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❙!"#❤♠❛ ❛♥❛❢♦*❼❝ "#♦ -➳*♦

❙#♦ %➳'♦ E3
❥❡✇'♦+♠❡ -♥❛ 0❤♠❡2♦ O✱ ❦❛✐ #'2❛ ❞✐❛♥+0♠❛#❛ ♠❡ 0❤♠❡2♦ ❡❢❛'♠♦❣➔❝ #♦ O✱ #❛

♦♣♦2❛ ❞❡♥ ♣❡'✐-%♦♥#❛✐ 0#♦ 2❞✐♦ ❡♣2♣❡❞♦✱ ~u =
−→
OA✱ ~v =

−−→
OB✱ w =

−−→
OC✳ ❚❛ ❞✐❛♥+0♠❛#❛ ~u, ~v, ~w

♣'♦0❞✐♦'2③♦✉♥ #'❡2❝ ❼①♦♥❡❝✱ (ε, ~u), (δ, ~v), (ζ, ~w)✱ ♦✐ ♦♣♦2♦✐ #-♠♥♦♥#❛✐ 0#♦ O✳ ❍ ❞✐❛#❡#❛❣♠-♥❤

#'✐❼❞❛ ❛①C♥✇♥ (ε, ~u), (δ, ~v), (ζ, ~w) ♦♥♦♠❼③❡#❛✐  ! "❤♠❛ ❛♥❛❢♦)❼❝ 0#♦ %➳'♦ ❦❛✐ ❥❛ #♦

0✉♠❜♦❧2③♦✉♠❡ (O, ~u, ~v, ~w)✳

❆♣C #❤♥ G'C#❛0❤ ✷✳✶✱ ♦♣♦✐♦❞➔♣♦#❡ ❞✐❼♥✉0♠❛ 0#♦ %➳'♦ ~z ❣'❼❢❡#❛✐ ✇❝ ❣'❛♠♠✐❦C❝ 0✉♥❞✉❛✲

0♠C❝

~z = a~u+ b~v + c~w .

❖)✐ ♠.❝ ✷✳✻✳ ❖✐ ❛'✐❥♠♦2 #❤❝ ❞✐❛#❡#❛❣♠-♥❤❝ #'✐❼❞❛❝ (a, b, c) ♦♥♦♠❼③♦♥#❛✐  ✉♥"❡"❛❣✲

♠6♥❡❝ "♦✉ ❞✐❛♥! ♠❛"♦❝ ~z ✇❝ ♣'♦❝ #♦ 0+0#❤♠❛ ❛♥❛❢♦'❼❝ (O, ~u, ~v, ~w)✳

❚❛ ❞✐❛♥+0♠❛#❛ a~u, b~v, c~w ♦♥♦♠❼③♦♥#❛✐  ✉♥✐ "➳ ❡❝ #♦✉ ~z ✇❝ ♣'♦❝ #♦ 0+0#❤♠❛ ❛♥❛❢♦'❼❝

(O, ~u, ~v, ~w)✳

●✐❛ ❦❼❥❡ 0❤♠❡2♦ D #♦✉ %➳'♦✉✱ #♦ ❞✐❼♥✉0♠❛

−−→
OD ♦♥♦♠❼③❡#❛✐ ❞✐❼♥✉ ♠❛ ❥6 ❤❝ ✭➔ ❞✐❛♥✉✲

 ♠❛"✐❦➔ ❛❦"<♥❛✮ #♦✉ D✱ ❦❛✐ ♦✐ 0✉♥#❡#❛❣♠-♥❡❝ #♦✉

−−→
OD ❡2♥❛✐ ♦✐  ✉♥"❡"❛❣♠6♥❡❝ "♦✉

 ❤♠❡<♦✉ D✳

❉)❛ "❤)✐."❤"❛ ✷✳✹ ❙%❡❞✐❼0#❡ -♥❛ ❦❛♥♦♥✐❦C #❡#'❼❡❞'♦ OABC✱ ♠❡ ♣❧❡✉'❼ ♠➔✲

❦♦✉❝ ✶✱ #❛ ❞✐❛♥+0♠❛#❛

~i =
−→
OA✱

~j =
−−→
OB ❦❛✐

~k =
−−→
OC✱ ❦❛✐ ❥❡✇'➔0#❡ #♦ 0+0#❤♠❛

❛♥❛❢♦'❼❝ (O, ~i, ~j, ~k)✳ ❙%❡❞✐❼0#❡ #♦ ❞✐❼♥✉0♠❛ ~u ♠❡ 0✉♥#❡#❛❣♠-♥❡❝ (1, 1, 1) ❦❛✐ #♦

❞✐❼♥✉0♠❛ ~w ♠❡ 0✉♥#❡#❛❣♠-♥❡❝ (1, 1, −1)✳

❏❛ ♣❡'✐♦'20♦✉♠❡ #❤♥ ♣'♦0♦%➔ ♠❛❝ 0❡ ♦)❥♦❦❛♥♦♥✐❦❼✱ ❞❡①✐. ")♦❢❛ 0✉0#➔♠❛#❛ 0✉✲

♥#❡#❛❣♠-♥✇♥✳

❖)✐ ♠.❝ ✷✳✼✳ ✬❊♥❛ ♦)❥♦❦❛♥♦♥✐❦. ❞❡①✐. ")♦❢♦  ! "❤♠❛  ✉♥"❡"❛❣♠6♥✇♥

(O, ~i, ~j, ~k) ❡2♥❛✐ -♥❛ 0+0#❤♠❛ 0✉♥#❡#❛❣♠-♥✇♥ 0#♦ ♦♣♦2♦ #❛ ❞✐❛♥+0♠❛#❛

~i, ~j, ~k -%♦✉♥ ♠-#'♦ ✶✱

❡2♥❛✐ ❦❼❥❡#❛ ♠❡#❛①+ #♦✉❝✱ ❦❛✐ ❤ ❞✐❛#❡#❛❣♠-♥❤ #'✐❼❞❛ (~i, ~j, ~k) ❛♣♦#❡❧❡2 ❞❡①✐C0#'♦❢♦ 0+0#❤♠❛

❞✐❛♥✉0♠❼#✇♥✳

❉)❛ "❤)✐."❤"❛ ✷✳✺ ❙%❡❞✐❼0#❡ -♥❛ ♦'❥♦❦❛♥♦♥✐❦C ❞❡①✐C0#'♦❢♦ 0+0#❤♠❛ 0✉♥#❡✲

#❛❣♠-♥✇♥ (O, ~i, ~j, ~k)✳ ❙✉♥➔❥✇❝ 0%❡❞✐❼③♦✉♠❡ #❛ ❞✐❛♥+0♠❛#❛

~j ❦❛✐

~k 0#♦ ❡♣2♣❡❞♦ #♦✉

%❛'#✐♦+✱ ❦❛✐ ❢❛♥#❛③C♠❛0#❡ #♦ ❞✐❼♥✉0♠❛

~i ♥❛ ❜❣❛2♥❡✐ -①✇ ❛♣C #♦ %❛'#2✳

❙❤♠❡✐➳0#❡ #♦ 0❤♠❡2♦ ♠❡ 0✉♥#❡#❛❣♠-♥❡❝ (1, 2, 1) ❦❛✐ #♦ ❞✐❼♥✉0♠❛ ♠❡ 0✉♥#❡#❛❣♠-♥❡❝

(0, −2, 1)✳
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 !"#❛%❤ ✷✳✸ ❙❡ "♥❛ ♦&❥♦❦❛♥♦♥✐❦* +,+-❤♠❛ +✉♥-❡-❛❣♠"♥✇♥✱ ♦✐ +✉♥-❡-❛❣♠"♥❡❝ -♦✉ ❞✐❛✲

♥,+♠❛-♦❝ ~z ❞7❞♦♥-❛✐ ❛♣* -❛ ❡+✇-❡&✐❦❼ ❣✐♥*♠❡♥❛ -♦✉ ~z ♠❡ -❛ ❞✐❛♥,+♠❛-❛ -♦✉ +✉+-➔♠❛-♦❝✿

~z = (~z ·~i)~i+ (~z ·~j)~j + (~z · ~k)~k .

❚♦ ❡+✇-❡&✐❦* ❣✐♥*♠❡♥♦ ❞,♦ ❞✐❛♥✉+♠❼-✇♥ ❞7❞❡-❛✐ ❛♣* -♦ ❼❥&♦✐+♠❛ -✇♥ ❣✐♥♦♠"♥✇♥ -✇♥ ❛♥-7✲

+-♦✐=✇♥ +✉♥-❡-❛❣♠"♥✇♥✳ ❊❼♥ ~z = z1~i+ z2~j + z3~k ❦❛✐ ~y = y1~i+ y2~j + y3~k✱ -*-❡

~z · ~y = z1y1 + z2y2 + z3y3

❦❛✐

|~z| =
√

z2
1
+ z2

2
+ z2

3
.

❉!❛%#❤!✐"#❤#❛ ✷✳✻ ❖✐ $✉♥'❡'❛❣♠,♥❡❝ ❞/❞♦♥'❛✐ ✇❝ ♣3♦❝ ,♥❛ ♦3❥♦❦❛♥♦♥✐❦6 ❞❡①✐6✲

$'3♦❢♦ $:$'❤♠❛ $✉♥'❡'❛❣♠,♥✇♥ (O, ~i, ~j, ~k)✳ ❊❼♥ ~u = (1, 2, 1)✱ ~w = (−1, 1, −2)✱

A : (3, 4, −5) ❦❛✐ B : (2, 1, −2)✱ ✉♣♦❧♦❣/$'❡

❛A✳ ❚❛ ❡$✇'❡3✐❦❼ ❣✐♥6♠❡♥❛ ~u · ~w ❦❛✐ ~u · ~u✳

❜A✳ ❚❛ ♠,'3❛ '✇♥ ❞✐❛♥✉$♠❼'✇♥ ~u ❦❛✐ ~w✳

❣A✳ ❚❤♥ ❛♣6$'❛$❤ '♦✉ $❤♠❡/♦✉ A ❛♣6 '♦ $❤♠❡/♦ B✳

❞A✳ ❚✐❝ $✉♥'❡'❛❣♠,♥❡❝ '♦✉ ♠,$♦✉ M '♦✉ ❞✐❛$'➔♠❛'♦❝ AB✱ ❦❛✐ '❤♥ ❛♣6$'❛$❤ '♦✉

M ❛♣6 '♦ $❤♠❡/♦ ❛♥❛❢♦3❼❝ O✳

❏❛ ✉♣♦❧♦❣/$♦✉♠❡ '✐❝ $✉♥'❡'❛❣♠,♥❡❝ '♦✉ ❡①✇'❡3✐❦♦: ❣✐♥♦♠,♥♦✉ ❞:♦ ❞✐❛♥✉$♠❼'✇♥ ✇❝ ♣3♦❝

,♥❛ ♦3❥♦❦❛♥♦♥✐❦6✱ ❞❡①✐6$'3♦❢♦ $:$'❤♠❛ ❛♥❛❢♦3❼❝✳

 !"#❛%❤ ✷✳✹ ❊❼♥ -❛ ❞✐❛♥,+♠❛-❛ ~z ❦❛✐ ~y "=♦✉♥ +✉♥-❡-❛❣♠"♥❡❝ (z1, z2, z3) ❦❛✐ (y1, y2, y3)

❛♥-7+-♦✐=❛✱ ✇❝ ♣&♦❝ "♥❛ ♦&❥♦❦❛♥♦♥✐❦* ❞❡①✐*+-&♦❢♦ +,+-❤♠❛ ❛♥❛❢♦&❼❝ (O, ~i, ~j, ~k)✱ -*-❡

~z × ~y = (z2y3 − z3y2)~i+ (z3y1 − z1y3)~j + (z1y2 − z2y1)~k . ✭✷✳✶✮

❆♣"❞❡✐①❤✳ ❊❼♥ (O, ~i, ~j, ~k) ❡/♥❛✐ ♦3❥♦❦❛♥♦♥✐❦6 ❦❛✐ ❞❡①✐6$'3♦❢♦ $:$'❤♠❛ ❛♥❛❢♦3❼❝✱ '♦

♣❛3❛❧❧❤❧6❣3❛♠♠♦ ♣♦✉ ♣3♦$❞✐♦3/③♦✉♥ '❛

~i, ~j ❡/♥❛✐ ♦3❥♦❣➳♥✐♦✱ ♠❡ ❡♠❜❛❞6♥ ✶✱ ❦❛✐ ✐$L:❡✐ ❤

$L,$❤

~i×~j = ~k = −~j ×~i

❆♥❼❧♦❣❛ ,L♦✉♠❡

~j × ~k =~i = −~k ×~j

❦❛✐

~k ×~i = ~j = −~i× ~k .

❙✉♥❡♣➳❝✱ L3❤$✐♠♦♣♦✐➳♥'❛❝ '❤♥ ❡♣✐♠❡3✐$'✐❦➔ ✐❞✐6'❤'❛ '♦✉ ❡①✇'❡3✐❦♦: ❣✐♥♦♠,♥♦✉✱ '❤♥ ♦♣♦/❛
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❥❛ ❛♣♦❞❡(①♦✉♠❡ ,-❤♥ 012-❛,❤ ✷✳✼ 6✇1(❝ -❤ 61➔,❤ ,✉♥-❡-❛❣♠;♥✇♥✱ ;6♦✉♠❡

~z × ~y = (z1~i+ z2~j + z3~k)× (y1~i+ y2~j + y3~k)

= z1y1~i×~i+ z1y2~i×~j + z1y3~i× ~k

+z2y1~j ×~i+ z2y2~j ×~j + z2y3~j × ~k

+z3y1~k ×~i+ z3y2~k ×~j + z3y3~k × ~k

= z1y1~0 + z1y2~k − z1y3~j

−z2y1~k + z2y2~0 + z2y3~i

+z3y1~j − z3y2~i+ z3y3~0 ,

2♣♦✉ ,✉♠❜♦❧(③♦✉♠❡

~0 -♦ ♠❤❞❡♥✐❦2 ❞✐❼♥✉,♠❛✳ ❑❛-❛❧➔❣♦✉♠❡ ,-❤♥

~z × ~y = (z2y3 − z3y2)~i+ (z3y1 − z1y3)~j + (z1y2 − z2y1)~k .

�

●✐❛ ♥❛ ✉♣♦❧♦❣(,♦✉♠❡ -✐❝ ,✉♥-❡-❛❣♠;♥❡❝ -♦✉ ❡①✇-❡1✐❦♦E ❣✐♥♦♠;♥♦✉✱ ❞✐❡✉❦♦❧E♥❡✐ ♦ ,✉♠❜♦❧✐✲

,♠2❝ -✇♥ 3× 3 ♦1✐③♦✉,➳♥✿ ❊❼♥ a1, a2, a3✱ b1, b2, b3 ❦❛✐ c1, c2, c3 ❡(♥❛✐ ✾ ♣♦,2-❤-❡❝✱ ❣✐❛ -✐❝

♦♣♦(❡❝ ♦1(③♦♥-❛✐ ♣1❼①❡✐❝ ♣♦❧❧❛♣❧❛,✐❛,♠♦E ❦❛✐ ♣12,❥❡,❤❝✱ 61❤,✐♠♦♣♦✐♦E♠❡ -♦ ,✉♠❜♦❧✐,♠2✿

∣

∣

∣

∣

∣

∣

∣

a1 a2 a3

b1 b2 b3

c1 c2 c3

∣

∣

∣

∣

∣

∣

∣

= a1b2c3 + b1c2a3 + c1a2b3 − a3b2c1 − b3c2a1 − c3a2b1 . ✭✷✳✷✮

❚✐❝ ♦1(③♦✉,❡❝ ❥❛ ♠❡❧❡-➔,♦✉♠❡ ❞✐❡①♦❞✐❦❼ ,-❤ ●1❛♠♠✐❦➔ ✬❆❧❣❡❜1❛✳ ❊✐❞✐❦❼ ❣✐❛ ♥❛ ✉♣♦❧♦❣(✲

,♦✉♠❡ 3× 3 ♦1(③♦✉,❡❝✱ ♠♣♦1♦E♠❡ ♥❛ 61❤,✐♠♦♣♦✐➔,♦✉♠❡ -♦ ❛❦2❧♦✉❥♦ ,6➔♠❛✿ ❳❛♥❛❣1❼❢♦✉♠❡

-✐❝ ❞E♦ ♣1➳-❡❝ ❣1❛♠♠;❝ ✇❝ -;-❛1-❤ ❦❛✐ ♣;♠♣-❤ ❣1❛♠♠➔✱ ❦❛✐ ✉♣♦❧♦❣(③♦✉♠❡ -❛ ❛❥1♦(,♠❛-❛ -✇♥

❣✐♥♦♠;♥✇♥ ❦❛-❼ ♠➔❦♦❝ -✇♥ ❞✐❛❣✇♥(✇♥✱ ♠❡ + ❣✐❛ -✐❝ ❞✐❛❣➳♥✐❡❝ ❛♣2 -❛ ❛1✐,-❡1❼ ♣1♦❝ -❛ ❞❡①✐❼✱

❦❛✐ ♠❡ − ❣✐❛ -✐❝ ❞✐❛❣➳♥✐❡❝ ❛♣2 -❛ ❞❡①✐❼ ♣1♦❝ -❛ ❛1✐,-❡1❼

+ −
a1 a2 a3

+ ց ւ −
b1 b2 b3

+ ցւ ցւ −
c1 c2 c3

ցւ ցւ
a1 a2 a3

ւ ց
b1 b2 b3

= +a1b2c3 + b1c2a3 + c1a2b3 − a3b2c1 − b3c2a1 − c3a2b1 .

❙-❤♥ ♣❡1(♣-✇,❤ -♦✉ ❡①✇-❡1✐❦♦E ❣✐♥♦♠;♥♦✉ ~z × ~y✱ ✉♣♦❧♦❣(③♦✉♠❡ -❤♥ ♦1(③♦✉,❛ ♠❡ ♣1➳-❤

❣1❛♠♠➔ -❛ ❞✐❛♥E,♠❛-❛

~i✱ ~j✱ ~k✱ ❦❛✐ -✐❝ ,✉♥-❡-❛❣♠;♥❡❝ -✇♥ ❞✐❛♥✉,♠❼-✇♥ ~z ❦❛✐ ~y ,-❤ ❞❡E-❡1❤ ❦❛✐



❑❡❢❼❧❛✐♦ ✷ ●❡✇♠❡,-✐❦❼ ❞✐❛♥12♠❛,❛ 2,♦ 3➳-♦ ✻✶

"❤♥ "%&"❤ ❣%❛♠♠➔ ❛♥"&+"♦✐.❛✳ ❑❼❥❡ 4%♦❝ ❛✉"➔❝ "❤❝ ♦%&③♦✉+❛❝ ❡&♥❛✐ 8♥❛ ❛♣4 "❛ ❞✐❛♥;+♠❛"❛

"♦✉ +✉+"➔♠❛"♦❝ ❛♥❛❢♦%❼❝ ♣♦❧❧❛♣❧❛+✐❛+♠8♥♦ ♠❡ 8♥❛♥ ❛%✐❥♠4✳ ❙✉❣❦%&♥♦♥"❛❝ "❤♥ ✷✳✶ ♠❡ "❤♥

✷✳✷✱ 8.♦✉♠❡

~z × ~y =

∣

∣

∣

∣

∣

∣

∣

~i ~j ~k

z1 z2 z3

y1 y2 y3

∣

∣

∣

∣

∣

∣

∣

.

❉!❛#$❤!✐'$❤$❛ ✷✳✼ ❖✐ +✉♥"❡"❛❣♠8♥❡❝ ❞&❞♦♥"❛✐ ✇❝ ♣%♦❝ 8♥❛ ♦%❥♦❦❛♥♦♥✐❦4 ❞❡①✐4✲

+"%♦❢♦ +;+"❤♠❛ +✉♥"❡"❛❣♠8♥✇♥ (O, ~i, ~j, ~k)✳ ❊❼♥ ~u = (1, 2, 1)✱ ~w = (−1, 1, −2)✱

A : (3, 4, −5) ❦❛✐ B : (2, 1, −2)✱ ✉♣♦❧♦❣&+"❡

❛G✳ ❚♦ ❡①✇"❡%✐❦4 ❣✐♥4♠❡♥♦ ~u× ~w✳

❜G✳ ✬❊♥❛ ❞✐❼♥✉+♠❛ ❦❼❥❡"♦ +"♦ ❡♣&♣❡❞♦ ♣♦✉ ♣❡%♥❼❡✐ ❛♣4 "♦ +❤♠❡&♦ ❛♥❛❢♦%❼❝ ❦❛✐ "❛

+❤♠❡&❛ A ❦❛✐ B✳

❣G✳ ❚♦ ❡♠❜❛❞4♥ "♦✉ "%✐❣➳♥♦✉ OAB✳

▼✐❦#$ ❣✐♥$♠❡♥♦

❏❡✇%♦;♠❡ "%&❛ ❞✐❛♥;+♠❛"❛ ~x =
−→
OA✱ ~y =

−−→
OB ❦❛✐ ~z =

−−→
OC ♠❡ ❦♦✐♥4 +❤♠❡&♦ ❡❢❛%♠♦❣➔❝ O

♣♦✉ ❞❡♥ ❜%&+❦♦♥"❛✐ +"♦ &❞✐♦ ❡♣&♣❡❞♦✱ ❦❛✐ ❡①❡"❼③♦✉♠❡ "♦ ❡+✇"❡%✐❦4 ❣✐♥4♠❡♥♦ "♦✉ ❡①✇"❡%✐❦♦;

❣✐♥♦♠8♥♦✉ "✇♥

−→
OA✱

−−→
OB ♠❡ "♦ ❞✐❼♥✉+♠❛

−−→
OC✳ ❏❛ ❞♦;♠❡ ♦"✐ (

−→
OA × −−→

OB) · −−→OC ❡&♥❛✐ 8♥❛❝

❛%✐❥♠4❝ "♦✉ ♦♣♦&♦✉ ❤ ❛♣4❧✉"❤ "✐♠➔ ❡&♥❛✐ &+❤ ♠❡ "♦♥ 4❣❦♦ "♦✉ ♣❛%❛❧❧❤❧❡♣✐♣8❞♦✉ ♠❡ ❛❦♠8❝ "❛

❞✐❛♥;+♠❛"❛

−→
OA,

−−→
OB,

−−→
OC✳

M%❼❣♠❛"✐✱ "♦ ❡+✇"❡%✐❦4 ❣✐♥4♠❡♥♦ (
−→
OA×−−→

OB) · −−→OC ❡&♥❛✐

∣

∣

∣

−→
OA×−−→

OB
∣

∣

∣

(

pr ~OA× ~OB

−−→
OC

)

.

❚♦ ❞✐❼♥✉+♠❛

−→
OA × −−→

OB 8.❡✐ ♠8"%♦ &+♦ ♠❡ "♦ ❡♠❜❛❞4♥ "♦✉ ♣❛%❛❧❧❤❧♦❣%❼♠♠♦✉ ♠❡ ♣❧❡✉%8❝

"❛ ❞✐❛♥;+♠❛"❛

−→
OA✱

−−→
OB✳ ❚♦ ♠8"%♦ "❤❝ ♣%♦❜♦❧➔❝ "♦✉

−−→
OC +"♦ ❞✐❼♥✉+♠❛ ♣♦✉ ❡&♥❛✐ ❦❼❥❡"♦

+"♦ ❡♣&♣❡❞♦ "♦✉ ♣❛%❛❧❧❤❧♦❣%❼♠♠♦✉ OADB ❡&♥❛✐ "♦ ;②♦❝ "♦✉ ♣❛%❛❧❧❤❧❡♣✐♣8❞♦✉ ♠❡ ❛❦♠8❝ "❛

❞✐❛♥;+♠❛"❛

−→
OA,

−−→
OB,

−−→
OC✳ ✬❆%❛ ❤ ❛♣4❧✉"❤ "✐♠➔ "♦✉ ❡+✇"❡%✐❦♦; ❣✐♥♦♠8♥♦✉✱

∣

∣

∣
(
−→
OA×−−→

OB) · −−→OC
∣

∣

∣
=

∣

∣

∣

−→
OA×−−→

OB
∣

∣

∣

∣

∣

∣
pr ~OA× ~OB

−−→
OC

∣

∣

∣
,

❡&♥❛✐ ❛❦%✐❜➳❝ "♦ ❡♠❜❛❞4♥ "❤❝ ❜❼+❤❝ "♦✉ ♣❛%❛❧❧❤❧❡♣✐♣8❞♦✉ ❡♣& "♦ ;②♦❝ "♦✉✱ ❞❤❧❛❞➔ ♦ 4❣❦♦❝

"♦✉ ♣❛%❛❧❧❤❧❡♣✐♣8❞♦✉✱ ❙.➔♠❛ ✷✳✽✳

❊❼♥ ❤ ❞✐❛"❡"❛❣♠8♥❤ "%✐❼❞❛ (~x, ~y, ~z) ❡&♥❛✐ ❞❡①✐4+"%♦❢♦ +;+"❤♠❛✱ "4"❡ ♦ ❛%✐❥♠4❝ (~x×~y) ·~z
❡&♥❛✐ ❥❡"✐❦4❝✱ ❞❡❝ ✬❆+❦❤+❤ ✸✳✹✱ ❡♥➳ +"❤♥ ❛♥"&❥❡"❤ ♣❡%&♣"✇+❤ ❡&♥❛✐ ❛%♥❤"✐❦4❝✳



✻✷ ❊♣"♣❡❞♦ ❦❛✐ ◗➳+♦❝

❙#➔♠❛ ✷✳✽✿ ❖ +❣❦♦❝ 0♦✉ ♣❛3❛❧❧❤❧❡♣✐♣8❞♦✉ ♠❡ ❛❦♠8❝ 0❛ ❞✐❛♥;<♠❛0❛ ~x, ~y, ~z✳

❖!✐#♠%❝ ✷✳✽✳ ❚♦ ♠✐❦+% ❣✐♥%♠❡♥♦ 03✐➳♥ ❞✐❛♥✉<♠❼0✇♥ ~x, ~y, ~z ❡A♥❛✐ ♦ ❛3✐❥♠+❝

[~x, ~y, ~z] = (~x× ~y) · ~z .

❙✉❣❦❡♥03➳♥♦✉♠❡ 0✐❝ ♣3♦❤❣♦;♠❡♥❡❝ ♣❛3❛0❤3➔<❡✐❝ <❡ ♠A❛ C3+0❛<❤✳

0!%+❛#❤ ✷✳✺ ❊❼♥ #❛ ❞✐❛♥'(♠❛#❛ ~x, ~y, ~z ❞❡♥ ❜,-(❦♦♥#❛✐ (#♦ -❞✐♦ ❡♣-♣❡❞♦✱ ❤ ❛♣3❧✉#❤ #✐♠➔

#♦✉ ♠✐❦#♦' ❣✐♥♦♠8♥♦✉ [~x, ~y, ~z] ❡-♥❛✐ -(❤ ♠❡ #♦♥ 3❣❦♦ #♦✉ ♣❛,❛❧❧❤❧❡♣✐♣8❞♦✉ ♠❡ ❛❦♠8❝ #❛

❞✐❛♥'(♠❛#❛ ~x, ~y, ~z✳

❚♦ ♠✐❦#3 ❣✐♥3♠❡♥♦ ❡-♥❛✐ ❥❡#✐❦3 ❡❼♥ #♦ ('(#❤♠❛ (~x, ~y, ~z) ❡-♥❛✐ ❞❡①✐3(#,♦❢♦ ❦❛✐ ❛,♥❤#✐❦3 ❡❼♥

#♦ (−~x, ~y, ~z) ❡-♥❛✐ ❞❡①✐3(#,♦❢♦✳

❚♦ ♠✐❦#3 ❣✐♥3♠❡♥♦ ❡-♥❛✐ ♠❤❞8♥ ❡❼♥ ❦❛✐ ♠3♥♦♥ ❡❼♥ #❛ ❞✐❛♥'(♠❛#❛ ~x, ~y, ~z ❡-♥❛✐ (✉♥❡♣-♣❡❞❛✳

C❛3❛0❤3♦;♠❡ ♦0✐ ❤ ❛♣+❧✉0❤ 0✐♠➔ 0♦✉ ❣✐♥♦♠8♥♦✉ (~y × ~z) · ~x ❡A♥❛✐ A<❤ ♠❡ 0❤♥ ❛♣+❧✉0❤ 0✐♠➔

0♦✉ ❣✐♥♦♠8♥♦✉ (~x × ~y) · ~z✱ ❛❢♦; ❦❛✐ ♦✐ ❞;♦ ❡A♥❛✐ A<❡❝ ♠❡ 0♦♥ +❣❦♦ 0♦✉ ♣❛3❛❧❧❤❧❡♣✐♣8❞♦✉ ♠❡

❛❦♠8❝ 0❛ ❞✐❛♥;<♠❛0❛ ~y, ~z, ~x✳ ❙0❤♥ ✬❆<❦❤<❤ ✸✳✺ 8#♦✉♠❡ ❞❡A①❡✐ ♦0✐ (~y, ~z, ~x) ❡A♥❛✐ ❞❡①✐+<03♦❢♦

<;<0❤♠❛ ❛❦3✐❜➳❝ +0❛♥ (~x, ~y), ~z) ❡A♥❛✐ ❞❡①✐+<03♦❢♦ <;<0❤♠❛✳ ❙✉♠♣❡3❛A♥♦✉♠❡ ♦0✐ 0❛ ♠✐❦0❼

❣✐♥+♠❡♥❛ (~y × ~z) · ~x ❦❛✐ (~x× ~y) · ~z 8#♦✉♥ 0♦ A❞✐♦ ♣3+<❤♠♦✳ ❑❛0❛❧➔❣♦✉♠❡ ♦0✐

(~y × ~z) · ~x = (~x× ~y) · ~z .

❙✉♥❞✉❼③♦♥0❛❝ ♠❡ 0❤♥ ❛♥0✐♠❡0❛❥❡0✐❦➔ ✐❞✐+0❤0❛ 0♦✉ ❡<✇0❡3✐❦♦; ❣✐♥♦♠8♥♦✉ 8#♦✉♠❡ ❡♣A<❤❝

(~x× ~y) · ~z = ~x · (~y × ~z) ,

❞❤❧❛❞➔✱ <0♦♥ ♦3✐<♠+ 0♦✉ ♠✐❦0♦; ❣✐♥♦♠8♥♦✉ ♠♣♦3♦;♠❡ ♥❛ ❡♥❛❧❧❼①♦✉♠❡ 0♦ ❡①✇0❡3✐❦+ ❦❛✐ 0♦

❡<✇0❡3✐❦+ ❣✐♥+♠❡♥♦✳ ❙✉♥♦②A③♦✉♠❡ ❛✉08❝ ❦❛✐ ❼❧❧❡❝ ✐❞✐+0❤0❡❝ 0♦✉ ♠✐❦0♦; ❣✐♥♦♠8♥♦✉ <0❤♥

❛❦+❧♦✉❥❤ C3+0❛<❤✳



❑❡❢❼❧❛✐♦ ✷ ●❡✇♠❡,-✐❦❼ ❞✐❛♥12♠❛,❛ 2,♦ 3➳-♦ ✻✸

 !"#❛%❤ ✷✳✻ ❚♦ ♠✐❦%& ❣✐♥&♠❡♥♦ %*✐➳♥ ❞✐❛♥✉/♠❼%✇♥ ~x, ~y, ~z ✐❦❛♥♦♣♦✐❡3 %✐❝ %❛✉%&%❤%❡❝

❛6✳ [~x, ~y, ~z] = (~x× ~y) · ~z = ~x · (~y × ~z)✱

❜6✳ [~x, ~y, ~z] = [~y, ~z, ~x] = [~z, ~x, ~y]✱

❣6✳ −[~x, ~y, ~z] = [~z, ~y, ~x] = [~y, ~x, ~z] = [~x, ~z, ~y]✳

❚➳$❛ ♠♣♦$♦)♠❡ ♥❛ ❛♣♦❞❡-①♦✉♠❡ 0❤♥ ❡♣✐♠❡$✐30✐❦➔ ✐❞✐60❤0❛ ❣✐❛ 0♦ ❡①✇0❡$✐❦6 ❣✐♥6♠❡♥♦✿

 !"#❛%❤ ✷✳✼ ❊❼♥ ~x, ~y, ~z ❡3♥❛✐ ❞✐❛♥;/♠❛%❛ /%♦ <➳*♦✱

~x× (~y + ~z) = ~x× ~y + ~x× ~z .

❆♣"❞❡✐①❤✳ ❏❡✇$♦)♠❡ 0♦ ❞✐❼♥✉3♠❛

~b = ~x× (~y + ~z)− ~x× ~y − ~x× ~z .

❏❛ ❞❡-①♦✉♠❡ ♦0✐ |~b| = 0✱ ❦❛✐ 3✉♥❡♣➳❝ ♦0✐

~b = 0✳ ◗$❤3✐♠♦♣♦✐➳♥0❛❝ 0❤♥ ❡♣✐♠❡$✐30✐❦➔ ✐❞✐60❤0❛

❣✐❛ 0♦ ❡3✇0❡$✐❦6 ❣✐♥6♠❡♥♦ ❦❛✐ 0❤♥ @$60❛3❤ ✷✳✻✳❛B CD♦✉♠❡

~b ·~b = ~b · (~x× (~y + ~z)− ~x× ~y − ~x× ~z)

= ~b · ~x× (~y + ~z)−~b · ~x× ~y −~b · ~x× ~z

= (~b× ~x) · (~y + ~z)− (~b× ~x) · ~y − (~b× ~x) · ~z
= (~b× ~x) · ((~y + ~z)− ~y − ~z)

= 0 .
�

▼♣♦$♦)♠❡ ♥❛ ✉♣♦❧♦❣-3♦✉♠❡ 0♦ ♠✐❦06 ❣✐♥6♠❡♥♦ D$❤3✐♠♦♣♦✐➳♥0❛❝ 0✐❝ 3✉♥0❡0❛❣♠C♥❡❝ 0✇♥

❞✐❛♥✉3♠❼0✇♥ ~x, ~y, ~z ✇❝ ♣$♦❝ C♥❛ ♦$❥♦❦❛♥♦♥✐❦6 ❞❡①✐630$♦❢♦ 3)30❤♠❛ ❛♥❛❢♦$❼❝✱

~x · (~y × ~z) = (x1~i+ x2~j + x3~k) ·
·
[

(y2z3 − y3z2)~i+ (y3z1 − y1z3)~j + (y1z2 − y2z1)~k
]

= x1y2z3 − x1y3z2 + x2y3z1 − x2y1z3 + x3y1z2 − x3y2z1

=

∣

∣

∣

∣

∣

∣

∣

x1 x2 x3

y1 y2 y3

z1 z2 z3

∣

∣

∣

∣

∣

∣

∣

.

❉!❛%#❤!✐"#❤#❛ ✷✳✽ ❖✐ 3✉♥0❡0❛❣♠C♥❡❝ ❞-❞♦♥0❛✐ ✇❝ ♣$♦❝ C♥❛ ♦$❥♦❦❛♥♦♥✐❦6 ❞❡①✐6✲

30$♦❢♦ 3)30❤♠❛ 3✉♥0❡0❛❣♠C♥✇♥ (O, ~i, ~j, ~k)✳ ❊❼♥ ~u = (1, 2, 1)✱ ~w = (−1, 1, −2)✱

A : (3, 4, −5) ❦❛✐ B : (2, 1, −2)✱ ✉♣♦❧♦❣-30❡ 0♦ ♠✐❦06 ❣✐♥6♠❡♥♦ [~u, ~w,
−−→
AB]✳

❉✐❝ ❡①✇&❡'✐❦) ❣✐♥)♠❡♥♦

❚♦ ❣✐♥6♠❡♥♦ ~x× (~y × ~z) ❡-♥❛✐ ❦❼❥❡0♦ ♣$♦❝ 0♦ ~y × ~z✱ ❦❛✐ 3✉♥❡♣➳❝ ❜$-3❦❡0❛✐ 30♦ ❡♣-♣❡❞♦ 0✇♥

~y, ~z✳ ❖ ❛❦6❧♦✉❥♦❝ ✉♣♦❧♦❣✐3♠6❝ ❡❦❢$❼③❡✐ 0♦ ~x× (~y × ~z) ✇❝ ❣$❛♠♠✐❦6 3✉♥❞✉❛3♠6 0✇♥ ~y ❦❛✐
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~z✳

~x× (~y × ~z) =

∣

∣

∣

∣

∣

∣

∣

~i ~j ~k

x1 x2 x3

y2z3 − y3z2 y3z1 − y1z3 y1z2 − y2z1

∣

∣

∣

∣

∣

∣

∣

= ~i (x2(y1z2 − y2z1)− x3(y3z1 − y1z3))

+~j (x3(y2z3 − y3z2)− x1(y1z2 − y2z1))

+~k (x1(y3z1 − y1z3)− x2(y2z3 − y3z2))

= ~i (y1(x1z1 + x2z2 + x3z3)− z1(x1y1 + x2y2 + x3y3))

+~j (y2(x1z1 + x2z2 + x3z3)− z2(x1y1 + x2y2 + x3y3))

+~k (y3(x1z1 + x2z2 + x3z3)− z3(x1y1 + x2y2 + x3y3))

= (~x · ~z)~y − (~x · ~y)~z .

 !"#❛%❤ ✷✳✽ ❊❼♥ ~x✱ ~y✱ ~z ❡%♥❛✐ ❞✐❛♥)*♠❛,❛ *,♦ .➳0♦ E3
✱ ,♦ ❞✐❝ ❡①✇,❡0✐❦5 ❣✐♥5♠❡♥♦ ❞%❞❡,❛✐

❛♣5 ,✐❝ *.8*❡✐❝

~x× (~y × ~z) = (~x · ~z)~y − (~x · ~y)~z ,
(~x× ~y)× ~z = (~x · ~z)~y − (~y · ~z)~x .

❊♣"♣❡❞❛ &'♦ )➳+♦

❙$♦ &➳(♦ E3
❡♣✐❧-❣♦✉♠❡ -♥❛ ❞❡①✐56$(♦❢♦✱ ♦(❥♦❦❛♥♦♥✐❦5 6;6$❤♠❛ ❛♥❛❢♦(❼❝ (O, ~i, ~j, ~k)✳

✬❊♥❛ ❡♣A♣❡❞♦ 6$♦ &➳(♦ E3
♣(♦6❞✐♦(A③❡$❛✐ ❡❼♥ ❣♥✇(A③♦✉♠❡ ✸ 6❤♠❡A❛ $♦✉ ♣♦✉ ❞❡♥ ❜(A6❦♦♥$❛✐

6$❤♥ A❞✐❛ ❡✉❥❡A❛✱ ➔ ❡❼♥ ❣♥✇(A③♦✉♠❡ -♥❛ 6❤♠❡A♦ $♦✉ ❡♣✐♣-❞♦✉ ❦❛✐ -♥❛ ❞✐❼♥✉6♠❛ ❦❼❥❡$♦ 6$♦

❡♣A♣❡❞♦✳

 ❛!❼❞❡✐❣♠❛ ✷✳✶ ❏❡✇(♦;♠❡ $❛ 6❤♠❡A❛ P : (1, 0, 1)✱ Q : (1, 1, 0)✱ R : (0, 1, 1)✳ ❊❼♥

X : (x, y, z) ❡A♥❛✐ -♥❛ 6❤♠❡A♦ $♦✉ ❡♣✐♣-❞♦✉ ♣♦✉ ♣❡(♥❼❡✐ ❛♣5 $❛ $(A❛ 6❤♠❡A❛✱ ✉♣❼(&♦✉♥ ❛(✐❥♠♦A

s ❦❛✐ t $-$♦✐♦✐ ➳6$❡
−−→
PX = s

−−→
PQ+ t

−→
PR✳ ❯♣♦❧♦❣A③♦✉♠❡ $✐❝ 6✉♥$❡$❛❣♠-♥❡❝ $✇♥ ❞✐❛♥✉6♠❼$✇♥

−−→
PX = (x− 1, y, z − 1) ,

−−→
PQ = (0, 1, −1) ,

−→
PR = (−1, 1, 0) ,

❦❛✐ ❜(A6❦♦✉♠❡ $✐❝ ♣❛(❛♠❡$(✐❦-❝ ❡①✐6➳6❡✐❝ ❣✐❛ $✐❝ 6✉♥$❡$❛❣♠-♥❡❝ $♦✉ 6❤♠❡A♦✉ X✱

x = 1− t , y = s+ t , z = 1− s .

❆♥$✐❦❛❥✐6$➳♥$❛❝ $❛ t = 1− x ❦❛✐ s = 1− z 6$❤♥ y = s+ t -&♦✉♠❡ $❤♥ ❛♥❛❧✉$✐❦➔ ❡①A6✇6❤

$♦✉ ❡♣✐♣-❞♦✉

x+ y + z = 2 .
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❙#➔♠❛ ✷✳✾✿ ❚♦ ❡♣/♣❡❞♦ ♣♦✉ ♣2♦3❞✐♦2/③❡6❛✐ ❛♣7 6❛ 3❤♠❡/❛ P ✱ Q ❦❛✐ R✳

●❡♥✐❦❼✱ ❥❡✇2♦@♠❡ 62/❛ 3❤♠❡/❛ P : (x1, y1, z1)✱ Q : (x2, y2, z2) ❦❛✐ R(x3, y3, z3) ♣♦✉ ❞❡♥

❜2/3❦♦♥6❛✐ 36❤♥ /❞✐❛ ❡✉❥❡/❛✳ ❚76❡ 6❛ ❞✐❛♥@3♠❛6❛

−−→
PQ ❦❛✐

−→
PR ❞❡♥ ❡/♥❛✐ 3✉❣❣2❛♠♠✐❦❼✳ ❊❼♥

X : (x, y, z) ❡/♥❛✐ 6♦ ❣❡♥✐❦7 3❤♠❡/♦ 6♦✉ ❡♣✐♣D❞♦✉ Π ♣♦✉ ♣❡2♥❼❡✐ ❛♣7 6❛ 62/❛ 3❤♠❡/❛✱ 676❡

6♦ ❞✐❼♥✉3♠❛

−−→
PX ❣2❼❢❡6❛✐ ✇❝ ❣2❛♠♠✐❦7❝ 3@♥❞✉❛3♠♦❝ 6✇♥

−−→
PQ ❦❛✐

−→
PR✳ ❉❤❧❛❞➔ ✉♣❼2#♦✉♥

❛2✐❥♠♦/ s ❦❛✐ t 6D6♦✐♦✐ ➳36❡ ♥❛ ✐3#@❡✐

−−→
PX = s

−−→
PQ+ t

−→
PR . ✭✷✳✸✮

✬❊63✐ ❜2/3❦♦✉♠❡ 6❤♥ ♣❛2❛♠❡62✐❦➔ ♣❡2✐❣2❛❢➔ ❣✐❛ 6♦ ❞✐❼♥✉3♠❛ ❥D3❤❝ 6♦✉ ❣❡♥✐❦♦@ 3❤♠❡/♦✉ X

6♦✉ ❡♣✐♣D❞♦✉✿

−−→
OX =

−−→
OP + s

−−→
PQ+ t

−→
PR ,

❦❛✐ ❛❢♦@

−−→
PQ =

−−→
OQ−−−→

OP ✱

−→
PR =

−−→
OR−−−→

OP

−−→
OX = (1− s− t)

−−→
OP + s

−−→
OQ+ t

−−→
OR .

❉!❛#$❤!✐'$❤$❛ ✷✳✾ ●2❼②6❡ 6✐❝ ♣2♦❤❣♦@♠❡♥❡❝ 3#D3❡✐❝ 3❡ 3✉♥6❡6❛❣♠D♥❡❝✳

❆♣7 6❤♥ ❡①/3✇3❤ ✷✳✸ D#♦✉♠❡ 62❡/❝ ♣❛2❛♠❡62✐❦D❝ ❡①✐3➳3❡✐❝ ❣✐❛ 6✐❝ 3✉♥6❡6❛❣♠D♥❡❝ 6♦✉ X✿

x− x1 = s(x2 − x1) + t(x3 − x1) ,

y − y1 = s(y2 − y1) + t(y3 − y1) ,

z − z1 = s(z2 − z1) + t(z3 − z1) .

❆♣7 ❛✉6D❝ 6✐❝ ❡①✐3➳3❡✐❝ ♠♣♦2♦@♠❡ ♥❛ ❛♣❛❧❡/②♦✉♠❡ 6❛ s ❦❛✐ t✱ ❣✐❛ ♥❛ ❜2♦@♠❡ 6❤♥ ❡①/3✇3❤ ♣♦✉

✐❦❛♥♦♣♦✐♦@♥ ♦✐ 3✉♥6❡6❛❣♠D♥❡❝ (x, y, z) 6♦✉ ❣❡♥✐❦♦@ 3❤♠❡/♦✉ 6♦✉ ❡♣✐♣D❞♦✉ Π✳ ❆❢♦@

−−→
PQ ❦❛✐

−→
PR ❞❡♥ ❡/♥❛✐ 3✉❣❣2❛♠♠✐❦❼✱ 6♦✉❧❼#✐36♦♥ D♥❛ ❛♣7 6❛ x3 − x1✱ y3 − y1✱ z3 − z1 ❞❡♥ ❡/♥❛✐ ♠❤❞D♥✳

❊❼♥ x3 − x1 6= 0✱ ❡♣✐❧D❣♦✉♠❡ 6❤♥ ♣2➳6❤ ❡①/3✇3❤ ❦❛✐ ❧@♥♦✉♠❡ ✇❝ ♣2♦❝ t✱

t =
(x− x1)− s(x2 − x2)

x3 − x1
.
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❊♣#$❤❝✱ ❛❢♦+

−−→
PQ ❦❛✐

−→
PR ❞❡♥ ❡#♥❛✐ $✉❣❣3❛♠♠✐❦❼✱ ♦✐ ❧7❣♦✐ (x2 − x1) : (x3 − x1)✱ (y2 − y1) :

(y3 − y1) ❦❛✐ (z2 − z1) : (z3 − z1) ❞❡♥ ❡#♥❛✐ 7❧♦✐ #$♦✐✳ ❙✉♥❡♣➳❝ ;♦✉❧❼<✐$;♦♥ =♥❛ ❛♣7 ;❛

(x2 − x1)(y3 − y1) − (y2 − y1)(x3 − x1) ❦❛✐ (x2 − x1)(z3 − z1) − (z2 − z1)(x3 − x1) ❞❡♥

❡#♥❛✐ ♠❤❞=♥✳ ❊❼♥ (x2 − x1)(y3 − y1) 6= (y2 − y1)(x3 − x1)✱ ❛♥;✐❦❛❥✐$;♦+♠❡ ;♦ t $;❤♥ ❡①#$✇$❤

y − y1 = s(y2 − y1) + t(y3 − y1) ❦❛✐ ❧+♥♦✉♠❡ ✇❝ ♣3♦❝ s✱

s =
(x− x1)(y3 − y1)− (y − y1)(x3 − x1)

(x2 − x1)(y3 − y1)− (y2 − y1)(x3 − x1)
.

❆♥;✐❦❛❥✐$;♦+♠❡ ;♦ t ❦❛✐ ♠❡;❼ ;♦ x $;❤♥ z − z1 = s(z2 − z1) + t(z3 − z1) ❦❛✐ =<♦✉♠❡

z − z1 =
(z2 − z1)(y3 − y1)− (y2 − y1)(z3 − z1)

(x2 − x1)(y3 − y1)− (y2 − y1)(x3 − x1)
(x− x1) +

+
(x2 − x1)(z3 − z1)− (z2 − z1)(x3 − x1)

(x2 − x1)(y3 − y1)− (y2 − y1)(x3 − x1)
(y − y1) .

●✐❛ ♥❛ ❣3❼②♦✉♠❡ ;❤♥ ❡①#$✇$❤ $❡ ♣✐♦ $+♥;♦♠❤ ♠♦3❢➔✱ ❥=;♦✉♠❡

A = (y2 − y1)(z3 − z1)− (z2 − z1)(y3 − y1)

B = (z2 − z1)(x3 − x1)− (x2 − x1)(z3 − z1)

C = (x2 − x1)(y3 − y1)− (y2 − y1)(x3 − x1)

❦❛✐ ;❡❧✐❦❼ =<♦✉♠❡ ;❤♥ ❡①#$✇$❤

A(x− x1) +B(y − y1) + C(z − z1) = 0 . ✭✷✳✹✮

❉!❛#$❤!✐'$❤$❛ ✷✳✶✵ ❇3❡#;❡ ;❤♥ ❡①#$✇$❤ ;♦✉ ❡♣✐♣=❞♦✉ ♣♦✉ ♣❡3♥❼❡✐ ❛♣7 ;❛ $❤♠❡#❛

P : (1, 1, 1)✱ Q : (2, 1, 2) ❦❛✐ R : (0, 2, 1)✳

✬❊♥❛❝ $✉♥;♦♠7;❡3♦❝ ;37♣♦❝ ♥❛ ❜3♦+♠❡ ;❤♥ ❛♥❛❧✉;✐❦➔ ❡①#$✇$❤ ;♦✉ ❡♣✐♣=❞♦✉ ♣♦✉ ♣❡3♥❼❡✐

❛♣7 ;❛ $❤♠❡#❛ P ✱ Q ❦❛✐ R ❜❛$#③❡;❛✐ $;♦ ❡①✇;❡3✐❦7 ❣✐♥7♠❡♥♦✿ ❚❛ ❞✐❛♥+$♠❛;❛

−−→
PQ ❦❛✐

−→
PR

❜3#$❦♦♥;❛✐ $;♦ ❡♣#♣❡❞♦ Π✱ ❼3❛ ;♦ ❡①✇;❡3✐❦7 ❣✐♥7♠❡♥♦

−−→
PQ × −→

PR ❡#♥❛✐ =♥❛ ❞✐❼♥✉$♠❛ ❦❼❥❡;♦

$;♦ Π✳ ❚♦ ❞✐❼♥✉$♠❛

−−→
PX✱ ♣♦✉ ❡❢❼♣;❡;❛✐ $;♦ ❡♣#♣❡❞♦✱ ❡#♥❛✐ ❦❼❥❡;♦ $;♦ ❡①✇;❡3✐❦7 ❣✐♥7♠❡♥♦

−−→
PQ×−→

PR✳ ❙✉♥❡♣➳❝ ;♦ ♠✐❦;7 ❣✐♥7♠❡♥♦ ♠❤❞❡♥#③❡;❛✐✱

−−→
PX · (−−→PQ×−→

PR) = 0 .

❆♥;✐❦❛❥✐$;➳♥;❛❝ ;✐❝ $✉♥;❡;❛❣♠=♥❡❝ =<♦✉♠❡

∣

∣

∣

∣

∣

∣

∣

x− x1 y − y1 z − z1

x2 − x1 y2 − y1 z2 − z1

x3 − x1 y3 − y1 z3 − z1

∣

∣

∣

∣

∣

∣

∣

= 0

❦❛✐ ❦❛;❛❧➔❣♦✉♠❡ ♣❼❧✐ $;❤♥ ❡①#$✇$❤ ✷✳✹✳

A(x− x1) +B(y − y1) + C(z − z1) = 0 .
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❉!❛#$❤!✐'$❤$❛ ✷✳✶✶ ❇#❡%&❡ &❤♥ ❡①%*✇*❤ &♦✉ ❡♣✐♣0❞♦✉ ♣♦✉ ♣❡#♥❼❡✐ ❛♣4 &❛ *❤♠❡%❛

P : (1, 1, 1)✱ Q : (2, 1, 2) ❦❛✐ R : (0, 2, 1) 8#❤*✐♠♦♣♦✐➳♥&❛❝ &♦ ❡①✇&❡#✐❦4 ❣✐♥4♠❡♥♦

~PQ× ~PR✳

❊❼♥ *&❤♥ ❡①%*✇*❤ ✷✳✹ ❥0*♦✉♠❡ D = −(Ax1+By1+Cz1)✱ 08♦✉♠❡ ♠✐❛ ❡①%*✇*❤ &❤❝ ♠♦#❢➔❝

Ax+By + Cz +D = 0 . ✭✷✳✺✮

❖ ❼❧❧♦❝ &#4♣♦❝ ♥❛ ♣#♦*❞✐♦#%*♦✉♠❡ 0♥❛ ❡♣%♣❡❞♦ *&♦ 8➳#♦ ❡%♥❛✐ ♥❛ ❣♥✇#%③♦✉♠❡ 0♥❛ *❤✲

♠❡%♦ &♦✉ ❡♣✐♣0❞♦✉✱ P (x1, y1, z1) ❦❛✐ 0♥❛ ❞✐❼♥✉*♠❛ ❦❼❥❡&♦ *&♦ ❡♣%♣❡❞♦✱ ~n ♠❡ *✉♥&❡&❛❣♠0♥❡❝

(k, ℓ, m)✳ &4&❡ ❡❼♥X (x, y, z) ❡%♥❛✐ &✉84♥ *❤♠❡%♦ &♦✉ ❡♣✐♣0❞♦✉✱ &♦ ❞✐❼♥✉*♠❛

−−→
PX ❡%♥❛✐ ❦❼❥❡&♦

*&♦ ~n ❦❛✐ *✉♥❡♣➳❝

−−→
PX · ~n = 0 ,

➔

(x− x1, y − y1, z − z1) · (k, ℓ,m) = 0 ,

❞❤❧❛❞➔

kx+ ℓy +mz − (kx1 + ℓy1 +mz1) = 0 .

❙8➔♠❛ ✷✳✶✵✿ ❚♦ ❡♣%♣❡❞♦ ♣♦✉ ♣❡#♥❼❡✐ ❛♣4 &♦ *❤♠❡%♦ P ✱ ❦❛✐ ❡%♥❛✐ ❦❼❥❡&♦ *&♦ ❞✐❼♥✉*♠❛ ~n✳

❇❧0♣♦✉♠❡ ♦&✐ ❦❛✐ *❡ ❛✉&➔ &❤♥ ♣❡#%♣&✇*❤ ❤ ❛♥❛❧✉&✐❦➔ ❡①%*✇*❤ &♦✉ ❡♣✐♣0❞♦✉ ❡%♥❛✐ &❤❝ ♠♦#✲

❢➔❝ ✷✳✺✳ ❏❛ ❞❡%①♦✉♠❡ ♦&✐ ❛✉&➔ ❡%♥❛✐ ❤ ❣❡♥✐❦➔ ❡①%*✇*❤ ❡♣✐♣0❞♦✉✳

+!'$❛#❤ ✷✳✾ ❖ ❣❡✇♠❡%&✐❦)❝ %)♣♦❝ ♠-❛❝ ❡①-0✇0❤❝ %❤❝ ♠♦&❢➔❝

Ax+By + Cz +D = 0 ,

)♣♦✉ %❛ A✱ B✱ C ❞❡♥ ❡-♥❛✐ ❦❛✐ %❛ %&-❛ ♠❤❞8♥✱ ❡-♥❛✐ 8♥❛ ❡♣-♣❡❞♦ 0%♦ 9➳&♦ E3
✳



✻✽ ❊♣"♣❡❞♦ ❦❛✐ ◗➳+♦❝

❆♣"❞❡✐①❤✳ ❊❼♥ (x1, y1, z1) ❡&♥❛✐ )♥❛ *❤♠❡&♦ ♣♦✉ ✐❦❛♥♦♣♦✐❡& 1❤♥ ❡①&*✇*❤

Ax1 +By1 + Cz1 +D = 0 ,

141❡ ❣✐❛ ❦❼❥❡ ❼❧❧♦ *❤♠❡&♦ (x, y, z) ♣♦✉ 1❤♥ ✐❦❛♥♦♣♦✐❡& )8♦✉♠❡

A(x− x1) +B(y − y1) + C(z − z1) = 0 ,

❞❤❧❛❞➔ 1♦ ❞✐❼♥✉*♠❛ (x− x1, y− y1, z− z1) ❡&♥❛✐ ❦❼❥❡1♦ *1♦ (A, B, C)✳ ❙✉♥❡♣➳❝ 1♦ *❤♠❡&♦

♠❡ *✉♥1❡1❛❣♠)♥❡❝ (x, y, z) ❜@&*❦❡1❛✐ *1♦ ❡♣&♣❡❞♦ ♣♦✉ ♣❡@♥❼❡✐ ❛♣4 1♦ (x1, y1, z1) ❦❛✐ ❡&♥❛✐

❦❼❥❡1♦ *1♦ ❞✐❼♥✉*♠❛ (A, B, C) ❡❼♥ ❦❛✐ ♠4♥♦ ❡❼♥ Ax+By + Cz +D = 0✳

�

❆♣4 1✐❝ 1✐♠)❝ 1✇♥ *✉♥1❡❧❡*1➳♥ A, B, C, D ♣@♦*❞✐♦@&③♦✉♠❡ 1❤ ❥)*❤ 1♦✉ ❡♣✐♣)❞♦✉ *❡

*8)*❤ ♠❡ 1♦✉❝ ❼①♦♥❡❝ 1♦✉ *✉*1➔♠❛1♦❝ ❛♥❛❢♦@❼❝✳

• ❊❼♥ B = C = 0 ❦❛✐ A 6= 0✱ 141❡ ❤ ❡①&*✇*❤ ❣&♥❡1❛✐

x = −D

A

❦❛✐ ♣❛@✐*1❼♥❡✐ )♥❛ ❡♣&♣❡❞♦ ♣❛@❼❧❧❤❧♦ ♣@♦❝ 1♦ ❡♣&♣❡❞♦ O y z✳

• ❊❼♥ A = 0, BC 6= 0✱ 141❡ ❤ ❡①&*✇*❤ ❣&♥❡1❛✐

By + Cz +D = 0

❦❛✐ ♣❛@✐*1❼♥❡✐ 1♦ ❡♣&♣❡❞♦ ♣♦✉ ❡&♥❛✐ ♣❛@❼❧❧❤❧♦ *1♦ ❼①♦♥❛ Ox ❦❛✐ 1)♠♥❡✐ 1♦ ❡♣&♣❡❞♦ O y z

*1❤♥ ❡✉❥❡&❛ ♠❡ ❡①&*✇*❤ By + Cz +D = 0 ✇❝ ♣@♦❝ 1♦ *E*1❤♠❛ ❛♥❛❢♦@❼❝ (O, ~j, ~k)✳

• ❊❼♥ D = 0✱ 141❡ ❤ ❡①&*✇*❤

Ax+By + Cz = 0

♣❛@✐*1❼♥❡✐ ❡♣&♣❡❞♦ ♣♦✉ ♣❡@♥❼❡✐ ❛♣4 1♦ *❤♠❡&♦ ❛♥❛❢♦@❼❝ O✳

• ❊❼♥ ABCD 6= 0✱ 141❡ 1♦ ❡♣&♣❡❞♦ 1)♠♥❡✐ 1♦✉❝ ❼①♦♥❡❝ Ox✱ Oy✱ Oz *❡ 1@&❛ *❤♠❡&❛✱

(−D

A
, 0, 0)✱ (0, −D

B
, 0)✱ (0, 0,−D

C
) ❛♥1&*1♦✐8❛✳

❆♥1&*1@♦❢❛✱ 1♦ ❡♣&♣❡❞♦ ♣♦✉ 1)♠♥❡✐ 1♦✉❝ ❼①♦♥❡❝ Ox✱ Oy✱ Oz *1❛ α, β, γ ❛♥1&*1♦✐8❛✱

♠❡ αβγ 6= 0✱ )8❡✐ ❡①&*✇*❤
x

α
+

y

β
+

z

γ
= 1 .

❆♣"#$❛#❤ #❤♠❡)♦✉ ❛♣" ❡♣)♣❡❞♦

❏❡✇@♦E♠❡ )♥❛ ❡♣&♣❡❞♦ Π ❦❛✐ )♥❛ *❤♠❡&♦ X1 *1♦ E3
✳ ❏)❧♦✉♠❡ ♥❛ ✉♣♦❧♦❣&*♦✉♠❡ 1❤♥ ❛♣4*1❛*❤

1♦✉ *❤♠❡&♦✉ X1 ❛♣4 1♦ ❡♣&♣❡❞♦ Π✳

✬❊*1✇ ♦1✐ ❤ ❡①&*✇*❤ 1♦✉ ❡♣✐♣)❞♦✉ Π ❡&♥❛✐ Ax + By + Cz + D = 0✱ ❦❛✐ ~n = (A, B, C)

❡&♥❛✐ )♥❛ ❦❼❥❡1♦ ❞✐❼♥✉*♠❛ *1♦ Π✳ ❊❼♥ X0 : (x0, y0, z0) ❡&♥❛✐ )♥❛ *❤♠❡&♦ 1♦✉ ❡♣✐♣)❞♦✉ Π✱ ❦❛✐



❑❡❢❼❧❛✐♦ ✷ ●❡✇♠❡,-✐❦❼ ❞✐❛♥12♠❛,❛ 2,♦ 3➳-♦ ✻✾

X1 : (x1, y1, z1) "❤♠❡&♦ (♦✉ *➳,♦✉ E3
✱ ❤ ♣,♦"❤♠❛"♠0♥❤ ❛♣2"(❛"❤ (♦✉ X1 ❛♣2 (♦ ❡♣&♣❡❞♦ Π

❡&♥❛✐ (♦ ♣,♦"❤♠❛"♠0♥♦ ♠0(,♦ (❤❝ ♣,♦❜♦❧➔❝ (♦✉ ❞✐❛♥9"♠❛(♦❝

−−−→
X0X1 "(♦ ~n✱ ❙*➔♠❛ ✷✳✶✶✳

d(X1, Π) = (pr~n
−−−→
X0X1) =

−−−→
X0X1 · ~n

|~n|

=
(x1 − x0)A+ (y1 − y0)B + (z1 − z0)C√

A2 +B2 + C2

=
Ax1 +By1 + Cz1 − (Ax0 +By0 + Cz0)√

A2 +B2 + C2
,

❛❧❧❼ Ax0 +By0 + Cz0 = −D✱ ❼,❛

d =
Ax1 +By1 + Cz1 +D√

A2 +B2 + C2
. ✭✷✳✻✮

❙*➔♠❛ ✷✳✶✶✿ ❍ ❛♣2"(❛"❤ "❤♠❡&♦✉ ❛♣2 ❡♣&♣❡❞♦✳

❍ ❛♣2"(❛"❤ d ❡&♥❛✐ ❥❡(✐❦➔ ❡❼♥ (♦ X1 ❜,&"❦❡(❛✐ "(♦♥ ❤♠&*✇,♦ ♣,♦❝ (♦♥ ♦♣♦&♦ ❦❛(❡✉❥9♥❡(❛✐

(♦ ❞✐❼♥✉"♠❛ ~n = (A, B, C)✱ ❦❛✐ ❛,♥❤(✐❦➔ "(❤♥ ❛♥(&❥❡(❤ ♣❡,&♣(✇"❤✳

❉!❛#$❤!✐'$❤$❛ ✷✳✶✷ ❯♣♦❧♦❣&"(❡ (❤♥ ❛♣2"(❛"❤ (♦✉ "❤♠❡&♦✉ ♠❡ "✉♥(❡(❛❣♠0♥❡❝

(1, 1, 2) ❛♣2 (♦ ❡♣&♣❡❞♦ ♠❡ ❡①&"✇"❤ x+ y − z = 1✳


