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✇❝ ❤ '♦♠➔ ❞5♦ ❡♣✐♣=❞✇♥✳ ❊♥❛❧❧❛❦(✐❦❼✱ ♠♣♦/♦0♠❡ ♥❛ ♣/♦2❞✐♦/42♦✉♠❡ ♣❛/❛♠❡(/✐❦❼ ♠4❛

❡✉❥❡4❛ 2(♦ 7➳/♦ E3
❡❼♥ ❣♥✇/4③♦✉♠❡ ❞0♦ 2❤♠❡4❛ P ❦❛✐ Q ♣❼♥✇ 2(❤♥ ε✱ ➔ >♥❛ 2❤♠❡4♦ P ♣❼♥✇

2(❤♥ ε ❦❛✐ >♥❛ ♠❤ ♠❤❞❡♥✐❦? ❞✐❼♥✉2♠❛ ♣❛/❼❧❧❤❧♦ ♣/♦❝ (❤♥ ε✳

❏❡✇/♦0♠❡ >♥❛ 2❤♠❡4♦ P : (x1, y1, z1)✱ ❦❛✐ >♥❛ ♠❤ ♠❤❞❡♥✐❦? ❞✐❼♥✉2♠❛ ~a = (u, v, w)✳ ❊❼♥

X ❡4♥❛✐ (♦ ❣❡♥✐❦? 2❤♠❡4♦ 2(❤♥ ❡✉❥❡4❛ ♣♦✉ ♣❡/♥❼❡✐ ❛♣? (♦ P ❦❛✐ >7❡✐ ❞✐❡0❥✉♥2❤ ♣❛/❼❧❧❤❧❤

♣/♦❝ (♦ ~a✱ (?(❡
−−→
PX = s~a ❦❛✐ ❤ ♣❛/❛♠❡(/✐❦➔ ♣❡/✐❣/❛❢➔ (♦✉ ❞✐❛♥02♠❛(♦❝ ❥>2❤❝ (♦✉ X ❡4♥❛✐

−−→
OX =

−−→
OP + s~a . ✭✷✳✼✮

❆♣? (❤♥ ✷✳✼ >7♦✉♠❡ (/❡✐❝ ♣❛/❛♠❡(/✐❦>❝ 27>2❡✐❝ ❣✐❛ (✐❝ 2✉♥(❡(❛❣♠>♥❡❝ (♦✉ X✱

x = x1 + su , y = y1 + sv , z = z1 + sw .

❙7➔♠❛ ✷✳✶✷✿ ❍ ❡✉❥❡4❛ 2(♦ 7➳/♦✳

❆❢♦0 ~a 6= 0✱ (♦✉❧❼7✐2(♦♥ >♥❛ ❛♣? (❛ u, v, w ❞❡♥ ❡4♥❛✐ ♠❤❞>♥✳ ❙❡ ❦❼❥❡ ♣❡/4♣(✇2❤ ❛♣❛❧❡4✲

❢♦♥(❛❝ (♦ s ❛♣? (✐❝ (/❡✐❝ ♣❛/❛♠❡(/✐❦>❝ 27>2❡✐❝✱ ❜/42❦♦✉♠❡ ❞0♦ ❡①✐2➳2❡✐❝✳ ●✐❛ ♣❛/❼❞❡✐❣♠❛✱

❡❼♥ u 6= 0✱ >7♦✉♠❡

v(x− x1) = u(y − y1) ,

w(x− x1) = u(z − z1) ,

❞❤❧❛❞➔ >♥❛ 202(❤♠❛ ❞0♦ ❡①✐2➳2❡✇♥✱ ♣♦✉ ♣❛/✐2(❼♥❡✐ (❤♥ ❡✉❥❡4❛ ✇❝ (♦♠➔ ❞0♦ ❡♣✐♣>❞✇♥✳

❉+❛&'❤+✐4'❤'❛ ✷✳✶✸ ❇/❡4(❡ (♦ 202(❤♠❛ ❞0♦ ❡①✐2➳2❡✇♥ ♣♦✉ ♣❡/✐❣/❼❢❡✐ ✇❝ (♦♠➔

❞0♦ ❡♣✐♣>❞✇♥ (❤♥ ❡✉❥❡4❛ ♣♦✉ ♣❡/♥❼❡✐ ❛♣? (♦ 2❤♠❡4♦ P : (1, −3, 1) ❦❛✐ ❡4♥❛✐ ♣❛/❼❧❧❤❧❤

♣/♦❝ (♦ ❞✐❼♥✉2♠❛ ~a = (0, 1, −2)✳
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A1x+B1y + C1z +D1 = 0 ,

A2x+B2y + C2z +D2 = 0 .

❑❼❥❡ ❡①81✇1❤ ♣❛)✐1(❼♥❡✐ :♥❛ ❡♣8♣❡❞♦✱ ❦❛✐ ♦✐ ❧/1❡✐❝ (♦✉ 1✉1(➔♠❛(♦❝ ❞8❞♦✉♥ (✐❝ 1✉♥(❡(❛❣♠:♥❡❝

(✇♥ 1❤♠❡8✇♥ ♣♦✉ ❜)81❦♦♥(❛✐ 1(❤♥ (♦♠➔ (✇♥ ❞/♦ ❡♣✐♣:❞✇♥✳

• ❊❼♥ ✉♣❼)C❡✐ ❛)✐❥♠'❝ µ (:(♦✐♦❝ ➳1(❡

(A1, B1, C1) = µ(A2, B2, C2) ❦❛✐ D1 = µD2 ,

♦✐ ❞/♦ ❡①✐1➳1❡✐❝ ✐❦❛♥♦♣♦✐♦/♥(❛✐ ❛❦)✐❜➳❝ ❛♣' (❛ 8❞✐❛ 1❤♠❡8❛✱ ❞❤❧❛❞➔ (❛ ❡♣8♣❡❞❛ 1✉♠♣8✲

♣(♦✉♥✳

• ❊❼♥ ✉♣❼)C❡✐ ❛)✐❥♠'❝ µ (:(♦✐♦❝ ➳1(❡

(A1, B1, C1) = µ(A2, B2, C2) ❛❧❧❼ D1 6= µD2 ,

('(❡ (❛ ❞/♦ ❡♣8♣❡❞❛ ❡8♥❛✐ ♣❛)❼❧❧❤❧❛✿ ❡8♥❛✐ ❦❛✐ (❛ ❞/♦ ❦❼❥❡(❛ 1(♦ ❞✐❼♥✉1♠❛ (A1, B1, C1)

❦❛✐ ❞❡♥ ✉♣❼)C♦✉♥ ❦♦✐♥❼ 1❤♠❡8❛✳

• ❊❼♥ (❛ ❞✐❛♥/1♠❛(❛ (A1, B1, C1) ❦❛✐ (A2, B2, C2) ❞❡♥ ❡8♥❛✐ ♣❛)❼❧❧❤❧❛✱ ('(❡ ♦/(❡ (❛

❞/♦ ❡♣8♣❡❞❛ ❡8♥❛✐ ♣❛)❼❧❧❤❧❛✱ ❦❛✐ (:♠♥♦♥(❛✐ 1❡ ♠8❛ ❡✉❥❡8❛✳ ❙❡ ❛✉(➔ (❤♥ ♣❡)8♣(✇1❤

(♦✉❧❼C✐1(♦♥ :♥❛ ❛♣' (❛ A1B2 −B1A2✱ A1C2 − C1A2✱ B1C2 − C1B2 ❞❡♥ ❡8♥❛✐ ♠❤❞:♥✳

●✐❛ ♥❛ ❜)♦/♠❡ (❤♥ ♣❛)❛♠❡()✐❦➔ ♣❡)✐❣)❛❢➔ (❤❝ ❡✉❥❡8❛❝ 1(❤♥ ♦♣♦8❛ (:♠♥♦♥(❛✐ (❛ ❞/♦ ❡♣8♣❡❞❛✱

♠♣♦)♦/♠❡ ♥❛ ❧/1♦✉♠❡ (♦ 1/1(❤♠❛ (✇♥ ❞/♦ ❣)❛♠♠✐❦➳♥ ❡①✐1➳1❡✇♥✱ '♣✇❝ ❣♥✇)8③♦✉♠❡ ❛♣' (❤

●)❛♠♠✐❦➔ ✬❆❧❣❡❜)❛✳

❉!❛#$❤!✐'$❤$❛ ✷✳✶✹ ❇)❡8(❡ ♠8❛ ♣❛)❛♠❡()✐❦➔ ♣❡)✐❣)❛❢➔ (❤❝ ❡✉❥❡8❛❝ 1(❤♥ ♦♣♦8❛

(:♠♥♦♥(❛✐ (❛ ❡♣8♣❡❞❛ ♠❡ ❡①✐1➳1❡✐❝ y + z − 1 = 0 ❦❛✐ y + 2z − 1 = 0✱ ❧/♥♦♥(❛❝ (♦

1/1(❤♠❛ (✇♥ ❞/♦ ❡①✐1➳1❡✇♥ ✭1(♦ R
3
✦✮✳

●✐❛ :♥❛♥ ❡♥❛❧❧❛❦(✐❦' ()'♣♦ ♥❛ ❜)♦/♠❡ (❤♥ ♣❛)❛♠❡()✐❦➔ ♣❡)✐❣)❛❢➔ (❤❝ ❡✉❥❡8❛❝✱ ♣❛)❛(❤)♦/✲

♠❡ ♦(✐ (♦ ❞✐❼♥✉1♠❛ ❞✐❡/❥✉♥1❤❝ (❤❝ ❡✉❥❡8❛❝ ❡8♥❛✐ ❦❼❥❡(♦ 1(❛ (A1, B1, C1) ❦❛✐ (A2, B2, C2)✱

❼)❛ ❡8♥❛✐ 1✉❣❣)❛♠♠✐❦' ♠❡ (♦ ❞✐❼♥✉1♠❛ (A1, B1, C1) × (A2, B2, C2)✳ ✬❆)❛ ❤ ♣❛)❛♠❡()✐❦➔

♣❛)❼1(❛1❤ (❤❝ ❡✉❥❡8❛❝ ❡8♥❛✐

(x, y, z) = (x0, y0, z0) + t(A1, B1, C1)× (A2, B2, C2) ,

'♣♦✉ (x0, y0, z0) ❡8♥❛✐ :♥❛ 1❤♠❡8♦ (❤❝ ❡✉❥❡8❛❝✳ ●✐❛ ♣❛)❼❞❡✐❣♠❛✱ ❡❼♥ A1B2 − B1A2 6= 0✱

♠♣♦)♦/♠❡ ♥❛ ❥:1♦✉♠❡ z0 = 0 ❦❛✐ ♥❛ ❧/1♦✉♠❡ (✐❝ ❡①✐1➳1❡✐❝

A1x0 +B1y0 = −D1

A2x0 +B2y0 = −D2



❑❡❢❼❧❛✐♦ ✷ ●❡✇♠❡,-✐❦❼ ❞✐❛♥12♠❛,❛ 2,♦ 3➳-♦ ✼✺

❣✐❛ ♥❛ ❜'♦)♠❡ ,♦ -❤♠❡/♦ (x0, y0, 0)✱

x0 =
−(D1B2 −B1D2)

A1B2 −B1A2

, y0 =
−(A1D2 −D1A2)

A1B2 −B1A2

.

❉!❛#$❤!✐'$❤$❛ ✷✳✶✺ ❇'❡/,❡ ♠/❛ ♣❛'❛♠❡,'✐❦➔ ♣❡'✐❣'❛❢➔ ,❤❝ ❡✉❥❡/❛❝ -,❤♥ ♦♣♦/❛

,9♠♥♦♥,❛✐ ,❛ ❡♣/♣❡❞❛ ♠❡ ❡①✐-➳-❡✐❝ y+ z− 1 = 0 ❦❛✐ y+2z− 1 = 0✱ ='❤-✐♠♦♣♦✐➳♥,❛❝

,♦ ❡①✇,❡'✐❦? ❣✐♥?♠❡♥♦ ,✇♥ ❞✐❛♥✉-♠❼,✇♥ -✉♥,❡❧❡-,➳♥✳

❆♣"#$❛#❤ #❤♠❡)♦✉ ❛♣" ❡✉❥❡)❛

❏❡✇'♦)♠❡ ♠/❛ ❡✉❥❡/❛ ε ❦❛✐ 9♥❛ -❤♠❡/♦ X1 -,♦ E3
✳ ❏9❧♦✉♠❡ ♥❛ ✉♣♦❧♦❣/-♦✉♠❡ ,❤♥ ❛♣?-,❛-❤

,♦✉ -❤♠❡/♦✉ X1 ❛♣? ,❤♥ ❡✉❥❡/❛ ε✳ ▼/❛ ❡✉❥❡/❛ -,♦ =➳'♦ ❞❡♥ 9=❡✐ ♠♦♥❛❞✐❦➔ ❦❼❥❡,❤ ❞✐❡)✲

❥✉♥-❤✳ F'➳,❛ ❥❛ ❜'♦)♠❡ ,♦ ❡♣/♣❡❞♦ ♣♦✉ ♣❡'✐9=❡✐ ,❤♥ ❡✉❥❡/❛ ε ❦❛✐ ,♦ -❤♠❡/♦ X1✱ ➳-,❡ ♥❛

♣'♦-❞✐♦'/-♦✉♠❡ ,❤♥ ❞✐❡)❥✉♥-❤ -❡ ❛✉,? ,♦ ❡♣/♣❡❞♦ ♣♦✉ ❡/♥❛✐ ❦❼❥❡,❤ ♣'♦❝ ,❤♥ ❡✉❥❡/❛✳

✬❊-,✇ ♦,✐ ❤ ❡✉❥❡/❛ ε 9=❡✐ ♣❛'❛♠❡,'✐❦➔ ♣❡'✐❣'❛❢➔

−−→
OX =

−−→
OX0 + t~a ♠❡ X0 : (x0, y0, z0)

❦❛✐ ~a = (u, v, w)✱ ❦❛✐ ,♦ -❤♠❡/♦ X1 9=❡✐ -✉♥,❡,❛❣♠9♥❡❝ (x1, y1, z1)✳

❚?,❡ ,♦ ❞✐❼♥✉-♠❛ ~a × −−−→
X0X1 ❡/♥❛✐ ❦❼❥❡,♦ -,♦ ❡♣/♣❡❞♦ ♣♦✉ ♣❡'✐9=❡✐ ,❤♥ ❡✉❥❡/❛ ε ❦❛✐ ,♦

-❤♠❡/♦ X1✱ ❦❛✐ ,♦ ❞✐❼♥✉-♠❛

~e = (~a×−−−→
X0X1)× ~a

❡/♥❛✐ ♣❛'❼❧❧❤❧♦ ♣'♦❝ ❛✉,? ,♦ ❡♣/♣❡❞♦ ❦❛✐ ❦❼❥❡,♦ -,❤♥ ❡✉❥❡/❛ ε✳

❙=➔♠❛ ✷✳✶✸✿ ❑❼❥❡,♦❝ ❛♣? -❤♠❡/♦ ♣'♦❝ ❡✉❥❡/❛ -,♦ =➳'♦✳

❙✉♠♣❡'❛/♥♦✉♠❡ ♦,✐ ❤ ❛♣?-,❛-❤ ,♦✉ X1 ❛♣? ,❤♥ ❡✉❥❡/❛ ❡/♥❛✐ ,♦ ♠9,'♦ ,❤❝ ♣'♦❜♦❧➔❝ ,♦✉

−−−→
X0X1 ♣❼♥✇ -,♦ ~e✿

d(X1, ε) = |pr~e
−−−→
X0X1| =

∣

∣

∣

∣

∣

~e · −−−→X0X1

|~e|

∣

∣

∣

∣

∣

=
|((~a×−−−→

X0X1)× ~a) · −−−→X0X1|
|(~a×−−−→

X0X1)× ~a|
.
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❯♣❡♥❥✉♠)③♦✉♠❡ ♦,✐ ♠♣♦.♦/♠❡ ♥❛ ❛❧❧❼①♦✉♠❡ ,❤ ❥56❤ ,✇♥ ♣.❼①❡✇♥ 6,♦ ♠✐❦,9 ❣✐♥9♠❡♥♦✱ ❞❤❧❛❞➔

5>♦✉♠❡ ((~a×−−−→
X0X1)×~a) ·−−−→X0X1 = (~a×−−−→

X0X1) · (~a×−−−→
X0X1)✳ @❛.❛,❤.♦/♠❡ ♦,✐ ~a ❡)♥❛✐ ❦❼❥❡,♦

6,♦ ~a×−−−→
X0X1✱ ❦❛✐ 6✉♥❡♣➳❝ ,♦ ❡♠❜❛❞9♥ ,♦✉ ♣❛.❛❧❧❤❧♦❣.❼♠♠♦✉ ♣♦✉ 6>❤♠❛,)③♦✉♥ ❡)♥❛✐ )6♦ ♠❡

,♦ ❣✐♥9♠❡♥♦ ,✇♥ ♠5,.✇♥ ,✇♥ ❞/♦ ❞✐❛♥✉6♠❼,✇♥✱ |(~a×−−−→
X0X1)× ~a| = |(~a×−−−→

X0X1)| |~a|✳ ✬❆.❛

d(X1, ε) =
|(~a×−−−→

X0X1) · (~a×−−−→
X0X1)|

|~a×−−−→
X0X1| |~a|

=
|~a×−−−→

X0X1|
|~a| .

❚♦ ,❡❧✐❦9 ❛♣♦,5❧❡6♠❛ 5>❡✐ ♠)❛ ❡♥❞✐❛❢5.♦✉6❛ ❡.♠❤♥❡)❛✳ |~a×−−−→
X0X1| ❡)♥❛✐ ,♦ ❡♠❜❛❞9♥ ❡♥9❝

♣❛.❛❧❧❤❧♦❣.❼♠♠♦✉ ♠❡ ♠)❛ ♣❧❡✉.❼ ,♦ ❞✐❼♥✉6♠❛ ~a ♣❼♥✇ 6,❤♥ ❡✉❥❡)❛ ε✱ ❦❛✐ ❼❧❧❤ ♣❧❡✉.❼ ,♦

❞✐❼♥✉6♠❛

−−−→
X0X1 ❛♣9 ,♦ 6❤♠❡)♦ X0 ♣❼♥✇ 6,❤♥ ❡✉❥❡)❛ ε 6,♦ 6❤♠❡)♦ X1✱ ❙>5❞✐♦ ✷✳✶✹✳ ✬❖,❛♥

❞✐❛✐.56♦✉♠❡ ❛✉,9 ,♦ ❡♠❜❛❞9♥ ♠❡ ,♦ ♠➔❦♦❝ ,❤❝ ♣❧❡✉.❼❝ ~a✱ ♣❛).♥♦✉♠❡ ,♦ /②♦❝ ,♦✉ ♣❛.❛❧❧❤❧♦✲

❣.❼♠♠♦✉✱ ❞❤❧❛❞➔ ,❤♥ ❦❼❥❡,❤ ❛♣96,❛6❤ ❛♣9 ,♦ 6❤♠❡)♦ X1 6,❤♥ ❡✉❥❡)❛ ε✳

❙>➔♠❛ ✷✳✶✹✿ ❍ ❛♣96,❛6❤ 6❤♠❡)♦✉ ❛♣9 ❡✉❥❡)❛ 6,♦ >➳.♦✳

❉!❛#$❤!✐'$❤$❛ ✷✳✶✻ ❍ ❡✉❥❡)❛ ε ♣❡.♥❼❡✐ ❛♣9 ,♦ 6❤♠❡)♦ P : (2, 2, 2) ❦❛✐ 5>❡✐ ❞✐❼✲

♥✉6♠❛ ❞✐❡/❥✉♥6❤❝ ~a = (1, 2, −1)✳ ❇.❡),❡ ,♦ ❦❼❥❡,♦ ❞✐❼♥✉6♠❛ ❛♣9 ,♦ 6❤♠❡)♦ ❛♥❛❢♦.❼❝

O 6,❤♥ ❡✉❥❡)❛ ε✱ ❦❛❥➳❝ ❦❛✐ ,❤♥ ❛♣96,❛6❤ ❛♣9 ,♦ O 6,❤♥ ε✳

❆!"♠❜❛&❡❝ ❡✉❥❡+❡❝

❏❡✇.♦/♠❡ ❞/♦ ❡✉❥❡)❡❝ ε1 ❦❛✐ ε2 6,♦ >➳.♦ E3
✿ ❤ ε1 ♣❡.♥❼❡✐ ❛♣9 ,♦ 6❤♠❡)♦ X1 ❦❛✐ 5>❡✐

❞✐❼♥✉6♠❛ ❞✐❡/❥✉♥6❤❝ ~a1✱ ❡♥➳ ❤ ε2 ♣❡.♥❼❡✐ ❛♣9 ,♦ 6❤♠❡)♦ X2 ❦❛✐ 5>❡✐ ❞✐❼♥✉6♠❛ ❞✐❡/❥✉♥6❤❝ ~a2✳

❍ ♣❛.❛♠❡,.✐❦➔ 5❦❢.❛6❤ ❣✐❛ ,♦ ❣❡♥✐❦9 6❤♠❡)♦ ,✇♥ ❞/♦ ❡✉❥❡✐➳♥ ❡)♥❛✐

−−→
OX =

−−→
OX1 + t~a1 t ∈ R ,

−−→
OX =

−−→
OX2 + s~a2 s ∈ R .



❑❡❢❼❧❛✐♦ ✷ ●❡✇♠❡,-✐❦❼ ❞✐❛♥12♠❛,❛ 2,♦ 3➳-♦ ✼✼

❊❼♥ ♦✐ ❡✉❥❡)❡❝ ❜,)-❦♦♥/❛✐ -/♦ )❞✐♦ ❡♣)♣❡❞♦✱ /4/❡ /❛ ❞✐❛♥5-♠❛/❛

−−−→
X1X2, ~a1 ❦❛✐ ~a2 ❡)♥❛✐

-✉♥❡♣)♣❡❞❛ ❦❛✐

[
−−−→
X1X2, ~a1, ~a2] = 0 .

❙/❤♥ ❛♥/)❥❡/❤ ♣❡,)♣/✇-❤ ♦✐ ❡✉❥❡)❡❝ ♦♥♦♠❼③♦♥/❛✐ ❛!"♠❜❛%❡❝✳ ❆-5♠❜❛/❡❝ ❡✉❥❡)❡❝ =>♦✉♥

♠♦♥❛❞✐❦➔ ❦♦✐♥➔ ❦❼❥❡+♦ ❡✉❥❡-❛ κ✳ ❚♦ ❞✐❼♥✉-♠❛ ❞✐❡5❥✉♥-❤❝ ~n /❤❝ κ ❡)♥❛✐ ❦❼❥❡/♦ -/♦ ~a1 ❦❛✐

/♦ ~a2✱ ❦❛✐ ♠♣♦,♦5♠❡ ♥❛ ❥❡✇,➔-♦✉♠❡

~n = ~a1 × ~a2 .

❙>➔♠❛ ✷✳✶✺✿ ❍ ❦♦✐♥➔ ❦❼❥❡/♦❝ ❛-5♠❜❛/✇♥ ❡✉❥❡✐➳♥ -/♦ >➳,♦✳

❍ ❡❧❼>✐-/❤ ❛♣4-/❛-❤ /✇♥ ❞5♦ ❡✉❥❡✐➳♥ ❡)♥❛✐ /♦ ♠=/,♦ /❤❝ ♣,♦❜♦❧➔❝ /♦✉ ❞✐❛♥5-♠❛/♦❝

−−−→
X1X2✱ ❛♣4 =♥❛ -❤♠❡)♦ /❤❝ ♠)❛❝ ❡✉❥❡)❛❝ -❡ =♥❛ -❤♠❡)♦ /❤❝ ❼❧❧❤❝✱ ♣❼♥✇ -/♦ ❞✐❼♥✉-♠❛ ~n -/❤

❞✐❡5❥✉♥-❤ /❤❝ ❦♦✐♥➔❝ ❦❛❥=/♦✉✿

d(ε1, ε2) = |pr~a1×~a2

−−−→
X1X2|

=
|−−−→X1X2 · ~a1 × ~a2|

|~a1 × ~a2|

=
|[−−−→X1X2, ~a1, ~a2]|

|~a1 × ~a2|
.

●✐❛ ♥❛ ♣,♦-❞✐♦,)-♦✉♠❡ /❛ -❤♠❡)❛ /♦♠➔❝ T1 ❦❛✐ T2 /❤❝ ❦♦✐♥➔❝ ❦❛❥=/♦✉ κ ♠❡ /✐❝ ε1 ❦❛✐ ε2✱

❡,❣❛③4♠❛-/❡ ✇❝ ❡①➔❝✿ ❚♦ -❤♠❡)♦ T1 ❛♥➔❦❡✐ -/❤♥ ε1✱ ❼,❛ ✉♣❼,>❡✐ t ❣✐❛ /♦ ♦♣♦)♦

−−→
OT1 =

−−→
OX1 + t~a1 ✭✷✳✽✮

❦❛✐ ♣❛,4♠♦✐❛ ❣✐❛ /♦ T2 ❦❛✐ /❤♥ ε2✱ ✉♣❼,>❡✐ s ❣✐❛ /♦ ♦♣♦)♦

−−→
OT2 =

−−→
OX2 + s~a2 . ✭✷✳✾✮

❊♣)-❤❝

−−→
T1T2 ❡)♥❛✐ ♣❛,❼❧❧❤❧♦ ♣,♦❝ /♦ ~a1 × ~a2✱ ❦❛✐ ❼,❛

−−→
T1T2 = ℓ~a1 × ~a2 . ✭✷✳✶✵✮



✼✽ ❊♣"♣❡❞♦ ❦❛✐ ◗➳+♦❝

❆❢♦%

−−→
T1T2 =

−−→
OT2 −−−→

OT1✱ ❛♣) *✐❝ ✷✳✽✱ ✷✳✾ ❦❛✐ ✷✳✶✵ 34♦✉♠❡

−−→
OX2 −−−→

OX1 + s~a2 − t~a1 = ℓ~a1 × ~a2 ,

*♦ ♦♣♦8♦ ❡8♥❛✐ 3♥❛ :%:*❤♠❛ ✸ ❡①✐:➳:❡✇♥ ✭♠8❛ ❣✐❛ ❦❼❥❡ :✉♥*❡*❛❣♠3♥❤✮ ♠❡ ✸ ❛❣♥➳:*♦✉❝ s✱ t

❦❛✐ ℓ✱ *♦ ♦♣♦8♦ ♠♣♦E♦%♠❡ ♥❛ ❧%:♦✉♠❡ ❣✐❛ ♥❛ ♣E♦:❞✐♦E8:♦✉♠❡ *❛ t✱ s ❦❛✐ ❡♥ :✉♥❡4❡8❛ *❛ T1✱ T2✳

 ❛"❼❞❡✐❣♠❛ ✷✳✷ ❉8❞♦♥*❛✐ ❡✉❥❡8❡❝ ε1 ❦❛✐ ε2 *3*♦✐❡❝ ➳:*❡ ❤ ε1 ♣❡E♥❼ ❛♣) *♦ :❤♠❡8♦ A :

(2, −1, 0) ❦❛✐ ❡8♥❛✐ ♣❛E❼❧❧❤❧❤ ♣E♦❝ *♦ ❞✐❼♥✉:♠❛ ~u = (1, 3, −1)✱ ❦❛✐ ❤ ε2 ♣❡E♥❼ ❛♣) *♦ :❤♠❡8♦

B : (0, 1, 3) ❦❛✐ ❡8♥❛✐ ♣❛E❼❧❧❤❧❤ ♣E♦❝ *♦ ❞✐❼♥✉:♠❛ ~v = (2, 1, 1)✳

❆❢♦% *❛ ~u ❦❛✐ ~v ❞❡♥ ❡8♥❛✐ :✉❣❣E❛♠♠✐❦❼✱ ✉♣❼E4❡✐ ♠♦♥❛❞✐❦➔ ❦♦✐♥➔ ❜❦❼❥❡*♦❝✱ ♠❡ ❞✐❼♥✉:♠❛

❞✐❡%❥✉♥:❤❝

~u× ~v =

∣

∣

∣

∣

∣

∣

∣

~i ~j ~k

1 3 −1

2 1 1

∣

∣

∣

∣

∣

∣

∣

= (4, −3, −5) .

❯♣♦❧♦❣8③♦✉♠❡ *♦ ♠✐❦*) ❣✐♥)♠❡♥♦

[
−−→
AB, ~u, ~v] = (−2, 2, 3) · (4, −3, −5) = −29 .

❙✉♠♣❡E❛8♥♦✉♠❡ ♦*✐ ♦✐ ❡✉❥❡8❡❝ ❡8♥❛✐ ❛:%♠❜❛*❡❝✳

❚♦ ❞✐❼♥✉:♠❛ ~u× ~v 34❡✐ ♠3*E♦ |~u× ~v| = 5
√
2✳

❙✉♥❡♣➳❝ ❤ ❛♣):*❛:❤ ♠❡*❛①% *✇♥ ❞%♦ ❡✉❥❡✐➳♥ ❡8♥❛✐

d(ε1, ε2) =
|[−−→AB, ~u, ~v]|
|~u× ~v| =

| − 29|
5
√
2

=
29

√
2

10
.

●✐❛ ♥❛ ❜E♦%♠❡ *❛ :❤♠❡8❛ *♦♠➔❝ *✇♥ ❞%♦ ❡✉❥❡✐➳♥ ♠❡ *❤♥ ❦♦✐♥➔ ❦❼❥❡*♦✱ 4E❤:✐♠♦♣♦✐♦%♠❡ *♦

:%:*❤♠❛

−−→
OB −−→

OA+ s~v − t ~u = ℓ (~u× ~v) ,

❞❤❧❛❞➔

(−2, 2, 3) + s (2, 1, 1)− t (1, 3, −1) = ℓ (4, −3, −5) ,

➔

2s − t − 4ℓ = 2

s − 3t + 3ℓ = −2

s + t + 5ℓ = −3 ,

*♦ ♦♣♦8♦ ❧%♥♦✉♠❡ ❣✐❛ ♥❛ ♣E♦:❞✐♦E8:♦✉♠❡ *❛ s ❦❛✐ t✿

t =
1

25
, s = − 7

50
.

✬❆E❛ *❛ :❤♠❡8❛ *♦♠➔❝ ♠❡ *❤♥ ❦♦✐♥➔ ❦❼❥❡*♦ ❡8♥❛✐

T1 = (2, −1, 0) +
1

25
(1, 3, −1) ,

T2 = (0, 1, 3)− 7

50
(2, 1, 1) .



❑❡❢❼❧❛✐♦ ✷ ●❡✇♠❡,-✐❦❼ ❞✐❛♥12♠❛,❛ 2,♦ 3➳-♦ ✼✾

❍ ❦♦✐♥➔ ❦❼❥❡+♦❝ κ -.❡✐ ♣❛1❛♠❡+1✐❦➔ -❦❢1❛4❤

−−→
OX = (2, −1, 0) +

1

25
(1, 3, −1) + ℓ (4, −3, −5) .

❊♣❛❧❤❥❡8♦✉♠❡ +❤♥ ❛♣:4+❛4❤ ♠❡+❛①8 +✇♥ ❞8♦ ❡✉❥❡✐➳♥✱

|T1 − T2| =
1

50
|(116, −87, −145)| = 29

√
2

10
.

❉!❛#$❤!✐'$❤$❛ ✷✳✶✼ ❍ ❡✉❥❡@❛ ε ♣❡1♥❼❡✐ ❛♣: +♦ 4❤♠❡@♦ P : (2, 2, 2) ❦❛✐ -.❡✐

❞✐❼♥✉4♠❛ ❞✐❡8❥✉♥4❤❝ ~a = (1, 2, −1)✳ ❇1❡@+❡ +❤♥ ❛♣:4+❛4❤ ❛♣: +♦♥ ❼①♦♥❛ Ox 4+❤♥

ε✳


