
❑❡❢❼❧❛✐♦ ✸ ▼✐❣❛❞✐❦♦- ❆/✐❥♠♦- ✾✼

❉✐❼❧❡①❤ ✾

❘!③❡❝ ❛&♥❤)✐❦➳♥ ❛&✐❥♠➳♥

●♥✇%&③♦✉♠❡ ♦,✐ ❞❡♥ ✉♣❼%1❡✐ ♣❼♥,❛ ♣%❛❣♠❛,✐❦5❝ ❛%✐❥♠5❝ ♣♦✉ ♥❛ ✐❦❛♥♦♣♦✐❡& ♠&❛ ❡①&9✇9❤ ❞❡✉✲

,<%♦✉ ❜❛❥♠♦>✳ ●✐❛ ♣❛%❼❞❡✐❣♠❛✱ ❣✐❛ ,❤♥ ❡①&9✇9❤ x2 − 2x + 3 = 0✱ ♦ ,>♣♦❝ ,✇♥ %✐③➳♥ ❞&❞❡✐

x = 2±
√
−8

2
= 1 +

√
2
√
−1✱ ♣♦✉ ❞❡♥ ❡&♥❛✐ &9♦ ♠❡ ♦♣♦✐♦❞➔♣♦,❡ ♣%❛❣♠❛,✐❦5 ❛%✐❥♠5✱ ❛❢♦> ❞❡♥

✉♣❼%1❡✐ ♣%❛❣♠❛,✐❦5❝ ❛%✐❥♠5❝ ,♦✉ ♦♣♦&♦✉ ,♦ ,❡,%❼❣✇♥♦ ♥❛ ❡&♥❛✐ −1✳

❑❼,✐ ♣✐♦ ♣❛%❼①❡♥♦ 9✉♠❜❛&♥❡✐ ♠❡ ❡①✐9➳9❡✐❝ ✸♦✉ ❜❛❥♠♦>✳ ❚♦♥ ✶✻♦ ❛✐➳♥❛ ❛♥❛❦❛❧>❢❥❤❦❡

❞✐❛❞✐❦❛9&❛ ❧>9❤❝ ❛✉,➔❝ ,❤❝ ❡①&9✇9❤❝✱ ❤ ♦♣♦&❛ 9❡ ❦❼♣♦✐❡❝ ♣❡%✐♣,➳9❡✐❝ ♦❞❤❣❡& 9❡ ❡❦❢%❼9❡✐❝

♠❡ ,❡,%❛❣✇♥✐❦<❝ %&③❡❝ ❛%♥❤,✐❦➳♥ ❛%✐❥♠➳♥✳ ❚♦ ♣❛%❼①❡♥♦ ❡❞➳ ❡&♥❛✐ ♦,✐ ❡❼♥ ✉♣♦❥<9♦✉♠❡ ♦,✐

✉♣❼%1❡✐ ❦❼♣♦✐❛ ♣♦95,❤,❛ ,❤❝ ♦♣♦&❛❝ ,♦ ,❡,%❼❣✇♥♦ ❡&♥❛✐ −1✱ ❦❛✐ 9✉♥❡1&9♦✉♠❡ ,✐❝ ♣%❼①❡✐❝✱

❦❛,❛❧➔❣♦✉♠❡ 9❡ ♣%❛❣♠❛,✐❦5 ❛%✐❥♠5 ♣♦✉ ❛♣♦,❡❧❡& %&③❛ ,❤❝ ❡①&9✇9❤❝✳

●✐❛ ♣❛%❼❞❡✐❣♠❛✱ ❡❼♥ ❡❢❛%♠59♦✉♠❡ ,❤ ❞✐❛❞✐❦❛9&❛ 9,❤♥ ❡①&9✇9❤ x3−15x−4 = 0✱ ❢,❼♥♦✉♠❡

9,❤♥ <❦❢%❛9❤

x =
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√
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√
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√

2−
√
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√

2 + 11
√
−1 +

3

√
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√
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❊❼♥ ,➳%❛ ❡❢❛%♠59♦✉♠❡ ,❤♥ ,❛✉,5,❤,❛ (a± b)3 = a3 ± 3a2b+3ab2 ± b3 ❦❛✐ ,✐❝ ✐❞✐5,❤,❡❝ ,✇♥

♣%❼①❡✇♥✱ <1♦✉♠❡

(2 +
√
−1)3 = 23 + 3 · 4 ·

√
−1 + 3 · 2 · (−1) + (

√
−1)3

= 8− 6 + 12
√
−1− 1

√
−1

= 2 + 11
√
−1 ,

❦❛✐ ♣❛%5♠♦✐❛

(2−
√
−1)3 = 2− 11

√
−1 .

✬❆%❛ x = (2+11
√
−1)+(2−11

√
−1) = 4✱ ♣♦✉ ❡&♥❛✐ ♣%❼❣♠❛,✐ %&③❛ ,❤❝ ❡①&9✇9❤❝✦ ❆♣5 ,<,♦✐❛

♣❛%❛❞❡&❣♠❛,❛ ❢❼♥❤❦❡ ❣✐❛ ♣%➳,❤ ❢♦%❼ ♥❛ <1❡✐ 1%❤9✐♠5,❤,❛ ❤ <♥♥♦✐❛ ,❤❝ ,❡,%❛❣✇♥✐❦➔❝ %&③❛❝

❡♥5❝ ❛%♥❤,✐❦♦> ❛%✐❥♠♦>✱ ❛%❦❡& ♥❛ ♠♣♦%<9♦✉♠❡ ♥❛ ❞➳9♦✉♠❡ 9✉❣❦❡❦%✐♠<♥♦ ♥5❤♠❛ 9❡ ❛✉,➔♥✳

❙❡ ❛✉,5 ,♦ ♠❼❥❤♠❛ ❞❡♥ ❥❛ ❛❦♦❧♦✉❥➔9♦✉♠❡ ,❤♥ ✐9,♦%✐❦➔ ❡①<❧✐①❤ ,❤❝ <♥♥♦✐❛❝✱ ♣♦✉ ♣➔%❡

91❡❞5♥ ,%❡&❝ ❛✐➳♥❡❝ ♠<1%✐ ♥❛ ❣&♥❡✐ ❛♣♦❞❡❦,➔ ❛♣5 ,❤ ♠❛❥❤♠❛,✐❦➔ ❦♦✐♥5,❤,❛✱ ❛❧❧❼ ❥❛ ,❤ ❞♦>♠❡

❣❡✇♠❡,%✐❦❼✱ ❛♣5 ♠&❛ 9>❣1%♦♥❤ 9❦♦♣✐❼✳

❍ ♣♦95,❤,❛

√
−1 ♣❛%✐9,❼♥❡✐ ❦❼,✐ ♣♦✉ 5,❛♥ ,♦ ❡♣❛♥❛❧❼❜❡✐❝ ❞>♦ ❢♦%<❝ ❞&❞❡✐ −1✳ ❖ ♣♦❧✲

❧❛♣❧❛9✐❛9♠5❝ ♠❡ −1 9,❤♥ ❡✉❥❡&❛ ,✇♥ ♣%❛❣♠❛,✐❦➳♥ ❛%✐❥♠➳♥ ❛♥,✐9,♦✐1❡& 9,❤ 9✉♠♠❡,%&❛ ❣>%✇

❛♣5 ,♦ 0✱ ♣♦✉ ❛♣❡✐❦♦♥&③❡✐ ❦❼❥❡ ❛%✐❥♠5 9,♦♥ ❛♥,&❥❡,5 ,♦✉✱ x 7→ −x✳ Q➳❝ ❡&♥❛✐ ❞✉♥❛,5♥

♥❛ ♣%♦❦>②❡✐ ❛✉,➔ ❤ 9✉♠♠❡,%&❛ 9,❤♥ ❡✉❥❡&❛ ✇❝ ❡♣❛♥❼❧❤②❤ ♠&❛❝ ❞✐❛❞✐❦❛9&❛❝ ❞>♦ ❢♦%<❝❄ ❊✲

❼♥ ♣❛%❛♠❡&♥♦✉♠❡ 9,❤♥ ❡✉❥❡&❛ ❛✉,5 ❞❡♥ ❡&♥❛✐ ❞✉♥❛,5✳ ❊❼♥ 5♠✇❝ ❥❡✇%➔9♦✉♠❡ ,❤♥ ❡✉❥❡&❛ ,✇♥

♣%❛❣♠❛,✐❦➳♥ ❛%✐❥♠➳♥ 9❛♥ ♠&❛ ❡✉❥❡&❛ ♠<9❛ 9❡ <♥❛ ❡♣&♣❡❞♦✱ ,5,❡ ❤ 9✉♠♠❡,%&❛ x 7→ −x 9,❤♥
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❡✉❥❡%❛ ♣(♦❦+♣,❡✐ ❛♣. ,❤♥ ♣❡(✐1,(♦❢➔ ,♦✉ ❡♣✐♣4❞♦✉ ❣+(✇ ❛♣. ,♦ 0 ❦❛,❼ ❣✇♥%❛ π✳ ❆✉,➔♥ ,❤

♣❡(✐1,(♦❢➔ ♠♣♦(♦+♠❡ ♥❛ ,❤♥ ❛♥,✐❧❤❢❥♦+♠❡ ✇❝ ❡♣❛♥❼❧❤②❤ ♠%❛❝ ❞✐❛❞✐❦❛1%❛❝ ❞+♦ ❢♦(4❝✿ ❡%♥❛✐

❞+♦ ❢♦(4❝ ❤ ♣❡(✐1,(♦❢➔ ❣+(✇ ❛♣. ,♦ 0 ❦❛,❼ ❣✇♥%❛ π/2 ✦

❙B➔♠❛ ✸✳✶✿ ❍ 1✉♠♠❡,(%❛ x 7→ −x 1,❤♥ ❡✉❥❡%❛ ❦❛✐ 1,♦ ❡♣%♣❡❞♦

❆✉,➔ ❤ ♣❛(❛,➔(❤1❤ ♠❛❝ ♦❞❤❣❡% ♥❛ ❛♥❛③❤,➔1♦✉♠❡ ,♦ ♥.❤♠❛ ,❤❝

√
−1 .B✐ 1,❤♥ ❡✉❥❡%❛ ❛❧❧❼

1,♦ ❡♣%♣❡❞♦✿ ♣♦❧❧❛♣❧❛1✐❛1♠.❝ ♠❡

√
−1 ❡%♥❛✐ ❤ ♣❡(✐1,(♦❢➔ ,♦✉ ❡♣✐♣4❞♦✉ ❣+(✇ ❛♣. ,♦ 0

❦❛,❼ ❣✇♥%❛ π/2✳ ✬❖,❛♥ ,♦ ❡♣❛♥❛❧❼❜♦✉♠❡ ❞+♦ ❢♦(4❝ ❤ ❡✉❥❡%❛ ,✇♥ ♣(❛❣♠❛,✐❦➳♥ ❜(%1❦❡,❛✐ 1,❤

1✉♠♠❡,(✐❦➔ ❥41❤✱ ♣♦✉ ❛♥,✐1,♦✐B❡% 1,♦♥ ♣♦❧❧❛♣❧❛1✐❛1♠. ♠❡ −1✳

❊❼♥ ,➳(❛ ❥❡✇(➔1♦✉♠❡ ,♦ ❡♣%♣❡❞♦ ♠❡ 4♥❛ ♦(❥♦❦❛♥♦♥✐❦. 1+1,❤♠❛ ❛♥❛❢♦(❼❝ (O, ~i, ~j)✱ ♠♣♦✲

(♦+♠❡ ♥❛ ,❛✉,%1♦✉♠❡ ,❤♥ ❡✉❥❡%❛ ,✇♥ ♣(❛❣♠❛,✐❦➳♥ ❛(✐❥♠➳♥ ♠❡ ,♦♥ ❼①♦♥❛ Ox✱ ❛♥,✐1,♦✐B➳♥,❛❝

,♦ a ∈ R 1,♦ 1❤♠❡%♦ (a, 0)✱ ❦❛✐ ,♦♥ ✜✜❛(✐❥♠.✢✢
√
−1 1,♦ 1❤♠❡%♦ (0, 1)✱ 4,1✐ ➳1,❡ ❤ ♣❡(✐1,(♦❢➔

❦❛,❼ ❣✇♥%❛ π/2 ♥❛ 1,4❧♥❡✐ ,♦ 1 1,♦

√
−1✳ ❙,❤ 1✉♥4B❡✐❛ ♠♣♦(♦+♠❡ ♥❛ ❡♣❡❦,❡%♥♦✉♠❡ ❛✉,➔ ,❤♥

❛♥,✐1,♦✐B%❛ 1❡ ❦❼❥❡ 1❤♠❡%♦ ,♦✉ ❡♣✐♣4❞♦✉✱ ❥❡✇(➳♥,❛❝ ♦,✐

(a, b) = a(1, 0) + b(0, 1) = a · 1 + b ·
√
−1 .

❏4❧♦✉♠❡ ♥❛ ❡①❡,❼1♦✉♠❡ ❡❼♥ ♠♣♦(♦+♠❡ ♥❛ ♦(%1♦✉♠❡ ♣(❼①❡✐❝ ♠❡ ❛✉,4❝ ,✐❝ ❡❦❢(❼1❡✐❝✱ ♣♦✉ ♥❛

4B♦✉♥ ✐❞✐.,❤,❡❝ ❛♥❼❧♦❣❡❝ ♠❡ ,✐❝ ♣(❼①❡✐❝ 1,♦ 1+♥♦❧♦ ,✇♥ ♣(❛❣♠❛,✐❦➳♥ ❛(✐❥♠➳♥✱ ♠❡ ,❤♥ ♣(♦✲

1❥➔❦❤ ,♦✉ ❦❛♥.♥❛

√
−1

√
−1 = −1✳

●✐❛ 1✉♥,♦♠%❛✱ 1✉♠❜♦❧%③♦✉♠❡ ,♦

√
−1 ♠❡ i✱ ❦❛✐ ,♦♥ ✜✜❛(✐❥♠.✢✢ ♣♦✉ ❛♥,✐1,♦✐B❡% 1,♦ 1❤♠❡%♦

(a, b) ,♦✉ ❡♣✐♣4❞♦✉ ♠❡ a+ bi✳ ❚♦ 1+♥♦❧♦ ❛✉,➳♥ ,✇♥ ✜✜❛(✐❥♠➳♥✢✢ ,♦ 1✉♠❜♦❧%③♦✉♠❡ C✳
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❖!✐#♠%❝ ✸✳✶✳ ❚♦ #$♥♦❧♦ C = {a + bi : a, b ∈ R} ❡(♥❛✐ +♦ #$♥♦❧♦ +✇♥ ♠✐❣❛❞✐❦➳♥

❛!✐❥♠➳♥✳ ❊❼♥ z = a+ bi ❡(♥❛✐ 0♥❛❝ ♠✐❣❛❞✐❦6❝ ❛7✐❥♠6❝✱

• ♦ ♣7❛❣♠❛+✐❦6❝ ❛7✐❥♠6❝ a ♦♥♦♠❼③❡+❛✐ ♣!❛❣♠❛2✐❦% ♠3!♦❝ +♦✉ z ❦❛✐ #✉♠❜♦❧(③❡+❛✐

Re z = a✳

• ♦ ♣7❛❣♠❛+✐❦6❝ ❛7✐❥♠6❝ b ♦♥♦♠❼③❡+❛✐ ❢❛♥2❛#2✐❦% ♠3!♦❝ +♦✉ z ❦❛✐ #✉♠❜♦❧(③❡+❛✐

Im z = b✳

❙?➔♠❛ ✸✳✷✿ ❚♦ ❡♣(♣❡❞♦ +✇♥ ♠✐❣❛❞✐❦➳♥ ❛7✐❥♠➳♥

❉!❛#2❤!✐%2❤2❛ ✸✳✶ ●7❼②+❡ +♦ ♣7❛❣♠❛+✐❦6 ❦❛✐ +♦ ❢❛♥+❛#+✐❦6 ♠07♦❝ +✇♥ ♠✐❣❛❞✐✲

❦➳♥ ❛7✐❥♠➳♥

3 + 3i , 5 , 2i .

I7♦#0①+❡ ♦+✐ +♦ ❢❛♥+❛#+✐❦6 ♠07♦❝ ❡♥6❝ ♠✐❣❛❞✐❦♦$ ❛7✐❥♠♦$ ❡(♥❛✐ ♣7❛❣♠❛+✐❦6❝ ❛7✐❥♠6❝✳

❚♦ ✉♣♦#$♥♦❧♦ {a + 0i : a ∈ R} ⊆ C +♦ +❛✉+(③♦✉♠❡ ♠❡ +♦ #$♥♦❧♦ R +✇♥ ♣7❛❣♠❛+✐❦➳♥

❛7✐❥♠➳♥✱ ❦❛✐ +♦ ♦♥♦♠❼③♦✉♠❡ ♣!❛❣♠❛2✐❦% ❼①♦♥❛ #+♦ C✳ ❚♦ ✉♣♦#$♥♦❧♦ {0+bi : b ∈ R} ⊆
C +♦ ♦♥♦♠❼③♦✉♠❡ ❢❛♥2❛#2✐❦% ❼①♦♥❛ #+♦ C ❦❛✐ ♠♣♦7♦$♠❡ ♥❛ +♦ #✉♠❜♦❧(③♦✉♠❡ Ri✳ ❚❛

#+♦✐?❡(❛ +♦✉ +❛ ♦♥♦♠❼③♦✉♠❡ ❢❛♥2❛#2✐❦♦:❝ ❛!✐❥♠♦:❝✳

 !❼①❡✐❝ ♠❡ ♠✐❣❛❞✐❦♦-❝ ❛!✐❥♠♦-❝

❙+♦ #$♥♦❧♦ +✇♥ ♠✐❣❛❞✐❦➳♥ ❛7✐❥♠➳♥ ♦7(③♦✉♠❡ ♣76#❥❡#❤ ➳#+❡ ♥❛ #✉♠❢✇♥❡( ♠❡ +❤♥ ♣76#❥❡#❤

❞✐❛♥✉#♠❼+✇♥ +♦✉ ❡♣✐♣0❞♦✉✱

(a+ bi) + (c+ di) = (a+ c) + (b+ d)i .

●✐❛ ♥❛ ♦7(#♦✉♠❡ +♦♥ ♣♦❧❧❛♣❧❛#✐❛#♠6 ❥❡✇7♦$♠❡ ♦+✐ ✐#?$❡✐ ❤ ❡♣✐♠❡7✐#+✐❦➔ ✐❞✐6+❤+❛✱ ➳#+❡

(a+ bi)(c+ di) = ac+ a(di) + (bi)c+ (bi)(di) .



✶✵✵ ❊♣"♣❡❞♦ ❦❛✐ ◗➳+♦❝

❏❡✇%➳♥(❛❝ ♦(✐ ✐-./♦✉♥ ❡♣2-❤❝ ❤ ♣%♦-❡(❛✐%✐-(✐❦➔ ❦❛✐ ❤ ❛♥(✐♠❡(❛❥❡(✐❦➔ ✐❞✐9(❤(❛ ❣✐❛ (♦♥ ♣♦❧✲

❧❛♣❧❛-✐❛-♠9 ♣%❛❣♠❛(✐❦➳♥ ❛%✐❥♠➳♥ ♠❡ (♦ i✱ >.♦✉♠❡

(a+ bi)(c+ di) = ac+ adi + bci + bdii

= (ac− bd) + (ad+ bc)i .

❉!❛#$❤!✐'$❤$❛ ✸✳✷ ❯♣♦❧♦❣2-(❡✱ ❞❤❧❛❞➔ ❣%❼②(❡ -(❤ ♠♦%❢➔ a+ bi✱ (♦✉❝ ❛❦9❧♦✉✲

❥♦✉❝ ♠✐❣❛❞✐❦♦/❝ ❛%✐❥♠♦/❝✿

❛D. (3 + 2i)− (i + 5) ❜D. (3 + 2i)(i + 5)

❣D. (2 + i) + (2− i) ❞D. (2 + i)(2− i)

❡D. (2 +
√
3i)2 ✝D. (2 +

√
3i)3

❙❤♠❡✐➳♥♦✉♠❡ (♦ ❣✐♥9♠❡♥♦

(a+ bi)(a− bi) = a2 + b2 ,

(♦ ♦♣♦2♦ ❡2♥❛✐ >♥❛❝ ♠❤ ❛%♥❤(✐❦9❝ ♣%❛❣♠❛(✐❦9❝ ❛%✐❥♠9❝✳ ▲>♠❡ ♦(✐ ♦✐ ♠✐❣❛❞✐❦♦2 ❛%✐❥♠♦2 a + bi

❦❛✐ a− bi ❡2♥❛✐ #✉③✉❣❡/❝ ♠✐❣❛❞✐❦♦2 ❛%✐❥♠♦2✳ ❚♦ -✉③✉❣➔ ❡♥9❝ ♠✐❣❛❞✐❦♦/ ❛%✐❥♠♦/ z = a+ bi

(♦ -✉♠❜♦❧2③♦✉♠❡ z̄ = a− bi✳ L❛%❛(❤%♦/♠❡ ♦(✐ Re z̄ = Re z ❦❛✐ Im z̄ = −Im z✳

❉!❛#$❤!✐'$❤$❛ ✸✳✸ ❇%❡2(❡ (♦✉❝ ♠✐❣❛❞✐❦♦/❝ -✉③✉❣❡2❝ (✇♥ ♠✐❣❛❞✐❦➳♥ ❛%✐❥♠➳♥

3 , 2i , 1− 3i .

❉!❛#$❤!✐'$❤$❛ ✸✳✹ ❉❡2①(❡ ♦(✐ z̄ = z ❡❼♥ ❦❛✐ ♠9♥♦♥ ❡❼♥ Im z = 0✳

❙.➔♠❛ ✸✳✸✿ ❙✉③✉❣❡2❝ ♠✐❣❛❞✐❦♦2 ❛%✐❥♠♦2

❙(♦✉❝ ♠✐❣❛❞✐❦♦/❝ ❛%✐❥♠♦/❝ ✐-./❡✐ ❤ ✐❞✐9(❤(❛ ❞✐❛❣%❛❢❤❝✿ ❡❼♥ w 6= 0 ❦❛✐ zw = uw (9(❡

z = u✳

◗%❤-✐♠♦♣♦✐♦/♠❡ (♦ -✉③✉❣➔ ❡♥9❝ ♠❤ ♠❤❞❡♥✐❦♦/ ♠✐❣❛❞✐❦♦/ ❛%✐❥♠♦/ z ❦❛✐ (❤♥ ✐❞✐9(❤(❛ ❞✐❛✲

❣%❛❢➔❝✱ ❣✐❛ ♥❛ ✉♣♦❧♦❣2-♦✉♠❡ (♦♥ ❛♥(2-(%♦❢♦

1

z
✱ ❞❤❧❛❞➔ ♥❛ (♦♥ ❢>%♦✉♠❡ -(❤ ♠♦%❢➔ p+ qi✳

1

z
=

z̄

zz̄
=

a− bi

(a+ bi)(a− bi)
=

a

a2 + b2
− b

a2 + b2
i .
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❉!❛#$❤!✐'$❤$❛ ✸✳✺ ❯♣♦❧♦❣'()❡ )♦ ♣❤❧'❦♦

c+di

a+bi
✱ ♣♦❧❧❛♣❧❛(✐❼③♦♥)❛❝ ❛4✐❥♠❤)➔

❦❛✐ ♣❛4♦♥♦♠❛()➔ ♠❡ )♦ (✉③✉❣➔ a− bi✳

❉!❛#$❤!✐'$❤$❛ ✸✳✻ ❯♣♦❧♦❣'()❡✱ ❞❤❧❛❞➔ ❣4❼②)❡ ()❤ ♠♦4❢➔ a+ bi✱ )♦✉❝ ❛❦=❧♦✉✲

❥♦✉❝ ♠✐❣❛❞✐❦♦?❝ ❛4✐❥♠♦?❝✿

❛A. (3 + 2i)− (i + 5) ❜A. (3 + 2i)(i + 5)

❣A. 2+i

2−i ❞A. (2 +
√
3i)−1

❡A. (2 +
√
3i)−2 ✝A. 1−i

3+4i

,!'$❛#❤ ✸✳✶ ❏❡✇#♦%♠❡ '♦✉❝ ♠✐❣❛❞✐❦♦%❝ ❛#✐❥♠♦%❝ z ❦❛✐ w✱ ❦❛✐ '♦✉❝ 1✉③✉❣❡3❝ ❛#✐❥♠♦%❝ z̄

❦❛✐ w̄✳

❛5✳ ❙'♦ ♠✐❣❛❞✐❦7 ❡♣3♣❡❞♦ ♦✐ ❛#✐❥♠♦3 z ❦❛✐ z̄ ❛♥'✐1'♦✐:♦%♥ 1❡ 1❤♠❡3❛ 1✉♠♠❡'#✐❦❼ ✇❝ ♣#♦❝

'♦♥ ♣#❛❣♠❛'✐❦7 ❼①♦♥❛✳

❜5✳

Re z =
1

2
(z + z̄) , Im z =

1

2i
(z − z̄) .

❣5✳

z + w = z̄ + w̄ .

❞5✳

zw = z̄w̄ .

❡5✳

(

1

z

)

=
1

z̄
.

✝5✳

(z̄) = z .

③5✳

(zn) = (z̄)n

❆✉)E❝ ♦✐ ✐❞✐=)❤)❡❝ ❛♣♦❞❡✐❦♥?♦♥)❛✐ ❛♥)✐❦❛❥✐()➳♥)❛❝ z = a+ bi✱ z̄ = a− bi ❦❛✐ w = c+ di✱

w̄ = c− di✳ ●✐❛ ♣❛4❼❞❡✐❣♠❛✱

zw = (a+ bi)(c+ di)

= ac− bd+ adi + bci

= ac− bd− adi− bci ,

❦❛✐

z̄w̄ = (a− bi)(c− di)



✶✵✷ ❊♣"♣❡❞♦ ❦❛✐ ◗➳+♦❝

= ac− bd− adi− bci .

▼!"#♦ ♠✐❣❛❞✐❦♦+ ❛#✐❥♠♦+

#❛%❛&❤%♦)♠❡ ♦&✐ &♦ ❣✐♥/♠❡♥♦ ❡♥/❝ ♠✐❣❛❞✐❦♦) ❛%✐❥♠♦) ♠❡ &♦ 4✉③✉❣➔ &♦✉ ❡8♥❛✐ &♦ &❡&%❼❣✇♥♦

&♦✉ ♠;&%♦✉ &♦✉ ❛♥&84&♦✐<♦✉ ❞✐❛♥)4♠❛&♦❝ (a, b)✿

zz̄ = (a+ bi)(a− bi) = a2 + b2 .

❚♦♥ ❛%✐❥♠/

√
zz̄ =

√
a2 + b2 &♦♥ 4✉♠❜♦❧8③♦✉♠❡ |z| ❦❛✐ &♦♥ ♦♥♦♠❼③♦✉♠❡ ♠!"#♦ &♦✉ ♠✐❣❛❞✐❦♦)

❛%✐❥♠♦) z✳ ❚♦ ♠;&%♦ &♦✉ z ❡8♥❛✐ ❤ ❛♣/4&❛4❤ &♦✉ z ❛♣/ &♦ 0✳

%❛#❼❞❡✐❣♠❛ ✸✳✶ ❚♦ ♠;&%♦ &♦✉ ♠✐❣❛❞✐❦♦) ❛%✐❥♠♦) z = −1 + i ❡8♥❛✐ |z| =
√

(−1)2 + 12 =√
2✳

❉#❛0"❤#✐2"❤"❛ ✸✳✼ ❯♣♦❧♦❣84&❡ &♦ ♠;&%♦ &✇♥ ♠✐❣❛❞✐❦➳♥ ❛%✐❥♠➳♥

−2 , 3i , 1 + i , 2− i .

❍ ❛♣/4&❛4❤ ♠❡&❛①) ❞)♦ 4❤♠❡8✇♥ &♦✉ ♠✐❣❛❞✐❦♦) ❡♣✐♣;❞♦✉ z ❦❛✐ w ❡8♥❛✐ d(z, w) = |z −w|✳
#%❼❣♠❛&✐✱ ❡❼♥ z = a+ bi ❦❛✐ w = c+ di✱ |z − w| =

√

(a− c)2 + (b− d)2✳

%#2"❛0❤ ✸✳✷ ❏❡✇#♦%♠❡ '♦✉❝ ♠✐❣❛❞✐❦♦%❝ ❛#✐❥♠♦%❝ z ❦❛✐ w✳ ❚♦ ♠2'#♦ ♠✐❣❛❞✐❦➳♥ ❛#✐❥♠➳♥

25❡✐ '✐❝ ❛❦6❧♦✉❥❡❝ ✐❞✐6'❤'❡❝✿

❛:✳ |z| = |z̄| = | − z|✱

❜:✳ |zw| = |z| |w|✱

❣:✳ | |z| − |w| | ≤ |z + w| ≤ |z|+ |w|✳

❖✐ ❞)♦ ♣%➳&❡❝ ✐❞✐/&❤&❡❝ ❡8♥❛✐ ❼♠❡4❡❝ 4✉♥;♣❡✐❡❝ &♦✉ ♦%✐4♠♦) |z| =
√
zz̄✳ ❍ &%8&❤ ❡8♥❛✐ ❤

&%✐❣✇♥✐❦➔ ❛♥✐4/&❤&❛ 4&♦ ❡♣8♣❡❞♦✿ ♦✐ ♠✐❣❛❞✐❦♦8 ❛%✐❥♠♦8 0✱ z ❦❛✐ z +w ❛♣♦&❡❧♦)♥ &✐❝ ❦♦%✉❢;❝

❡♥/❝ &%✐❣➳♥♦✉ ♠❡ ♠➔❦❤ ♣❧❡✉%➳♥ |z|✱ |w| ❦❛✐ |z+w|✱ ❦❛✐ 4)♠❢✇♥❛ ♠❡ &❤♥ &%✐❣✇♥✐❦➔ ❛♥✐4/&❤&❛

❦❼❥❡ ♣❧❡✉%❼ &♦✉ &%✐❣➳♥♦✉ ❡8♥❛✐ ♠✐❦%/&❡%❤ ❛♣/ &♦ ❼❥%♦✐4♠❛ &✇♥ ❼❧❧✇♥ ❞)♦ ❦❛✐ ♠❡❣❛❧)&❡%❤

❛♣/ &❤♥ ❛♣/❧✉&❤ &✐♠➔ &❤❝ ❞✐❛❢♦%❼❝ &♦✉❝✳

%❛#❼❞❡✐❣♠❛ ✸✳✷ ❍ ❡①84✇4❤ |z − z0| = r ✐❦❛♥♦♣♦✐❡8&❛✐ ❛♣/ &♦✉❝ ♠✐❣❛❞✐❦♦)❝ ❛%✐❥♠♦)❝ ♣♦✉

❛♣;<♦✉♥ 4&❛❥❡%➔ ❛♣/4&❛4❤ r ❛♣/ &♦♥ z0✳ ❍ ❡①84✇4❤ ♣❛%✐4&❼♥❡✐ ;♥❛♥ ❦)❦❧♦ ♠❡ ❦;♥&%♦ z0

❦❛✐ ❛❦&8♥❛ r✳

❍ ❡①84✇4❤ |z− z1| = |z− z2| ✐❦❛♥♦♣♦✐❡8&❛✐ ❛♣/ &♦✉❝ ♠✐❣❛❞✐❦♦)❝ ❛%✐❥♠♦)❝ ♣♦✉ ❛♣;<♦✉♥ 84❤

❛♣/4&❛4❤ ❛♣/ &♦♥ z1 ❦❛✐ &♦♥ z2✳ ❍ ❡①84✇4❤ ♣❛%✐4&❼♥❡✐ &❤ ♠❡4♦❦❼❥❡&♦ &✇♥ 4❤♠❡8✇♥ z1 ❦❛✐

z2✳
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✬❖"✐$♠❛ ♠✐❣❛❞✐❦♦+ ❛"✐❥♠♦+

●✐❛ &♥❛ ♠✐❣❛❞✐❦, ❛-✐❥♠, z 6= 0✱ ♦✐ ♣-❛❣♠❛2✐❦♦3 ❛-✐❥♠♦3 Re z✱ Im z ❦❛✐ |z| ❛♣♦2❡❧♦6♥ 2❛ ♠➔❦❤

♣❧❡✉-➳♥ ❡♥,❝ ♦-❥♦❣✇♥3♦✉ 2-✐❣➳♥♦✉✳ ❙✉♥❡♣➳❝ ✉♣❼-@❡✐ ♣-❛❣♠❛2✐❦,❝ ❛-✐❥♠,❝ ϑ 2&2♦✐♦❝ ➳A2❡

cosϑ =
Re z

|z| , sinϑ =
Im z

|z| . ✭✸✳✶✮

❖♣♦✐♦A❞➔♣♦2❡ ❛-✐❥♠,❝ ♠❡ ❛✉2➔ 2❤♥ ✐❞✐,2❤2❛ ♦♥♦♠❼③❡2❛✐  !✐#♠❛ 2♦✉ ♠✐❣❛❞✐❦♦6 ❛-✐❥♠♦6 z✳

F-♦❢❛♥➳❝✱ ❡❼♥ ϑ ❡3♥❛✐ &♥❛ ,-✐A♠❛ 2♦✉ z✱ 2,2❡ ϑ + 2kπ ❡3♥❛✐ ❡♣3A❤❝ ,-✐A♠❛ 2♦✉ z✱ ❣✐❛ ❦❼❥❡

k ∈ Z✳ ◗-❤A✐♠♦♣♦✐♦6♠❡ 2♦ A✉♠❜♦❧✐A♠, ϑ ≡ ϕ ❣✐❛ ♥❛ ❞❤❧➳A♦✉♠❡ ♦2✐ ♦✐ ♣-❛❣♠❛2✐❦♦3 ❛-✐❥♠♦3

ϑ ❦❛✐ ϕ ❞✐❛❢&-♦✉♥ ❦❛2❼ ♣♦❧❧❛♣❧❼A✐♦ 2♦✉ 2π✳ ❉✐❛❦-3♥♦✉♠❡ 2♦ ♣!✇(❡*♦♥ ,-✐A♠❛✱ 2♦ ♦♣♦3♦

✐❦❛♥♦♣♦✐❡3 2✐❝ ❛♥✐A,2❤2❡❝ 0 ≤ ϑ < 2π ❦❛✐ 2♦ A✉♠❜♦❧3③♦✉♠❡ Arg z✳
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❛❢♦6

cos(−ϑ) = cosϑ =
Re z

|z| =
Re z̄

|z̄| , sin(−ϑ) = − sinϑ = − Im z

|z| =
Im z̄

|z̄| .
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√
3i✱ ♣❛-❛2❤-♦6♠❡

♦2✐ |z|2 = 1 + 3✱ ❼-❛ |z| = 2✳ ❙✉♥❡♣➳❝ cosϑ = 1

2
❦❛✐ sinϑ = −

√
3

2
✳ ✬❆-❛ &♥❛ ,-✐A♠❛ 2♦✉ z

❡3♥❛✐ ϑ = −π

3
✱ ❡♥➳ 2♦ ♣-✇2❡6♦♥ ,-✐A♠❛ ❡3♥❛✐ Arg z = 5π

3
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1 , i , −i , −1 , 1 + i , −(1 + i) ,
√
3 + i .


