
❑❡❢❼❧❛✐♦ ✹ ❑❛♠♣+❧❡❝ ✷♦✉ ❜❛❥♠♦+ 12♦ ❡♣3♣❡❞♦ ✶✹✺

❉✐❼❧❡①❤ ✶✻

●✇♥#❛ %♦♠➔❝ ❞+♦ ❦+❦❧✇♥✳

●✇♥&❛ ♠❡*❛①, ❞,♦ *❡♠♥/♠❡♥✇♥ ❦,❦❧✇♥ ♦♥♦♠❼③♦✉♠❡ *❤ ❣✇♥&❛ ϕ ♠❡*❛①, *✇♥ ❡❢❛♣*♦♠9♥✇♥ *✇♥

❦,❦❧✇♥ :*❛ :❤♠❡&❛ *♦♠➔❝ *♦✉❝✱ ♠❡ ♣>♦:❛♥❛*♦❧✐:♠/ ♣♦✉ ♣>♦❦,♣*❡✐ ❛♣/ *♦♥ ♣>♦:❛♥❛*♦❧✐:♠/

*✇♥ ❦,❦❧✇♥✱ ❙A➔♠❛ ✹✳✻✳ ❇❧9♣♦✉♠❡ ♦*✐ ❡❼♥ ♦✐ ❞,♦ ❦,❦❧♦✐ 9A♦✉♥ *♦♥ &❞✐♦ ♣>♦:❛♥❛*♦❧✐:♠/✱

❛✉*➔ ❡&♥❛✐ &:❤ ♠❡ *❤ ❣✇♥&❛ ♠❡*❛①, *✇♥ ❛❦*&♥✇♥ :*♦ :❤♠❡&♦ *♦♠➔❝✳ ❍ ❣✇♥&❛ ❡&♥❛✐ 0 /*❛♥ ♦✐

❦,❦❧♦✐ ❡❢❼♣*♦♥*❛✐ ❡:✇*❡>✐❦❼ ❦❛✐ π /*❛♥ ♦✐ ❦,❦❧♦✐ ❡❢❼♣*♦♥*❛✐ ❡①✇*❡>✐❦❼✳

❙A➔♠❛ ✹✳✻✿ ❍ ❣✇♥&❛ ♠❡*❛①, ❞,♦ ❦,❦❧✇♥✳

❊❼♥ d ❡&♥❛✐ ❤ ❛♣/:*❛:❤ ♠❡*❛①, *✇♥ ❦9♥*>✇♥ *✇♥ ❞,♦ ❦,❦❧✇♥✱ */*❡ cosϕ ❞&❞❡*❛✐ ❛♣/ *♦♥

❦❛♥/♥❛ *♦✉ :✉♥❤♠✐*/♥♦✉✱ d2 = r2
1
+ r2

2
− 2r1r2 cosϕ✱

cosϕ =
r2
1
+ r2

2
− d2

2r1r2
.

✬❖*❛♥ ϕ = π/2✱ ❧9♠❡ ♦*✐ ♦✐ ❦,❦❧♦✐ ❡&♥❛✐ ♦>❥♦❣➳♥✐♦✐✳ ❉,♦ ❦,❦❧♦✐ ❡&♥❛✐ ♦>❥♦❣➳♥✐♦✐ ❡❼♥

d2 = r2
1
+ r2

2
✳

❉+♥❛♠❤ 1❤♠❡#♦✉ ✇❝ ♣5♦❝ ❦+❦❧♦✳

❆♣/ *❤♥ ❊✉❦❧❡&❞❡✐❛ ●❡✇♠❡*>&❛ ❣♥✇>&③♦✉♠❡ ♦*✐ ❣✐❛ ♦♣♦✐❛❞➔♣♦*❡ ❡✉❥❡&❛ ❛♣/ *♦ X1 *9♠♥❡✐ *♦♥

❦,❦❧♦ :*❛ :❤♠❡&❛ X2✱ X3✱ ❤ ♣♦:/*❤*❛ |X1X2| |X1X3| ❡&♥❛✐ :*❛❥❡>➔✱ ❦❛✐ ❡❼♥ *♦ X1 ❜>&:❦❡*❛✐

9①✇ ❛♣/ *♦♥ ❦,❦❧♦✱ ❡&♥❛✐ &:❤ ♠❡ *♦ *❡*>❼❣✇♥♦ *♦✉ ♠➔❦♦✉❝ *❤❝ ❡❢❛♣*♦♠9♥❤❝ ❛♣/ *♦ X1✱

|X1X0|
2 = |PX1|

2 − r2✳
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❏❛ ❣❡♥✐❦❡*+♦✉♠❡ ❛✉/0 /♦♥ ♦1✐+♠0✱ ❦❛✐ ❥❛ ♦14+♦✉♠❡ ❣✐❛ ❦❼❥❡ +❤♠❡4♦ X1 : (x1, y1) /♦✉

❡♣✐♣8❞♦✉✱ /❤ ❞!♥❛♠❤ /♦✉ +❤♠❡4♦✉ X1 ✇❝ ♣1♦❝ /♦♥ ❦*❦❧♦ ♠❡ ❦8♥/1♦ P ❦❛✐ ❛❦/4♥❛ r✱

p = (x1 − p)2 + (y1 − q)2 − r2 . ✭✹✳✶✷✮

❏❛ ❞❡4①♦✉♠❡ ♦/✐ ❡❼♥ ♠4❛ ❡✉❥❡4❛ ❛♣0 /♦ X1 /8♠♥❡✐ /♦♥ ❦*❦❧♦ +/❛ +❤♠❡4❛ X2 ❦❛✐ X3✱ ❤

❞*♥❛♠❤ /♦✉ +❤♠❡4♦✉ X1 ✇❝ ♣1♦❝ /♦♥ ❦*❦❧♦ ❡4♥❛✐ 4+❤ ♠❡ /♦ ❣✐♥0♠❡♥♦ /✇♥ ♣1♦+❤♠❛+♠8♥✇♥

♠8/1✇♥ (
−−−→
X1X2)(

−−−→
X1X3)✳

●✐❛ ♥❛ ❛♣❧♦♣♦✐➔+♦✉♠❡ /♦♥ ✉♣♦❧♦❣✐+♠0 ❡♣✐❧8❣♦✉♠❡ ✇❝ +❤♠❡4♦ ❛♥❛❢♦1❼❝ /♦ ❦8♥/1♦ /♦✉

❦*❦❧♦✉✱ ➳+/❡ x2
2
+ y2

2
= r2✳ ❚♦ +❤♠❡4♦ X3 ❜14+❦❡/❛✐ +/❤♥ ❡✉❥❡4❛ X1X2 ❦❛✐ +/♦♥ ❦*❦❧♦✳

❉❤❧❛❞➔ ✉♣❼1I❡✐ t ❣✐❛ /♦ ♦♣♦4♦ (x3, y3) = (x1, y1) + t(x2 − x1, y2 − y1) ❦❛✐ x2
3
+ y2

3
= r2✳

✬❆1❛ t ✐❦❛♥♦♣♦✐❡4 /❤♥ ❡①4+✇+❤

r2 = ((1− t)x1 + tx2)
2 + ((1− t)y1 + ty2)

2

= (1− t)2(x21 + y21) + t2(x22 + y22) + 2t(1− t)(x1x2 + y1y2) .

❆♥/✐❦❛❥✐+/♦*♠❡ x2
1
+ y2

1
= r2✱ ❞✐❛✐1♦*♠❡ ♠❡ 1− t ❦❛✐ 8I♦✉♠❡

(1− t)(x21 + y21)− (1 + t)r2 + 2t(x1x2 + y1y2) = 0 ,

❛♣0 /♦ ♦♣♦4♦ ❜14+❦♦✉♠❡

t =
x2
1
+ y2

1
− r2

(x2 − x1)2 + (y2 − y1)2
=

p

|
−−−→
X1X2|2

.

✬❆1❛

−−−→
X1X3 =

p

|
−−−→
X1X2|2

−−−→
X1X2✱ ❦❛✐

p = (
−−−→
X1X2)(

−−−→
X1X3) .

❊❼♥ 8I♦✉♠❡ ❞*♦ ❦*❦❧♦✉❝ ♠❡ ❡①✐+➳+❡✐❝

(x− p1)
2 + (y − q1)

2 = r21 ,

(x− p2)
2 + (y − q2)

2 = r22 ,

♦ ❣❡✇♠❡/1✐❦0❝ /0♣♦❝ /✇♥ +❤♠❡4✇♥ X ♣♦✉ 8I♦✉♥ /❤♥ 4❞✐❛ ❞*♥❛♠❤ ✇❝ ♣1♦❝ /♦✉❝ ❞*♦ ❦*❦❧♦✉❝

❞4❞❡/❛✐ ❛♣0 /❤♥ ❡①4+✇+❤

(x− p1)
2 + (y − q1)

2 − r21 = (x− p2)
2 + (y − q2)

2 − r22 ,

❛♣0 /❤♥ ♦♣♦4❛ ❦❛/❛❧➔❣♦✉♠❡ +/❤♥ ❡①4+✇+❤ ♠4❛❝ ❡✉❥❡4❛❝✱

2(p1 − p2)x+ 2(q1 − q2)y = p21 + q21 − r21 − p22 − q22 + r22 .

❆✉/➔ ❤ ❡✉❥❡4❛ ❡4♥❛✐ ❦❼❥❡/❤ +/❤♥ ❡✉❥❡4❛ ♣♦✉ ♣❡1♥❼❡✐ ❛♣0 /❛ ❦8♥/1❛ /✇♥ ❞*♦ ❦*❦❧✇♥✱ ❦❛✐

♦♥♦♠❼③❡/❛✐ &✐③✐❦*❝ ❼①♦♥❛❝ /✇♥ ❞*♦ ❦*❦❧✇♥✳
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❉!"♠❡❝ ❦'❦❧✇♥✳

❏❡✇&♦(♠❡ ❞(♦ ❦(❦❧♦✉❝ K0 ❦❛✐ K1 ♠❡ ❡①✐2➳2❡✐❝

K0 : x2 + y2 +A0x+B0y + C0 = 0 ,

K1 : x2 + y2 +A1x+B1y + C1 = 0 .

●✐❛ ❦❼❥❡ λ ∈ R ♦ ❣&❛♠♠✐❦8❝ 2✉♥❞✉❛2♠8❝ :✇♥ ❞(♦ ❡①✐2➳2❡✇♥

(1− λ)(x2 + y2 +A0x+B0y + C0) + λ(x2 + y2 +A1x+B1y + C1) = 0

❞;❞❡✐ :❤♥ ❡①;2✇2❤

Kλ : x2+y2+((1−λ)A0+λA1)x+((1−λ)B0+λB1)y+((1−λ)A0+λA1) = 0 , ✭✹✳✶✸✮

❤ ♦♣♦;❛ ♣❛&✐2:❼♥❡✐ B♥❛♥ ❦(❦❧♦✳ ❍ ♦✐❦♦❣B♥❡✐❛ :✇♥ ❦(❦❧✇♥ Kλ ❣✐❛ λ ∈ R✱ ♦♥♦♠❼③❡:❛✐ ❞!"♠❤

❦&❦❧✇♥✳

❉✐❛❦&;♥♦✉♠❡ :&;❛ ❡;❞❤ ❞❡2♠➳♥ ❦(❦❧✇♥✳

❊❼♥ ♦✐ K0 ❦❛✐ K1 :B♠♥♦♥:❛✐ 2❡ ❞(♦ 2❤♠❡;❛ X1 ❦❛✐ X2✱ :8:❡ ♦✐ 2✉♥:❡:❛❣♠B♥❡❝ :✇♥ X1

❦❛✐ X2 ✐❦❛♥♦♣♦✐♦(♥ :❤♥ ✹✳✶✸ ❣✐❛ ❦❼❥❡ λ✳ ❍ ❞B2♠❤ ❛♣♦:❡❧❡;:❛✐ ❛♣8 8❧♦✉❝ :♦✉❝ ❦(❦❧♦✉❝

♣♦✉ ♣❡&♥♦(♥ ❛♣8 :❛ 2❤♠❡;❛ X1 ❦❛✐ X2✱ ❦❛✐ ♦♥♦♠❼③❡:❛✐ ❞!"♠❤ *❡♠♥♦♠!♥✇♥ ❦&❦❧✇♥ ✭➔

❡❧❧❡✐♣*✐❦➔ ❞!"♠❤✮✱ ❙J➔♠❛ ✹✳✼✳

❙J➔♠❛ ✹✳✼✿ ❉B2♠❤ :❡♠♥♦♠B♥✇♥ ❦(❦❧✇♥✳

❊❼♥ ♦✐ K0 ❦❛✐ K1 ❡❢❼♣:♦♥:❛✐ 2:♦ 2❤♠❡;♦ X0✱ :8:❡ X0 ❡;♥❛✐ :♦ ♠♦♥❛❞✐❦8 ❦♦✐♥8 2❤♠❡;♦

❦❼❥❡ ③❡(❣♦✉❝ ❦(❦❧✇♥ :❤❝ ❞B2♠❤❝✳ ❍ ❞B2♠❤ ♦♥♦♠❼③❡:❛✐ ❞!"♠❤ ❡❢❛♣*♦♠!♥✇♥ ❦&❦❧✇♥

✭➔ ♣❛2❛❜♦❧✐❦➔ ❞!"♠❤✮✱ ❙J➔♠❛ ✹✳✽✳

❊❼♥ ♦✐ ❦(❦❧♦✐ K0 ❦❛✐ K1 ❞❡♥ BJ♦✉♥ ❦♦✐♥❼ 2❤♠❡;❛✱ :8:❡ ✉♣❼&J♦✉♥ 2❤♠❡;❛ X0 ❦❛✐ X1 ♣❼♥✇

2:❤♥ ❡✉❥❡;❛ :✇♥ ❞(♦ ❦B♥:&✇♥ P0P1✱ ❦❛✐ ♣&❛❣♠❛:✐❦♦; ❛&✐❥♠♦; µ0✱ µ1✱ :B:♦✐❛ ➳2:❡ ♦✐ ❦(❦❧♦✐

K0 ❦❛✐ K1 ❡;♥❛✐ ❆♣♦❧❧➳♥✐♦✐ ❦(❦❧♦✐ :♦✉ ❞✐❛2:➔♠❛:♦❝ X0X1✳ ❉❤❧❛❞➔✱ ❣✐❛ ❦❼❥❡ 2❤♠❡;♦ X
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❙$➔♠❛ ✹✳✽✿ ❉+,♠❤ ❡❢❛♣1♦♠+♥✇♥ ❦6❦❧✇♥✳

1♦✉ K0✱ |X0X| = µ0|X1X|✱ ❦❛✐ ❣✐❛ ❦❼❥❡ ,❤♠❡>♦ X 1♦✉ K1✱ |X1X| = µ1|X0X|✳ ❙❡ ❛✉1➔

1❤♥ ♣❡?>♣1✇,❤ ❤ ❞+,♠❤ ♦♥♦♠❼③❡1❛✐ ❞!"♠❤ ♠❤ %❡♠♥♦♠!♥✇♥ ❦+❦❧✇♥ ✭➔ ✉♣❡/❜♦❧✐❦➔

❞!"♠❤✮✱ ❙$➔♠❛ ✹✳✾✳

❙$➔♠❛ ✹✳✾✿ ❉+,♠❤ ♠❤ 1❡♠♥♦♠+♥✇♥ ❦6❦❧✇♥✳

❲❝ ❡✐❞✐❦➔ ♣❡?>♣1✇,❤ ❞+,♠❤❝ ♠❤ 1❡♠♥♦♠+♥✇♥ ❦6❦❧✇♥ ❥❡✇?♦6♠❡ 1❤ ❞+,♠❤ ♦♠G❦❡♥1?✇♥ ❦6✲

❦❧✇♥✿ ❊❼♥ K0 ❦❛✐ K1 +$♦✉♥ 1♦ >❞✐♦ ❦+♥1?♦✱ 1G1❡ ❦❼❥❡ ❦6❦❧♦❝ 1❤❝ ❞+,♠❤❝ Kλ ❥❛ +$❡✐ 1♦ >❞✐♦

❦+♥1?♦✳

❊❼♥ ♦✐ ❞6♦ ❦6❦❧♦✐ K0 ❦❛✐ K1 ❞❡♥ ❡>♥❛✐ ♦♠G❦❡♥1?♦✐✱ 1G1❡ ♦ ❣?❛♠♠✐❦G❝ ,✉♥❞✉❛,♠G❝

(x2 + y2 +A0x+B0y + C0)− (x2 + y2 +A1x+B1y + C1) = 0
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❞$❞❡✐ '❤♥ ❡①$+✇+❤ ♠$❛❝ ❡✉❥❡$❛❝✱

K∞ : (A0 −A1)x+ (B0 −B1)y + C0 − C1 = 0 . ✭✹✳✶✹✮

❆✉'➔ ❤ ❡✉❥❡$❛ ♦♥♦♠❼③❡'❛✐  ✐③✐❦$❝ ❼①♦♥❛❝ '❤❝ ❞;+♠❤❝✳ ❖ =✐③✐❦?❝ ❼①♦♥❛❝ ♠$❛❝ ❞;+♠❤❝ ❡$♥❛✐

❦❼❥❡'♦❝ +'♦♥ ❼①♦♥❛ '✇♥ ❦;♥'=✇♥ '✇♥ ❦@❦❧✇♥ '❤❝ ❞;+♠❤❝✳

+ $,❛-❤ ✹✳✻ ❖ !✐③✐❦%❝ ❼①♦♥❛❝ ♠-❛❝ ❞/0♠❤❝ ❡-♥❛✐ ♦ ❣❡✇♠❡5!✐❦%❝ 5%♣♦❝ 5✇♥ 0❤♠❡-✇♥ X

♠❡ 5❤♥ ✐❞✐%5❤5❛✿ ❊❼♥ Kλ ❦❛✐ Kµ ❡-♥❛✐ ❦9❦❧♦✐ 5❤❝ ❞/0♠❤❝✱ ❤ ❞9♥❛♠❤ 5♦✉ 0❤♠❡-♦✉ X ✇❝ ♣!♦❝

5♦♥ ❦9❦❧♦ Kλ ❡-♥❛✐ -0❤ ♠❡ 5❤ ❞9♥❛♠❤ 5♦✉ 0❤♠❡-♦✉ X ✇❝ ♣!♦❝ 5♦♥ ❦9❦❧♦ Kµ✳

❛>✳ ❙❡ ♠-❛ ❞/0♠❤ 5❡♠♥♦♠/♥✇♥ ❦9❦❧✇♥✱ ♦ !✐③✐❦%❝ ❼①♦♥❛❝ ❡-♥❛✐ ❤ ❡✉❥❡-❛ X1X2 ♣♦✉ ♣❡!✐/A❡✐

5❛ 0❤♠❡-❛ 5♦♠➔❝✳

❜>✳ ❙❡ ♠-❛ ❞/0♠❤ ❡❢❛♣5♦♠/♥✇♥ ❦9❦❧✇♥✱ ♦ !✐③✐❦%❝ ❼①♦♥❛❝ ❡-♥❛✐ ❤ ❦♦✐♥➔ ❡❢❛♣5♦♠/♥❤ 05♦

X0 %❧✇♥ 5✇♥ ❦9❦❧✇♥ 5❤❝ ❞/0♠❤❝✳

❣>✳ ❙❡ ♠-❛ ❞/0♠❤ ♠❤ 5❡♠♥♦♠/♥✇♥ ❦9❦❧✇♥✱ ♦ !✐③✐❦%❝ ❼①♦♥❛❝ ❡-♥❛✐ ❤ ♠❡0♦❦❼❥❡5♦❝ 5♦✉ ❞✐❛✲

05➔♠❛5♦❝ X0X1 5✇♥ ❆♣♦❧❧✇♥-✇♥ ❦9❦❧✇♥✳

 ❛"❛♠❡%"➔'❡✐❝ %♦✉ ❦-❦❧♦✉✳

❊❼♥ ϑ ❡$♥❛✐ ❤ ♣=♦+❤♠❛+♠;♥❤ ❣✇♥$❛ ♠❡'❛①@ '♦✉ ❞✐❛♥@+♠❛'♦❝

~i ❦❛✐ '❤❝ ❛❦'$♥❛❝

−−→
PX✱ ❙F➔♠❛

✹✳✶✵✱ '♦ +❤♠❡$♦ X : (x, y) '♦✉ ❦@❦❧♦✉ ;F❡✐ ♣❛=❛♠❡'=✐❦➔ ;❦❢=❛+❤

(x, y) = (p, q) + r(cosϑ, sinϑ) ❣✐❛ 0 ≤ ϑ < 2π.

❙F➔♠❛ ✹✳✶✵✿ ❚=✐❣✇♥♦♠❡'=✐❦➔ ♣❛=❛♠;'=❤+❤ '♦✉ ❦@❦❧♦✉✳

❏❛ ❞♦@♠❡ ♠$❛ ❡♥❛❧❧❛❦'✐❦➔ ♣❛=❛♠❡'=✐❦➔ ;❦❢=❛+❤✱ ♣♦✉ F=❤+✐♠♦♣♦✐❡$ ♠?♥♦ =❤';❝ +✉♥❛='➔+❡✐❝

❦❛✐ +F❡'$③❡'❛✐ ♠❡ '❤ +'❡=❡♦❣=❛❢✐❦➔ ♣=♦❜♦❧➔ +'❤ +❢❛$=❛✳ ❏❡✇=♦@♠❡ ❦@❦❧♦ ♠❡ ❦;♥'=♦ O ❦❛✐

❛❦'$♥❛ r✳ ❆♣? '♦ +❤♠❡$♦ R : (−r, 0) +F❡❞✐❼③♦✉♠❡ ❡✉❥❡$❛ ♣♦✉ ♥❛ ';♠♥❡✐ '♦♥ ❦@❦❧♦ +'♦ +❤♠❡$♦

(x, y)✳ ❆✉'➔ ❤ ❡✉❥❡$❛ ';♠♥❡✐ '♦♥ Oy✲❼①♦♥❛ +❡ ;♥❛ +❤♠❡$♦ T : (0, tr)✳ ❙❤♠❡✐➳♥♦✉♠❡ ❦❛✐ '❤♥



✶✺✵ ❊♣"♣❡❞♦ ❦❛✐ ◗➳+♦❝

♣$♦❜♦❧➔ )♦✉ X +)♦♥ Ox✲❼①♦♥❛✱ Q : (x, 0)✳ ❚4)❡ 67♦✉♠❡ ❞:♦ 4♠♦✐❛ )$<❣✇♥❛✱ RTO ❦❛✐ RXQ✱

❙7➔♠❛ ✹✳✶✶✱ ❦❛✐ tr : r = y : (x+ r)✳

❙7➔♠❛ ✹✳✶✶✿ ❙)❡$❡♦❣$❛❢✐❦➔ ♣❛$❛♠6)$❤+❤ )♦✉ ❦:❦❧♦✉✳

❆♥)✐❦❛❥✐+)➳♥)❛❝ y = t(x+ r) +)❤♥ ✹✳✷ ❜$<+❦♦✉♠❡

x = r
1− t2

1 + t2
, y = r

2t

1 + t2
.

❊❼♥ )♦ ❦6♥)$♦ )♦✉ ❦:❦❧♦✉ ❡<♥❛✐ +)♦ P : (p, q)✱ 67♦✉♠❡ )❤♥ ♣❛$❛♠6)$❤+❤

(x, y) = (p, q) + r

(

1− t2

1 + t2
,

2t

1 + t2

)

, t ∈ (−∞, ∞)

❤ ♦♣♦<❛ ❞<❞❡✐ 4❧❛ )❛ +❤♠❡<❛ )♦✉ ❦:❦❧♦✉ ❡❦)4❝ ❛♣4 )♦ +❤♠❡<♦ (p− r, q)✳ ❆✉)4 )♦ +❤♠❡<♦ ❡<♥❛✐

)♦ 4$✐♦ ❦❛❥➳❝ t → ±∞✳


