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▼❡"❛$%❤♠❛"✐$♠♦* Möbius "♦✉ ♠✐❣❛❞✐❦♦/ ❡♣✐♣1❞♦✉

❖✐ ♠❡'❛)*❤♠❛'✐)♠♦- Möbius ❡-♥❛✐ ♠-❛ ♦✐❦♦❣1♥❡✐❛ ❛♣❡✐❦♦♥-)❡✇♥ ❛♣4 '♦ ♠✐❣❛❞✐❦4 ❡♣-♣❡❞♦ )'♦

♠✐❣❛❞✐❦4 ❡♣-♣❡❞♦ ♣♦✉ ♣❡7✐❧❛♠❜❼♥♦✉♥ '♦✉❝ ❡✉❦❧❡-❞❡✐♦✉❝ ♠❡'❛)*❤♠❛'✐)♠♦<❝ ❦❛✐ '✐❝ ❛♥'✐)'7♦❢1❝✳

❊❞➳ ❥❛ ♣❡7✐♦7✐)'♦<♠❡ )'♦✉❝ ♠❡'❛)*❤♠❛'✐)♠♦<❝ Möbius ♣♦✉ ❞✐❛'❤7♦<♥ '♦♥ ♣7♦)❛♥❛'♦❧✐)♠4

'♦✉ ❡♣✐♣1❞♦✉✱ ❞❤❧❛❞➔ '♦ ♣74)❤♠♦ '❤❝ ❣✇♥-❛❝ ♣❡7✐)'7♦❢➔❝✳

❖!✐#♠%❝ ✸✳✸✳ ✬❊♥❛❝ ♠❡*❛#,❤♠❛*✐#♠%❝ Möbius ❡-♥❛✐ ♠-❛ )✉♥❼7'❤)❤ '❤❝ ♠♦7❢➔❝

f(z) =
az + b

cz + d
, 4♣♦✉ a, b, c, d ∈ C, ❦❛✐ ad− bc 6= 0 .

❖ ♣❡7✐♦7✐)♠4❝ ad− bc 6= 0 *7❡✐❼③❡'❛✐ ❣✐❛ ♥❛ ❡①❛)❢❛❧-)♦✉♠❡ ♦'✐ ❤ f ❞❡♥ ❡-♥❛✐ ♠-❛ )'❛❥❡7➔

)✉♥❼7'❤)❤✳ ●✐❛ ♣❛7❼❞❡✐❣♠❛✱ ❡❼♥ ad − bc = 0 ❦❛✐ cd 6= 0✱ '4'❡ a
c = b

d ✱ ❦❛✐ ❣✐❛ ❦❼❥❡ z ∈ C✱

az+b
cz+d = a

c ✳ ▼❡ ❛✉'4♥ '♦♥ ♣❡7✐♦7✐)♠4✱ ❡❼♥ c 6= 0 ❤ )✉♥❼7'❤)❤ f ♦7-③❡'❛✐ ❣✐❛ ❦❼❥❡ ♠✐❣❛❞✐❦4

❛7✐❥♠4 ❡❦'4❝ ❛♣4 '♦♥ −d
c ✱ ❦❛✐ ♣❛-7♥❡✐ '✐♠1❝ )❡ 4❧♦ '♦ ♠✐❣❛❞✐❦4 ❡♣-♣❡❞♦ ❡❦'4❝ ❛♣4 '♦

a
c ✳

❉❤❧❛❞➔ ♦ ♠❡'❛)*❤♠❛'✐)♠4❝ Möbius f(z) = az+b
cz+d ❡-♥❛✐ ♠-❛ ❛♠❢✐♠♦♥♦)➔♠❛♥'❤ ❛♣❡✐❦4♥✐)❤

f : C \ {−d/c} −→ C \ {a/c} .

❊❼♥ c = 0 '4'❡ ❤ f ♦7-③❡'❛✐ )❡ 4❧♦ '♦ ♠✐❣❛❞✐❦4 ❡♣-♣❡❞♦✱ ❦❛✐ ❡-♥❛✐ ♠-❛ ❛♠❢✐♠♦♥♦)➔♠❛♥'❤

❛♣❡✐❦4♥✐)❤ f : C −→ C✳

.❛!❼❞❡✐❣♠❛ ✸✳✶✹ ❍ '❛✉'♦'✐❦➔ ❛♣❡✐❦4♥✐)❤ ❡-♥❛✐ ♠❡'❛)*❤♠❛'✐)♠4❝ Möbius✿ z = 1z+0
0z+1 ✳ ❍

❛♥❛❧✉'✐❦➔ ❛♥'✐)'7♦❢➔ ❡-♥❛✐ ❡♣-)❤❝ ♠❡'❛)*❤♠❛'✐)♠4❝ Möbius✿ 1
z = 0z+1

1z+0 ✳

❉!❛#*❤!✐%*❤*❛ ✸✳✷✺ ●7❼②'❡ '✐❝ ❛❦4❧♦✉❥❡❝ )✉♥❛7'➔)❡✐❝ )'❤ ♠♦7❢➔ f(z) = az+b
cz+d ✱

❣✐❛ ♥❛ ❞❡-①❡'❡ ♦'✐ ❡-♥❛✐ ♠❡'❛)*❤♠❛'✐)♠♦- Möbius✳

❛M. f(z) = 2z ❜M. f(z) = (3 + i)z

❣M. f(z) = z − 4i ❞M. f(z) = 2
3z

❡M. f(z) = 1
3z−i ✝M. f(z) = z

1+z

✬❊♥❛❝ ♠❡'❛)*❤♠❛'✐)♠4❝ Möbius ❡-♥❛✐ ❛♥'✐)'71②✐♠❤ ❛♣❡✐❦4♥✐)❤✿ ❡❼♥ f(z) = w✱ ♠♣♦7♦<♠❡

♥❛ ❡❦❢7❼)♦✉♠❡ '♦ z ✇❝ )✉♥❼7'❤)❤ '♦✉ w✳ ❆♣4 '❤ )*1)❤ w = az+b
cz+d 1*♦✉♠❡

az + b = czw + dw

(−cw + a)z = dw − b

❼7❛ z =
dw − b

−cw + a
.

❑❛'❛❧➔❣♦✉♠❡ ♦'✐ ♦ ♠❡'❛)*❤♠❛'✐)♠4❝ Möbius f(z) = az+b
cz+d 1*❡✐ ❛♥'-)'7♦❢❤ )✉♥❼7'❤)❤

f−1 : C \ {a/c} −→ C \ {−d/c} , f−1(w) =
dw − b

−cw + a
.



❑❡❢❼❧❛✐♦ ✸ ▼✐❣❛❞✐❦♦- ❆/✐❥♠♦- ✶✷✾

❉!❛#$❤!✐'$❤$❛ ✸✳✷✻ ●$❼②'❡ '♦♥ ❛♥',-'$♦❢♦ ♠❡'❛-0❤♠❛'✐-♠3 f−1 ❣✐❛ '♦✉❝ ♠❡✲

'❛-0❤♠❛'✐-♠♦8❝ Möbius '❤❝ ❉$❛-'❤$✐3'❤'❛❝ ✸✳✷✺

❏>❧♦✉♠❡ ♥❛ ❡①❡'❼-♦✉♠❡ '❛ -'❛❥❡$❼ -❤♠❡,❛ ❡♥3❝ ♠❡'❛-0❤♠❛'✐-♠♦8 Möbius✱ ❞❤❧❛❞➔ '♦✉❝

♠✐❣❛❞✐❦♦8❝ ❛$✐❥♠♦8❝ z ❣✐❛ '♦✉❝ ♦♣♦,♦✉❝ f(z) = z✳

❊❼♥ c = 0✱ '3'❡ ad 6= 0✱ ❼$❛ d 6= 0✱ ❦❛✐ ♦ ♠❡'❛-0❤♠❛'✐-♠3❝ Möbius f : C −→ C >0❡✐ '❤

♠♦$❢➔ f(z) = a
dz +

b
d ✳ ❊❼♥ a 6= d✱ ♦ f >0❡✐ >♥❛ -'❛❥❡$3 -❤♠❡,♦✱ '♦ z = b

d−a ✳ ❊❼♥ a = d ❦❛✐

b 6= 0 ♦ f ❞❡♥ >0❡✐ ❦❛♥>♥❛ -'❛❥❡$3 -❤♠❡,♦✳

❊❼♥ c 6= 0✱ ♦ ♠❡'❛-0❤♠❛'✐-♠3❝ f : C \ {−d/c} −→ C \ {a/c} >0❡✐ ❞8♦ -'❛❥❡$❼ -❤♠❡,❛✱ '❛

♦♣♦,❛ ❡,♥❛✐ ♦✐ ❧8-❡✐❝ '❤❝ ❡①,-✇-❤❝ az + b = (cz + d)z✱ ❞❤❧❛❞➔

z =
1

2c

(

a− d+ ((a− d)2 + 4bc)1/2
)

.

,❛!❼❞❡✐❣♠❛ ✸✳✶✺ ❚❛ -'❛❥❡$❼ -❤♠❡,❛ '♦✉ ♠❡'❛-0❤♠❛'✐-♠♦8 Möbius f(z) = z+1
z−2 ❡,♥❛✐ ♦✐

❧8-❡✐❝ '❤❝ ❡①,-✇-❤❝ z2 − 3z − 1 = 0✱ ❞❤❧❛❞➔ z = 3
2 +

√
13
2 ❦❛✐ z = 3

2 −
√
13
2 ✳

❉!❛#$❤!✐'$❤$❛ ✸✳✷✼ ❇$❡,'❡ '❛ -'❛❥❡$❼ -❤♠❡,❛ '✇♥ ♠❡'❛-0❤♠❛'✐-♠➳♥ Möbius

❛L. f(z) = (3 + i)z ❜L. f(z) = z
1+z

❣L. f(z) = 1
3z−i ❞L. f(z) = 2z−i

z+1−i

❖✐ ♠❡'❛-0❤♠❛'✐-♠♦, Möbius ❛♣❡✐❦♦♥,③♦✉♥ ❦8❦❧♦✉❝ -❡ ❦8❦❧♦✉❝ ➔ -❡ ❡✉❥❡,❡❝✱ ❦❛✐ ❡✉❥❡,❡❝

-❡ ❦8❦❧♦✉❝ ➔ -❡ ❡✉❥❡,❡❝✳

,❛!❼❞❡✐❣♠❛ ✸✳✶✻ ❏>❧♦✉♠❡ ♥❛ ❜$♦8♠❡ '❤♥ ❡✐❦3♥❛ '♦✉ ♠♦♥❛❞✐❛7♦✉ ❦:❦❧♦✉✱ ❞❤❧❛❞➔

'♦✉ ❦8❦❧♦✉ ♠❡ ❦>♥'$♦ 0 ❦❛✐ ❛❦',♥❛ 1✱ S = {z ∈ C : |z| = 1}✱ ❛♣3 '♦ ♠❡'❛-0❤♠❛'✐-♠3 Möbius

f(z) = z+1
z−2 ✳ ❊❼♥ ♦ ♠✐❣❛❞✐❦3❝ ❛$✐❥♠3❝ w = z+1

z−2 ❛♥➔❦❡✐ -'♦ -✉♥♦❧♦ f(S)✱ '3'❡ ♦ f−1(w) ∈ S✳

❯♣♦❧♦❣,③♦✉♠❡ '❤♥ ❛♥',-'$♦❢❤ -✉♥❼$'❤-❤✿ ❛❢♦8 w(z−2) = z+1✱ >0♦✉♠❡ z(w−1) = 2w+1

❦❛✐

f−1(w) = z =
2w + 1

w − 1
. ✭✸✳✷✺✮

✬❆$❛ ❤ ❡✐❦3♥❛ f(S) ❛♣♦'❡❧❡,'❛✐ ❛♣♦ '♦✉❝ ♠✐❣❛❞✐❦♦8❝ ❛$✐❥♠♦8❝ w ❣✐❛ '♦✉❝ ♦♣♦,♦✉❝ |f−1(w)| =

1✱ ❞❤❧❛❞➔
∣

∣

∣

∣

2w + 1

w − 1

∣

∣

∣

∣

= 1 .

❆❢♦8 |z|2 = zz̄✱ ✉②➳♥♦✉♠❡ -'♦ '❡'$❼❣✇♥♦ ❦❛✐ >0♦✉♠❡

(2w + 1)(2w̄ + 1) = (w − 1)(w̄ − 1) ,

❛♣✢ 3♣♦✉ ❜$,-❦♦✉♠❡ ww̄+w+w̄ = 0✳ W$♦-❥>'♦✉♠❡ 1 ❦❛✐ -'✐❝ ❞8♦ ♣❧❡✉$>❝✱ ♣❛$❛❣♦♥'♦♣♦✐♦8♠❡

❦❛✐ ❜$,-❦♦✉♠❡

(w + 1)(w̄ + 1) = 1 ,

❞❤❧❛❞➔ '❤♥ ❡①,-✇-❤ '♦✉ ❦8❦❧♦✉ ♠❡ ❦>♥'$♦ −1 ❦❛✐ ❛❦',♥❛ 1✳ ✬❆$❛ ❤ ❡✐❦3♥❛ f(S) ❡,♥❛✐ ♦ ❦8❦❧♦❝

♠❡ ❦>♥'$♦ −1 ❦❛✐ ❛❦',♥❛ 1✳



✶✸✵ ❊♣"♣❡❞♦ ❦❛✐ ◗➳+♦❝

❑❛%&♣✐♥ ❥+❧♦✉♠❡ ♥❛ ❜2♦3♠❡ %❤♥ ❡✐❦&♥❛ %♦✉ ❢❛♥%❛7%✐❦♦3 ❼①♦♥❛ iR✱ ♠❡ ❡①;7✇7❤ z+z̄ = 0 ❛♣&

%♦ ♠❡%❛7=❤♠❛%✐7♠& f ✳ ❖ ♠✐❣❛❞✐❦&❝ ❛2✐❥♠&❝ w ❥❛ ❛♥➔❦❡✐ 7%❤♥ ❡✐❦&♥❛ f(iR) ❡❼♥ f−1(w) ∈ iR✱

❞❤❧❛❞➔ ❡❼♥ f−1(w) + f−1(w) = 0✳ ❆♥%✐❦❛❥✐7%➳♥%❛❝ ❛♣& %❤♥ ✸✳✷✺ ❜2;7❦♦✉♠❡ %❤♥ ❡①;7✇7❤

%♦✉ 7✉♥&❧♦✉ f(iR)✱

(2w + 1)(w̄ − 1) = −(2w̄ + 1)(w − 1) ,

❤ ♦♣♦;❛ ❣;♥❡%❛✐ ❞✐❛❞♦=✐❦❼

4ww̄ − w − w̄ = 2

ww̄ −
1

4
w −

1

4
w̄ +

1

16
−

1

16
=

1

2
(

w −
1

4

)(

w̄ −
1

4

)

=
9

16
.

✬❆2❛ ❤ ❡✐❦&♥❛ %♦✉ ❢❛♥%❛7%✐❦♦3 ❼①♦♥❛ ❛♣& %♦ ♠❡%❛7=❤♠❛%✐7♠& f ❡;♥❛✐ ♦ ❦3❦❧♦❝ ♠❡ ❦+♥%2♦

1
4

❦❛✐ ❛❦%;♥❛

3
4 ✳

 ❛"❼❞❡✐❣♠❛ ✸✳✶✼ ❏❛ ❜2♦3♠❡ %❤♥ ❡✐❦&♥❛ %♦✉ ❦3❦❧♦✉ C✱ ♠❡ ❦+♥%2♦ i ❦❛✐ ❛❦%;♥❛ 1✱ ❛♣& %♦

♠❡%❛7=❤♠❛%✐7♠& f(z) = 2z−1
z+1−i ✳ ❆2=✐❦❼ ❜2;7❦♦✉♠❡ %♦♥ ❛♥%;7%2♦❢♦✱ f−1(w) = (1−i)w+1

−w+2 ✳ ✬❆2❛

w ❜2;7❦❡%❛✐ 7%❤♥ ❡✐❦&♥❛ %♦✉ ❦3❦❧♦✉ ❡❼♥

∣

∣

∣

∣

(1− i)w + 1

−w + 2
− i

∣

∣

∣

∣

= 1 ,

♣♦✉ ❣;♥❡%❛✐ |w + 1 − 2i| = |w − 2|✳ ❉❤❧❛❞➔ ❤ ❡✐❦&♥❛ f(C) ❡;♥❛✐ ♠;❛ ❡✉❥❡;❛✱ ❤ ♠❡7♦❦❼❥❡%♦❝

%✇♥ 7❤♠❡;✇♥ 2 ❦❛✐ −1 + 2i✳

❆❢♦3 ❤ ❛♣❡✐❦&♥✐7❤ f ❡;♥❛✐ 7✉♥❡=➔❝✱ %♦ ❡7✇%❡2✐❦& %♦✉ ❦3❦❧♦✉ C ❛♣❡✐❦♦♥;③❡%❛✐ 7%♦ +♥❛

❛♣& %❛ ❞3♦ ❤♠✐❡♣;♣❡❞❛ ♣♦✉ ♦2;③❡✐ ❤ ❡✉❥❡;❛ f(C)✳ ●✐❛ ♥❛ ❜2♦3♠❡ 7❡ ♣♦✐&✱ ❛2❦❡; ♥❛ ❡❧+❣①♦✉♠❡

+♥❛ 7❤♠❡;♦✱ ❣✐❛ ♣❛2❼❞❡✐❣♠❛ %❤♥ ❡✐❦&♥❛ %♦✉ ❦+♥%2♦✉ %♦✉ ❦3❦❧♦✉✱ f(i) = 2i−1
i+1−i = 2i− 1✳ ✬❆2❛

%♦ ❡7✇%❡2✐❦& %♦✉ ❦3❦❧♦✉ ❛♣❡✐❦♦♥;③❡%❛✐ 7%♦ ❤♠✐❡♣;♣❡❞♦ |w + 1− 2i| < |w − 2|✳

❉"❛./❤"✐1/❤/❛ ✸✳✷✽ ❉❡;①%❡ ♦%✐ ♦ ♠❡%❛7=❤♠❛%✐7♠&❝ Möbius f(z) = z+1
z−2 ❛♣❡✐❦♦✲

♥;③❡✐ %♦♥ ❦3❦❧♦ |z − 1
2 | =

3
2 7%♦♥ ❢❛♥%❛7%✐❦& ❼①♦♥❛✳

❍ ♠✐❣❛❞✐❦➔ ❡❦❥❡*✐❦➔ +✉♥❼/*❤+❤

❏❡✇2♦3♠❡ %♦✉❝ ❛2✐❥♠♦3❝ t+ iϑ ❦❛✐ s+ iϕ✱ ❦❛❥➳❝ ❦❛✐ %♦✉❝ et(cosϑ+ i sinϑ) ❦❛✐ es(cosϕ+

i sinϕ)✳ N❛2❛%❤2♦3♠❡ ♦%✐

et(cosϑ+ i sinϑ) · es(cosϕ+ i sinϕ) = et+s (cos(ϑ+ ϕ) + sin i(ϑ+ ϕ))

❦❛✐

[

et(cosϑ+ i sinϑ)
]n

= ent (cos(nϑ) + i sin(nϑ)) ,

❞❤❧❛❞➔ ♦%✐ ❤ ❛♥%✐7%♦;=✐7❤

t+ iϑ 7→ et(cosϑ+ i sinϑ)



❑❡❢❼❧❛✐♦ ✸ ▼✐❣❛❞✐❦♦- ❆/✐❥♠♦- ✶✸✶

"#❡✐ &✐❝ ✐❞✐)&❤&❡❝ &❤❝ ❡❦❥❡&✐❦➔❝ .✉♥❼2&❤.❤❝✱ ♥❛ ❛♣❡✐❦♦♥7③❡✐ ❛❥2♦7.♠❛&❛ .❡ ❣✐♥)♠❡♥❛ ❦❛✐ ❛❦"✲

2❛✐❛ ♣♦❧❧❛♣❧❼.✐❛ .❡ ❞✉♥❼♠❡✐❝✳

▼❡ ❜❼.❤ ❛✉&➔ &❤♥ ♣❛2❛&➔2❤.❤ ❥❛ ♦27.♦✉♠❡ &❤ ♠✐❣❛❞✐❦➔ ❡❦❥❡)✐❦➔ *✉♥❼.)❤*❤

exp(z) = et+iϑ = et(cosϑ+ i sinϑ) ,

➔

exp(z) = ez = eRe (z) (cos(Im z) + i sin(Im z)) .

❍ .✉♥❼2&❤.❤ exp : z 7→ ez "#❡✐ ♣❡❞7♦ ♦2✐.♠♦A )❧♦ &♦ C✱ ❦❛✐ .A♥♦❧♦ &✐♠➳♥ )❧♦✉❝ &♦✉❝ ♠❤

♠❤❞❡♥✐❦♦A❝ ♠✐❣❛❞✐❦♦A❝ ❛2✐❥♠♦A❝✳ ❙✉♥❡♣➳❝ ❦❼❥❡ ♠❤ ♠❤❞❡♥✐❦)❝ ♠✐❣❛❞✐❦)❝ ❛2✐❥♠)❝ ♠♣♦2❡7 ♥❛

❡❦❢2❛.&❡7 .❡ ❡❦❥❡)✐❦➔ ♠♦.❢➔

z = elog |z|+iArg z .

❍ ❡❦❥❡&✐❦➔ ♠♦2❢➔ ♠♣♦2❡7 ♥❛ ❥❡✇2❤❥❡7 ❦❛✐ ✇❝ .✉♥&♦♠)&❡2♦❝ &2)♣♦❝ ❣2❛❢➔❝ &❤❝ &2✐❣✇♥♦♠❡✲

&2✐❦➔❝ ♠♦2❢➔❝✱ ❛❢♦A

et(cosϑ+ i sinϑ) = et+iϑ .

❉.❛*)❤.✐3)❤)❛ ✸✳✷✾ ●2❼②&❡ &♦✉❝ ❛❦)❧♦✉❥♦✉❝ ❛2✐❥♠♦A❝ .&❤ ♠♦2❢➔ a + bi ❣✐❛

a, b ∈ R✳

❛H. eiπ/3 ❜H. e−iπ/3

❣H. elog 3+iπ
❞H. e

1

2
+5iπ

❡H. e2−
3iπ

4
✝H. e2+

3iπ

4

❍ ❡❦❥❡&✐❦➔ .✉♥❼2&❤.❤ ❛♣❡✐❦♦♥7③❡✐ &❤♥ ❡✉❥❡7❛ z−z̄ = 2iϑ✱ ❞❤❧❛❞➔ &♦ .A♥♦❧♦ &✇♥ ♠✐❣❛❞✐❦➳♥

❛2✐❥♠➳♥ ♠❡ ❢❛♥&❛.&✐❦) ♠"2♦❝ 7.♦ ♠❡ ϑ✱ .&❤♥ ❤♠✐❡✉❥❡7❛ ❛♣) &♦ 0 ♣♦✉ .#❤♠❛&7③❡✐ ❣✇♥7❛ ϑ ♠❡

&♦ ❥❡&✐❦) ♣2❛❣♠❛&✐❦) ❤♠✐❼①♦♥❛✱ ❙#"❞✐♦ ✸✳✶✵✳ ●✐❛ t > 0✱ ♦ ♠✐❣❛❞✐❦)❝ ❛2✐❥♠)❝ et+iϑ
❜27.❦❡&❛✐

.&♦ ♠"2♦❝ ❛✉&➔❝ &❤❝ ❤♠✐❡✉❥❡7❛❝ ♣♦✉ ❡7♥❛✐ "①✇ ❛♣) &♦ ♠♦♥❛❞✐❛7♦ ❦A❦❧♦✳ ●✐❛ t = 0✱ ♦ ♠✐❣❛❞✐❦)❝

❛2✐❥♠)❝ eiϑ ❜27.❦❡&❛✐ ♣❼♥✇ .&♦ ♠♦♥❛❞✐❛7♦ ❦A❦❧♦✳ ❊♥➳ ❣✐❛ t < 0✱ ♦ ♠✐❣❛❞✐❦)❝ ❛2✐❥♠)❝ et+iϑ

❜27.❦❡&❛✐ .&♦ ♠"2♦❝ ❛✉&➔❝ &❤❝ ❤♠✐❡✉❥❡7❛❝ ♣♦✉ ❡7♥❛✐ .&♦ ❡.✇&❡2✐❦) &♦✉ ♠♦♥❛❞✐❛7♦✉ ❦A❦❧♦✉✳

❙#➔♠❛ ✸✳✶✵✿ ❍ ❡✐❦)♥❛ &❤❝ ❡✉❥❡7❛❝ z − z̄ = 2iϑ✳



✶✸✷ ❊♣"♣❡❞♦ ❦❛✐ ◗➳+♦❝

❊❼♥ ϑ− ϕ = 2kπ✱ ❣✐❛ ❦❼♣♦✐♦ k ∈ Z✱ -.-❡

et+iϑ = et(cosϑ+ i sinϑ) = et(cosϕ+ i sinϕ) = et+iϕ .

❚♦ 12♥♦❧♦ {z ∈ C : 0 ≤ Im z < 2π}✱ ❞❤❧❛❞➔ ❤ ❧✇89❞❛ 1-♦ ♠✐❣❛❞✐❦. ❡♣9♣❡❞♦ ♠❡-❛①2 -❤❝

♣8❛❣♠❛-✐❦➔❝ ❡✉❥❡9❛❝ ✭♣♦✉ ❛♥➔❦❡✐ 1-♦ 12♥♦❧♦✮ ❦❛✐ -❤❝ ❡✉❥❡9❛❝ Im z = 2π ✭♣♦✉ ❞❡♥ ❛♥➔❦❡✐ 1-♦

12♥♦❧♦✮ ❛♣❡✐❦♦♥9③❡-❛✐ 1❡ .❧♦ -♦ ♠✐❣❛❞✐❦. ❡♣9♣❡❞♦✱ ❡❦-.❝ ❛♣. -♦ 0✳ ❚♦ 9❞✐♦ ✐1C2❡✐ ❣✐❛ ❦❼❥❡

♦8✐③.♥-✐❛ ❧✇89❞❛ ♠❡ ♣❧❼-♦❝ 2π ♣♦✉ ♣❡8✐❧❛♠❜❼♥❡✐ -❤ ♠9❛ ❛♣. -✐❝ ❞2♦ ❡✉❥❡9❡❝ ♣♦✉ ❛♣♦-❡❧♦2♥ -♦

12♥♦8. -❤❝✳ ❙-♦ ❙C➔♠❛ ✸✳✶✶ -F-♦✐❡❝ ❧✇89❞❡❝ ❡9♥❛✐✱ ❣✐❛ ♣❛8❼❞❡✐❣♠❛✱ ♦✐ {t+ iϑ : 0 ≤ ϑ < 0}✱

{t+ iϑ : −π ≤ ϑ < π} ❦❛✐ {t+ iϑ : −π
2 ≤ ϑ < 3π

2 }✳ G8♦1F①-❡ -✐❝ ♣❡8✐♦CF❝ ✶✱ ✷✱ ✸✱ ✹ ❦❛✐ ✶✬✱

✷✬✱ ✸✬✱ ✹✬ ❦❼❥❡ ❧✇89❞❛❝✱ ♣♦✉ ❛♣❡✐❦♦♥9③♦♥-❛✐ 1-✐❝ ❛♥-91-♦✐C❡❝ ♣❡8✐♦CF❝ -♦✉ ❡1✇-❡8✐❦♦2 ➔ -♦✉

❡①✇-❡8✐❦♦2 -♦✉ ♠♦♥❛❞✐❛9♦✉ ❦2❦❧♦✉✳

❙C➔♠❛ ✸✳✶✶✿ ❍ ♠✐❣❛❞✐❦➔ ❡❦❥❡-✐❦➔ 1✉♥❼8-❤1❤✳

▼♣♦8♦2♠❡ ♥❛ ❢❛♥-❛1-♦2♠❡ ♦-✐ ❤ ♠✐❣❛❞✐❦➔ ❡❦❥❡-✐❦➔ 1✉♥❼8-❤1❤ -✉❧9❣❡✐ -❤ ❧✇89❞❛ {z ∈ C :

0 ≤ Im z < 2π} ➳1-❡ ♥❛ 1C❤♠❛-✐1-❡9 F♥❛❝ ❦2❧✐♥❞8♦❝✱ 1-❤ 1✉♥FC❡✐❛ -✉❧9❣❡✐ .❧♦ -♦ ♠✐❣❛❞✐❦.

❡♣9♣❡❞♦ ❼♣❡✐8❡❝ ❢♦8F❝ ❣28✇ ❛♣. ❛✉-.♥ -♦♥ ❦2❧✐♥❞8♦✱ ❦❛✐ -F❧♦❝ ❛♥♦9❣❡✐ -♦♥ ❦2❧✐♥❞8♦ ♣❼♥✇

1-♦ ❡♣9♣❡❞♦ ✭C✇89❝ -♦ ✵✦✮ .♣✇❝ ❛♥♦9❣❡✐ ♠9❛ ♦♠♣8F❧❛✳

❉!❛#$❤!✐'$❤$❛ ✸✳✸✵ ❉❡9①-❡ ♦-✐ ❤ ❡❦❥❡-✐❦➔ 1✉♥❼8-❤1❤ ❛♣❡✐❦♦♥9③❡✐ -❤♥ ❡✉❥❡9❛

Re z = 2 1-♦♥ ❦2❦❧♦ |w| = e2✳

❉❡9①-❡ ♦-✐ ❤ ❡❦❥❡-✐❦➔ 1✉♥❼8-❤1❤ ❛♣❡✐❦♦♥9③❡✐ -❤♥ ❡✉❥❡9❛ Im z = π/4 1-❤♥ ❤♠✐❡✉❥❡9❛

w = t(1 + i)✱ ❣✐❛ t > 0✳

❙✉♥♦②9③♦✉♠❡ -✐❝ ✐❞✐.-❤-❡❝ -❤❝ ♠✐❣❛❞✐❦➔❝ ❡❦❥❡-✐❦➔❝ 1✉♥❼8-❤1❤❝ 1-❤♥ ❛❦.❧♦✉❥❤ G8.-❛1❤✳
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 !"#❛%❤ ✸✳✾ ❍ ♠✐❣❛❞✐❦➔ ❡❦❥❡*✐❦➔ +✉♥❼/*❤+❤ exp : C −→ C✱

exp(z) = ez = eRe (z)(cos Im (z) + i sin Im (z)) ,

23❡✐ *✐❝ ✐❞✐5*❤*❡❝

❛6✳ ez ew = ez+w
✱

❜6✳ (ez)n = enz✱

❣6✳ ez+2kπi = ez✱

❞6✳ (ez)−1 = e−z✱

❡6✳ ez̄ = ez✱

✝6✳ |ez| = eRe z
❦❛✐ Arg (ez) ≡ Im z✳


