❜♦❧➔✱ ❛♣B /✐❝ ✹✳✷✸ ❦❛✐ ✹✳✷✼ @$♦✉♠❡ y − y1 =
b2x1
y1a2

(x− x1)✱ ❞❤❧❛❞➔ λ =
b2x1
a2y1

✳ ❆❧❧❼

∣

∣

∣

∣

x1
y1

∣

∣

∣

∣

=

√

a2

y2
1

+
a2

b2
>

a

b
,

❼5❛ |λ >
b

a
✳

❚➳5❛ ❥❡✇5♦-♠❡ X1 /♦ ♦♣♦>♦ ❜5>,❦❡/❛✐ ♠❡/❛①- /❤❝ ✉♣❡5❜♦❧➔❝ ❦❛✐ /✇♥ ❛,✉♠♣/➳/✇♥✱ ❞❤❧❛❞➔

0 <
x2

a2
− y2

b2
< 1✱ ❦❛✐ ✉♣♦❥@/♦✉♠❡ ♦/✐ x1 > 0✳ ❉❡>$♥♦✉♠❡ ♦/✐ ❡❼♥ X2 ❜5>,❦❡/❛✐ ,/❤♥ ✉♣❡5❜♦❧➔

❦❛✐ x2 < 0✱ /B/❡
∣

∣

∣

∣

y1 − y2
x1 − x2

∣

∣

∣

∣

<
b

a
,

❼5❛ ♠>❛ ❡✉❥❡>❛ ❛♣B /♦ X1 ,/♦ X2 ❞❡♥ ♠♣♦5❡> ♥❛ ❡>♥❛✐ ❡❢❛♣/♦♠@♥❤ /❤❝ ✉♣❡5❜♦❧➔❝✳
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�

❊❼♥ X1 ✐❦❛♥♦♣♦✐❡, -❤♥

x2
1

a2
− y2

1

b2
> 1✱ ❞❡♥ ✉♣❼23♦✉♥ ❡❢❛♣-5♠❡♥❡❝ 8-❤♥ ✉♣❡2❜♦❧➔ ❛♣5 -♦

X1✳ ✬❖❧❛ -❛ 8❤♠❡,❛ -❤❝ ♣♦❧✐❦➔❝ ❡✉❥❡,❛❝ ε1 :
x1x

a2
− y1y

b2
= 1 -♦✉ 8❤♠❡,♦✉ X1 ❜2,8❦♦♥-❛✐

♠❡-❛①A -✇♥ ❞A♦ ❦❧❼❞✇♥ -❤❝ ✉♣❡2❜♦❧➔❝✱ ❞❤❧❛❞➔ ✐❦❛♥♦♣♦✐♦A♥ -❤♥

x2

a2
− y2

b2
< 1✳ ❑❼❥❡ 8❤♠❡,♦

-❤❝ ε1 ❡,♥❛✐ ♣5❧♦❝ ♠,❛❝ ❡✉❥❡,❛❝ ♣♦✉ ♣❡2♥❼❡✐ ❛♣5 -♦ X1✳

●❡✇♠❡$%✐❦(❝ ✐❞✐+$❤$❡❝ $❤❝ ✉♣❡%❜♦❧➔❝✳

❏❡➳#❤♠❛ ✹✳✶✷ ❍ ❡❢❛♣%♦♠(♥❤ +%❤♥ ✉♣❡-❜♦❧➔ +❡ (♥❛ +❤♠❡1♦ X1 ❞✐4♦%♦♠❡1 %❤ ❣✇♥1❛

∠(
−−−→
X1F1,

−−−→
X1F2)✳

❙3➔♠❛ ✹✳✷✸✿ ❍ ❞✐3♦-5♠♦❝ -❤❝ ❣✇♥,❛❝ ♠❡-❛①A -✇♥ ❡8-✐❛❦➳♥ ❛❦-,♥✇♥ -❤❝ ✉♣❡2❜♦❧➔❝✳

❆♣-❞❡✐①❤✳ ❍ ❡❢❛♣-♦♠L♥❤ ✹✳✷✼ L3❡✐ ❞✐❼♥✉8♠❛ ❞✐❡A❥✉♥8❤❝ ~u =
(y1
b2

,
x1
a2

)

✱ ❙3➔♠❛ ✹✳✷✸✳

❏❛ ❞❡,①♦✉♠❡ ♦-✐ -♦ 8✉♥❤♠,-♦♥♦ -❤❝ ❣✇♥,❛❝ ♠❡-❛①A -♦✉ ~u ❦❛✐ -✇♥

−−−→
X1F1 = −(x1 + c, y1)✱−−−→

X1F2 = −(x1 − c, y1) ❡,♥❛✐ ,8♦✳ ✬❊3♦✉♠❡

~u · −−−→X1F1

|−−−→X1F1|
= −

(x1 + c)y1
b2

+ x1y1
a2

c
a
x1 + a

,

❦❛✐

~u · −−−→X1F2

|−−−→X1F2|
= −

(x1 − c)y1
b2

+ x1y1
a2

c
a
x1 − a

.

❉❡,3♥♦✉♠❡ ♦-✐ ❦❛✐ -❛ ❞A♦ ❡,♥❛✐ ,8❛ ♠❡

cy1
ab2

✳ ●✐❛ ♣❛2❼❞❡✐❣♠❛✱

(x1 + c)
y1
b2

+
x1y1
a2

= x1y1

(

a2 + b2

a2b2

)

+
cy1
b2

=
x1y1c

2

a2b2
+

cy1
b2

=
cy1
ab2

( c

a
x1 + a

)

.
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�

❏❡➳#❤♠❛ ✹✳✶✸ ❚♦ ❣✐♥%♠❡♥♦ (✇♥ ♣+♦,❤♠❛,♠/♥✇♥ ❛♣♦,(❼,❡✇♥ (✇♥ ❡,(✐➳♥ (❤❝ ✉♣❡+❜♦❧➔❝

❛♣% ♠7❛ ❡❢❛♣(♦♠/♥❤ ❡7♥❛✐ ,(❛❥❡+%✱ ❦❛✐ 7,♦ ♠❡ −b2✳

❙#➔♠❛ ✹✳✷✹✿ ❖✐ ❛♣♦/0❼/❡✐❝ 0✇♥ ❡/0✐➳♥ ❛♣7 0❤♥ ❡❢❛♣0♦♠:♥❤ ✉♣❡<❜♦❧➔❝✳

❆♣-❞❡✐①❤✳ ❥❡✇<♦@♠❡ /❤♠❡A♦ X1 0❤❝ ✉♣❡<❜♦❧➔❝ ✹✳✷✸ ❦❛✐ 0❤♥ ❡❢❛♣0♦♠:♥❤ ε1 /0♦ X1✱ ♠❡

❡①A/✇/❤ ✹✳✷✼✱ ❙#➔♠❛ ✹✳✷✹✳ ❚70❡

d(F1, ε1) =
−x1c

a2
− 1

√

x2

1

a4
+

y2
1

b4

,

❦❛✐

d(F2, ε1) =
x1c
a2

− 1
√

x2

1

a4
+

y2
1

b4

.

❯♣♦❧♦❣A③♦✉♠❡ 0♦ ❣✐♥7♠❡♥♦ ❦❛✐ #<❤/✐♠♦♣♦✐♦@♠❡ 0❤♥ ✹✳✷✸ ❣✐❛ ♥❛ ❜<♦@♠❡

d(F1, ε1)d(F2, ε1) =
1− x2

1
c2

a4

x2

1

a4
+

y2
1

b4

=
a4b4 − b4c2x2

1

b4x2
1
+ a4y2

1

=
a4b2 − b2(a2 + b2)x2

1

b4x2
1
+ a2b2x2

1
− a4b2

b2 = −b2 .

�

❏❡➳#❤♠❛ ✹✳✶✹ ❚♦ (+7❣✇♥♦ ♣♦✉ ,=❤♠❛(7③❡(❛✐ ❛♣% (✐❝ ❛,?♠♣(✇(❡❝ ❦❛✐ ♠7❛ ❡❢❛♣(♦♠/♥❤ /=❡✐

,(❛❥❡+% ❡♠❜❛❞%♥✱ 7,♦ ♠❡ ab✳
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❙$➔♠❛ ✹✳✷✺✿ ❚./❣✇♥♦ ❛♣5 ❛67♠♣8✇8❡❝ ❦❛✐ ❡❢❛♣8♦♠>♥❤ ✉♣❡.❜♦❧➔❝✳

❆♣"❞❡✐①❤✳ ❏❡✇.♦7♠❡ 8❤♥ ❡❢❛♣8♦♠>♥❤ ε1 68♦ 6❤♠❡/♦ X1 8❤❝ ✉♣❡.❜♦❧➔❝✱ ♠❡ ❡①/6✇6❤ ✹✳✷✼✱

❙$➔♠❛ ✹✳✷✺✳ ❚❛ 6❤♠❡/❛ 8♦♠➔❝ 8❤❝ ε1 ♠❡ 8✐❝ ❛67♠♣8✇8❡❝ y = ±bx/a ❡/♥❛✐ 8❛

(x2, y2) =

(

a2b

bx1 − ay1
,

ab2

bx1 − ay1

)

, (x3, y3) =

(

a2b

bx1 + ay1
,

−ab2

bx1 + ay1

)

.

❚♦ 8./❣✇♥♦ OX2X3 >$❡✐ ❡♠❜❛❞5♥

1

2
|−−→OX2 ×−−→

OX3| =
1

2
|x2y3 − y2x3|

=
a3b3

|b2x2
1
− a2y2

1
| = ab ,

❛❢♦7 b2x2
1
− a2y2

1
= a2b2 ❣✐❛ X1 68❤♥ ✉♣❡.❜♦❧➔✳
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❖./③♦✉♠❡ 8✐❝ 6✉♥❛.8➔6❡✐❝ ✉♣❡*❜♦❧✐❦" /✉♥❤♠23♦♥♦ ❦❛✐ ✉♣❡*❜♦❧✐❦" ❤♠23♦♥♦

cosh t =
et + e−t

2
, sinh t =

et − e−t

2
.

❖✐ ✉♣❡.❜♦❧✐❦>❝ 6✉♥❛.8➔6❡✐❝ ✐❦❛♥♦♣♦✐♦7♥ 8❤♥ 8❛✉858❤8❛

cosh2 t− sinh2 t = 1 .

❙✉❣❦./♥♦♥8❛❝ 8❤♥ ❡①/6✇6❤ 8❤❝ ✉♣❡.❜♦❧➔❝

x2

a2
− y2

b2
= 1 ♠❡ 8❤♥ ✉♣❡.❜♦❧✐❦➔ 8.✐❣✇♥♦♠❡8.✐❦➔

8❛✉858❤8❛ cosh2 t−sinh2 t = 1✱ ❜❧>♣♦✉♠❡ ♦8✐ ♠/❛ ♣❛.❛♠❡8.✐❦➔ ♣❛.❼68❛6❤ 8❤❝ ✉♣❡.❜♦❧➔❝ ❡/♥❛✐

❤

(x, y) = (a cosh s, b sinh s) , s ∈ R



✶✻✽ ❊♣"♣❡❞♦ ❦❛✐ ◗➳+♦❝

❣✐❛ &♦♥ ❞❡①✐, ❦❧❼❞♦✱ ,♣♦✉ x > 0✱ ❦❛✐

(x, y) = (−a cosh s, b sinh s) , s ∈ R

❣✐❛ &♦♥ ❛3✐4&❡3, ❦❧❼❞♦✱ ,♣♦✉ x < 0✳

❊❼♥ ❛♥&✐❦❛&❛4&➔4♦✉♠❡ t = es✱ ❦❛✐ 93❤4✐♠♦♣♦✐➔4♦✉♠❡ &✐❝ &❛✉&,&❤&❡❝ cosh s = 1

2
(es +

e−s) ❦❛✐ sinh s = 1

2
(es − e−s)✱ <9♦✉♠❡ ♠=❛ ♣❛3❛♠❡&3✐❦➔ ♣❛3❼4&❛4❤ &❤❝ ✉♣❡3❜♦❧➔❝ ♠❡ 3❤&<❝

4✉♥❛3&➔4❡✐❝

(x, y) =

(

a

2

(

t+
1

t

)

,
b

2

(

t− 1

t

))

, t ∈ R {0}.


