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❉✐❼❧❡①❤ ✽

❉!♦ ❞✉%❦'❝ ❞✐❛❞✐❦❛+,❡❝✿ ●❡✇♠❡23✐❦4❝ ♠❡2❛+5❤♠❛2✐+♠4❝

❦❛✐ ❛❧❧❛❣➔ +✉+2➔♠❛2♦❝ ❛♥❛❢♦3❼❝

✬❊♥❛❝ ❡✉❦❧❡$❞❡✐♦❝ ❣❡✇♠❡,-✐❦.❝ ♠❡,❛01❤♠❛,✐0♠.❝ ❡(♥❛✐ ♠(❛ ❛♣❡✐❦-♥✐.❤ ϕ : E2 −→

E2
♣♦✉ ❞✐❛3❤4❡( 3✐❝ ❛♣♦.3❼.❡✐❝ ♠❡3❛①7 .❤♠❡(✇♥ 3♦✉ ❡♣✐♣9❞♦✉✱ ❞❤❧❛❞➔ ❣✐❛ ❦❼❥❡ P ✱ Q ∈ E2

✱

d(ϕ(P ), ϕ(Q)) = d(P, Q) .

❏❛ ♠❡❧❡3➔.♦✉♠❡ ♣➳❝ ❡❦❢4❼③♦♥3❛✐ ♠9.✇ 3✇♥ .✉♥3❡3❛❣♠9♥✇♥ 3✇♥ .❤♠❡(✇♥ ❞✐❼❢♦4♦✐ ❡✉❦❧❡(❞❡✐♦✐

♠❡3❛.C❤♠❛3✐.♠♦(✳ ❊❼♥ (x, y) ❡(♥❛✐ ♦✐ .✉♥3❡3❛❣♠9♥❡❝ ❡♥-❝ .❤♠❡(♦✉ Q✱ ❦❛✐ (x′, y′) ♦✐ .✉♥3❡✲

3❛❣♠9♥❡❝ 3♦✉ .❤♠❡(♦✉ ϕ(X)✱ ❥9❧♦✉♠❡ ♥❛ ❜4♦7♠❡ 3❤ .✉♥❼43❤.❤ ♣♦✉ ❡❦❢4❼③❡✐ 3♦♥ ❡✉❦❧❡(❞❡✐♦

♠❡3❛.C❤♠❛3✐.♠- ϕ ✇❝ ♣4♦❝ 3✐❝ .✉♥3❡3❛❣♠9♥❡❝✱ ❞❤❧❛❞➔ 3❤ .✉♥❼43❤.❤ ϕ : R2 −→ R
2
❣✐❛ 3❤♥

♦♣♦(❛

ϕ(x, y) = (x′, y′) .

❊❼♥ G ❡(♥❛✐ ♦ ❣❡✇♠❡34✐❦-❝ 3-♣♦❝ 3❤❝ ❡①(.✇.❤❝ f(x, y) = 0✱ ❥9❧♦✉♠❡ ♥❛ ❜4♦7♠❡ 3❤♥ ❡①(✲

.✇.❤ 3❤❝ ♦♣♦(❛❝ ❣❡✇♠❡34✐❦-❝ 3-♣♦❝ ❡(♥❛✐ ❤ ❡✐❦-♥❛ 3♦✉ G ❛♣- 3♦ ♠❡3❛.C❤♠❛3✐.♠- ϕ✱ ❞❤❧❛❞➔

3♦ .C➔♠❛ ϕ(G)✳ ❚♦ .❤♠❡(♦ ♠❡ .✉♥3❡3❛❣♠9♥❡❝ (x′, y′) = ϕ(x, y) ❛♥➔❦❡✐ .3♦ .C➔♠❛ ϕ(G)

❡❼♥ ❦❛✐ ♠-♥♦♥ ❡❼♥ 3♦ .❤♠❡(♦ ♠❡ .✉♥3❡3❛❣♠9♥❡❝ (x, y) = ϕ−1(x′, y′) ✐❦❛♥♦♣♦✐❡( 3❤♥ ❡①(.✇.❤

f(x, y) = 0✳ ❙✉♥❡♣➳❝ 3♦ (x′, y′) ♣49♣❡✐ ♥❛ ✐❦❛♥♦♣♦✐❡( 3❤♥ ❡①(.✇.❤ f ◦ ϕ−1(x′, y′) = 0✳ ❏❛

❞♦7♠❡ 3❤ .✉❣❦❡❦4✐♠9♥❤ ♠♦4❢➔ ♣♦✉ ♣❛(4♥❡✐ ❛✉3➔ ❤ ❡①(.✇.❤ .❡ ❛♣❧❼ .C➔♠❛3❛✳

❍ ❡♣✐❧♦❣➔ 3♦✉ .❤♠❡(♦✉ ❛♥❛❢♦4❼❝ ❦❛✐ 3✇♥ ❛①-♥✇♥ .3♦ ❡✉❦❧❡(❞❡✐♦ ❡♣(♣❡❞♦ ♠♣♦4❡( ♥❛ ❣(♥❡✐

❛✉❥❛(4❡3❛✳ ❑❼❥❡ ❡♣✐❧♦❣➔ ❦❛❥♦4(③❡✐ ❞✐❛❢♦4❡3✐❦9❝ .✉♥3❡3❛❣♠9♥❡❝ ❣✐❛ ❦❼❥❡ .❤♠❡(♦ ❦❛✐ ❞✐❛❢♦✲

4❡3✐❦9❝ ❛♥❛❧✉3✐❦9❝ ❡①✐.➳.❡✐❝ ❣✐❛ ❣❡✇♠❡34✐❦❼ ❛♥3✐❦❡(♠❡♥❛✳ ❙3❤ ♠❡❧93❤ ❡♥-❝ ♣4♦❜❧➔♠❛3♦❝ ❤

❡♣✐❧♦❣➔ 3♦✉ ❦❛3❼❧❧❤❧♦✉ .✉.3➔♠❛3♦❝ ❛♥❛❢♦4❼❝ ♠♣♦4❡( ♥❛ ❛♣❧♦♣♦✐➔.❡✐ ♣♦❧7 3♦✉❝ ✉♣♦❧♦❣✐✲

.♠♦7❝✳ ❏❛ ❡①❡3❼.♦✉♠❡ ♣➳❝ ❛❧❧❼③♦✉♥ ♦✐ .✉♥3❡3❛❣♠9♥❡❝ ❡♥-❝ .❤♠❡(♦✉ ➔ ♦✐ ❡①✐.➳.❡✐❝ ❡✉❥❡✐➳♥

❦❛✐ ❼❧❧✇♥ ❣❡✇♠❡34✐❦➳♥ ❛♥3✐❦❡✐♠9♥✇♥ -3❛♥ ❛❧❧❼③❡✐ ❤ ❡♣✐❧♦❣➔ ♦4❥♦❦❛♥♦♥✐❦♦7 .✉.3➔♠❛3♦❝

❛♥❛❢♦4❼❝✳

❏❡✇4♦7♠❡ 3♦ ❡✉❦❧❡(❞❡✐♦ ❡♣(♣❡❞♦ .3♦ ♦♣♦(♦ 9C♦✉♠❡ ❡♣✐❧9①❡✐ 9♥❛ ♦4❥♦❦❛♥♦♥✐❦- .7.3❤♠❛

❛♥❛❢♦4❼❝ (O, ~i, ~j)✱ ❦❛✐ 9♥❛ ❞❡73❡4♦ ♦4❥♦❦❛♥♦♥✐❦- .7.3❤♠❛ ❛♥❛❢♦4❼❝ (P, ~m, ~n)✳ ❯♣♦❥93♦✉♠❡

♦3✐ 9♥❛ .❤♠❡(♦ X 9C❡✐ .✉♥3❡3❛❣♠9♥❡❝ (x, y) ✇❝ ♣4♦❝ 3♦ .7.3❤♠❛ ❛♥❛❢♦4❼❝ (O, ~i, ~j)✱ ❦❛✐

.✉♥3❡3❛❣♠9♥❡❝ (u, v) ✇❝ ♣4♦❝ 3♦ .7.3❤♠❛ ❛♥❛❢♦4❼❝ (P, ~m, ~n)✳ ❆✉3- .❤♠❛(♥❡✐ ♦3✐

−−→
OX = x~i+ y~j ❦❛✐

−−→
PX = u~m+ v~n .

❆4C✐❦❼ ❥9❧♦✉♠❡ ♥❛ ❜4♦7♠❡ 3❤ .C9.❤ ♠❡3❛①7 3✇♥ (x, y) ❦❛✐ 3✇♥ (u, v)✳

❙✉♠❜♦❧(③♦✉♠❡ (p, q) 3✐❝ .✉♥3❡3❛❣♠9♥❡❝ 3♦✉ .❤♠❡(♦✉ P ✇❝ ♣4♦❝ 3♦ .7.3❤♠❛ ❛♥❛❢♦4❼❝

(O, ~i, ~j)✱ ❞❤❧❛❞➔
−−→
OP = p~i+ q~j✳ ❆❢♦7

−−→
OX =

−−→
OP +

−−→
PX ,



❑❡❢❼❧❛✐♦ ✷ ●❡✇♠❡,-✐❦❼ ❞✐❛♥12♠❛,❛ 2,♦ 3➳-♦ ✽✶

♣❛$%♥♦✉♠❡ +❤ -./-❤ ♠❡+❛①1 +✇♥ (x, y) ❦❛✐ +✇♥ (u, v)✿

(x− p)~i+ (y − q)~j = u~m+ v~n . ✭✷✳✶✶✮

:❛%❛+❤%♦1♠❡ ♦+✐ ✉♣❼%.❡✐ ♠$❛ ❞✉=❦>+❤+❛ ♠❡+❛①1 ❡♥>❝ ♠❡+❛-.❤♠❛+✐-♠♦1✱ ♣♦✉ ♠❡+❛❦✐♥❡$ +❛

-.➔♠❛+❛ .✇%$❝ ♥❛ ❛❧❧❼③❡✐ +♦ -1-+❤♠❛ ❛♥❛❢♦%❼❝✱ ❦❛✐ ♠$❛❝ ❛❧❧❛❣➔❝ +♦✉ -✉-+➔♠❛+♦❝ ❛♥❛❢♦%❼❝✱

>♣♦✉ +❛ -.➔♠❛+❛ +♦✉ ❡♣✐♣/❞♦✉ ♣❛%❛♠/♥♦✉♥ -+❛❥❡%❼✱ ❛❧❧❼ ❛❧❧❼③♦✉♥ ♦✐ ❡①✐-➳-❡✐❝ ♣♦✉ +❛

♣❡%✐❣%❼❢♦✉♥✳ ❏❛ ❞♦1♠❡ ♦+✐ ❛✉+➔ ❤ ❞✉=❦>+❤+❛ ❡♠❢❛♥$③❡+❛✐ ♠❡ -✉❣❦❡❦%✐♠/♥♦ +%>♣♦ -+♦✉❝

✉♣♦❧♦❣✐-♠♦1❝✳

❊✉❦❧❡%❞❡✐❛ ♠❡*❛❢♦-❼

▼$❛ ♠❡"❛❢♦&❼ ❡$♥❛✐ /♥❛❝ ❡✉❦❧❡$❞❡✐♦❝ ♠❡+❛-.❤♠❛+✐-♠>❝ τ~a : E2 −→ E2
♣♦✉ ♠❡+❛+♦♣$③❡✐

❦❼❥❡ -❤♠❡$♦ +♦✉ ❡♣✐♣/❞♦✉ ❦❛+❼ /♥❛ -+❛❥❡%> ❞✐❼♥✉-♠❛ ~a✿ ❣✐❛ ❦❼❥❡ -❤♠❡$♦ P ✱ τ~a(P ) ❡$♥❛✐ +♦

-❤♠❡$♦ R ❣✐❛ +♦ ♦♣♦$♦

−−→
OR =

−−→
OP + ~a .

❊❼♥ ~a = (s, t) ❦❛✐ P : (x, y)✱ +>+❡ τ~a(P ) ❡$♥❛✐ +♦ -❤♠❡$♦ ♠❡ -✉♥+❡+❛❣♠/♥❡❝ (x + s, y + t)✳

❙✉♥❡♣➳❝ -❡ -✉♥+❡+❛❣♠/♥❡❝ ❤ ❛♣❡✐❦>♥✐-❤ ❣%❼❢❡+❛✐

τ~a(x, y) = (x+ s, y + t) .

❙.➔♠❛ ✷✳✶✻✿ ▼❡+❛❢♦%❼ ❦❛+❼ ❞✐❼♥✉-♠❛ ~a✳

❊❼♥ ε ❡$♥❛✐ ♠$❛ ❡✉❥❡$❛ -+♦ ❡♣$♣❡❞♦✱ ♠❡ ❡①$-✇-❤

Ax+By + C = 0 , ✭✷✳✶✷✮

❥/❧♦✉♠❡ ♥❛ ✉♣♦❧♦❣$-♦✉♠❡ +❤♥ ❡①$-✇-❤ +❤❝ ❡✉❥❡$❛❝ τ~a(ε)✳ ❉❤❧❛❞➔ ❥/❧♦✉♠❡ ♥❛ ❜%♦1♠❡ +❤

-./-❤ ♣♦✉ ✐❦❛♥♦♣♦✐♦1♥ ♦✐ -✉♥+❡+❛❣♠/♥❡❝ +✇♥ -❤♠❡$✇♥ τ~a(x, y) >+❛♥ (x, y) ❛♥➔❦♦✉♥ -+♦



✽✷ ❊♣"♣❡❞♦ ❦❛✐ ◗➳+♦❝

❣❡✇♠❡&'✐❦* &*♣♦ &❤❝ ❡①01✇1❤❝ Ax+By + C = 0✳ ❙✉♠❜♦❧0③♦✉♠❡ (x′, y′) &✐❝ 1✉♥&❡&❛❣♠:♥❡❝

&♦✉ 1❤♠❡0♦✉ τ~a(x, y)✱ ❞❤❧❛❞➔ (x′, y′) = (x+ s, y + t)✱ ❦❛✐ 1✉♥❡♣➳❝

x = x′ − s , y = y′ − t .

❆♥&✐❦❛❥✐1&♦A♠❡ 1&❤♥ ✷✳✶✷✱ ❦❛✐ :C♦✉♠❡

A(x′ − s) +B(y′ − t) + C = 0 .

●'❼❢♦✉♠❡ ❛✉&➔ &❤♥ ❡①01✇1❤ 1❡ ❦❛♥♦♥✐❦➔ ♠♦'❢➔✱

Ax′ +By′ + C −As−Bt = 0 . ✭✷✳✶✸✮

❑❛&❛❧➔❣♦✉♠❡ ♦&✐ ❤ ❡✐❦*♥❛ &❤❝ ❡✉❥❡0❛❝ ε ❛♣* &♦ ♠❡&❛1C❤♠❛&✐1♠* τ~a ❡0♥❛✐ ❤ ❡✉❥❡0❛ 1&♦ ❡♣0♣❡❞♦

♠❡ ❡①01✇1❤ ✷✳✶✸✳

●❡♥✐❦*&❡'❛✱ ❡❼♥ G ❡0♥❛✐ ♦ ❣❡✇♠❡&'✐❦*❝ &*♣♦❝ &❤❝ ❡①01✇1❤❝ f(x, y) = 0✱ &*&❡ τ~a(G) ❡0♥❛✐

♦ ❣❡✇♠❡&'✐❦*❝ &*♣♦❝ &❤❝ ❡①01✇1❤❝ f(x′ − s, y′ − t) = 0✳

 ❛"❼❞❡✐❣♠❛ ✷✳✸ ❏❡✇'♦A♠❡ &❤♥ ❡✉❥❡0❛ ε✱ ♠❡ ❡①01✇1❤ 2x + y − 1 = 0✳ ❏❛ ❜'♦A♠❡ &❤♥

❡①01✇1❤ &❤❝ ❡✐❦*♥❛❝ &❤❝ ❡✉❥❡0❛❝ ε ❛♣* &❤ ♠❡&❛❢♦'❼

τ(x, y) = (x′, y′) = (x+ 2, y − 1) .

❍ ❛♥&01&'♦❢❤ ❛♣❡✐❦*♥✐1❤ ❡0♥❛✐ ❤ τ−1(x′, y′) = (x′ − 2, y′ + 1)✳

❚❛ 1❤♠❡0❛ &❤❝ ❡✐❦*♥❛❝ τ(ε) ✐❦❛♥♦♣♦✐♦A♥ &❤♥ ❡①01✇1❤ 2(x′ − 2) + (y′ +1)− 1 = 0✱ ❞❤❧❛❞➔

2x′ + y′ − 4 = 0 .

✷✳✵✳✶ ▼❡&❛❢♦*❼ &♦✉ -❤♠❡0♦✉ ❛♥❛❢♦*❼❝

❙&❤ 1✉♥:C❡✐❛ ❥❛ ❡①❡&❼1♦✉♠❡ &❤♥ ❛❧❧❛❣➔ 1✉1&➔♠❛&♦❝ ❛♥❛❢♦'❼❝✳ ❙&♦ ❊✉❦❧❡0❞❡✐♦ ❡♣0♣❡❞♦

❥❡✇'♦A♠❡ ❞A♦ 1✉1&➔♠❛&❛ ❛♥❛❢♦'❼❝ ♠❡ ❞✐❛❢♦'❡&✐❦* 1❤♠❡0♦ ❛♥❛❢♦'❼❝ ❛❧❧❼ ♣❛'❼❧❧❤❧♦✉❝ ❦❛✐

♦♠*''♦♣♦✉❝ ❼①♦♥❡❝✿ (O, ~i, ~j) ❦❛✐ (P, ~i, ~j)✳ ❙❡ ❛✉&➔♥ &❤♥ ♣❡'0♣&✇1❤ ❤ ✷✳✶✶ ❣0♥❡&❛✐

(x− p)~i+ (y − q)~j = u~i+ v~j ,

❦❛✐ 1✉♥❡♣➳❝

x = u+ p ❦❛✐ y = v + q . ✭✷✳✶✹✮

❏❡✇'♦A♠❡ &➳'❛ ♠0❛ ❡✉❥❡0❛ ε ♠❡ ❡①01✇1❤ ✷✳✶✷ ✇❝ ♣'♦❝ &♦ 1A1&❤♠❛ ❛♥❛❢♦'❼❝ (O, ~i, ~j)✳

❏:❧♦✉♠❡ ♥❛ ❜'♦A♠❡ &❤♥ ❡①01✇1❤ &❤❝ 0❞✐❛❝ ❡✉❥❡0❛❝ ✇❝ ♣'♦❝ &♦ 1A1&❤♠❛ ❛♥❛❢♦'❼❝ (P, ~i, ~j)✳

❆♥&✐❦❛❥✐1&➳♥&❛❝ &✐❝ ✷✳✶✹ 1&❤♥ ❡①01✇1❤ &❤❝ ❡✉❥❡0❛❝ ✷✳✶✷ :C♦✉♠❡ &❤♥ ❡①01✇1❤ ♣♦✉ ♣':♣❡✐

♥❛ ✐❦❛♥♦♣♦✐♦A♥ ♦✐ 1✉♥&❡&❛❣♠:♥❡❝ ❡♥*❝ 1❤♠❡0♦✉ ✇❝ ♣'♦❝ &♦ 1A1&❤♠❛ ❛♥❛❢♦'❼❝ (P, ~i, ~j) ❣✐❛

♥❛ ❜'01❦❡&❛✐ &♦ 1❤♠❡0♦ 1&❤♥ ❡✉❥❡0❛ ε✿

A(u+ p) +B(v + q) + C = 0 .
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❙#➔♠❛ ✷✳✶✼✿ ❆❧❧❛❣➔ /❤♠❡2♦✉ ❛♥❛❢♦7❼❝✳

❑❛;❛❧➔❣♦✉♠❡ ♦;✐ ❤ ❡①2/✇/❤ ;❤❝ ❡✉❥❡2❛❝ ε ✇❝ ♣7♦❝ ;♦ /A/;❤♠❛ /✉♥;❡;❛❣♠B♥✇♥ (P, ~i, ~j) /❡

❦❛♥♦♥✐❦➔ ♠♦7❢➔ ❡2♥❛✐

Au+Bv + C +Ap+Bq = 0 .

●❡♥✐❦E;❡7❛✱ ❡❼♥ G ❡2♥❛✐ ♦ ❣❡✇♠❡;7✐❦E❝ ;E♣♦❝ ;❤❝ ❡①2/✇/❤❝ f(x, y) = 0 ✇❝ ♣7♦❝ ;♦

/A/;❤♠❛ ❛♥❛❢♦7❼❝ (O, ~i, ~j)✱ ;E;❡ ❤ ❡①2/✇/❤ ;♦✉ G ✇❝ ♣7♦❝ ;♦ /A/;❤♠❛ ❛♥❛❢♦7❼❝ (P, ~i, ~j)

❡2♥❛✐ f(u+ p, v + q) = 0✳

 ❛"❼❞❡✐❣♠❛ ✷✳✹ ❏❛ ❜7♦A♠❡ ;❤♥ ❡①2/✇/❤ ;❤❝ ❡✉❥❡2❛❝ ε ;♦✉ I❛7❛❞❡2❣♠❛;♦❝ ✷✳✸ ✇❝ ♣7♦❝ ;♦

/A/;❤♠❛ ❛♥❛❢♦7❼❝ (P, ~i, ~j)✱ E♣♦✉ P ❡2♥❛✐ ;♦ /❤♠❡2♦ ♣♦✉ ♣7♦❦A♣;❡✐ ❛♣E ;❤ ♠❡;❛❢♦7❼ ;♦✉ O

❦❛;❼ (−2, 1)✳ ❆❢♦A P ❡2♥❛✐ ;♦ /❤♠❡2♦ (−2, 1)✱ ♦✐ /✉♥;❡;❛❣♠B♥❡❝ ✇❝ ♣7♦❝ ;❛ ❞A♦ /✉/;➔♠❛;❛

✐❦❛♥♦♣♦✐♦A♥ ;✐❝ /#B/❡✐❝ x = u − 2✱ y = v + 1✱ ❦❛✐ ❤ ❡①2/✇/❤ ;❤❝ ε ✇❝ ♣7♦❝ ;♦ /A/;❤♠❛

❛♥❛❢♦7❼❝ (P, ~i, ~j) ❥❛ ❡2♥❛✐ 2(u− 2) + (v + 1)− 1 = 0✱ ❞❤❧❛❞➔

2u+ v − 4 = 0 .

❉"❛-.❤"✐0.❤.❛ ✷✳✶✽ ❍ ❡✉❥❡2❛ ε B#❡✐ ❡①2/✇/❤ x + y = 0 ✇❝ ♣7♦❝ ;♦ /A/;❤♠❛

❛♥❛❢♦7❼❝ (O, ~i, ~j)✳

❛L✳ ❇7❡2;❡ ;❤♥ ❡①2/✇/❤ ;❤❝ ❡✐❦E♥❛❝ ;❤❝ ε ❛♣E ;♦♥ ❡✉❦❧❡2❞❡✐♦ ♠❡;❛/#❤♠❛;✐/♠E

ϕ(x, y) = (x− 1, y)✳

❜L✳ ❇7❡2;❡ ;❤♥ ❡①2/✇/❤ ;❤❝ ε ✇❝ ♣7♦❝ ;♦ /A/;❤♠❛ ❛♥❛❢♦7❼❝ (P, ~i, ~j)✱ E♣♦✉ P :

(−1, 1)✳

 ❡"✐$%"♦❢➔

❚♦ ❡♣E♠❡♥♦ ❡2❞♦❝ ❣❡✇♠❡;7✐❦♦A ♠❡;❛/#❤♠❛;✐/♠♦A ♣♦✉ ❥❛ ❡①❡;❼/♦✉♠❡ ❡2♥❛✐ ❤ ♣❡7✐/;7♦❢➔ ❣A7✇

❛♣E ;♦ /❤♠❡2♦ ❛♥❛❢♦7❼❝ O✳

❍ ♣❡7✐/;7♦❢➔ ❦❛;❼ ✭♣7♦/❤♠❛/♠B♥❤✮ ❣✇♥2❛ ϑ ❣A7✇ ❛♣E ;♦ /❤♠❡2♦ ❛♥❛❢♦7❼❝ O ❡2♥❛✐ ♦

❡✉❦❧❡2❞❡✐♦❝ ❣❡✇♠❡;7✐❦E❝ ♠❡;❛/#❤♠❛;✐/♠E❝ ρϑ : E2 −→ E2
♣♦✉ ❛❢➔♥❡✐ ;♦ /❤♠❡2♦ O /;❛❥❡7E
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❦❛✐ ♣❡'✐()'*❢❡✐ ❦❼❥❡ ❼❧❧♦ (❤♠❡2♦ )♦✉ ❡♣✐♣*❞♦✉ ❣6'✇ ❛♣8 )♦ O ❦❛)❼ ()❛❥❡'➔ ❣✇♥2❛ ϑ✳

❊✐❞✐❦8)❡'❛✱ ❤ ρϑ ❛♣❡✐❦♦♥2③❡✐ )♦ (❤♠❡2♦ (1, 0) ()♦ (cosϑ, sinϑ) ❦❛✐ )♦ (❤♠❡2♦ (0, 1) ()♦

(− sinϑ, cosϑ)✱ ❙@➔♠❛ ✷✳✶✽✳ ❚♦ ❣❡♥✐❦8 (❤♠❡2♦ X : (x, y) ❛♣❡✐❦♦♥2③❡)❛✐ ()♦ ρϑ(X) : (x′, y′)✱

)♦ ♦♣♦2♦ ✉♣♦❧♦❣2③♦✉♠❡ @'❤(✐♠♦♣♦✐➳♥)❛❝ ♣♦❧❧❛♣❧❛(✐❛(♠8 ♣✐♥❼❦✇♥

[

x′

y′

]

=

[

cosϑ − sinϑ

sinϑ cosϑ

][

x

y

]

, ✭✷✳✶✺✮

❞❤❧❛❞➔

ρϑ(x, y) = (x′, y′) = (x cosϑ− y sinϑ, x sinϑ+ y cosϑ) .

❙@➔♠❛ ✷✳✶✽✿ J❡'✐()'♦❢➔ ❦❛)❼ ❣✇♥2❛ ϑ ❣6'✇ ❛♣8 )♦ (❤♠❡2♦ ❛♥❛❢♦'❼❝ O✳

●❡✇♠❡)'✐❦❼ ❡2♥❛✐ ♣'♦❢❛♥*❝ ♦)✐ ❤ ❛♥)2()'♦❢❤ ❛♣❡✐❦8♥✐(❤ )❤❝ ♣❡'✐()'♦❢➔❝ ❦❛)❼ ❣✇♥2❛ ϑ ❡2♥❛✐

❤ ♣❡'✐()'♦❢➔ ❦❛)❼ )❤♥ ❛♥)2❥❡)❤ ❣✇♥2❛✱ −ϑ✳ ◗'❤(✐♠♦♣♦✐➳♥)❛❝ )✐❝ (@*(❡✐❝ cos(−ϑ) = cosϑ

❦❛✐ sin(−ϑ) = − sinϑ✱ *@♦✉♠❡ ❦❛✐ )❤♥ ❛♥)2()'♦❢❤ (@*(❤✱

[

x

y

]

=

[

cosϑ sinϑ

− sinϑ cosϑ

][

x′

y′

]

. ✭✷✳✶✻✮

❏❡✇'♦6♠❡ )❤♥ ❡✉❥❡2❛ ε ♠❡ ❡①2(✇(❤ Ax + By + C = 0✳ ●✐❛ ♥❛ ❜'♦6♠❡ )❤♥ ❡①2(✇(❤ )❤❝

❡✉❥❡2❛❝ ρϑ(ε) @'❤(✐♠♦♣♦✐♦6♠❡ )❤♥ ✷✳✶✻ ❣✐❛ ♥❛ ❛♥)✐❦❛)❛()➔(♦✉♠❡ )❛ x✱ y (✉♥❛')➔(❡✐ )✇♥ x′✱

y′✱

A(x′ cosϑ+ y′ sinϑ) +B(−x′ sinϑ+ y′ cosϑ) + C = 0 .

❑❛)❛❧➔❣♦✉♠❡ ♦)✐ ❤ ❡①2(✇(❤ )❤❝ ❡✉❥❡2❛❝ ρϑ(ε) (❡ ❦❛♥♦♥✐❦➔ ♠♦'❢➔ ❡2♥❛✐ A′x′+B′y′+C ′ = 0✱

8♣♦✉ ♦✐ (✉♥)❡❧❡()*❝ A′✱ B′✱ C ′ ❞2❞♦♥)❛✐ ❛♣8

A′ = A cosϑ−B sinϑ , B′ = A sinϑ+B cosϑ ❦❛✐ C ′ = C .

 ❛"❼❞❡✐❣♠❛ ✷✳✺ ❏❛ ❜'♦6♠❡ )❤♥ ❡①2(✇(❤ )❤❝ ❡✐❦8♥❛❝ )❤❝ ❡✉❥❡2❛❝ ζ ♠❡ ❡①2(✇(❤ x+
√
3y−

√
3 = 0✱ ❛♣8 )❤♥ ♣❡'✐()'♦❢➔ ❦❛)❼ ❣✇♥2❛ π/6✳ ✬❊@♦✉♠❡ cosπ/6 =

√
3/2✱ sinπ/6 = 1/2✱
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"✉♥❡♣➳❝

ρπ/6(x, y) = (x′, y′) =

(√
3x− y

2
,
x+

√
3y

2

)

.

)❛+❛,❤+♦/♠❡ ♦,✐ ❤ ❡✉❥❡3❛ ζ 45❡✐ ❦❧3"❤ −
√
3/3 = tan(−π/6)✱ ❞❤❧❛❞➔ "5❤♠❛,3③❡✐ ❣✇♥3❛ π/6

♠❡ ,♦♥ ❼①♦♥❛ y = 0✳✳

❍ ❛♥,3",+♦❢❤ ❛♣❡✐❦C♥✐"❤✱ ♣♦✉ ❞3❞❡✐ ,❛ x✱ y "✉♥❛+,➔"❡✐ ,✇♥ x′✱ y′✱ ❡3♥❛✐ ❤ ♣❡+✐",+♦❢➔ ❦❛,❼

❣✇♥3❛ −π/6✱

(x, y) = ρ−1π/6(x
′, y′) =

(√
3x′ + y′

2
,
−x′ +

√
3y′

2

)

.

❆♥,✐❦❛❥✐",➳♥,❛❝ ",❤♥ ❡①3"✇"❤ ,❤❝ ε 45♦✉♠❡

√
3x′+y′

2
+

√
3−x

′+
√
3y′

2
−

√
3 = 0✱ ❞❤❧❛❞➔

2y′ −
√
3 = 0 .

✬❆+❛ ❤ ❡✐❦C♥❛ ρπ/6(ζ) ❡3♥❛✐ ❤ ❡✉❥❡3❛ y =
√
3

2
✳ )❛+❛,❤+♦/♠❡ ♦,✐ ρπ/6(ζ) 45❡✐ ❦❧3"❤ 0✱ ❞❤❧❛❞➔

❡3♥❛✐ ♣❛+❼❧❧❤❧❤ ♣+♦❝ ,♦♥ ❼①♦♥❛ y = 0✳

✷✳✵✳✷ #❡%✐'(%♦❢➔ (♦✉ '✉'(➔♠❛(♦❝ ❛♥❛❢♦%❼❝

❊♣✐",+4❢♦♥,❛❝ ",❤♥ ❛❧❧❛❣➔ "✉",➔♠❛,♦❝ ❛♥❛❢♦+❼❝✱ ❥❛ ❡①❡,❼"♦✉♠❡ ,❤♥ ♣❡+3♣,✇"❤ C♣♦✉ ,♦

"❤♠❡3♦ ❛♥❛❢♦+❼❝ ♣❛+❛♠4♥❡✐ ",❛❥❡+C✱ P = O✱ ❦❛✐ ♦✐ ❼①♦♥❡❝ ♣❡+✐",+4❢♦♥,❛✐ ❦❛,❼ ❣✇♥3❛ ϑ✱

~m = cosϑ~i+ sinϑ~j ~n = − sinϑ~i+ cosϑ~j .

❙❡ ❛✉,➔ ,❤♥ ♣❡+3♣,✇"❤

−−→
OP = 0✱ ❦❛✐ ❤ "54"❤ ✷✳✶✶ ♣♦✉ "✉♥❞4❡✐ ,✐❝ "✉♥,❡,❛❣♠4♥❡❝ (x, y)

,♦✉ "❤♠❡3♦✉ X ✇❝ ♣+♦❝ ,♦ (O, ~i, ~j) ♠❡ ,✐❝ "✉♥,❡,❛❣♠4♥❡❝ (u, v) ,♦✉ "❤♠❡3♦✉ X ✇❝ ♣+♦❝ ,♦

(O, ~m, ~n) ❣3♥❡,❛✐

x~i+ y~j = u~m+ v~n

= u(cosϑ~i+ sinϑ~j) + v(− sinϑ~i+ cosϑ~j)

= (u cosϑ− v sinϑ)~i+ (u sinϑ+ v cosϑ)~j .

✬❊,"✐ 45♦✉♠❡

x = u cosϑ− v sinϑ , y = u sinϑ+ v cosϑ

❦❛✐ ❛♥,3",+♦❢❛

u = x cosϑ+ y sinϑ , v = −x sinϑ+ y cosϑ .

●✐❛ ♥❛ ❜+♦/♠❡ ,❤♥ ❡①3"✇"❤ ,❤❝ ❡✉❥❡3❛❝ ε : Ax+By+C = 0 ✇❝ ♣+♦❝ ,♦ "/",❤♠❛ ❛♥❛❢♦+❼❝

(O, ~m, ~n)✱ ❛♥,✐❦❛❥✐",♦/♠❡ ,✐❝ x, y "✉♥❛+,➔"❡✐ ,✇♥ u, v✿

A(u cosϑ− v sinϑ) +B(u sinϑ+ v cosϑ) + C = 0 .

❙❡ ❦❛♥♦♥✐❦➔ ♠♦+❢➔ ❤ ❡①3"✇"❤ ❡3♥❛✐

(A cosϑ+B sinϑ)u+ (−A sinϑ+B cosϑ)v + C = 0 .
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❙#➔♠❛ ✷✳✶✾✿ ,❡.✐01.♦❢➔ 1✇♥ ❛①7♥✇♥ 1♦✉ 0✉01➔♠❛1♦❝ ❛♥❛❢♦.❼❝✳

 ❛"❼❞❡✐❣♠❛ ✷✳✻ ❏❛ ❜.♦=♠❡ 1❤♥ ❡①?0✇0❤ 1❤❝ ❡✉❥❡?❛❝ ζ 1♦✉ ,❛.❛❞❡?❣♠❛1♦❝ ✷✳✺ ✇❝ ♣.♦❝ 1♦

0=01❤♠❛ ❛♥❛❢♦.❼❝ (O, ~m, ~n)✱ 7♣♦✉ 1❛ ❞✐❛♥=0♠❛1❛ ~m ❦❛✐ ~n ♣.♦❦=♣1♦✉♥ ❛♣7 1❛

~i✱ ~j ❛♥1?01♦✐#❛✱

♠❡ ♣❡.✐01.♦❢➔ ❦❛1❼ −π/6✱

~m =

√
3~i−~j

2
, ~n =

~i+
√
3~j

2
.

❚71❡ ❛♣7 1❤♥ ✷✳✶✶ H#♦✉♠❡

x~i+ y~j = u

√
3~i−~j

2
+ v

~i+
√
3~j

2
,

❞❤❧❛❞➔

x =

√
3

2
u+

1

2
v , y = −

1

2
u+

√
3

2
v .

❆♥1✐❦❛❥✐01➳♥1❛❝ 01❤♥ ❡①?0✇0❤ 1❤❝ ζ H#♦✉♠❡

√
3

2
u+

1

2
v +

√
3

(

−
1

2
u+

√
3

2
v

)

− sqrt3 = 0 ,

❞❤❧❛❞➔

2v −
√
3 = 0 .

❉"❛-.❤"✐0.❤.❛ ✷✳✶✾ ❍ ❡✉❥❡?❛ ε H#❡✐ ❡①?0✇0❤ x + y = 0 ✇❝ ♣.♦❝ 1♦ 0=01❤♠❛

❛♥❛❢♦.❼❝ (O, ~i, ~j)✳

❛M✳ ❇.❡?1❡ 1❤♥ ❡①?0✇0❤ 1❤❝ ❡✐❦7♥❛❝ 1❤❝ ε ❛♣7 1♦♥ ❡✉❦❧❡?❞❡✐♦ ♠❡1❛0#❤♠❛1✐0♠7

χ(x, y) = (y, −x)✳

❜M✳ ❇.❡?1❡ 1❤♥ ❡①?0✇0❤ 1❤❝ ε ✇❝ ♣.♦❝ 1♦ 0=01❤♠❛ ❛♥❛❢♦.❼❝ (O, ~u, ~v)✱ 7♣♦✉ ~u = −~j

❦❛✐ ~v =~i✳



❑❡❢❼❧❛✐♦ ✷ ●❡✇♠❡,-✐❦❼ ❞✐❛♥12♠❛,❛ 2,♦ 3➳-♦ ✽✼

❉!❛#$❤!✐'$❤$❛ ✷✳✷✵ ❊♣❛❧❤❥❡)*+❡ ♦+✐ ♦✐ ♣.♥❛❦❡❝

[

cosϑ − sinϑ

sinϑ cosϑ

]

❦❛✐

[

cosϑ sinϑ

− sinϑ cosϑ

]

❡.♥❛✐ ♦ 2♥❛❝ ❛♥+.*+3♦❢♦❝ +♦✉ ❼❧❧♦✉✳

●❡♥✐❦♦& ♠❡(❛*+❤♠❛(✐*♠♦&

❖ ❣❡♥✐❦:❝ ❡✉❦❧❡.❞❡✐♦❝ ❣❡✇♠❡+3✐❦:❝ ♠❡+❛*>❤♠❛+✐*♠:❝ +♦✉ ❡♣✐♣2❞♦✉ ❡.♥❛✐ *)♥❥❡*❤ ♠❡+❛❢♦✲

3➳♥ ❦❛✐ ♣❡3✐*+3♦❢➳♥ ❡❼♥ ❞✐❛+❤3❡. +♦♥ ♣3♦*❛♥❛+♦❧✐*♠:✱ ❞❤❧❛❞➔ ❡❼♥ ❞✐❛+❤3❡. +♦ ♣3:*❤♠♦ +❤❝

❣✇♥.❛❝ ♠❡+❛①) ❞)♦ ❞✐❛♥✉*♠❼+✇♥✳ ❊❼♥ ❛♥+✐*+32❢❡✐ +♦♥ ♣3♦*❛♥❛+♦❧✐*♠:✱ ❞❤❧❛❞➔ ❛❧❧❼③❡✐ +♦

♣3:*❤♠♦ +❤❝ ❣✇♥.❛❝ ♠❡+❛①) ❞)♦ ❞✐❛♥✉*♠❼+✇♥✱ +:+❡ ❡.♥❛✐ *)♥❥❡*❤ ♠❡+❛❢♦3➳♥✱ ♣❡3✐*+3♦❢➳♥

❦❛✐ +❤❝ ❛♥❼❦❧❛*❤❝ (x, y) 7→ (−x, y)✳

+!'$❛#❤ ✷✳✶✵ ✬❊♥❛❝ ❡✉❦❧❡)❞❡✐♦❝ ❣❡✇♠❡01✐❦2❝ ♠❡0❛34❤♠❛0✐3♠2❝ 0♦✉ ❡♣✐♣7❞♦✉ ϕ : E2 −→

E2
♣♦✉ ❞✐❛0❤1❡) 0♦♥ ♣1♦3❛♥❛0♦❧✐3♠2 ❣1❼❢❡0❛✐ 30❤ ♠♦1❢➔

ϕ(x, y) =

[

x′

y′

]

=

[

a −b

b a

][

x

y

]

+

[

s

t

]

, a2 + b2 = 1 ,

2♣♦✉ (s, t) = ϕ(0, 0)✱ (a, b) = ϕ(1, 0)− ϕ(0, 0) ❦❛✐ (−b, a) = ϕ(0, 1)− ϕ(0, 0)✳

✬❊♥❛❝ ❡✉❦❧❡)❞❡✐♦❝ ❣❡✇♠❡01✐❦2❝ ♠❡0❛34❤♠❛0✐3♠2❝ 0♦✉ ❡♣✐♣7❞♦✉ ψ : E2 −→ E2
♣♦✉ ❛♥0✐3017✲

❢❡✐ 0♦♥ ♣1♦3❛♥❛0♦❧✐3♠2 ❣1❼❢❡0❛✐ 30❤ ♠♦1❢➔

ψ(x, y) =

[

x′

y′

]

=

[

−a b

b a

][

x

y

]

+

[

s

t

]

, a2 + b2 = 1 ,

2♣♦✉ (s, t) = ψ(0, 0)✱ (−a, b) = ψ(1, 0)− ψ(0, 0) ❦❛✐ (b, a) = ψ(0, 1)− ψ(0, 0)✳

❉!❛#$❤!✐'$❤$❛ ✷✳✷✶ ❊♣❛❧❤❥❡)*+❡ ♦+✐ ♦ ❛♥+.*+3♦❢♦❝ +♦✉ ♣✐♥❼❦❛

[

−a b

b a

]

✱

♠❡ a2 + b2 = 1✱ ❡.♥❛✐ ♦ ❡❛✉+:❝ +♦✉✳

❉!❛#$❤!✐'$❤$❛ ✷✳✷✷ ❍ ❡✉❥❡.❛ ε 2>❡✐ ❡①.*✇*❤ x + y = 0 ✇❝ ♣3♦❝ +♦ *)*+❤♠❛

❛♥❛❢♦3❼❝ (O, ~i, ~j)✳

❛F✳ ❇3❡.+❡ +❤♥ ❡①.*✇*❤ +❤❝ ❡✐❦:♥❛❝ +❤❝ ε ❛♣: +♦♥ ❡✉❦❧❡.❞❡✐♦ ♠❡+❛*>❤♠❛+✐*♠:

ρ(x, y) = (−y, −x)✳

❜F✳ ❇3❡.+❡ +❤♥ ❡①.*✇*❤ +❤❝ ε ✇❝ ♣3♦❝ +♦ *)*+❤♠❛ ❛♥❛❢♦3❼❝ (O, ~u, ~v)✱ :♣♦✉ ~u = −~j

❦❛✐ ~v = −~i✳



✽✽ ❊♣"♣❡❞♦ ❦❛✐ ◗➳+♦❝

❉!❛#$❤!✐'$❤$❛ ✷✳✷✸ ❍ ❡✉❥❡%❛ ζ '(❡✐ ❡①%+✇+❤ x + y = 1 ✇❝ ♣0♦❝ 2♦ +3+2❤♠❛

❛♥❛❢♦0❼❝ (O, ~i, ~j)✳

❛9✳ ❇0❡%2❡ 2❤♥ ❡①%+✇+❤ 2❤❝ ❡✐❦<♥❛❝ 2❤❝ ζ ❛♣< 2♦♥ ❡✉❦❧❡%❞❡✐♦ ♠❡2❛+(❤♠❛2✐+♠<

ψ(x, y) = (−y + 1, −x)✳

❜9✳ ❇0❡%2❡ 2❤♥ ❡①%+✇+❤ 2❤❝ ε ✇❝ ♣0♦❝ 2♦ +3+2❤♠❛ ❛♥❛❢♦0❼❝ (P, ~u, ~v)✱ <♣♦✉ P :

(0, 1)✱ ~u = −~j ❦❛✐ ~v = −~i✳

❆❧❧❛❣➔ %✉%'➔♠❛'♦❝ ❛♥❛❢♦-❼❝ %'♦ /➳-♦

❏❡✇0♦3♠❡ ❞3♦ ♦!❥♦❦❛♥♦♥✐❦❼ +✉+2➔♠❛2❛ ❛♥❛❢♦0❼❝ +2♦ (➳0♦✱ (O, ~i, ~j, ~k) ❦❛✐ (P, ~u, ~v, ~w)✱

❦❛✐ ❥'❧♦✉♠❡ ♥❛ ❡①❡2❼+♦✉♠❡ 2❤ +('+❤ ♠❡2❛①3 2✇♥ +✉♥2❡2❛❣♠'♥✇♥ ❡♥<❝ +❤♠❡%♦✉ ✇❝ ♣0♦❝ 2❛

❞3♦ ❞✐❛❢♦0❡2✐❦❼ +✉+2➔♠❛2❛✳

❆0(✐❦❼ ❥❛ ❡①❡2❼+♦✉♠❡ 2❤♥ ♣❡0%♣2✇+❤ <♣♦✉ 2♦ +❤♠❡%♦ ❛♥❛❢♦0❼❝ 2✇♥ ❞3♦ +✉+2❤♠❼2✇♥ ❡%♥❛✐

2♦ %❞✐♦✳ ✬❊(♦✉♠❡ ❧♦✐♣<♥ 2❛ +✉+2➔♠❛2❛ (O, ~i, ~j, ~k) ❦❛✐ (O, ~u, ~v, ~w)✱ ❙(➔♠❛ ✷✳✷✵

❙(➔♠❛ ✷✳✷✵✿ ❙✉+2➔♠❛2❛ ❛♥❛❢♦0❼❝ +2♦ (➳0♦

❊❼♥X ❡%♥❛✐ +❤♠❡%♦ 2♦✉ (➳0♦✉✱ ♠❡ +✉♥2❡2❛❣♠'♥❡❝ (x, y, z) ✇❝ ♣0♦❝ 2♦ +3+2❤♠❛ (O, ~i, ~j, ~k)✱

2♦ ❞✐❼♥✉+♠❛ ❥'+❤❝ 2♦✉ X ❡%♥❛✐

−−→
OX = x~i+ y~j + z~k . ✭✷✳✶✼✮

❏'❧♦✉♠❡ ♥❛ ✉♣♦❧♦❣%+♦✉♠❡ 2✐❝ +✉♥2❡2❛❣♠'♥❡❝ (x′, y′, z′) 2♦✉X ✇❝ ♣0♦❝ 2♦ +3+2❤♠❛ (O, ~u, ~v, ~w)✱

♦✐ ♦♣♦%❡❝ ❞%❞♦♥2❛✐ ❛♣< 2❤ +('+❤

−−→
OX = x′~u+ y′~v + z′ ~w . ✭✷✳✶✽✮

●✐❛ ♥❛ ♣❡23(♦✉♠❡ ❛✉2<✱ (0❡✐❼③❡2❛✐ ♥❛ ❡❦❢0❼+♦✉♠❡ 2❛ ❞✐❛♥3+♠❛2❛

~i, ~j, ~k ✇❝ ❣0❛♠♠✐❦<

+✉♥❞✉❛+♠< 2✇♥ ~u, ~v, ~w✳ ✬❊+2✇

~i = a1~u+ b1~v + c1 ~w



❑❡❢❼❧❛✐♦ ✷ ●❡✇♠❡,-✐❦❼ ❞✐❛♥12♠❛,❛ 2,♦ 3➳-♦ ✽✾

~j = a2~u+ b2~v + c2 ~w ✭✷✳✶✾✮

~k = a3~u+ b3~v + c3 ~w

❚()❡ ❛♥)✐❦❛❥✐0)➳♥)❛❝ )✐❝ ✷✳✶✾ 0)❤♥ ✷✳✶✼ 56♦✉♠❡

−−→
OX = x(a1~u+ b1~v + c1 ~w)

+y(a2~u+ b2~v + c2 ~w)

+z(a3~u+ b3~v + c3 ~w)

= (xa1 + ya2 + za3)~u

+(xb1 + yb2 + zb3)~v

+(xc1 + yc2 + zc3)~w

❦❛✐ 0✉❣❦;<♥♦♥)❛❝ ♠❡ )❤♥ ✷✳✶✽ 56♦✉♠❡

x′ = a1x+ a2y + a3z

y′ = b1x+ b2y + b3z ✭✷✳✷✵✮

z′ = c1x+ c2y + c3z

▼♣♦;♦@♠❡ ♥❛ ♣❛;❛0)➔0♦✉♠❡ ❛✉)( )♦ ❛♣♦)5❧❡0♠❛ 6;❤0✐♠♦♣♦✐➳♥)❛❝ )♦ 0✉♠❜♦❧✐0♠( ♣✐♥❼✲

❦✇♥✱







x′

y′

z′






=







a1 a2 a3

b1 b2 b3

c1 c2 c3













x

y

z







♦ ♦♣♦<♦❝ 0❤♠❛<♥❡✐ ♦)✐ ♦ ❛;✐❥♠(❝ 0)❤♥ ♣;➳)❤ ❣;❛♠♠➔ 0)❤♥ ❛;✐0)❡;➔ ♣❧❡✉;❼ ❡<♥❛✐ <0♦❝ ♠❡ )♦

❼❥;♦✐0♠❛ )✇♥ ❣✐♥♦♠5♥✇♥ )✇♥ 0)♦✐6❡<✇♥ )❤❝ ♣;➳)❤❝ ❣;❛♠♠➔❝ )♦✉ ♣<♥❛❦❛✱ ♠❡ )❛ ❛♥)<0)♦✐6❛

0)♦✐6❡<❛ )♦✉ ❞✐❛♥@0♠❛)♦❝ 0✉♥)❡)❛❣♠5♥✇♥✱ ❦❛✐ ❛♥❼❧♦❣❛ ❣✐❛ )❤ ❞❡@)❡;❤ ❦❛✐ )❤♥ );<)❤ ❣;❛♠♠➔✳

❉!❛#$❤!✐'$❤$❛ ✷✳✷✹ ❏❡✇;➔0)❡ )❛ ❞✐❛♥@0♠❛)❛ ~u = 1√
2

~i+ 1√
2

~j✱ ~v = − 1√
2

~i+ 1√
2

~j

❦❛✐ ~w = ~k✳

❛J✳ ❯♣♦❧♦❣<0)❡ )♦✉❝ 0✉♥)❡❧❡0)5❝ an, bn, cn )❤❝ ✷✳✶✾ ❦❛✐ ❡❦❢;❼0)❡ )❛ ❞✐❛♥@0♠❛)❛

~i✱ ~j✱ ~k 0✉♥❛♥;)➔0❡✐ )✇♥ ~u✱ ~v ❦❛✐ ~w✳

❜J✳ ❇;❡<)❡ )✐❝ 0✉♥)❡)❛❣♠5♥❡❝ ✇❝ ♣;♦❝ )♦ 0@0)❤♠❛ ❛♥❛❢♦;❼❝ (O, ~u, ~v, ~w) )♦✉

0❤♠❡<♦✉ X ♣♦✉ 56❡✐ 0✉♥)❡)❛❣♠5♥❡❝ (1, 1, 1) ✇❝ ♣;♦❝ )♦ 0@0)❤♠❛ ❛♥❛❢♦;❼❝

(O, ~i, ~j, ~k)✳

❚➳;❛ ❡①❡)❼③♦✉♠❡ )❤♥ ♣❡;<♣)✇0❤ (♣♦✉ )❛ 0❤♠❡<❛ ❛♥❛❢♦;❼❝ )✇♥ ❞@♦ 0✉0)❤♠❼)✇♥ ❡<♥❛✐

❞✐❛❢♦;❡)✐❦❼✳ ❯♣♦❥5)♦✉♠❡ ♦)✐ )❛ ❞@♦ 0✉0)➔♠❛)❛ ❡<♥❛✐ (O, ~i, ~j, ~k) ❦❛✐ (P, ~u, ~v, ~w) ❦❛✐ ♦)✐

−−→
OP = x0~i+ y0~j + z0~k ,



✾✵ ❊♣"♣❡❞♦ ❦❛✐ ◗➳+♦❝

❞❤❧❛❞➔ ♦✐ )✉♥,❡,❛❣♠0♥❡❝ ,♦✉ P ✇❝ ♣4♦❝ ,♦ )5),❤♠❛ (O, ~i, ~j, ~k) ❡6♥❛✐ (x0, y0, z0)✳ ❚9,❡

−−→
PX =

−−→
OX −

−−→
OP

= (x− x0)~i+ (y − y0)~j + (z − z0)~k .

❖✐ )✉♥,❡,❛❣♠0♥❡❝ (x′, y′, z′) ,♦✉ )❤♠❡6♦✉ X ✇❝ ♣4♦❝ ,♦ )5),❤♠❛ ❛♥❛❢♦4❼❝ (P, ~u, ~v, ~w)✱ ❣✐❛

,✐❝ ♦♣♦6❡❝

−−→
PX = x′~u+ y′~v + z′ ~w ,

❞6❞♦♥,❛✐ ❛♣9 ,✐❝ )>0)❡✐❝

x′ = a1(x− x0) + a2(y − y0) + a3(z − z0)

y′ = b1(x− x0) + b2(y − y0) + b3(z − z0) ✭✷✳✷✶✮

z′ = c1(x− x0) + c2(y − y0) + c3(z − z0)

❉!❛#$❤!✐'$❤$❛ ✷✳✷✺ ●✐❛ ,❛ ❞✐❛♥5)♠❛,❛ ~u✱ ~v✱ ~w ,❤❝ ❉4❛),❤4✐9,❤,❛❝ ✷✳✷✹✱ ,♦

)❤♠❡6♦ P : (1, 0, 0) ❦❛✐ ,♦ )❤♠❡6♦ X : (1, 1, 1)✱

❛G✳ ❇4❡6,❡ ,✐❝ )✉♥,❡,❛❣♠0♥❡❝ ,♦✉ X ✇❝ ♣4♦❝ ,♦ )5),❤♠❛ ❛♥❛❢♦4❼❝ (P, ~i, ~j, ~k)✳

❜G✳ ❇4❡6,❡ ,✐❝ )✉♥,❡,❛❣♠0♥❡❝ ,♦✉ X ✇❝ ♣4♦❝ ,♦ )5),❤♠❛ ❛♥❛❢♦4❼❝ (P, ~u, ~v, ~w)✳

❆♣♦♠0♥❡✐ ♥❛ ❡①❡,❼)♦✉♠❡ ♣✇❝ ❡❦❢4❼③♦✉♠❡ ,❛ ❞✐❛♥5)♠❛,❛

~i, ~j, ~k ✇❝ ❣4❛♠♠✐❦9 )✉♥❞✉❛)♠9

,✇♥ ~u, ~v, ~w✳ ❙✉♥➔❥✇❝ ❣♥✇46③♦✉♠❡ ,❤♥ ❛♥,6),4♦❢❤ )>0)❤✱ ❞❤❧❛❞➔ ,❛ ❞✐❛♥5)♠❛,❛ ~u, ~v, ~w ✇❝

❣4❛♠♠✐❦9 )✉♥❞✉❛)♠9 ,✇♥

~i, ~j, ~k✳

❙>➔♠❛ ✷✳✷✶✿ ❙✉♥❤♠6,♦♥❛ ❞✐❡5❥✉♥)❤❝ ❡♥9❝ ❞✐❛♥5)♠❛,♦❝

❆❝ ❡①❡,❼)♦✉♠❡ ♣4➳,❛ 0♥❛ ❞✐❼♥✉)♠❛✱ 0),✇ ,♦ ~u✳ ❖✐ )✉♥,❡,❛❣♠0♥❡❝ ,♦✉ ~u ✇❝ ♣4♦❝ ,♦

)5),❤♠❛ (O, ~i, ~j, ~k) ❞6❞♦♥,❛✐ ❛♣9 ,♦ ❡)✇,❡4✐❦9 ❣✐♥9♠❡♥♦ ,♦✉ ~u ♠❡ ,❛ ,46❛ ❞✐❛♥5)♠❛,❛

~i, ~j, ~k✿

~u = (~u ·~i)~i+ (~u ·~j)~j + (~u · ~k)~k .



❑❡❢❼❧❛✐♦ ✷ ●❡✇♠❡,-✐❦❼ ❞✐❛♥12♠❛,❛ 2,♦ 3➳-♦ ✾✶

❆❧❧❼✱ ❡❢()♦♥ ,❛ ❞✐❛♥0)♠❛,❛

~i ❦❛✐ ~u ❡3♥❛✐ ♠♦♥❛❞✐❛3❛✱ ,♦ ❡)✇,❡5✐❦( ❣✐♥(♠❡♥♦ ~u ·~i ❡3♥❛✐ ❛♣❧➳❝

,♦ )✉♥❤♠3,♦♥♦ ,❤❝ ❣✇♥3❛❝ ϑ1 ♠❡,❛①0 ,♦✉ ~u ❦❛✐ ,♦✉

~i✱ ❦❛✐ ❛♥,3),♦✐=❛ ❣✐❛ ,❛ ~u ·~j✱ ~u · ~k ❦❛✐ ,✐❝

❣✇♥3❡❝ ϑ2, ϑ3 ♠❡,❛①0 ,♦✉ ~u ❦❛✐ ,✇♥

~j, ~k ❛♥,3),♦✐=❛✿

~u ·~i = cosϑ1 ~u ·~j = cosϑ2 ~u · ~k = cosϑ3 ✭✷✳✷✷✮

❙✉❣❦53♥♦♥,❛❝ ,❤♥ ✷✳✷✷ ♠❡ ,❤♥ ✷✳✶✾✱ ❜❧E♣♦✉♠❡ ♦,✐

a1 =~i · ~u = ~u ·~i = cosϑ1

❦❛✐ ❛♥❼❧♦❣❛✱ a2 = cosϑ2✱ a3 = cosϑ3✳ ❉❤❧❛❞➔ E=♦✉♠❡

~u = a1~i+ a2~j + a3~k .

❖✐ )✉♥,❡,❛❣♠E♥❡❝ (a1, a2, a3) ♦♥♦♠❼③♦♥,❛✐  ✉♥❤♠%&♦♥❛ ❞✐❡,❥✉♥ ❤❝ ,♦✉ ♠♦♥❛❞✐❛3♦✉ ❞✐❛✲

♥0)♠❛,♦❝ ~u ✇❝ ♣5♦❝ ,♦ )0),❤♠❛ (O, ~i, ~j, ~k)✳

K❛5(♠♦✐❛ ❜53)❦♦✉♠❡ ♦,✐

~v = b1~i+ b2~j + b3~k ,

(♣♦✉ b1 = cosϕ1✱ b2 = cosϕ2✱ b3 = cosϕ3 ❡3♥❛✐ ,❛ )✉♥❤♠3,♦♥❛ ,✇♥ ❣✇♥✐➳♥ ϕ1✱ ϕ2✱ ϕ3 ♠❡,❛①0

,♦✉ ~v ❦❛✐ ,✇♥

~i✱ ~j✱ ~k ❛♥,3),♦✐=❛✳

❚E❧♦❝

~w = c1~i+ c2~j + c3~k

❣✐❛ c1 = cosψ1✱ c2 = cosψ2✱ c3 = cosψ3 ❣✐❛ ,✐❝ ❣✇♥3❡❝ ♠❡,❛①0 ,♦✉ ~w ❦❛✐ ,✇♥

~i✱ ~j✱ ~k✳

❆♥❛❦❡❢❛❧❛✐➳♥♦✉♠❡ ✿ ❏❡✇5♦0♠❡ ,♦ ♦5❥♦❦❛♥♦♥✐❦( )0),❤♠❛ ❛♥❛❢♦5❼❝ (O, ~i, ~j, ~k)✱

❦❛✐ E♥❛ ❞❡0,❡5♦ ♦5❥♦❦❛♥♦♥✐❦( )0),❤♠❛ ❛♥❛❢♦5❼❝ (P, ~u, ~v, ~w)✱ ,❛ ❞✐❛♥0)♠❛,❛ ,♦✉ ♦♣♦3♦✉

❞3❞♦♥,❛✐ ✇❝ ♣5♦❝ ,♦ )0),❤♠❛ (O, ~i, ~j, ~k) ❛♣( ,✐❝ )=E)❡✐❝

~u = a1~i+ a2~j + a3~k

~v = b1~i+ b2~j + b3~k

~w = c1~i+ c2~j + c3~k ,

,✐❝ ♦♣♦3❡❝ ♠♣♦5♦0♠❡ ♥❛ ❡❦❢5❼)♦✉♠❡ ♣❛5❛),❛,✐❦❼ ),♦♥ ❛❦(❧♦✉❥♦ ♣3♥❛❦❛

~i ~j ~k

~u a1 a2 a3

~v b1 b2 b3

~w c1 c2 c3

♦ ♦♣♦3♦❝ ♦♥♦♠❼③❡,❛✐ ♣%♥❛❦❛❝ ♠❡&❼❜❛ ❤❝ ❛♣( ,♦ )0),❤♠❛ (O, ~i, ~j, ~k) ),♦ )0),❤♠❛

(P, ~u, ~v, ~w)✳ ❯♣♦❥E,♦✉♠❡ ❡♣3)❤❝ ♦,✐ ♦✐ )✉♥,❡,❛❣♠E♥❡❝ ,♦✉ )❤♠❡3♦✉ P ✇❝ ♣5♦❝ ,♦ )0),❤♠❛

(O, ~i, ~j, ~k) ❡3♥❛✐ (x0, y0, z0)✳



✾✷ ❊♣"♣❡❞♦ ❦❛✐ ◗➳+♦❝

❊❼♥ %♦ '❤♠❡+♦ X ,-❡✐ '✉♥%❡%❛❣♠,♥❡❝ (x, y, z) ✇❝ ♣5♦❝ %♦ '6'%❤♠❛ (O, ~i, ~j, ~k) %7%❡ ♦✐

'✉♥%❡%❛❣♠,♥❡❝ (x′, y′, z′) %♦✉ X ✇❝ ♣5♦❝ %♦ '6'%❤♠❛ (P, ~u, ~v, ~w) ❞+❞♦♥%❛✐ ❛♣7 %✐❝ '-,'❡✐❝

x′ = a1(x− x0) + a2(y − y0) + a3(z − z0)

y′ = b1(x− x0) + b2(y − y0) + b3(z − z0)

z′ = c1(x− x0) + c2(y − y0) + c3(z − z0)


