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❘!③❡❝ ♣♦❧✉✇♥+♠♦✉ ❜❛❥♠♦+ n✳ ❚♦ ❏❡♠❡❧✐➳❞❡❝ ❏❡➳6❤♠❛

8❤❝ ✬❆❧❣❡❜6❛❝

❏❡➳#❤♠❛ ✸✳✺ ❏❡✇#♦%♠❡ '♥❛ ♣♦❧✉➳♥✉♠♦ ♠❡ ♠✐❣❛❞✐❦♦%❝ 3✉♥4❡❧❡34'❝✱ ❜❛❥♠♦% n✱

p(z) = anz
n + · · ·+ a1z + a0 , an 6= 0, a0, . . . , an ∈ C .

❚94❡ ✉♣❼#;♦✉♥ n ♠✐❣❛❞✐❦♦< ❛#✐❥♠♦< w1, . . . , wn✱ 9;✐ ✉♣♦;#❡✇4✐❦❼ ❞✐❛❢♦#❡4✐❦♦<✱ 4'4♦✐♦✐ ➳34❡

p(z) = an(z − w1)(z − w2) · · · (z − wn) .

❖✐ ❛%✐❥♠♦) w1, . . . , wn ♦♥♦♠❼③♦♥-❛✐ #*③❡❝ -♦✉ ♣♦❧✉✇♥2♠♦✉ p(z)✳ ❊❼♥ ❛❦%✐❜✇❝ k ❛♣8

-♦✉❝ ♠✐❣❛❞✐❦♦2❝ ❛%✐❥♠♦2❝ w1, . . . , wn ❡)♥❛✐ )<♦✐ ♠❡ w✱ ❧>♠❡ ♦-✐ w ❡)♥❛✐ %)③❛ -♦✉ p(z) ♠❡

♣♦❧❧❛♣❧01❤1❛ k✳ ❚8-❡ (z − w)k ❞✐❛✐%❡) -♦ ♣♦❧✉➳♥✉♠♦ p(z)✱ ❛❧❧❼ (z − w)k+1
❞❡♥ -♦

❞✐❛✐%❡)✳

❊)♥❛✐ ♣%♦❢❛♥>❝ ♦-✐ ♦✐ %)③❡❝ w1, . . . , wn -♦✉ ♣♦❧✉✇♥2♠♦✉ p(z) ❛♣♦-❡❧♦2♥ ❧2<❡✐❝ -❤❝ ❡①)✲

<✇<❤❝ p(z) = 0✱ ❛❢♦2

p(wi) = an(wi − w1) · · · (wi − wi) · · · (wi − wn) = 0 .

❏❛ ❞♦2♠❡ ♦-✐ ✐<F2❡✐ ❦❛✐ -♦ ❛♥-)<-%♦❢♦✱ ❞❤❧❛❞➔ ♦-✐ ♦✐ ♠8♥❡❝ ❧2<❡✐❝ -❤❝ ❡①)<✇<❤❝ p(z) = 0

❡)♥❛✐ ♦✐ %)③❡❝ w1, . . . , wn✳

2#01❛3❤ ✸✳✻ ❏❡✇#♦%♠❡ '♥❛ ♣♦❧✉➳♥✉♠♦ ♠❡ ♠✐❣❛❞✐❦♦%❝ 3✉♥4❡❧❡34'❝✱ ❜❛❥♠♦% n✱

p(z) = anz
n + · · ·+ a1z + a0 , an 6= 0, a0, . . . , an ∈ C .

❚94❡ p(a) = 0 ❡❼♥ ❦❛✐ ♠9♥♦♥ ❡❼♥ z − a ❞✐❛✐#❡< 4♦ ♣♦❧✉➳♥✉♠♦ p(z)✳

❆♣0❞❡✐①❤✳ ❊❼♥ z−a ❞✐❛✐%❡) -♦ ♣♦❧✉➳♥✉♠♦ p(z)✱ -8-❡ ✉♣❼%F❡✐ ♣♦❧✉➳♥✉♠♦ q(z) ->-♦✐♦ ➳<-❡

p(z) = q(z)(z − a)✳ ❆❧❧❼ -8-❡ p(a) = q(a)(a− a) = 0✳

●✐❛ ♥❛ ❞❡)①♦✉♠❡ -♦ ❛♥-)<-%♦❢♦✱ F%❤<✐♠♦♣♦✐♦2♠❡ -♦♥ ❡✉❦❧❡)❞❡✐♦ ❛❧❣8%✐❥♠♦ -❤❝ ❞✐❛)%❡<❤❝

❣✐❛ ♣♦❧✉➳♥✉♠❛✿ ●✐❛ ❦❼❥❡ ♣♦❧✉➳♥✉♠♦ p(z) ❦❛✐ ❦❼❥❡ a ✉♣❼%F♦✉♥ ♣♦❧✉➳♥✉♠❛ q(z) ❦❛✐ r(z)

->-♦✐❛ ➳<-❡ p(z) = q(z)(z − a) + r(z)✱ ♠❡ -♦ ❜❛❥♠8 -♦✉ r(z) ♠✐❦%8-❡%♦ ❛♣8 -♦ ❜❛❥♠8 -♦✉

(z − a)✳ ❆❧❧❼ ❛❢♦2 z − a ❡)♥❛✐ ♣%➳-♦✉ ❜❛❥♠♦2✱ r(z) ❡)♥❛✐ <-❛❥❡%8 ➔ ♠❤❞❡♥✐❦8 ♣♦❧✉➳♥✉♠♦✱

r(z) = c ∈ C✳ ❊❼♥ -➳%❛ a ❡)♥❛✐ ❧2<❤ -❤❝ ❡①)<✇<❤❝ p(z) = 0✱ >F♦✉♠❡

0 = p(a) = q(a)(a− a) + c ,

<✉♥❡♣➳❝ c = 0✱ ❦❛✐ p(z) = q(z)(z − a)✱ ❞❤❧❛❞➔ a ❡)♥❛✐ %)③❛ -♦✉ ♣♦❧✉✇♥2♠♦✉ p(z)✳

�
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❘!③❡❝ ♣♦❧✉✇♥+♠♦✉ ♠❡ ♣-❛❣♠❛0✐❦♦+❝ 3✉♥0❡❧❡304❝

❏❡✇%♦'♠❡ )♥❛ ♣♦❧✉➳♥✉♠♦ ❜❛❥♠♦' n✱

p(z) = anz
n + · · ·+ a1z + a0 , an 6= 0 ,

♠❡ ♣%❛❣♠❛4✐❦♦'❝ 8✉♥4❡❧❡84)❝✱ a0, . . . , an ∈ R✳ ❊❼♥ w ❡<♥❛✐ ♠<❛ %<③❛ 4♦✉ ♣♦❧✉✇♥'♠♦✉✱ ✐8>'❡✐

anw
n + · · ·+ a1w + a0✳ ❆❧❧❼ 4@4❡

0 = anwn + · · ·+ a1w + a0 = anw̄
n + · · ·+ a1w̄ + a0 ,

❛❢♦' ān = an, . . . , ā1 = a1✱ ā0 = a0✳ ❙✉♥❡♣➳❝✱ ❡❼♥ w ❡<♥❛✐ ♠<❛ %<③❛ 4♦✉ ♣♦❧✉✇♥'♠♦✉✱ w̄ ❡<♥❛✐

❡♣<8❤❝ %<③❛ 4♦✉ ♣♦❧✉✇♥'♠♦✉✳ ❉❤❧❛❞➔ ♦✐ %<③❡❝ ❡♥@❝ ♣♦❧✉✇♥'♠♦✉ ♠❡ ♣%❛❣♠❛4✐❦♦'❝ 8✉♥4❡❧❡84)❝

)%>♦♥4❛✐ 8❡ ③❡✉❣❼%✐❛ 8✉③✉❣➳♥ ♠✐❣❛❞✐❦➳♥ ❛%✐❥♠➳♥✳ ❊❼♥ n ❡<♥❛✐ ♣❡%✐44@❝✱ n = 2k + 1✱ 4@4❡

♠♣♦%♦'♥ ♥❛ ✉♣❼%>♦✉♥ 4♦ ♣♦❧' k ③❡✉❣❼%✐❛ ♠❤ ♣%❛❣♠❛4✐❦➳♥ 8✉③✉❣➳♥ %✐③➳♥✳ ❆✉4@ 8✉♥❡♣❼❣❡4❛✐

♦4✐ 4♦✉❧❼>✐84♦♥ ♠<❛ %<③❛ ❡<♥❛✐ ♣%❛❣♠❛4✐❦➔✱ ❛❢♦' ❥❛ ♣%)♣❡✐ ♥❛ ❡<♥❛✐ <8❤ ♠❡ 4♦ 8✉③✉❣➔ 4❤❝✳

❊✉❥❡!❛ 30♦ ♠✐❣❛❞✐❦8 ❡♣!♣❡❞♦

❏❡✇%♦'♠❡ ❡✉❥❡<❛ δ 84♦ ♠✐❣❛❞✐❦@ ❡♣<♣❡❞♦✳ ▼❡ ♠<❛ ♣❡%✐84%♦❢➔ ♠♣♦%♦'♠❡ ♥❛ ❢)%♦✉♠❡ 4❤ δ ♥❛

❡<♥❛✐ ♣❛%❼❧❧❤❧❤ ♠❡ 4♦ ❢❛♥4❛84✐❦@ ❼①♦♥❛✳ ❙✉❣❦❡❦%✐♠)♥❛✱ ✉♣♦❥)4♦✉♠❡ ♦4✐ ❤ ♣❡%✐84%♦❢➔ ❣'%✇

❛♣@ 4♦ 0 ❦❛4❼ ❣✇♥<❛ −ϑ✱ ❣✐❛ 0 ≤ ϑ < 2π✱ ❛♣❡✐❦♦♥<③❡✐ 4❤ δ 84❤♥ ❡✉❥❡<❛ η✱ ♣♦✉ ❡<♥❛✐ ♣❛%❼❧❧❤❧❤

♠❡ 4♦ ❢❛♥4❛84✐❦@ ❼①♦♥❛ ❦❛✐ 4)♠♥❡✐ 4♦♥ ♣%❛❣♠❛4✐❦@ ❼①♦♥❛ 84♦ 8❤♠❡<♦ − c
2
✱ ❣✐❛ c ≥ 0✳ ❚@4❡

4❛ 8❤♠❡<❛ 4❤❝ ❡✉❥❡<❛❝ η ❛♥4✐84♦✐>♦'♥ 84♦✉❝ ♠✐❣❛❞✐❦♦'❝ ❛%✐❥♠♦'❝ z ♠❡ Re z = − c
2
✳ ❆❢♦'

z + z̄ = 2Re z✱ ♠<❛ ❡①<8✇8❤ 4❤❝ ❡✉❥❡<❛❝ η ❡<♥❛✐ ❤

z + z̄ + c = 0 .

❆♥4<84%♦❢❛✱ ❤ ❡✉❥❡<❛ δ ❡<♥❛✐ ❤ ❡✐❦@♥❛ 4❤❝ η ❛♣@ 4❤♥ ♣❡%✐84%♦❢➔ ❣'%✇ ❛♣@ 4♦ 0 ❦❛4❼ ❣✇♥<❛

ϑ✱ ❞❤❧❛❞➔ )♥❛ 8❤♠❡<♦ z ❛♥➔❦❡✐ 84❤♥ ❡✉❥❡<❛ δ ❡❼♥ ❦❛✐ ♠@♥♦ ❡❼♥ 4♦ (cos(−ϑ) + i sin(−ϑ))z
❛♥➔❦❡✐ 84❤♥ η✳ ❙✉♥❡♣➳❝ ♠<❛ ❡①<8✇8❤ 4❤❝ δ ❡<♥❛✐ ❤

(cos(−ϑ) + i sin(−ϑ))z + (cos(−ϑ) + i sin(−ϑ))z + c = 0 .

❏)4♦✉♠❡ u = cosϑ+ i sinϑ ❦❛✐ )>♦✉♠❡ 4❤♥ ❡①<8✇8❤ 4❤❝ δ 84❤ ♠♦%❢➔

ūz + uz̄ + c = 0 ,

@♣♦✉ u ∈ C✱ |u| = 1 ❦❛✐ c ≥ 0✳

 ❛"❼❞❡✐❣♠❛ ✸✳✶✸ ❏❡✇%♦'♠❡ 4❤♥ ❡✉❥❡<❛ δ 84♦ ♠✐❣❛❞✐❦@ ❡♣<♣❡❞♦ ♣♦✉ ♣❡%♥❼❡✐ ❛♣@ 4❛ 8❤♠❡<❛

i ❦❛✐

√
3✱ ❙>➔♠❛ ✸✳✼✳ L❛%❛4❤%♦'♠❡ ♦4✐ 4❛ 8❤♠❡<❛ 0✱ i✱

√
3 8>❤♠❛4<③♦✉♥ )♥❛ ♦%❥♦❣➳♥✐♦

4%<❣✇♥♦ ♠❡ ❣✇♥<❡❝ π/3 ❦❛✐ π/6 ❦❛✐ '②♦❝

√
3/2✳ L❡%✐84%)❢♦✉♠❡ ❣'%✇ ❛♣@ 4♦ 0 ❦❛4❼ ❣✇♥<❛

−4π/3✱ ❞❤❧❛❞➔ ♣♦❧❧❛♣❧❛8✐❼③♦✉♠❡ ♠❡ cos(−4π
3
)+i sin(−4π

3
) = −1

2
+
√

3

2
i✳ ❆✉4➔ ❤ ♣❡%✐84%♦❢➔

❛♣❡✐❦♦♥<③❡✐ 4♦ 8❤♠❡<♦ i 84♦ −
√

3

2
− i

2
✱ ❦❛✐ 4♦ 8❤♠❡<♦

√
3 84♦ −

√

3

2
+ 3

2
i✳ ❍ ❡✉❥❡<❛ δ ❛♣❡✐❦♦♥<③❡4❛✐
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❙$➔♠❛ ✸✳✼✿ ❊①./✇/❤ ❡✉❥❡.❛❝ /6♦ ♠✐❣❛❞✐❦< ❡♣.♣❡❞♦✳

/6❤♥ ❡✉❥❡.❛ η ♠❡ ❡①./✇/❤ 2Re z =
√
3✳ ❏@6♦✉♠❡ u = cos 4π

3
+i sin 4π

3
= −1

2
− i

√

3

2
✳ ❚♦ /❤♠❡.♦

z ❜C./❦❡6❛✐ /6❤ δ ❡❼♥ ūz ❜C./❦❡6❛✐ /6❤♥ η✳ ✬❆C❛ ❤ ❡①./✇/❤ 6❤❝ δ ❡.♥❛✐ ūz + uz̄ +
√
3 = 0✳

 !"#❛%❤ ✸✳✼ ●✐❛ ❦❼❥❡ ❡✉❥❡(❛ δ )*♦ ♠✐❣❛❞✐❦/ ❡♣(♣❡❞♦ ✉♣❼12♦✉♥ u ∈ C✱ |u| = 1 ❦❛✐ c ∈ R✱

c ≥ 0✱ *5*♦✐❛ ➳)*❡ ❤ δ 52❡✐ ❡①()✇)❤ *❤❝ ♠♦1❢➔❝

ūz + uz̄ + c = 0 . ✭✸✳✶✹✮

❙❡ ❛✉*➔ *❤ ♠♦1❢➔✱

c
2
❡(♥❛✐ ❤ ❛♣/)*❛)❤ *❤❝ ❡✉❥❡(❛❝ δ ❛♣/ *♦ 0 ∈ C✱ ❦❛✐ ♦ ♠✐❣❛❞✐❦/❝ ❛1✐❥♠/❝

u ❛♥*✐)*♦✐2❡( )❡ ♠♦♥❛❞✐❛(♦ ❞✐❼♥✉)♠❛ ❦❼❥❡*♦ )*❤♥ ❡✉❥❡(❛ δ✱ ❡♥➳ ♦ iu ❛♥*✐)*♦✐2❡( )❡ ♠♦♥❛❞✐❛(♦

❞✐❼♥✉)♠❛ ❞✐❡>❥✉♥)❤❝ *❤❝ ❡✉❥❡(❛❝ δ✳

❉!❛%#❤!✐"#❤#❛ ✸✳✶✻ ❙$❡❞✐❼/6❡ /6♦ ♠✐❣❛❞✐❦< ❡♣.♣❡❞♦ 6❤♥ ❡✉❥❡.❛ δ ♣♦✉ ♣❡C♥❼❡✐

❛♣< 6❛ /❤♠❡.❛ 2i ❦❛✐ 2✳ ❇C❡.6❡ 6✐❝ ❡✐❦<♥❡❝ 6✇♥ /❤♠❡.✇♥ 2i ❦❛✐ 2 ❛♣< 6❤♥ ♣❡C✐/6C♦❢➔ f

❦❛6❼ ❣✇♥.❛ −5π/4✳ ❙$❡❞✐❼/6❡ 6❤♥ ❡✉❥❡.❛ η ♣♦✉ ♣❡C♥❼❡✐ ❛♣< ❛✉6❼ 6❛ /❤♠❡.❛✳ ❇C❡.6❡

6❤♥ ❡①./✇/❤ 6❤❝ ❡✉❥❡.❛❝ η /6❤ ♠♦C❢➔ z + z̄ + c = 0✳ ❇C❡.6❡ 6❤♥ ❡①./✇/❤ 6❤❝ ❡✉❥❡.❛❝

δ /6❤ ♠♦C❢➔ ✸✳✶✹✳

●✐❛ ♥❛ ❜C♦M♠❡ 6❛ /❤♠❡.❛ /6❛ ♦♣♦.❛ ❤ ❡✉❥❡.❛ δ 6@♠♥❡✐ 6♦✉❝ ❼①♦♥❡❝✱ ❥@6♦✉♠❡ z = z̄ ✭♦

♣C❛❣♠❛6✐❦<❝ ❼①♦♥❛❝✮ ➔ z = −z̄ ✭♦ ❢❛♥6❛/6✐❦<❝ ❼①♦♥❛❝✮✳ ✬❊6/✐ ❜C./❦♦✉♠❡ ♦6✐ ❡❼♥ Reu 6= 0✱

❤ ❡✉❥❡.❛ ♠❡ ❡①./✇/❤ ūz + uz̄ + c = 0 6@♠♥❡✐ 6♦♥ ♣C❛❣♠❛6✐❦< ❼①♦♥❛ /6♦ /❤♠❡.♦ ♣♦✉ ❞.❞❡6❛✐

❛♣< 6❤♥ ❡①./✇/❤ ūz + uz + c = 0✱ ❞❤❧❛❞➔ 6♦ /❤♠❡.♦ z = −c
ū+u

✳ P❛C<♠♦✐❛ ❜C./❦♦✉♠❡ ♦6✐ ❡❼♥

Imu 6= 0✱ ❤ ❡✉❥❡.❛ ♠❡ ❡①./✇/❤ ūz + uz̄ + c = 0 6@♠♥❡✐ 6♦♥ ❢❛♥6❛/6✐❦< ❼①♦♥❛ /6♦ /❤♠❡.♦

z = −c
ū−u

✳

❉!❛%#❤!✐"#❤#❛ ✸✳✶✼ ❇C❡.6❡ 6❛ /❤♠❡.❛ 6♦♠➔❝ ♠❡ 6♦♥ ♣C❛❣♠❛6✐❦< ❦❛✐ 6♦♥ ❢❛♥6❛✲

/6✐❦< ❼①♦♥❛ 6❤❝ ❡✉❥❡.❛❝ ♠❡ ❡①./✇/❤ (cos −7π
6

+i sin −7π
6

)z+(cos 7π
6
+i sin 7π

6
)z̄+3 = 0✳



❑❡❢❼❧❛✐♦ ✸ ▼✐❣❛❞✐❦♦- ❆/✐❥♠♦- ✶✷✶

❊❼♥ ♣♦❧❧❛♣❧❛)✐❼)♦✉♠❡ .❤♥ ✸✳✶✹ ♠❡ ♦♣♦✐♦❞➔♣♦.❡ ♠✐❣❛❞✐❦7 ❛8✐❥♠7 t 6= 0✱ ;<♦✉♠❡ ♠=❛ ❼❧❧❤

❡①=)✇)❤ .❤❝ =❞✐❛❝ ❡✉❥❡=❛❝✿

tūz + tuz̄ + tc = 0 .

❏;.♦✉♠❡ α = t̄u✱ β = tu ❦❛✐ γ = tc✳ ❆❢♦E c ❡=♥❛✐ ♣8❛❣♠❛.✐❦7❝ ❛8✐❥♠7❝✱ c̄ = c ❦❛✐ γ̄
γ
= t̄

t
= α

β
✳

❙✉♥❡♣➳❝ ♦✐ ♠✐❣❛❞✐❦♦= ❛8✐❥♠♦= α✱ β ❦❛✐ γ ✐❦❛♥♦♣♦✐♦E♥ .❤ )<;)❤ αγ = βγ̄✳

 !"#❛%❤ ✸✳✽ ❏❡✇#♦%♠❡ ❡①()✇)❤ +❤❝ ♠♦#❢➔❝

ᾱz + βz̄ + γ = 0 , ✭✸✳✶✺✮

♠❡ α, β, γ ∈ C✱ αβ 6= 0✳

❊❼♥ γ 6= 0✱ ❤ ✸✳✶✺ ♣❛#✐)+❼♥❡✐ ❡✉❥❡(❛ )+♦ ♠✐❣❛❞✐❦? ❡♣(♣❡❞♦ ❡❼♥ ❦❛✐ ♠?♥♦♥ ❡❼♥ αγ = βγ̄✳

❊❼♥ γ = 0✱ ❤ ✸✳✶✺ ♣❛#✐)+❼♥❡✐ ❡✉❥❡(❛ )+♦ ♠✐❣❛❞✐❦? ❡♣(♣❡❞♦ ❡❼♥ ❦❛✐ ♠?♥♦♥ ❡❼♥ |α| = |β|✳

❍ ❛♣7❞❡✐①❤ .❤❝ L87.❛)❤❝ ✸✳✽ ❞=❞❡.❛✐ ).♦ .;❧♦❝ .♦✉ ❑❡❢❛❧❛=♦✉✳

❙.♦ ❊✉❦❧❡=❞❡✐♦ ❡♣=♣❡❞♦ E2
♠❡ ♦8❥♦❦❛♥♦♥✐❦7 )E).❤♠❛ ❛♥❛❢♦8❼❝✱ ❥❡✇8♦E♠❡ .❤♥ ❡✉❥❡=❛

δ ♠❡ ❡①=)✇)❤ ax + by + c = 0✳ ●♥✇8=③♦✉♠❡ ♦.✐ (a, b) ❡=♥❛✐ ;♥❛ ❞✐❼♥✉)♠❛ ❦❼❥❡.♦ ).❤♥

❡✉❥❡=❛ δ✱ ❡♥➳ (−b, a) ❡=♥❛✐ ;♥❛ ❞✐❼♥✉)♠❛ ❞✐❡E❥✉♥)❤❝ .❤❝ ❡✉❥❡=❛❝ δ✳ ●✐❛ ♥❛ ❡❦❢8❼)♦✉♠❡

.❤♥ ❡①=)✇)❤ .❤❝ ❡✉❥❡=❛❝ δ ).♦ ♠✐❣❛❞✐❦7 ❡♣=♣❡❞♦ ❛♥.✐❦❛❥✐).♦E♠❡ 2x = 2Re z = z + z̄ ❦❛✐

2y = 2Im z = −i(z − z̄)✱ ❦❛✐ ;<♦✉♠❡ a(z + z̄)− bi(z − z̄) + 2c = 0✱ ➔

(a− bi)z + (a+ bi)z̄ + 2c = 0 .

❉!❛%#❤!✐"#❤#❛ ✸✳✶✽ ●8❼②.❡ )❡ ♠✐❣❛❞✐❦➔ ♠♦8❢➔ .❤♥ ❡①=)✇)❤ .❤❝ ❡✉❥❡=❛❝ 3x +

5y = 1✳

✬❊♥❛❝ ❼❧❧♦❝ .87♣♦❝ ♥❛ ♣❡8✐❣8❼②♦✉♠❡ ♠=❛ ❡✉❥❡=❛ ).♦ ❡♣=♣❡❞♦ ❡=♥❛✐ ✇❝ .❤ ♠❡)♦❦❼❥❡.♦ ❞E♦

)❤♠❡=✇♥✳ ❊❼♥ w1 ❦❛✐ w2 ❡=♥❛✐ ❞E♦ )❤♠❡=❛ .♦✉ ♠✐❣❛❞✐❦♦E ❡♣✐♣;❞♦✉✱ ❤ ♠❡)♦❦❼❥❡.♦❝ .✇♥ ❞E♦

)❤♠❡=✇♥ ❛♣♦.❡❧❡=.❛✐ ❛♣7 .❛ )❤♠❡=❛ z ♣♦✉ ✐❦❛♥♦♣♦✐♦E♥ .❤♥ ❡①=)✇)❤ |z − w1| = |z − w2|✳
❯②➳♥♦✉♠❡ ).♦ .❡.8❼❣✇♥♦ ❦❛✐ ;<♦✉♠❡ (z−w1)(z̄− w̄1) = (z−w2)(z̄− w̄2)✱ ♣♦✉ ❛♣❧♦♣♦✐❡=.❛✐

)❡ w1w̄1 − w̄1z − w1z̄ = w2w̄2 − w̄2z − w2z̄✳ ❑❛.❛❧➔❣♦✉♠❡ ).❤♥ ❡①=)✇)❤ .❤❝ ♠❡)♦❦❛❥;.♦✉

.✇♥ )❤♠❡=✇♥ w1 ❦❛✐ w2 .♦✉ ♠✐❣❛❞✐❦♦E ❡♣✐♣;❞♦✉✱ ❙<➔♠❛ ✸✳✽✱

(w̄2 − w̄1)z + (w2 − w1)z̄ − (w2w̄2 − w1w̄1) = 0 . ✭✸✳✶✻✮

❉!❛%#❤!✐"#❤#❛ ✸✳✶✾ ❍ ♠❡)♦❦❼❥❡.♦❝ .✇♥ )❤♠❡=✇♥ w1 ❦❛✐ w2 ♣❡8♥❼❡✐ ❛♣7 .♦

)❤♠❡=♦

1

2
(w1 + w2) ❦❛✐ ❡=♥❛✐ ❦❼❥❡.♦❝ ).❤ ❞✐❡E❥✉♥)❤ w2 − w1✳ ❊❧;❣①.❡ ♦.✐ ❡❼♥ ❛♥.✐✲

❦❛.❛).➔)❡.❡ w = 1

2
(w1 + w2) ❦❛✐ q = w2 − w1 ).❤♥ ✸✳✶✼ ♣❛=8♥❡.❡ .❤♥ ✸✳✶✻✳

❊❼♥ ❤ ❡✉❥❡=❛ δ ♣❡8♥❼❡✐ ❛♣7 .♦ )❤♠❡=♦ w ∈ C ❦❛✐ ;<❡✐ ❞✐❼♥✉)♠❛ ❞✐❡E❥✉♥)❤❝ ♣♦✉ ❛♥.✐).♦✐<❡=

).♦ ♠❤ ♠❤❞❡♥✐❦7 ♠✐❣❛❞✐❦7 ❛8✐❥♠7 q✱ .7.❡ ❦❼❥❡ )❤♠❡=♦ z .❤❝ ❡✉❥❡=❛❝ ❣8❼❢❡.❛✐ ).❤ ♠♦8❢➔

z = w + tq , t ∈ R .

❆✉.➔ ❡=♥❛✐ ❤ ♣❛8❛♠❡.8✐❦➔ ♣❡8✐❣8❛❢➔ .❤❝ ❡✉❥❡=❛❝ ).♦ ♠✐❣❛❞✐❦7 ❡♣=♣❡❞♦✳ ●✐❛ ♥❛ ❜8♦E♠❡ .❤♥

❡①=)✇)❤ .❤❝ ❡✉❥❡=❛❝ ❛♣❛❧❡=❢♦✉♠❡ .♦ t ❛♣7 .❤ )<;)❤ z = w+tq ❦❛✐ .❤ )✉③✉❣➔ .❤❝ z̄ = w̄+tq̄✿



✶✷✷ ❊♣"♣❡❞♦ ❦❛✐ ◗➳+♦❝

❙#➔♠❛ ✸✳✽✿ ❊①-.✇.❤ ♠❡.♦❦❛❥56♦✉ .6♦ ♠✐❣❛❞✐❦; ❡♣-♣❡❞♦✳

♣♦❧❧❛♣❧❛.✐❼③♦✉♠❡ ♠❡ q̄ ❦❛✐ q ❛♥6-.6♦✐#❛✱ ❦❛✐ 5#♦✉♠❡ q̄z− q̄w = tq̄q = qz̄−qw̄✳ ❑❛6❛❧➔❣♦✉♠❡

.6❤♥ ❡①-.✇.❤

q̄(z − w)− q(z̄ − w̄) = 0 .

●✐❛ ♥❛ 6❤ ❢5E♦✉♠❡ .6❤ ♠♦E❢➔ ✸✳✶✹ ♣♦❧❧❛♣❧❛.✐❼③♦✉♠❡ ♠❡ −i✱

−iq̄(z − w) + iq(z̄ − w̄) = 0

❦❛✐ ❥56♦✉♠❡ u = iq✳ ❑❛6❛❧➔❣♦✉♠❡ .6❤♥ ❡①-.✇.❤ 6❤❝ ❡✉❥❡-❛❝ .6♦ ♠✐❣❛❞✐❦; ❡♣-♣❡❞♦ ♣♦✉

♣❡E♥❼❡✐ ❛♣; 6♦ .❤♠❡-♦ w ❦❛✐ ❡-♥❛✐ ❦❼❥❡6❤ .6❤ ❞✐❡H❥✉♥.❤ 6♦✉ ♠✐❣❛❞✐❦♦H ❛E✐❥♠♦H u✱

ūz + uz̄ − (ūw + uw̄) = 0 . ✭✸✳✶✼✮

❉!❛#$❤!✐'$❤$❛ ✸✳✷✵ ❇E❡-6❡ .❡ ♠✐❣❛❞✐❦➔ ♠♦E❢➔ 6❤♥ ❡①-.✇.❤ 6❤❝ ❡✉❥❡-❛❝ ♣♦✉

♣❡E♥❼❡✐ ❛♣; 6♦ .❤♠❡-♦ −2 − i 6♦✉ ♠✐❣❛❞✐❦♦H ❡♣✐♣5❞♦✉ ❦❛✐ ❡-♥❛✐ ♣❛E❼❧❧❤❧❤ ♣E♦❝ 6❤

❞✐❡H❥✉♥.❤ 6♦✉ 3 + i✳


