
✶✵✹ ❊♣"♣❡❞♦ ❦❛✐ ◗➳+♦❝

❉✐❼❧❡①❤ ✶✵

❚!✐❣✇♥♦♠❡)!✐❦➔ ♠♦!❢➔ ♠✐❣❛❞✐❦♦/ ❛!✐❥♠♦/

❊❼♥ ϑ ❡'♥❛✐ ♦♣♦✐♦❞➔♣♦.❡ /0✐1♠❛ ❡♥/❝ ♠❤ ♠❤❞❡♥✐❦♦6 ♠✐❣❛❞✐❦♦6 ❛0✐❥♠♦6 z✱ ♣❛0❛.❤0♦6♠❡ ♦.✐

Re z = |z| cosϑ ❦❛✐ Im z = |z| sinϑ✳ ❙✉♥❡♣➳❝

z = |z|(cosϑ+ i sinϑ) .

❖!✐#♠%❝ ✸✳✷✳ ❍ *!✐❣✇♥♦♠❡*!✐❦➔ ♠♦!❢➔ ❡♥/❝ ♠✐❣❛❞✐❦♦6 ❛0✐❥♠♦6 z 6= 0 ❡'♥❛✐

z = r(cosϑ+ i sinϑ) ,

/♣♦✉ r > 0 ❦❛✐ ϑ ∈ R✳

3❛!❼❞❡✐❣♠❛ ✸✳✹ ❊❼♥ z = −2 + 2i✱ ./.❡ r = |z| =
√
8 ❦❛✐

z =
√
8
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−
√
2

2
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√
2

2
i

)

.

✬❊♥❛ /0✐1♠❛ .♦✉ z ❡'♥❛✐ .♦ ϑ = 3π

4
✳ @0♦1A①.❡ ♦.✐ ♦ 1✉♥.❡❧❡1.➔❝ .♦✉ (cosϑ+ i sinϑ) ♣0A♣❡✐

♥❛ ❡'♥❛✐ ❥❡.✐❦/❝✳ ❚♦ ♣0/1❤♠♦ .♦✉ ♣0❛❣♠❛.✐❦♦6 ❦❛✐ .♦✉ ❢❛♥.❛1.✐❦♦6 ♠A0♦✉❝ ❧❛♠❜❼♥♦♥.❛✐ ✉♣✢

/②❤ 1.♦♥ ♣0♦1❞✐♦0✐1♠/ .♦✉ ♦0'1♠❛.♦❝ ϑ✳

3❛!❼❞❡✐❣♠❛ ✸✳✺ ❊❼♥ ϑ = 11

6
π ❦❛✐ r = 2✱ ./.❡

z = 2

(

cos
11

6
π + i sin

11

6
π

)

= 2

(√
3

2
+ i

(

−1

2

)

)

=
√
3− i .

3❛!❼❞❡✐❣♠❛ ✸✳✻ ❊❼♥ z = r(cosϑ + i sinϑ)✱ ./.❡ z̄ = r(cosϑ − i sinϑ) = r(cos(−ϑ) +
i sin(−ϑ))✳

❉!❛#*❤!✐%*❤*❛ ✸✳✾ ●0❼②.❡ 1❡ .0✐❣✇♥♦♠❡.0✐❦➔ ♠♦0❢➔ .♦✉❝ ♠✐❣❛❞✐❦♦6❝ ❛0✐❥♠♦6❝

1 , −1 , i , −2i , 1 + i , −(1 + i) .

1♦❧❧❛♣❧❛4✐❛4♠5❝ ♠✐❣❛❞✐❦➳♥ ❛!✐❥♠➳♥ ✇❝ ♦♠♦✐♦❥❡48❛

❍ .0✐❣✇♥♦♠❡.0✐❦➔ ♠♦0❢➔ A❦❢0❛1❤❝ .✇♥ ♠✐❣❛❞✐❦➳♥ ❛0✐❥♠➳♥ ♠❛❝ ❡♣✐.0A♣❡✐ ♥❛ ♣❡0✐❣0❼②♦✉♠❡ .♦♥

♣♦❧❧❛♣❧❛1✐❛1♠/ ♠✐❣❛❞✐❦➳♥ ❛0✐❥♠➳♥ ❣❡✇♠❡.0✐❦❼✳
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❏❡✇&♦(♠❡ *♦✉❝ ♠✐❣❛❞✐❦♦(❝ ❛&✐❥♠♦(❝ z = r(cosϑ+ i sinϑ) ❦❛✐ w = s(cosϕ+ i sinϕ)✱ ❦❛✐

✉♣♦❧♦❣6③♦✉♠❡ *♦ ❣✐♥9♠❡♥♦

zw = rs(cosϑ+ i sinϑ) (cosϕ+ i sinϕ)

= rs [(cosϑ cosϕ− sinϑ sinϕ) + i(cosϑ sinϕ+ sinϑ cosϕ)] .

◗&❤<✐♠♦♣♦✐♦(♠❡ *✐❝ *&✐❣✇♥♦♠❡*&✐❦=❝ *❛✉*9*❤*❡❝ ❣✐❛ *♦ ❼❥&♦✐<♠❛ *✇♥ ❣✇♥✐➳♥✱

cos(ϑ+ ϕ) = cosϑ cosϕ− sinϑ sinϕ , ✭✸✳✷✮

sin(ϑ+ ϕ) = cosϑ sinϕ+ sinϑ cosϕ ✭✸✳✸✮

❦❛✐ =E♦✉♠❡

z = rs (cos(ϑ+ ϕ) + i sin(ϑ+ ϕ)) . ✭✸✳✹✮

❇❧=♣♦✉♠❡ ❞❤❧❛❞➔ ♦*✐ *♦ ❣✐♥9♠❡♥♦ *✇♥ ♠=*&✇♥ *✇♥ ♠✐❣❛❞✐❦➳♥ ❛&✐❥♠➳♥ z ❦❛✐ w ❡6♥❛✐ *♦ ♠=*&♦

*♦✉ ❣✐♥♦♠=♥♦✉ *♦✉❝

|zw| = |z| |w| , ✭✸✳✺✮

❦❛✐ *♦ ❼❥&♦✐<♠❛ *✇♥ ♦&✐<♠❼*✇♥ *✇♥ ♠✐❣❛❞✐❦➳♥ ❛&✐❥♠➳♥ z ❦❛✐ w ❡6♥❛✐ =♥❛ 9&✐<♠❛ *♦✉ ❣✐♥♦♠=♥♦✉

*♦✉❝✱

Arg (zw) ≡ Arg z +Argw . ✭✸✳✻✮

❙E➔♠❛ ✸✳✺✿ ●❡✇♠❡*&✐❦➔ ❡&♠❤♥❡6❛ *♦✉ ♣♦❧❧❛♣❧❛<✐❛<♠♦( ♠✐❣❛❞✐❦➳♥ ❛&✐❥♠➳♥

❙*♦ ❙E➔♠❛ ✸✳✺✱ *❛ <❤♠❡6❛ A, B, C, D ❛♥*✐<*♦✐E♦(♥ <*♦✉❝ ♠✐❣❛❞✐❦♦(❝ ❛&✐❥♠♦(❝ z, w, zw

❦❛✐ 1 ❛♥*6<*♦✐E❛✳ ❆♣9 *✐❝ <E=<❡✐❝ ✸✳✻ ❦❛✐ ✸✳✺ <✉♠♣❡&❛6♥♦✉♠❡ ♦*✐ *❛ *&6❣✇♥❛ ODB ❦❛✐ OAC

❡6♥❛✐ 9♠♦✐❛✳ ❖ ♣♦❧❧❛♣❧❛<✐❛<♠9❝ ♠❡ *♦ z <*♦ ♠✐❣❛❞✐❦9 ❡♣6♣❡❞♦ ❡6♥❛✐ ♠6❛ ♦♠♦✐♦❥❡%&❛✱ ❞❤❧❛❞➔

=♥❛❝ ♠❡*❛<E❤♠❛*✐<♠9❝ ♣♦✉ ❛♣❡✐❦♦♥6③❡✐ ❦❼❥❡ <❤♠❡6♦ w *♦✉ ❡♣✐♣=❞♦✉ <❡ =♥❛ <❤♠❡6♦ w′ *=*♦✐♦

➳<*❡ *♦ *&6❣✇♥♦ ♣♦✉ <E❤♠❛*6③♦✉♥ *❛ z ❦❛✐ w′ ♠❡ *♦ 0✱ ♥❛ ❡6♥❛✐ 9♠♦✐♦ ♠❡ *♦ *&6❣✇♥♦ ♣♦✉
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#$❤♠❛()③♦✉♥ (❛ 1 ❦❛✐ w ♠❡ (♦ 0✳ ▼❡ ❛✉(➔ (❤♥ 4♥♥♦✐❛✱ (♦ zw ❡)♥❛✐ ♣7♦❝ (♦ z✱ 9♣✇❝ (♦ w ❡)♥❛✐

♣7♦❝ (♦ 1✱

zw : z = w : 1 .

9♣♦✉ ✇❝ ❛♥❛❧♦❣)❛ ❞❡♥ ❡♥♥♦♦>♠❡ ❛♣❧➳❝ (❤♥ ✐#9(❤(❛ (♦✉ ❧9❣♦✉ (✇♥ ♠❤❦➳♥ ✭9♣✇❝ ❣✐❛ ❡✉❥>✲

❣7❛♠♠❛ (♠➔♠❛(❛ #(♦ ❡✉❦❧❡)❞❡✐♦ ❡♣)♣❡❞♦✮ ❛❧❧❼ ❦❛✐ (❤♥ ✐#9(❤(❛ (✇♥ ❛♥()#(♦✐$✇♥ ❣✇♥✐➳♥✳

▼❡ 97♦✉❝ ❞✐❛♥✉#♠❼(✇♥✱ ♦ ♣♦❧❧❛♣❧❛#✐❛#♠9❝ ♠❡ (♦ z✱ #(74❢❡✐ (♦ ❞✐❼♥✉#♠❛ ❥4#❤❝ (♦✉ w

❦❛(❼ ❣✇♥)❛ Arg (z)✱ ❦❛✐ (♦ ♣♦❧❧❛♣❧❛#✐❼③❡✐ ♠❡ (♦♥ ❛7✐❥♠9 |z|✳
F❛7❛(❤7♦>♠❡ ♦(✐ ♦ ♣♦❧❧❛♣❧❛#✐❛#♠9❝ ♠❡ z (4(♦✐♦ ➳#(❡ |z| = 1✱ ❡)♥❛✐ ❛♣❧➳❝ #(7♦❢➔ (♦✉

♠✐❣❛❞✐❦♦> ❡♣✐♣4❞♦✉ ❦❛(❼ ❣✇♥)❛ Arg (z)✳ ❊✐❞✐❦9(❡7❛✱ ♦ ♣♦❧❧❛♣❧❛#✐❛#♠9❝ ♠❡ (❤ ❢❛♥(❛#(✐❦➔

♠♦♥❼❞❛ i✱ ❡)♥❛✐ ♣❡7✐#(7♦❢➔ ❦❛(❼ π/2✳ ✬❖♣✇❝ 4$♦✉♠❡ ♣❛7❛(❤7➔#❡✐✱ ❛♣9 ❛✉(➔ (❤♥ ❼♣♦②❤ ❛♣♦✲

❦(❼ ❣❡✇♠❡(7✐❦9 ♥9❤♠❛ ❤ ✐❞✐9(❤(❛ i2 = −1 ✿ ❤ ❡♣❛♥❼❧❤②❤ (❤❝ ♣❡7✐#(7♦❢➔❝ ❦❛(❼ π/2 ❞)❞❡✐

♣❡7✐#(7♦❢➔ ❦❛(❼ ❣✇♥)❛ π✱ ❤ ♦♣♦)❛ ❛♣❡✐❦♦♥)③❡✐ ❦❼❥❡ #❤♠❡)♦ #(♦ ❛♥()❥❡(♦ (♦✉ ✿

i2w = −w .

❉!❛#$❤!✐'$❤$❛ ✸✳✶✵ ❙(♦ ♠✐❣❛❞✐❦9 ❡♣)♣❡❞♦ #❤♠❡✐➳#(❡ (♦ #❤♠❡)♦ ♣♦✉ ❛♥(✐#(♦✐$❡)

#(♦ ♠✐❣❛❞✐❦9 ❛7✐❥♠9 w = 1+i✳ ❙❤♠❡✐➳#(❡ ❡♣)#❤❝ 4♥❛♥ ♦♣♦✐♦♥❞➔♣♦(❡ ♠✐❣❛❞✐❦9 ❛7✐❥♠9

z ♠❡ Re z < 0✱ ❦❛✐ ❜7❡)(❡ #$❡❞✐❛#(✐❦❼ (♦ #❤♠❡)♦ ♣♦✉ ❛♥(✐#(♦✐$❡) #(♦ ❣✐♥9♠❡♥♦ zw✳

❑❼♥❡(❡ (♦ )❞✐♦ ❣✐❛ 4♥❛♥ ❛7✐❥♠9 u ♠❡ Imu < 0✳

❉✉♥❼♠❡✐❝ ♠✐❣❛❞✐❦♦- ❛.✐❥♠♦-✳ ❏❡➳.❤♠❛ De Moivre

❖ ❛♥()#(7♦❢♦❝ ❡♥9❝ ♠✐❣❛❞✐❦♦> ❛7✐❥♠♦> z 6= 0✱ ✉♣♦❧♦❣)③❡(❛✐ ❡>❦♦❧❛ ❡❼♥ ♦ z ❡)♥❛✐ #❡ (7✐❣✇♥♦✲

♠❡(7✐❦➔ ♠♦7❢➔✳

✬❊#(✇ z = r (cosϑ+i sinϑ)✱ ❦❛✐ ✉♣♦❥4(♦✉♠❡ ♦(✐ ♦ ❛♥()#(7♦❢♦❝ 4$❡✐ (7✐❣✇♥♦♠❡(7✐❦➔ ♠♦7❢➔

z−1 = t(cosϕ+ i sinϕ)✳ ✬❊$♦✉♠❡

1 = z w

= r t (cos(ϑ+ ϕ) + i(ϑ+ ϕ)) ,

❛❧❧❼ ♦ ♠✐❣❛❞✐❦9❝ ❛7✐❥♠9❝ 1 4$❡✐ ♠4(7♦ 1 ❦❛✐ 97✐#♠❛ 0✳ ❙✉♥❡♣➳❝ r t = 1 ❦❛✐ ϑ + ϕ ≡ 0✱ ❦❛✐

❦❛(❛❧➔❣♦✉♠❡

z−1 =
1

r
(cos(−ϑ) + i sin(−ϑ)) ,

❞❤❧❛❞➔ |z−1| = 1

|z| ✱ ❦❛✐ −ϑ ❡)♥❛✐ 4♥❛ 97✐#♠❛ (♦✉ z−1✳ ❊✐❞✐❦9(❡7❛✱ ❣✐❛ (♦ ♣7✇(❡>♦♥ 97✐#♠❛ (♦✉

z−1 4$♦✉♠❡

Arg z−1 =

{

2π −Arg z ❡❼♥ Arg z 6= 0 ,

0 ❡❼♥ Arg z = 0 .

❉!❛#$❤!✐'$❤$❛ ✸✳✶✶ ❙(♦ ♠✐❣❛❞✐❦9 ❡♣)♣❡❞♦ #❤♠❡✐➳#(❡ (❛ #❤♠❡)❛ ♣♦✉ ❛♥(✐#(♦✐✲

$♦>♥ #(♦✉❝ ♠✐❣❛❞✐❦♦>❝ ❛7✐❥♠♦>❝ z = cos π

4
+i sin π

4
❦❛✐ w = cos 5π

4
+i sin 5π

4
✳ ❇7❡)(❡

#$❡❞✐❛#(✐❦❼ (❛ #❤♠❡)❛ ♣♦✉ ❛♥(✐#(♦✐$♦>♥ #(♦✉❝ ♠✐❣❛❞✐❦♦>❝ ❛7✐❥♠♦>❝ (−i)−1✱ (2i)−1✱
z−1✱ w−1✱ (2z)−1 ❦❛✐ (3w)−1✳



❑❡❢❼❧❛✐♦ ✸ ▼✐❣❛❞✐❦♦- ❆/✐❥♠♦- ✶✵✼

❍ $%✐❣✇♥♦♠❡$%✐❦➔ ♠♦%❢➔ ❡0♥❛✐ ✐❞✐❛0$❡%❛ 3%➔4✐♠❤ ❣✐❛ $♦♥ ✉♣♦❧♦❣✐4♠9 ❞✉♥❼♠❡✇♥ ♠✐❣❛❞✐❦➳♥

❛%✐❥♠➳♥✳ ❏❡✇%♦?♠❡ $♦♥ ❛%✐❥♠9 z = r (cosϑ+ i sinϑ) ❦❛✐ $✐❝ ❞✉♥❼♠❡✐❝ $♦✉

z2 = r r (cos(ϑ+ ϑ) + i sin(ϑ+ ϑ))

= r2 (cos(2ϑ) + i sin(2ϑ)) ,

z3 = r2 r (cos(2ϑ+ ϑ) + i sin(2ϑ+ ϑ))

= r3 (cos(3ϑ) + i sin(3ϑ))

❦❛✐✱ 9♣✇❝ ❥❛ ❞❡0①♦✉♠❡ ♠❡ ❡♣❛❣✇❣➔ 4$♦ n✱

zn = rn (cos(nϑ) + i sin(nϑ)) .

❆✉$9 $♦ ❛♣♦$D❧❡4♠❛ ♦♥♦♠❼③❡$❛✐ ❏❡➳%❤♠❛ $♦✉ De Moivre✳ ❊❢❛%♠9③♦♥$❛❝ $♦ ❏❡➳%❤♠❛ 4$♦

z−1✱ ❜❧D♣♦✉♠❡ ♦$✐ ♠♣♦%❡0 ♥❛ ❡♣❡❦$❛❥❡0 ❦❛✐ 4❡ ❛%♥❤$✐❦♦?❝ ❛❦D%❛✐♦✉❝✳ ❊❼♥ n ∈ N✱

z−n = r−n (cos(−nϑ) + i sin(−nϑ)) .

❏❡➳#❤♠❛ ✸✳✸ ✭❏❡➳$❤♠❛ De Moivre✮ ●✐❛ ❦❼❥❡ ♠✐❣❛❞✐❦0 ❛$✐❥♠0 z 6= 0✱ ❦❛✐ ❦❼❥❡ ❛❦2$❛✐♦

n ∈ Z✱ ❡❼♥ z = r(cosϑ+ i sinϑ)✱ 505❡

zn = rn (cos(nϑ) + i sin(nϑ))

❏❛ ❞♦?♠❡ ❛♥❛❧✉$✐❦❼ $❤♥ ❛♣9❞❡✐①❤ $♦✉ ❏❡✇%➔♠❛$♦❝ De Moivre ✇❝ D♥❛ ♣❛%❼❞❡✐❣♠❛ ❛♣9❞❡✐✲

①❤❝ ♠❡ ❡♣❛❣✇❣➔✳

❆♣+❞❡✐①❤✳ ❏❡✇%♦?♠❡ ♠✐❣❛❞✐❦9 ❛%✐❥♠9 z = r(cosϑ + i sinϑ) 6= 0✳ ❆%3✐❦❼ ❥❛ ❞❡0①♦✉♠❡ ♠❡

❡♣❛❣✇❣➔ ♦$✐ ❣✐❛ ❦❼❥❡ ❢✉4✐❦9 ❛%✐❥♠9 n ✐43?❡✐ zn = rn (cos(nϑ) + i sin(nϑ))✳

❊❼♥ n = 1✱ $♦ ③❤$♦?♠❡♥♦ ❡0♥❛✐ z = r(cosϑ+ i sinϑ)✱ $♦ ♦♣♦0♦ ✐43?❡✐ ❛♣9 $❛ ❞❡❞♦♠D♥❛✳

❚➳%❛ ❥❡✇%♦?♠❡ ❞❡❞♦♠D♥♦ ♦$✐ ❣✐❛ ❦❼♣♦✐♦ k ✐43?❡✐ zk = rk (cos(kϑ) + i sin(kϑ)) ❦❛✐ ❥D✲

❧♦✉♠❡ ♥❛ ❞❡0①♦✉♠❡ ♦$✐ ✐43?❡✐ zk+1 = rk+1 (cos((k + 1)ϑ) + i sin((k + 1)ϑ))✳ ❯♣♦❧♦❣0③♦✉♠❡

zk+1 = z zk

= r(cosϑ+ i sinϑ)rk (cos(kϑ) + i sin(kϑ))

= rk+1(cosϑ+ i sinϑ) (cos(kϑ) + i sin(kϑ))

= rk+1 ((cosϑ cos(kϑ)− sinϑ sin(kϑ)) + i(cosϑ sin(kϑ) + sinϑ cos(kϑ)))

= rk+1 (cos((k + 1)ϑ) + i sin((k + 1)ϑ)) .

❆❢♦? $♦ ③❤$♦?♠❡♥♦ ✐43?❡✐ ❣✐❛ n = 1✱ ❦❛✐ ❛♣♦❞❡0①❛♠❡ ♦$✐ ❡❼♥ ✐43?❡✐ ❣✐❛ ❦❼♣♦✐♦ ❢✉4✐❦9 ❛%✐❥♠9

k $9$❡ ✐43?❡✐ ❦❛✐ ❣✐❛ $♦♥ ❡♣9♠❡♥♦ ❢✉4✐❦9 ❛%✐❥♠9 k+1✱ ❛♣9 $♦ ❆①0✇♠❛ $❤❝ ❊♣❛❣✇❣➔❝✱ ✐43?❡✐

❣✐❛ ❦❼❥❡ ❥❡$✐❦9 ❛❦D%❛✐♦ ❛%✐❥♠9✳

❆♣♦♠D♥❡✐ ♥❛ ❞❡0①♦✉♠❡ ♦$✐ ✐43?❡✐ ❣✐❛ n = 0 ❦❛✐ ❣✐❛ n < 0✳

●✐❛ n = 0✱ D3♦✉♠❡ z0 = 1 ❦❛✐ r0(cos 0 + i sin 0) = 1✱ ❼%❛ $♦ ③❤$♦?♠❡♥♦ ✐43?❡✐✳



✶✵✽ ❊♣"♣❡❞♦ ❦❛✐ ◗➳+♦❝

●✐❛ n < 0✱ ♣❛(❛)❤(♦,♠❡ ♦)✐ −n > 0✱ ❼(❛ )♦ ③❤)♦,♠❡♥♦ ✐23,❡✐ ❣✐❛ −n✳ ❏❡✇(♦,♠❡ )♦

z−1 = r−1(cos(−ϑ) + i sin(−ϑ)✱ ❦❛✐ 93♦✉♠❡

zn =
(

z−1
)−n

= (r−1(cos(−ϑ) + i sin(−ϑ)))−n .

❊❢❛(♠=③♦✉♠❡ )♦ ③❤)♦,♠❡♥♦ ❣✐❛ )♦ ❥❡)✐❦= ❛(✐❥♠= −n✱

(r−1(cos(−ϑ) + i sin(−ϑ)))−n = rn(cos(−n(−ϑ)) + i sin(−n(−ϑ))
= rn (cos(nϑ) + i sin(nϑ)) .

❆✉)= ♦❧♦❦❧❤(➳♥❡✐ )❤♥ ❛♣=❞❡✐①❤✳

�

❉!❛#$❤!✐'$❤$❛ ✸✳✶✷ ❇(❡E)❡ 23❡❞✐❛2)✐❦❼ )✐❝ ❞✉♥❼♠❡✐❝ z2, z3, z4 ❣✐❛ z = cos 2π

3
+

i sin 2π

3
✱ ❦❛✐ )✐❝ ❞✉♥❼♠❡✐❝ w2, . . . , w8

❣✐❛ w = 1√
2
− i√

2
✳

◗(❤2✐♠♦♣♦✐➳♥)❛❝ )❤♥ )(✐❣✇♥♦♠❡)(✐❦➔ ♠♦(❢➔ ♠✐❣❛❞✐❦➳♥ ❛(✐❥♠➳♥ ♠♣♦(♦,♠❡ ♥❛ ❜(♦,♠❡ )❛✉✲

)=)❤)❡❝ ♣♦✉ 2✉23❡)E③♦✉♥ )✐❝ ❞✉♥❼♠❡✐❝ )✇♥ )(✐❣✇♥♦♠❡)(✐❦➳♥ 2✉♥❛()➔2❡✇♥ )♦✉ ϑ ♠❡ )✐❝ )(✐✲

❣✇♥♦♠❡)(✐❦9❝ 2✉♥❛()➔2❡✐❝ )✇♥ ♣♦❧❧❛♣❧❛2E✇♥ )♦✉ ϑ✳

,❛!❼❞❡✐❣♠❛ ✸✳✼ ❆♥❛♣$6❣♠❛$❛ ❞✉♥❼♠❡✇♥ $✇♥ cosϑ, sinϑ✳

❊❼♥ z = cosϑ+ i sinϑ✱ )=)❡ 1

z
= cosϑ− i sinϑ ❦❛✐

2 cosϑ = z +
1

z

2i sinϑ = z − 1

z
.

❆♣= )♦✉❝ ),♣♦✉❝ )♦✉ De Moivre✱ zn = cosnϑ+ i sinnϑ ❦❛✐ z−n = cosnϑ− i sinnϑ✳ ✬❆(❛

2 cosnϑ = zn +
1

zn
✭✸✳✼✮

2i sinnϑ = zn − 1

zn
. ✭✸✳✽✮

❏❛ 3(❤2✐♠♦♣♦✐➔2♦✉♠❡ )❤♥ ✸✳✼ ❦❛✐ )♦ ❛♥❼♣)✉❣♠❛ )♦✉ ❞✐✇♥,♠♦✉

(

z + 1

z

)6
❣✐❛ ♥❛ ❡❦❢(❼2♦✉♠❡

)♦ cos6 ϑ 2❡ 2✉♥❤♠E)♦♥❛ ♣♦❧❧❛♣❧❛2E✇♥ )❤❝ ϑ✿

26 cos6 ϑ =

(

z +
1

z

)6

= z6 + 6z4 + 15z2 + 20 + 15
1

z2
+ 6

1

z4
+

1

z6

=

(

z6 +
1

z6

)

+ 6

(

z4 +
1

z4

)

+ 15

(

z2 +
1

z2

)

+ 20

= 2 cos 6ϑ+ 12 cos 4ϑ+ 30 cos 2ϑ+ 20

❦❛✐ ❦❛)❛❧➔❣♦✉♠❡

cos6 ϑ =
1

32
(cos 6ϑ+ 6 cos 4ϑ+ 15 cos 2ϑ+ 10) .



❑❡❢❼❧❛✐♦ ✸ ▼✐❣❛❞✐❦♦- ❆/✐❥♠♦- ✶✵✾

❆♥❼❧♦❣❛ ✉♣♦❧♦❣,③♦✉♠❡ ♦0✐

(2i)5 sin5 ϑ =

(

z − 1

z

)5

=

(

z5 − 1

z5

)

− 5

(

z3 − 1

z3

)

+ 10

(

z − 1

z

)

❦❛✐ ❛♣3 0❤♥ ✸✳✽ 89♦✉♠❡

25 sin5 ϑ = 2(sin 5ϑ− 5 sin 3ϑ+ 10 sinϑ)

❦❛✐

sin5 ϑ =
1

16
(sin 5ϑ− 5 sin 3ϑ+ 10 sinϑ).

 ❛"❼❞❡✐❣♠❛ ✸✳✽ ❆♥❛♣/0❣♠❛/❛ /✇♥ cosnϑ, sinnϑ 2❡ ❞✉♥❼♠❡✐❝✳

❆♣3 0♦ ❏❡➳<❤♠❛ De Moivre✱ cosnϑ ❡,♥❛✐ 0♦ ♣<❛❣♠❛0✐❦3 ♠8<♦❝ 0♦✉ (cosϑ+ i sinϑ)n✱ ❡♥➳

sinnϑ ❡,♥❛✐ 0♦ ❢❛♥0❛@0✐❦3 ♠8<♦❝ 0♦✉ (cosϑ+ i sinϑ)n✳

❏❛ 9<❤@✐♠♦♣♦✐➔@♦✉♠❡ 0♦ ❛♥❼♣0✉❣♠❛ 0♦✉ ❞✐✇♥D♠♦✉ (cosϑ+ i sinϑ)6 ❣✐❛ ♥❛ ✉♣♦❧♦❣,@♦✉♠❡

0❛ cos 6ϑ ❦❛✐ sin 6ϑ @❡ ❞✉♥❼♠❡✐❝ 0✇♥ cosϑ ❦❛✐ sinϑ✱

(cos 6ϑ+ i sin 6ϑ) = (cosϑ+ i sinϑ)6

= cos6 ϑ+ 6i cos5 ϑ sinϑ+ 15i2 cos4 ϑ sin2 ϑ

+20i3 cos3 ϑ sin3 ϑ+ 15i4 cos2 ϑ sin4 ϑ

+6i5 cosϑ sin5 ϑ+ i6 sin6 ϑ .

◗✇<,③♦♥0❛❝ 0♦ ♣<❛❣♠❛0✐❦3 ❦❛✐ 0♦ ❢❛♥0❛@0✐❦3 ♠8<♦❝✱ 89♦✉♠❡

cos 6ϑ = cos6 ϑ− 15 cos4 ϑ sin2 ϑ+ 15 cos2 ϑ sin4 ϑ− sin6 ϑ

❦❛✐

sin 6ϑ = 6 cos5 ϑ sinϑ− 20 cos3 ϑ sin3 ϑ+ 6 cosϑ sin5 ϑ.


