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❉✐❼❧❡①❤ ✶✸

❑!❦❧♦❝ &'♦ ♠✐❣❛❞✐❦- ❡♣0♣❡❞♦

❖ ❦%❦❧♦❝ ♠❡ ❦+♥-.♦ -♦ /❤♠❡1♦ ♠❡ /✉♥-❡-❛❣♠+♥❡❝ (u, v) ❦❛✐ ❛❦-1♥❛ r > 0 ❛♣♦-❡❧❡1-❛✐ ❛♣7

7❧❛ -❛ /❤♠❡1❛ ♠❡ /✉♥-❡-❛❣♠+♥❡❝ (x, y) ♣♦✉ ❛♣+8♦✉♥ r ❛♣7 -♦ /❤♠❡1♦ (u, v)✱ ❞❤❧❛❞➔ ♣♦✉

✐❦❛♥♦♣♦✐♦%♥ -❤♥ ❡①1/✇/❤

(x− u)2 + (y − v)2 = r2 . ✭✸✳✶✽✮

❙-♦ ♠✐❣❛❞✐❦7 ❡♣1♣❡❞♦ ♦ ❦%❦❧♦❝ ♠❡ ❦+♥-.♦ w = u+ vi ❦❛✐ ❛❦-1♥❛ r > 0 ❛♣♦-❡❧❡1-❛✐ ❛♣7 -❛

/❤♠❡1❛ z ♣♦✉ ✐❦❛♥♦♣♦✐♦%♥ -❤♥ ❡①1/✇/❤ |z − w| = r✱ ❞❤❧❛❞➔

(z − w)(z̄ − w̄) = r2 . ✭✸✳✶✾✮

❉!❛#$❤!✐'$❤$❛ ✸✳✷✶ ❉❡1①-❡ ♦-✐ ❡❼♥ ❛♥-✐❦❛-❛/-➔/❡-❡ z = x+ yi ❦❛✐ w = u+ vi

/-❤♥ ✸✳✶✾ ♣❛1.♥❡-❡ -❤♥ ✸✳✶✽✳

❏❛ ❞♦%♠❡ ♠1❛ ❼❧❧❤ ♣❡.✐❣.❛❢➔ -♦✉ ❦%❦❧♦✉ /-♦ ♠✐❣❛❞✐❦7 ❡♣1♣❡❞♦✳ ❏❡✇.♦%♠❡ -♦ ❣❡✇♠❡-.✐❦7

-7♣♦ -✇♥ /❤♠❡1✇♥ z -✇♥ ♦♣♦1✇♥ ♦✐ ❛♣♦/-❼/❡✐❝ ❛♣7 ❞%♦ /❤♠❡1❛ w1 ❦❛✐ w2 +8♦✉♥ /-❛❥❡.7 ❧7❣♦

λ✳ ❊❼♥ λ = 1 +8♦✉♠❡ -♦ ❣❡✇♠❡-.✐❦7 -7♣♦ -✇♥ /❤♠❡1✇♥ ♣♦✉ ✐/❛♣+8♦✉♥ ❛♣7 -❛ ❞%♦ /❤♠❡1❛✱

❞❤❧❛❞➔ -❤ ♠❡/♦❦❼❥❡-♦ -✇♥ /❤♠❡1✇♥ w1 ❦❛✐ w2✳ ❏❛ ❡①❡-❼/♦✉♠❡ -✐ /✉♠❜❛1♥❡✐ 7-❛♥ λ 6= 1✳

❏❡✇.♦%♠❡ ❞%♦ /-❛❥❡.❼ /❤♠❡1❛ w1 ❦❛✐ w2 -♦✉ ♠✐❣❛❞✐❦♦% ❡♣✐♣+❞♦✉ ❦❛✐ ❡①❡-❼③♦✉♠❡ -♦ ❣❡✇✲

♠❡-.✐❦7 -7♣♦ -✇♥ /❤♠❡1✇♥ z -♦✉ ♠✐❣❛❞✐❦♦% ❡♣✐♣+❞♦✉✱ -❛ ♦♣♦1❛ ✐❦❛♥♦♣♦✐♦%♥ -❤♥ ❡①1/✇/❤

|z − w1| = λ|z − w2|, λ > 0, λ 6= 1 . ✭✸✳✷✵✮

❊①❡-❼③♦✉♠❡ ♣.➳-❛ -❛ /❤♠❡1❛ z -❛ ♦♣♦1❛ ✐❦❛♥♦♣♦✐♦%♥ -❤♥ ❡①1/✇/❤ ❦❛✐ ❜.1/❦♦♥-❛✐ ♣❼♥✇

/-❤♥ ❡✉❥❡1❛ ❤ ♦♣♦1❛ /✉♥❞+❡✐ -❛ w1w2✳ ❯♣❼.8♦✉♥ ❞%♦ -+-♦✐❛ /❤♠❡1❛✱ +♥❛ /❤♠❡1♦ p ♣♦✉ ❞✐❛✐.❡1

✭❡/✇-❡.✐❦❼✮ -♦ ❞✐❼/-❤♠❛ w1w2 /❡ ❛♣❧7 ❧7❣♦ λ✱ ❦❛✐ +♥❛ ❞❡%-❡.♦ p′ ♣♦✉ ❞✐❛✐.❡1 ✭❡①✇-❡.✐❦❼✮

-♦ ❞✐❼/-❤♠❛ w1w2 /❡ ❛♣❧7 ❧7❣♦ −λ✳

▼❡ -♦ /✉♠❜♦❧✐/♠7 -♦✉ ❛♣❧♦% ❧7❣♦✉✱ ❑❡❢❼❧❛✐♦ ✶✱ /❡❧✳ ✷✵✱

(w1, w2, p) =
p− w1

w2 − p
,

❦❛✐ +8♦✉♠❡

p− w1

w2 − p
= λ = −

p′ − w1

w2 − p′
.

▲%♥♦♥-❛❝ ✇❝ ♣.♦❝ p ❦❛✐ p′✱

p =
w1 + λw2

1 + λ
, p′ =

w1 − λw2

1− λ
.

S❛.❛-❤.♦%♠❡ ♦-✐ ❡❼♥ +♥❛ /❤♠❡1♦ z ✐❦❛♥♦♣♦✐❡1 -❤ /8+/❤ |z − w1| = λ|z − w2|✱ -7-❡ -♦ /✉♠✲

♠❡-.✐❦7 -♦✉ z ✇❝ ♣.♦❝ -❤♥ ❡✉❥❡1❛ ♣♦✉ ❞✐+.8❡-❛✐ ❛♣7 -❛ w1, w2 ❡♣1/❤❝ ✐❦❛♥♦♣♦✐❡1 -❤ /8+/❤✳

❆✉-➔ ❤ ♣❛.❛-➔.❤/❤ ♠❛❝ ♦❞❤❣❡1 ♥❛ ❡①❡-❼/♦✉♠❡ -❤♥ ✉♣7❥❡/❤ ♦-✐ -♦ /%♥♦❧♦ -✇♥ /❤♠❡1✇♥ ♣♦✉



✶✷✹ ❊♣"♣❡❞♦ ❦❛✐ ◗➳+♦❝

❙$➔♠❛ ✸✳✾✿ ❖ ❣❡✇♠❡01✐❦4❝ 04♣♦❝ 0❤❝ ❡①:;✇;❤❝ |z − w1| = 2|z − w2|✳

✐❦❛♥♦♣♦✐♦=♥ 0❤♥ ❡①:;✇;❤ ✸✳✷✵ ❜1:;❦❡0❛✐ ;❡ @♥❛♥ ❦=❦❧♦✱ ♠❡ ❞✐❼♠❡01♦ 0♦ ❡✉❥=❣1❛♠♠♦ 0♠➔♠❛

♣♦✉ ;✉♥❞@❡✐ 0❛ ;❤♠❡:❛ p ❦❛✐ p′✳ ❊❼♥ ❛❧❤❥❡=❡✐ ❛✉04✱ 0♦ ❦@♥01♦ 0♦✉ ❦=❦❧♦✉ ❥❛ ❡:♥❛✐ 0♦ ♠@;♦

0♦✉ ❞✐❛;0➔♠❛0♦❝ ❛♣4 0♦ p ;0♦ p′✱

c =
p+ p′

2

=
(w1 + λw2)(1− λ) + (w1 − λw2)(1 + λ)

2(1− λ2)

=
w1 − λ2w2

1− λ2
, ✭✸✳✷✶✮

❦❛✐ ❤ ❛❦0:♥❛ 0♦✉ ❥❛ ❡:♥❛✐

r =
|p− p′|

2

=
|(w1 − λw2)(1− λ)− (w1 − λw2)(1 + λ)|

2|1− λ2|

=
λ|w1 − w2|

|1− λ2|
. ✭✸✳✷✷✮

❍ ❡①:;✇;❤ 0♦✉ ❦=❦❧♦✉ ♠❡ ❦@♥01♦ c ❦❛✐ ❛❦0:♥❛ r ❡:♥❛✐

(z − c)(z̄ − c̄) = r2

❦❛✐ ❛♥0✐❦❛❥✐;0➳♥0❛❝ ❛♣4 0✐❝ ✸✳✷✶✱ ✸✳✷✷✱ @$♦✉♠❡

(

z(1− λ2)− w1 + λ2w2

) (

z̄(1− λ2)− w̄1 + λ2w̄2

)

= λ2(w1 − w2)(w̄1 − w̄2)

❤ ♦♣♦:❛ ❛♣❧♦♣♦✐❡:0❛✐ ;0❤ ♠♦1❢➔

zz̄ − zw̄1 − z̄w1 + w1w̄1 = λ2(zz̄ − zw̄2 − z̄w2 + w2w̄2)
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❞❤❧❛❞➔

|z − w1|
2 = λ2|z − w2|

2 .

❙✉♠♣❡-❛.♥♦✉♠❡ ♦1✐ 1♦ 34♥♦❧♦ 1✇♥ 3❤♠❡.✇♥ 1✇♥ ♦♣♦.✇♥ ♦✐ ❛♣♦31❼3❡✐❝ ❛♣8 ❞♦❥:♥1❛ 3❤♠❡.❛

:;♦✉♥ 31❛❥❡-8 ❧8❣♦ λ 6= 1 ❡.♥❛✐ :♥❛❝ ❦4❦❧♦❝✳

❉!❛#$❤!✐'$❤$❛ ✸✳✷✷ ❇-❡.1❡ 1♦ ❦:♥1-♦ ❦❛✐ 1❤♥ ❛❦1.♥❛ 1✇♥ ❦4❦❧✇♥ ♠❡ ❡①.3✇3❤

|z + 1| = λ|z − 1|✱ ❣✐❛ λ = 2 ❦❛✐ ❣✐❛ λ = 1

2
✳

❍ ♦✐❦♦❣:♥❡✐❛ 1✇♥ ❦4❦❧✇♥ ♠❡ ❡①✐3➳3❡✐❝ |z−w1| = λ|z−w2|✱ ❣✐❛ λ > 0✱ ♦♥♦♠❼③❡1❛✐ ♦✐❦♦❣:✲

♥❡✐❛ ❆♣♦❧❧✇♥.✇♥ ❦4❦❧✇♥✳ G❛-❛1❤-➔31❡ ♦1✐ ♣❡-✐❧❛♠❜❼♥❡✐ ❦❛✐ ♠.❛ ❡✉❥❡.❛✱ 1❤ ♠❡3♦❦❼❥❡1♦ 1✇♥

w1 ❦❛✐ w2✱ ❣✐❛ λ = 1✳ ❙1❤♥ ❡♣8♠❡♥❤ ♣❛-❼❣-❛❢♦ ❥❛ 3✉♥❛♥1➔3♦✉♠❡ ①❛♥❼ ❛✉1➔♥ 1❤ 3✉❣❣:♥❡✐❛

♠❡1❛①4 ❦4❦❧✇♥ ❦❛✐ ❡✉❥❡✐➳♥ 31♦ ♠✐❣❛❞✐❦8 ❡♣.♣❡❞♦✳

❖✐ ❛♣❡✐❦♦♥()❡✐❝ ❛♥+✐)+,♦❢➔❝ )+♦ ♠✐❣❛❞✐❦2 ❡♣(♣❡❞♦

❙1❤♥ ♣-❛❣♠❛1✐❦➔ ❡✉❥❡.❛ R ❤ ❛♣❡✐❦8♥✐3❤ ❛♥1✐31-♦❢➔❝ t 7→ 1/t ❞✐❛1❤-❡. 31❛❥❡-❼ 1❛ 3❤♠❡.❛ 1

❦❛✐ −1 ❦❛✐ ❛♣❡✐❦♦♥.③❡✐ 1❛ 3❤♠❡.❛ 1♦✉ ❞✐❛31➔♠❛1♦❝ (0, 1) 31♦ ❞✐❼31❤♠❛ (1, ∞) ❦❛✐ 1❛ 3❤♠❡.❛

1♦✉ ❞✐❛31➔♠❛1♦❝ (−1, 0) 31♦ ❞✐❼31❤♠❛ (−∞, −1)✱ ❦❛✐ ❛♥1.31-♦❢❛ 1❛ 3❤♠❡.❛ 1♦✉ ❞✐❛31➔♠❛1♦❝

(1, ∞) 31♦ ❞✐❼31❤♠❛ (0, 1) ❦❛✐ 1❛ 3❤♠❡.❛ 1♦✉ ❞✐❛31➔♠❛1♦❝ (−∞, −1) 31♦ ❞✐❼31❤♠❛ (−1, 0)✳

❍ ❛♣❡✐❦8♥✐3❤ ❛♥1✐31-♦❢➔❝ ❞❡♥ ♦-.③❡1❛✐ 31♦ 0✳

❙1♦ ♠✐❣❛❞✐❦8 ❡♣.♣❡❞♦ ❥❛ ❥❡✇-➔3♦✉♠❡ ❞4♦ ❛♣❡✐❦♦♥.3❡✐❝ ❛♥1✐31-♦❢➔❝✱ 1❤♥ z 7→ 1/z✱ 1❤♥

♦♣♦.❛ ❥❛ ♦♥♦♠❼3♦✉♠❡ ❛♥❛❧✉$✐❦➔ ❛♥$✐#$!♦❢➔✱ ❦❛✐ 1❤♥ z 7→ 1/z̄✱ 1❤♥ ♦♣♦.❛ ❥❛ ♦♥♦♠❼3♦✉♠❡

❣❡✇♠❡$!✐❦➔ ❛♥$✐#$!♦❢➔✳ ❑❛✐ ♦✐ ❞4♦ ❛✉1:❝ ❛♣❡✐❦♦♥.3❡✐❝ ♦-.③♦♥1❛✐ 3❡ 8❧♦ 1♦ ♠✐❣❛❞✐❦8

❡♣.♣❡❞♦ ❡❦18❝ ❛♣8 1♦ 0✳

❍ ❛♥❛❧✉1✐❦➔ ❛♥1✐31-♦❢➔ ❛♣❡✐❦♦♥.③❡✐ 1♦ z = r(cosϑ+i sinϑ) 31♦ z−1 = r−1(cosϑ−i sinϑ)✱

❞❤❧❛❞➔ 31♦ 3❤♠❡.♦ 1♦✉ ♦♣♦.♦✉ 1♦ ♠:1-♦ ❡.♥❛✐ 1♦ ❛♥1.31-♦❢♦ 1♦✉ ♠:1-♦✉ 1♦✉ z✱ ❦❛✐ 1♦ 8-✐3♠❛

❡.♥❛✐ 1♦ ❛♥1.❥❡1♦ 1♦✉ ♦-.3♠❛1♦❝ 1♦✉ z✳

❍ ❣❡✇♠❡1-✐❦➔ ❛♥1✐31-♦❢➔ ❛♣❡✐❦♦♥.③❡✐ 1♦ z = r(cosϑ + i sinϑ) 31♦ z̄−1 = r−1(cosϑ +

i sinϑ)✱ ❞❤❧❛❞➔ 31♦ 3❤♠❡.♦ 1♦✉ ♦♣♦.♦✉ 1♦ ♠:1-♦ ❡.♥❛✐ 1♦ ❛♥1.31-♦❢♦ 1♦✉ ♠:1-♦✉ 1♦✉ z✱ ❦❛✐ 1♦

8-✐3♠❛ ❡.♥❛✐ .3♦ ♠❡ 1♦ 8-✐3♠❛ 1♦✉ z✳ ❍ ❣❡✇♠❡1-✐❦➔ ❛♥1✐31-♦❢➔ ❞✐❛1❤-❡. 31❛❥❡-❼ 1❛ 3❤♠❡.❛

31♦ ♠♦♥❛❞✐❛.♦ ❦4❦❧♦ S1
♠❡ ❦:♥1-♦ 31♦ 0✱ ❣✐❛ 1❛ ♦♣♦.❛ |z| = 1✱ ❦❛✐ 31:❧♥❡✐ 1❛ 3❤♠❡.❛ 31♦

❡3✇1❡-✐❦8 1♦✉ S1
3❡ 3❤♠❡.❛ 31♦ ❡①✇1❡-✐❦8 1♦✉ S1

✳

❏❡✇-♦4♠❡ :♥❛ ❦4❦❧♦ ♠❡ ❦:♥1-♦ c ❦❛✐ ❛❦1.♥❛ r✱ 1♦✉ ♦♣♦.♦✉ 1❛ 3❤♠❡.❛ ✐❦❛♥♦♣♦✐♦4♥ 1❤♥

❡①.3✇3❤ |z − c| = r✳ ❏:❧♦✉♠❡ ♥❛ ♣-♦3❞✐♦-.3♦✉♠❡ 1❤♥ ❡✐❦8♥❛ 1♦✉ ❦4❦❧♦✉ ❛♣8 1❤♥ ❛♣❡✐❦8♥✐3❤

f(z) = 1/z✱ ❞❤❧❛❞➔ 1♦ 34♥♦❧♦

{

w ∈ C : w =
1

z
, |z − c| = r

}

=

{

w ∈ C :

∣

∣

∣

∣

1

w
− c

∣

∣

∣

∣

= r

}

.

❆♣8 1❤♥ ❡①.3✇3❤ 1♦✉ ❦4❦❧♦✉ :;♦✉♠❡

(

1

w
− c

)(

1

w̄
− c̄

)

= r2



✶✷✻ ❊♣"♣❡❞♦ ❦❛✐ ◗➳+♦❝

1

ww̄
−

c̄

w
−

c

w̄
+ cc̄ = r2

1− c̄w̄ − cw

ww̄
= r2 − cc̄ .

❊❼♥ r2 − cc̄ 6= 0✱ ❤ ❡①*+✇+❤ ❣*♥❡.❛✐

ww̄ =
r2 − cc̄

(r2 − cc̄)2
−

c̄w̄ + cw

r2 − cc̄
,

.❤♥ ♦♣♦*❛ ❡♣❡①❡3❣❛③5♠❛+.❡ ❣✐❛ ♥❛ ♣❼3♦✉♠❡✱ ❞✐❛❞♦9✐❦❼✱

ww̄ +
c̄w̄

r2 − cc̄
+

cw

r2 − cc̄
+

cc̄

(r2 − cc̄)2
=

r2

(r2 − cc̄)2
(

w −
c̄

cc̄− r2

)(

w̄ −
c

cc̄− r2

)

=
r2

(cc̄− r2)2
∣

∣

∣

∣

w −
c̄

cc̄− r2

∣

∣

∣

∣

=
r

|cc̄− r2|
. ✭✸✳✷✸✮

❉❤❧❛❞➔ .♦ +❤♠❡*♦ w ❜3*+❦❡.❛✐ +❡ ❦C❦❧♦ ♠❡ ❦D♥.3♦

c̄

cc̄−r2
❦❛✐ ❛❦.*♥❛

r

|cc̄−r2|
✳

❊❼♥ r2 − cc̄ = 0✱ ❤ ❡①*+✇+❤ ❣*♥❡.❛✐

cw + c̄w̄ = 1 ✭✸✳✷✹✮

♣♦✉ ❡*♥❛✐ ❤ ❡①*+✇+❤ ♠*❛❝ ❡✉❥❡*❛❝✳

❉!❛#$❤!✐'$❤$❛ ✸✳✷✸ ❉❡*①.❡ ♦.✐ ❤ ❡✉❥❡*❛ ♠❡ ❡①*+✇+❤ ✭✸✳✷✹✮ ♣❡3♥❼❡✐ ❛♣5 .♦ +❤♠❡*♦

1

2c
❦❛✐ ❡*♥❛✐ ❦❼❥❡.❤ ♣3♦❝ .❤♥ ❡✉❥❡*❛ ♣♦✉ ❞✐D39❡.❛✐ ❛♣5 .♦ 0 ❦❛✐ .♦ c̄✳

H❛35♠♦✐❛ ❛♣♦.❡❧D+♠❛.❛ ❜3*+❦♦✉♠❡ ❦❛✐ ❣✐❛ .❤ ❣❡✇♠❡.3✐❦➔ ❛♥.✐+.3♦❢➔ z 7→ 1/z̄✿ ❖ ❦C❦❧♦❝

C : |z − c| = r ❛♣❡✐❦♦♥*③❡.❛✐ +.♦♥ ❦C❦❧♦ ♠❡ ❦D♥.3♦

c

cc̄−r2
❦❛✐ ❛❦.*♥❛

r

|cc̄−r2|
❡❼♥ r2 − cc̄ 6= 0✱

❡♥➳ ❛♣❡✐❦♦♥*③❡.❛✐ +.❤♥ ❡✉❥❡*❛ ♠❡ ❡①*+✇+❤ c̄w + cw̄ = 1 ❡❼♥ r2 − cc̄ = 0✳

❙✉♥♦②*③♦♥.❛❝✱ .5+♦ ❤ ❛♥❛❧✉.✐❦➔ ❛♥.✐+.3♦❢➔ z 7→ 1/z 5+♦ ❦❛✐ ❤ ❣❡✇♠❡.3✐❦➔ ❛♥.✐+.3♦❢➔

z 7→ 1/z̄ ❛♣❡✐❦♦♥*③♦✉♥ .♦♥ ❦C❦❧♦ C

• +❡ ❦C❦❧♦✱ ❡❼♥ 0 6∈ C

• +❡ ❡✉❥❡*❛✱ ❡❼♥ 0 ∈ C✱

❦❛✐ ❛♣❡✐❦♦♥*③❡✐ .❤♥ ❡✉❥❡*❛ ε

• +❡ ❦C❦❧♦✱ ❡❼♥ 0 6∈ ε

• +❡ ❡✉❥❡*❛✱ ❡❼♥ 0 ∈ ε✱
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