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❖ ❑"❦❧♦❝

❖ ❦%❦❧♦❝ ❡*♥❛✐ ♦ ❣❡✇♠❡1✐❦2❝ 12♣♦❝ 1✇♥ 4❤♠❡*✇♥ 1♦✉ ❡♣✐♣7❞♦✉ ♣♦✉ ❛♣79♦✉♥ 41❛❥❡;➔ ❛♣241❛4❤

r > 0 ❛♣2 7♥❛ 4❤♠❡*♦ P ✱ 1♦ ❦7♥1;♦ 1♦✉ ❦%❦❧♦✉✳

❍ ❞✐❛♥✉4♠❛1✐❦➔ ❡①*4✇4❤ ♣♦✉ ✐❦❛♥♦♣♦✐❡* 1♦ ❣❡♥✐❦2 4❤♠❡*♦ X : (x, y) 1♦✉ ❦%❦❧♦✉ ❡*♥❛✐

|−−→PX| = r

❊❼♥ 1♦ ❦7♥1;♦ 79❡✐ 4✉♥1❡1❛❣♠7♥❡❝ P : (p, q) ✇❝ ♣;♦❝ 1♦ 4%41❤♠❛ ❛♥❛❢♦;❼❝ (O, ~i, ~j)✱ ❤

❡①*4✇4❤ 1♦✉ ❦%❦❧♦✉ ❡*♥❛✐

(x− p)2 + (y − q)2 = r2 ✭✹✳✶✮

❊❼♥ 1♦ ❦7♥1;♦ ❜;*4❦❡1❛✐ 41♦ 4❤♠❡*♦ ❛♥❛❢♦;❼❝ O✱ ❤ ❡①*4✇4❤ 1♦✉ ❦%❦❧♦✉ ❡*♥❛✐

x2 + y2 = r2 ✭✹✳✷✮

❍ ❣❡♥✐❦➔ ❡①*4✇4❤ 1♦✉ ❦%❦❧♦✉ ❡*♥❛✐ 1❤❝ ♠♦;❢➔❝

x2 + y2 +Ax+By + C = 0 . ✭✹✳✸✮

❙✉♠♣❧❤;➳♥♦♥1❛❝ 1❛ 1❡1;❼❣✇♥❛ 79♦✉♠❡
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❊❼♥ A2 + B2 − 4C > 0 ❤ ❡①*4✇4❤ ♣❛;✐41❼♥❡✐ ❦%❦❧♦ ♠❡ ❦7♥1;♦ (−A
2 , −B

2 ) ❦❛✐ ❛❦1*♥❛ r =
1
2

√
A2 +B2 − 4C✳ ❊❼♥ A2 + B2 − 4C = 0 ❤ ❡①*4✇4❤ ✐❦❛♥♦♣♦✐❡*1❛✐ ♠2♥♦♥ ❛♣2 1♦ 4❤♠❡*♦

(−A
2 , −B

2 )✱ ❡♥➳ ❡❼♥ A2 +B2 − 4C < 0 ❞❡♥ ✉♣❼;9♦✉♥ ♣;❛❣♠❛1✐❦7❝ 1✐♠7❝ ♣♦✉ ♥❛ ✐❦❛♥♦♣♦✐♦%♥

1❤♥ ❡①*4✇4❤✳

▼♣♦;♦%♠❡ ♥❛ ❜;♦%♠❡ 1♦♥ ♠♦♥❛❞✐❦2 ❦%❦❧♦ ♣♦✉ ♣❡;♥❼❡✐ ❛♣2 1;*❛ 4❤♠❡*❛ ♣♦✉ ❞❡♥ ❜;*4❦♦♥1❛✐

4❡ ❡✉❥❡*❛✳

 ❛"❼❞❡✐❣♠❛ ✹✳✶ ❖ ❦%❦❧♦❝ ♣♦✉ ♣❡;♥❼❡✐ ❛♣2 1❛ 4❤♠❡*❛ (1, 2)✱ (0, 1) ❦❛✐ (2, 0) 79❡✐ ❡①*4✇4❤

1❤❝ ♠♦;❢➔❝ ✹✳✸✳ ❆♥1✐❦❛❥✐41➳♥1❛❝ 1✐❝ 4✉♥1❡1❛❣♠7♥❡❝ 1✇♥ 4❤♠❡*✇♥ 79♦✉♠❡ 1✐❝ ❡①✐4➳4❡✐❝

A + 2B + C = −5

0 + B + C = −1

2A + 0 + C = −4

❛♣2 1✐❝ ♦♣♦*❡❝ ♠♣♦;♦%♠❡ ♥❛ ✉♣♦❧♦❣*4♦✉♠❡ 1♦✉❝ 4✉♥1❡❧❡417❝ A, B, C✳ ▲%♥♦✉♠❡ 1♦ 4%41❤♠❛

❦❛✐ ❜;*4❦♦✉♠❡ 3A = −7✱ 3B = −5✱ 3C = 2✳ ✬❆;❛ ❤ ❡①*4✇4❤ 1♦✉ ❦%❦❧♦✉ ❡*♥❛✐ 3x2 + 3y2 −
7x− 5y + 2 = 0✳ ❖ ❦%❦❧♦❝ 79❡✐ ❦7♥1;♦ (7/6, 5/6) ❦❛✐ ❛❦1*♥❛ r = 5

√
2/6✳
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 !"#❛%❤ ✹✳✶ ❖ ❦"❦❧♦❝ ♣♦✉ ♣❡)♥❼❡✐ ❛♣. /❛ 0❤♠❡3❛ (a1, b1)✱ (a2, b2) ❦❛✐ (a3, b3) 56❡✐

❡①30✇0❤

x2 + y2 +Ax+By + C = 0 ,

.♣♦✉ A, B, C ✐❦❛♥♦♣♦✐♦"♥ /✐❝ ❡①✐0➳0❡✐❝

a1A + b1B + C = −a21 − b21 ,

a2A + b2B + C = −a22 − b22 ,

a3A + b3B + C = −a23 − b23 .

❙!❡#✐❦&❝ ❥&)❡✐❝ ❡✉❥❡+❛❝ ❦❛✐ ❦-❦❧♦✉

❙$❤ &✉♥)*❡✐❛ ❥❛ ❡①❡$❼&♦✉♠❡ $✐❝ &*❡$✐❦)❝ ❥)&❡✐❝ $❤❝ ❡✉❥❡5❛❝ ❦❛✐ $♦✉ ❦6❦❧♦✉✳ ❏❛ ♣❡;✐♦;✐✲

&$♦6♠❡ &$❤♥ ♣❡;5♣$✇&❤ ♣♦✉ $♦ ❦)♥$;♦ $♦✉ ❦6❦❧♦✉ ❡5♥❛✐ &$♦ &❤♠❡5♦ ❛♥❛❢♦;❼❝✳ ❖✐ ❡①✐&➳&❡✐❝

❣✐❛ $❤ ❣❡♥✐❦➔ ♣❡;5♣$✇&❤ ♠♣♦;♦6♥ ❡6❦♦❧❛ ♥❛ ✉♣♦❧♦❣✐&$♦6♥ ♠❡ ❛❧❧❛❣➔ $♦✉ &❤♠❡5♦✉ ❛♥❛❢♦;❼❝✱

❦❛✐ ❞5❞♦♥$❛✐ ✇❝ ❛&❦➔&❡✐❝✳

❖!✐%♠"❝ ✹✳✶✳ ▼5❛ ❡✉❥❡5❛ ❡5♥❛✐ ❡❢❛♣#♦♠2♥❤ ❡♥F❝ ❦6❦❧♦✉ ❡❼♥ )*❡✐ ❛❦;✐❜➳❝ )♥❛ ❦♦✐♥F

&❤♠❡5♦ ♠❡ $♦♥ ❦6❦❧♦✳

❏❡✇;♦6♠❡ ❦6❦❧♦ K ♠❡ ❦)♥$;♦ O ❦❛✐ ❛❦$5♥❛ r✱ ❦❛✐ ♠5❛ ❡✉❥❡5❛ ε ♣♦✉ ♣❡;♥❼❡✐ ❛♣F $❛ &❤✲

♠❡5❛ X1 : (x1, y1) ❦❛✐ X2 : (x2, y2)✳ ❯♣❡♥❥✉♠5③♦✉♠❡ ♦$✐ $♦ ❣❡♥✐❦F &❤♠❡5♦ X : (x, y) $❤❝

❡✉❥❡5❛❝ ε✱ ♠♣♦;❡5♥❛ ♣;♦&❞✐♦;✐&$❡5 ❛♣F $♦♥ ❛♣❧F ❧F❣♦ (X1, X2, X)✱ ♣♦✉ ❡5♥❛✐ ♦ ❧F❣♦❝ $✇♥

♣;♦&❤♠❛&♠)♥✇♥ ♠❤❦➳♥

(
−−−→
X1X)

(
−−−→
XX2)

✳ ❆♣F $❤♥ ✶✳✺✱ $♦ &❤♠❡5♦ ♠❡ ❛♣❧F ❧F❣♦ (X1, X2, X) = t✱ )*❡✐

&✉♥$❡$❛❣♠)♥❡❝✱

x =
x1 + tx2
1 + t

, y =
y1 + ty2
1 + t

. ✭✹✳✹✮

❚♦ &❤♠❡5♦ X ❜;5&❦❡$❛✐ &$♦♥ ❦6❦❧♦ ❡❼♥

(

x1 + tx2
1 + t

)2

+

(

y1 + ty2
1 + t

)2

= r2 ,

➔✱ ❛❢♦6 ♦ ❛♣❧F❝ ❧F❣♦❝ ❞❡♥ ♣❛5;♥❡✐ $❤♥ $✐♠➔ −1✱

(x1 + tx2)
2 + (y1 + ty2)

2 = r2(1 + t)2 .

❙✉❣❦❡♥$;➳♥♦✉♠❡ $♦✉❝ F;♦✉❝ 5❞✐♦✉ ❜❛❥♠♦6 &❡ t✱

(x22 + y22 − r2)t2 + 2(x1x2 + y1y2 − r2)t+ (x21 + y21 − r2) = 0 . ✭✹✳✺✮

❏)$♦✉♠❡

L = x22 + y22 − r2 , M = x1x2 + y1y2 − r2 , N = x21 + y21 − r2 , ✭✹✳✻✮

➳&$❡ ❤ ✹✳✺ ♥❛ ❣5♥❡✐

Lt2 + 2Mt+N = 0 . ✭✹✳✼✮
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❚♦ %❤♠❡)♦ X ♠❡ %✉♥,❡,❛❣♠/♥❡❝ ✹✳✹ ❛♥➔❦❡✐ %,♦♥ ❦5❦❧♦ K ❡❼♥ ❦❛✐ ♠8♥♦♥ ❡❼♥ ❤ ♣❛:❼♠❡,:♦❝

t ✐❦❛♥♦♣♦✐❡) ,❤♥ ❡①)%✇%❤ ✹✳✼✳ ❍ ❡①)%✇%❤ ✹✳✼ /?❡✐ ❞5♦ ❧5%❡✐❝ 8,❛♥ ❤ ❞✐❛❦:)♥♦✉%❛ ❡)♥❛✐ ❥❡,✐❦➔✱

❞❤❧❛❞➔ 8,❛♥ M2−LN > 0✱ ♠)❛ ❧5%❤ 8,❛♥ M2−LN = 0 ❦❛✐ ❦❛♠♠)❛ ❧5%❤ 8,❛♥ M2−LN < 0✱

❙?➔♠❛ ✹✳✶✳

❙?➔♠❛ ✹✳✶✿ ❙?❡,✐❦/❝ ❥/%❡✐❝ ❡✉❥❡)❛❝ ❦❛✐ ❦5❦❧♦✉✳

❊✐❞✐❦8,❡:❛✱ ❤ ❡✉❥❡)❛ ♣♦✉ ♣❡:♥❼❡✐ ❛♣8 ,❛ %❤♠❡)❛ X1 ❦❛✐ X2 /?❡✐ ♠♦♥❛❞✐❦8 ❦♦✐♥8 %❤♠❡)♦ ♠❡

,♦♥ ❦5❦❧♦ K 8,❛♥ ❤ ❡①)%✇%❤ ✹✳✼ /?❡✐ ♠♦♥❛❞✐❦➔ ❧5%❤✱ ❞❤❧❛❞➔ 8,❛♥ ❤ ❞✐❛❦:)♥♦✉%❛ ,❤❝ ❡①)%✇%❤❝

✹✳✼ ❡)♥❛✐ ♠❤❞/♥✱

M2 − LN = 0 . ✭✹✳✽✮

❆✉,➔ ❡)♥❛✐ ❤ ❛♥❛❣❦❛)❛ ❦❛✐ ✐❦❛♥➔ %✉♥❥➔❦❤ ❣✐❛ ♥❛ ❡)♥❛✐ ❤ ❡✉❥❡)❛ ε ❡❢❛♣,♦♠/♥❤ ,♦✉ ❦5❦❧♦✉ K✳

❊❼♥ X1 ❜:)%❦❡,❛✐ %,♦♥ ❦5❦❧♦✱ N = x21 + y21 − r2 = 0✱ ❦❛✐ ❤ %✉♥❥➔❦❤ ✹✳✽ ❣)♥❡,❛✐ M = 0✳

✬❆:❛ /♥❛ %❤♠❡)♦ X ❜:)%❦❡,❛✐ %,❤♥ ❡✉❥❡)❛ ♣♦✉ ❡❢❼♣,❡,❛✐ %,♦♥ ❦5❦❧♦ K %,♦ %❤♠❡)♦ X1 ❡❼♥

❦❛✐ ♠8♥♦♥ ❡❼♥

x1x+ y1y = r2 .

M❛:❛,❤:♦5♠❡ ♦,✐ ,8,❡ ,♦ ❞✐❼♥✉%♠❛

−−−→
X1X = (x−x1, y−y1)✱ ♣♦✉ ❡)♥❛✐ /♥❛ ❞✐❼♥✉%♠❛ ❞✐❡5❥✉♥%❤❝

,❤❝ ❡✉❥❡)❛❝✱ ❡)♥❛✐ ❦❼❥❡,♦ %,❤♥ ❛❦,)♥❛ ❛♣8 ,♦ ❦/♥,:♦ ,♦✉ ❦5❦❧♦✉ %,♦ %❤♠❡)♦ X1✱
−−→
OX1 =

(x1, y1)✳

 !"#❛%❤ ✹✳✷ ❏❡✇#♦%♠❡ ❦%❦❧♦ K ♠❡ ❦)♥+#♦ O ❦❛✐ ❛❦+.♥❛ r✱ ❦❛✐ 0❤♠❡.♦ X1 : (x1, y1) ♣♦✉

❛♥➔❦❡✐ 0+♦♥ ❦%❦❧♦✳ ❍ ❡❢❛♣+♦♠)♥❤ +♦✉ ❦%❦❧♦✉ K 0+♦ 0❤♠❡.♦ X1 ❡.♥❛✐ ❤ ❡✉❥❡.❛ ♠❡ ❡①.0✇0❤

x1x+ y1y = r2 . ✭✹✳✾✮

❍ ❡❢❛♣+♦♠)♥❤ 0+♦♥ ❦%❦❧♦ 0+♦ 0❤♠❡.♦ X1 ❡.♥❛✐ ❦❼❥❡+❤ 0+❤♥ ❛❦+.♥❛ OX1✳

❚➳:❛ ❡①❡,❼③♦✉♠❡ ,❤♥ ♣❡:)♣,✇%❤ ♣♦✉ X1 ❜:)%❦❡,❛✐ /①✇ ❛♣8 ,♦♥ ❦5❦❧♦✱ ❦❛✐ x21 + y21 > r2✳

❊❼♥ X : (x, y) ❡)♥❛✐ /♥❛ %❤♠❡)♦ ♠)❛❝ ❡✉❥❡)❛❝ ♣♦✉ ♣❡:♥❼❡✐ ❛♣8 ,♦ X1 ❦❛✐ ❡❢❼♣,❡,❛✐ %,♦♥ ❦5❦❧♦✱
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❙#➔♠❛ ✹✳✷✿ ❊❢❛♣-.♠❡♥❤ ❡✉❥❡4❛ 5-♦ 5❤♠❡4♦ X1 -♦✉ ❦8❦❧♦✉✳

-❛ X1 ❦❛✐ X ✐❦❛♥♦♣♦✐♦8♥ -❤ 5#;5❤ ✹✳✽✱ ❞❤❧❛❞➔

(x1x+ y1y − r2)2 − (x21 + y21 − r2)(x2 + y2 − r2) = 0 . ✭✹✳✶✵✮

▼♣♦C♦8♠❡ ♥❛ ❞❡4①♦✉♠❡ ♦-✐ ❛✉-➔ ❤ ❡①45✇5❤ ♣❛C✐5-❼♥❡✐ ❞8♦ ❡✉❥❡4❡❝ ♣♦✉ -;♠♥♦♥-❛✐ 5-♦ 5❤♠❡4♦

X1✳ ❆✉-;❝ ❡4♥❛✐ ♦✐ ❞8♦ ❡❢❛♣-.♠❡♥❡❝ ❡✉❥❡4❡❝ ❛♣. -♦ X1 ♣C♦❝ -♦♥ ❦8❦❧♦ K✳

❙#➔♠❛ ✹✳✸✿ ❊❢❛♣-.♠❡♥❡❝ 5-♦♥ ❦8❦❧♦ ❛♣. -♦ 5❤♠❡4♦ X1✳

❚❛ 5❤♠❡4❛ X2 : (x2, y2) ❦❛✐ X3 : (x3, y3) 5-❛ ♦♣♦4❛ ❛✉-;❝ ♦✐ ❡✉❥❡4❡❝ ❡❢❼♣-♦♥-❛✐ 5-♦♥

❦8❦❧♦ ✐❦❛♥♦♣♦✐♦8♥ -❤♥ ✹✳✶✵ ❦❛✐ -❤♥ x2 + y2 − r2 = 0✱ 5✉♥❡♣➳❝ ❜C45❦♦♥-❛✐ 5-❤♥ ❡✉❥❡4❛ ♠❡

❡①45✇5❤ x1x+ y1y = r2✳ ❏❛ ✉♣♦❧♦❣45♦✉♠❡ -✐❝ 5✉♥-❡-❛❣♠;♥❡❝ ❛✉-➳♥ -✇♥ 5❤♠❡4✇♥✳

❊❼♥ y1 = 0✱ -.-❡ x21 > r2✱ ❦❛✐ ❜C45❦♦✉♠❡ x2 = x3 =
r2

x1
❦❛✐ y2, y3 = ± r

x1

√

x21 − r2✳

❊❼♥ y1 6= 0✱ ❛♥-✐❦❛❥✐5-♦8♠❡ y = r2−x1x
y1

5-❤♥ x2 + y2 = r2 ❦❛✐ ;#♦✉♠❡ (x21 + y21)x
2 −



✶✹✷ ❊♣"♣❡❞♦ ❦❛✐ ◗➳+♦❝

2x1r
2x+ r2(r2 − y21) = 0✱ $❤♥ ♦♣♦)❛ ❧,♥♦✉♠❡ ❦❛✐ ❜3)4❦♦✉♠❡

x2, x3 =
x1r

2 ± ry1
√

x21 + y21 − r2

x21 + y21
.

❆♥$✐❦❛❥✐4$➳♥$❛❝ 4$❤♥ ✹✳✶✵ ❜3)4❦♦✉♠❡ $✐❝ ❛♥$)4$♦✐;❡❝ $✐♠<❝ $✇♥ y2✱ y3

y2, y3 =
y1r

2 ∓ rx1
√

x21 + y21 − r2

x21 + y21
.

❊❼♥ ❥<4♦✉♠❡ ϑ $❤ ❣✇♥)❛ X1OX2✱ <$4✐ ➳4$❡ cosϑ = r√
x2

1
+y2

1

❦❛✐ sinϑ =

√
x2

1
+y2

1
−r2√

x2

1
+y2

1

✱ <;♦✉♠❡

x2, x3 = x1 cos
2 ϑ± y1 cosϑ sinϑ

❦❛✐

y2, y3 = y1 cos
2 ϑ∓ x1 cosϑ sinϑ .

 !"#❛%❤ ✹✳✸ ❊❼♥ X1 : (x1, y1) ❡$♥❛✐ '❤♠❡$♦ +①✇ ❛♣/ 0♦♥ ❦2❦❧♦ K✱ x21 + y21 > r2✱ 0/0❡

✉♣❼67♦✉♥ ❞2♦ ❡✉❥❡$❡❝ ❛♣/ 0♦ X1 ♣♦✉ ❡❢❼♣0♦♥0❛✐ '0♦♥ ❦2❦❧♦✳ ❚❛ '❤♠❡$❛ ❡♣❛❢➔❝ X2 ❦❛✐ X3

❜6$'❦♦♥0❛✐ ♣❼♥✇ '0❤♥ ❡✉❥❡$❛ ♠❡ ❡①$'✇'❤ x1x+ y1y = r2 ❦❛✐ +7♦✉♥ '✉♥0❡0❛❣♠+♥❡❝ (x2, y2)

❦❛✐ (x3, y3) ♣♦✉ ❞$❞♦♥0❛✐ ❛♣/

x2, x3 = x1 cos
2 ϑ± y1 cosϑ sinϑ

❦❛✐

y2, y3 = y1 cos
2 ϑ∓ x1 cosϑ sinϑ ,

/♣♦✉ cosϑ = r√
x2

1
+y2

1

❦❛✐ sinϑ =

√
x2

1
+y2

1
−r2√

x2

1
+y2

1

✳

❚<❧♦❝ ❡①❡$❼③♦✉♠❡ $❤♥ ♣❡3)♣$✇4❤ D♣♦✉ $♦ X1 ❜3)4❦❡$❛✐ 4$♦ ❡4✇$❡3✐❦D $♦✉ ❦,❦❧♦✉✱ ❦❛✐

x21 + y21 < r2✳ ❚D$❡ ❦❼❥❡ ❡✉❥❡)❛ ❛♣D $♦ X1 $<♠♥❡✐ $♦♥ ❦,❦❧♦ 4❡ ❞,♦ 4❤♠❡)❛✳

❏❡✇3♦,♠❡ ♣❼❧✐ $❤♥ ❡①)4✇4❤ x1x+ y1y = r2✱ ❣✐❛ (x1, y1) 6= (0, 0)✳ ❆❢♦,

x1x+ y1y =
−−→
OX · −−→OX1 ≤ |−−→OX| |−−→OX1| ,

❦❛✐ |−−→OX1| < r✱ 4✉♠♣❡3❛)♥♦✉♠❡ ♦$✐ |−−→OX| > r✱ ❞❤❧❛❞➔ ♦$✐ ❤ ❡✉❥❡)❛ ♠❡ ❡①)4✇4❤ x1x + y1y =

r2 ❜3)4❦❡$❛✐ ♦❧D❦❧❤3❤ <①✇ ❛♣D $♦♥ ❦,❦❧♦✳ ❊❼♥ X2 ❡)♥❛✐ 4❤♠❡)♦ ❛✉$➔❝ $❤❝ ❡✉❥❡)❛❝✱ $D$❡

x22 + y22 > r2✱ ❦❛✐ ❛♣D $❤♥ I3D$❛4❤ ✹✳✸✱ ✉♣❼3;♦✉♥ ❞,♦ ❡❢❛♣$D♠❡♥❡❝ ❛♣D $♦ X2 ♣3♦❝ $♦♥

❦,❦❧♦ ❦❛✐ $❛ 4❤♠❡)❛ ❡♣❛❢➔❝ ❛✉$➳♥ $✇♥ ❞,♦ ❡❢❛♣$♦♠<♥✇♥ ❜3)4❦♦♥$❛✐ ♣❼♥✇ 4$❤♥ ❡✉❥❡)❛ ♠❡

❡①)4✇4❤ x2x + y2y = r2✳ ❆❧❧❼ $♦ 4❤♠❡)♦ X1 ✐❦❛♥♦♣♦✐❡) ❛✉$➔ $❤♥ ❡①)4✇4❤✳ ❙✉♠♣❡3❛)♥♦✉♠❡

♦$✐ $♦ X1 ❜3)4❦❡$❛✐ ♣❼♥✇ 4$❤♥ ❡✉❥❡)❛ ♣♦✉ 4✉♥❞<❡✐ $❛ ❞,♦ 4❤♠❡)❛ ❡♣❛❢➔❝ $✇♥ ❡❢❛♣$♦♠<♥✇♥

❛♣D ♦♣♦✐♦❞➔♣♦$❡ 4❤♠❡)♦ $❤❝ ❡✉❥❡)❛❝ ♠❡ ❡①)4✇4❤ x1x+ y1y = r2✳

 !"#❛%❤ ✹✳✹ ❊❼♥ X1 : (x1, y1) ❡$♥❛✐ '❤♠❡$♦ '0♦ ❡'✇0❡6✐❦/ 0♦✉ ❦2❦❧♦✉ K✱ ❞✐❛❢♦6❡0✐❦/

❛♣/ 0♦ O✱ 0 < x21 + y21 < r2✱ 0/0❡ ❤ ❡✉❥❡$❛ ♠❡ ❡①$'✇'❤ x1x+ y1y = r2 ❜6$'❦❡0❛✐ ♦❧/❦❧❤6❤

+①✇ ❛♣/ 0♦♥ ❦2❦❧♦ K✳ ❊❼♥ X2 ❡$♥❛✐ '❤♠❡$♦ ❛✉0➔❝ 0❤❝ ❡✉❥❡$❛❝✱ 0/0❡ 0♦ X1 ❜6$'❦❡0❛✐ ♣❼♥✇

'0❤♥ ❡✉❥❡$❛ ♣♦✉ '✉♥❞+❡✐ 0♦ '❤♠❡$❛ ❡♣❛❢➔❝ 0✇♥ ❡❢❛♣0♦♠+♥✇♥ ❛♣/ 0♦ X2 ♣6♦❝ 0♦♥ ❦2❦❧♦ K✳



❑❡❢❼❧❛✐♦ ✹ ❑❛♠♣+❧❡❝ ✷♦✉ ❜❛❥♠♦+ 12♦ ❡♣3♣❡❞♦ ✶✹✸

❙$➔♠❛ ✹✳✹✿ X1 ❡+✇-❡.✐❦1 +❤♠❡3♦ -♦✉ ❦6❦❧♦✉✳

 !❧♦✐ ❦❛✐ ♣♦❧✐❦(❝ ❡✉❥❡-❡❝ ✇❝ ♣/♦❝ ❦0❦❧♦

❖!✐#♠%❝ ✹✳✷✳ ❏❡✇.♦6♠❡ ❦6❦❧♦ K ♠❡ ❦9♥-.♦ P : (p, q) ❦❛✐ ❛❦-3♥❛ r✱ K : (x− p)2 + (y−
q)2 = r2✱ ❦❛✐ +❤♠❡3♦ X1 : (x1, y1) ❞✐❛❢♦.❡-✐❦1 ❛♣1 -♦ P ✳ ❍ ❡✉❥❡3❛ ♠❡ ❡①3+✇+❤

(x1 − p)(x− p) + (y1 − q)(y − q) = r2 ✭✹✳✶✶✮

♦♥♦♠❼③❡-❛✐ ♣♦❧✐❦➔ ❡✉❥❡2❛ -♦✉ +❤♠❡3♦✉ X1 ✇❝ ♣.♦❝ -♦♥ ❦6❦❧♦ K✳

❍ ♣♦❧✐❦➔ ❡✉❥❡3❛ -♦✉ +❤♠❡3♦✉ X1 ❡3♥❛✐ ❦❼❥❡-❤ +-♦ ❞✐❼♥✉+♠❛

−−→
PX1✿ ❍ ❡✉❥❡3❛ ♠❡ ❡①3+✇+❤

✹✳✶✶ 9$❡✐ ❞✐❼♥✉+♠❛ ❞✐❡6❥✉♥+❤❝ ~u = (−y1 + q, x1 − p)✱ ❦❛✐
−−→
PX1 · ~u = 0✳ ❚♦ +❤♠❡3♦ X0

+-♦ ♦♣♦3♦ ❤ ♣♦❧✐❦➔ ❡✉❥❡3❛ -9♠♥❡✐ -❤♥ ❡✉❥❡3❛ PX1 ✐❦❛♥♦♣♦✐❡3 -❤♥ ❡①3+✇+❤ ✹✳✶✶✱ ❦❛✐ +✉♥❡♣➳❝

−−→
PX1 · −−→PX0 = (x1 − p)(x0 − p) + (y1 − q)(y0 − q) = r2✳ ❆❢♦6 -❛

−−→
PX1 ❦❛✐

−−→
PX0 ❡3♥❛✐

+✉❣❣.❛♠♠✐❦❼ ❦❛✐ ♦♠1..♦♣❛✱

−−→
PX1 · −−→PX0 = |−−→PX1| |−−→PX0| = r2✳ ✬❆.❛

−−→
PX0 =

|−−→PX0|
|−−→PX1|

−−→
PX1 =

r2

|−−→PX1|2
−−→
PX1 .

❚♦ +❤♠❡3♦ X0 ♣.♦❦6♣-❡✐ ❛♣1 -♦ +❤♠❡3♦ X1 ♠❡ ❣❡✇♠❡-.✐❦➔ ❛♥-✐+-.♦❢➔ +-♦♥ ❦6❦❧♦ ♠❡ ❦9♥-.♦

P ❦❛✐ ❛❦-3♥❛ r✳

❊❼♥ ε1 ❡3♥❛✐ ❡✉❥❡3❛ -♦✉ ❡♣✐♣9❞♦✉ ♣♦✉ ❞❡♥ ♣❡.♥❼❡✐ ❛♣1 -♦ +❤♠❡3♦ P ✱ ✉♣❼.$❡✐ ♠♦♥❛❞✐❦1

+❤♠❡3♦ X1 -9-♦✐♦ ➳+-❡ ε1 ❡3♥❛✐ ❤ ♣♦❧✐❦➔ ❡✉❥❡3❛ -♦✉ X1✳ ❚♦ +❤♠❡3♦ X1 ♦♥♦♠❼③❡-❛✐ ♣%❧♦❝

-❤❝ ❡✉❥❡3❛❝ ε1 ✇❝ ♣.♦❝ -♦♥ ❦6❦❧♦ K✳

❙✉❣❦.3♥♦♥-❛❝ -❤♥ ❡①3+✇+❤ Ax + By + C = 0 -❤❝ ❡✉❥❡3❛❝ ε1 ♠❡ -❤♥ ❡①3+✇+❤ ✹✳✶✶ -❤❝

♣♦❧✐❦➔❝ -♦✉ +❤♠❡3♦✉ X1✱ ❜❧9♣♦✉♠❡ ♦-✐

λA = x1 − p , λB = y1 − q , −λC = p(x1 − p) + q(y1 − q) + r2 .

✬❆.❛ λ(Ap+Bq + C) = −r2✳
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❙#➔♠❛ ✹✳✺✿ *+❧♦✐ ❦❛✐ ♣♦❧✐❦1❝ ❡✉❥❡6❡❝✳

 !"#❛%❤ ✹✳✺ ❊❼♥ ❤ ❡✉❥❡'❛ ε1 )*❡✐ ❡①'-✇-❤ Ax + By + C = 0✱ ♦ ♣2❧♦❝ X1 5❤❝ ε1 ✇❝

♣6♦❝ 5♦♥ ❦8❦❧♦ K : (x− p)2 + (y − q)2 = r2 )*❡✐ -✉♥5❡5❛❣♠)♥❡❝

x1 = p− Ar2

Ap+Bq + C
, y1 = q − Br2

Ap+Bq + C
.


