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❆❦8✐❜➳❝ #♣✇❝ ❦❛✐ -,❤♥ ♣❡8(♣,✇-❤ ,♦✉ ❡♣✐♣4❞♦✉✱ ❡❼♥ ~u ❡(♥❛✐ 4♥❛ ❞✐❼♥✉-♠❛ -,♦ D➳8♦ ♦8(③♦✉♠❡

,♦ ❡❧❡E❥❡8♦ ❞✐❼♥✉-♠❛ [~u] ♥❛ ❡(♥❛✐ ,♦ -E♥♦❧♦ #❧✇♥ ,✇♥ ❡❢❛8♠♦-,➳♥ ❞✐❛♥✉-♠❼,✇♥ -,♦ D➳8♦✱

,❛ ♦♣♦(❛ ♣8♦❦E♣,♦✉♥ ♠❡ ♣❛8❼❧❧❤❧❤ ♠❡,❛❢♦8❼ ,♦✉ ~u -❡ ❦❼❥❡ -❤♠❡(♦ ,♦✉ D➳8♦✉✳

[~u] = {~v ❞✐❼♥✉-♠❛ -,♦ D➳8♦✱ ,4,♦✐♦ ➳-,❡ ~v ∼ ~u} .

❍ ♣❛8❼❧❧❤❧❤ ♠❡,❛❢♦8❼ ❡(♥❛✐ -✉♠❜❛,➔ ♠❡ ,✐❝ ♣8❼①❡✐❝ ❞✐❛♥✉-♠❼,✇♥ -,♦ D➳8♦ ♣♦✉ 4D♦✉♠❡

♣❡8✐❣8❼②❡✐✿ ♣8#-❥❡-❤ ❞✐❛♥✉-♠❼,✇♥✱ ♣♦❧❧❛♣❧❛-✐❛-♠# ❞✐❛♥E-♠❛,♦❝ ♠❡ ❛8✐❥♠#✱ ♣8♦❜♦❧➔ ❞✐❛♥E✲

-♠❛,♦❝ -❡ ❞✐❼♥✉-♠❛✱ ❡-✇,❡8✐❦# ❣✐♥#♠❡♥♦ ❞✐❛♥✉-♠❼,✇♥✳ ❙✉♥❡♣➳❝ ♠♣♦8♦E♠❡ ♥❛ ♦8(-♦✉♠❡ ,✐❝

❛♥,(-,♦✐D❡❝ ♣8❼①❡✐❝ ♠❡,❛①E ❡❧❡✉❥48✇♥ ❞✐❛♥✉-♠❼,✇♥✳

●✐❛ ♣❛8❼❞❡✐❣♠❛✱ ❡❼♥

−−→
OC =

−→
OA+

−−→
OB✱ ♦8(③♦✉♠❡ ,♦ ❼❥8♦✐-♠❛ ,✇♥ ❡❧❡E❥❡8✇♥ ❞✐❛♥✉-♠❼,✇♥

[
−→
OA] ❦❛✐ [

−−→
OB]

[
−→
OA] + [

−−→
OB] = [

−→
OA+

−−→
OB]

= [
−−→
OC] .

❊❼♥ ~u ∼
−→
OA✱ ~v ∼

−−→
OB ❦❛✐ ~w ∼

−−→
OC✱ ,#,❡

[~u] + [~v] = [~w] .

 !"#❛%❤ ✷✳✶ ❊❼♥ #❛ ❞✐❛♥'(♠❛#❛ ~u =
−→
OA✱ ~v =

−−→
OB ❦❛✐ ~w =

−−→
OC ❞❡♥ ❜./(❦♦♥#❛✐ (#♦

/❞✐♦ ❡♣/♣❡❞♦✱ #2#❡ ❣✐❛ ❦❼❥❡ ✭❡❧❡'❥❡.♦✮ ❞✐❼♥✉(♠❛ ~z #♦✉ 9➳.♦✉✱ ✉♣❼.9♦✉♥ ♣.❛❣♠❛#✐❦♦/ ❛.✐❥♠♦/

a, b, c ∈ R #;#♦✐♦✐ ➳(#❡

~z = a~u+ b~v + c~w.

❆♣"❞❡✐①❤✳ ❆❢♦E ,❛ ❞✐❛♥E-♠❛,❛ ~u✱ ~v ❦❛✐ ~w ❞❡♥ ❜8(-❦♦♥,❛✐ -,♦ (❞✐♦ ❡♣(♣❡❞♦✱ ❞❡♥ ❡(♥❛✐

♦♣♦✐❛❞➔♣♦,❡ ❞E♦ ❛♣# ❛✉,❼ -✉❣❣8❛♠♠✐❦❼✳ ❏❡✇8♦E♠❡ -❤♠❡(❛ O, A, B, C, D ,4,♦✐❛ ➳-,❡ ~u =
−→
OA✱ ~v =

−−→
OB ~w =

−−→
OC ❦❛✐ ~z = vectOD✳ ❏❡✇8♦E♠❡ ,♦ ❡♣(♣❡❞♦ Π ,♦ ♦♣♦(♦ ♣❡8♥❼❡✐ ❛♣# ,♦



❑❡❢❼❧❛✐♦ ✷ ●❡✇♠❡,-✐❦❼ ❞✐❛♥12♠❛,❛ 2,♦ 3➳-♦ ✺✸

"❤♠❡&♦ D ❦❛✐ ❡&♥❛✐ ♣❛-❼❧❧❤❧♦ ♣-♦❝ 1♦ ❡♣&♣❡❞♦ ♣♦✉ ♦-&③♦✉♥ 1❛ ✭♠❤ "✉❣❣-❛♠♠✐❦❼✮ ❞✐❛♥8"♠❛1❛

−→
OA ❦❛✐

−−→
OB✳ ❆❢♦8 1❛ ❞✐❛♥8"♠❛1❛ ~u, ~v, ~w ❞❡♥ ❜-&"❦♦♥1❛✐ "1♦ &❞✐♦ ❡♣&♣❡❞♦✱ ♦ ❢♦->❛❝ 1♦✉

−−→
OC

✭❞❤❧❛❞➔ ❤ ❡✉❥❡&❛ OC✮ 1>♠♥❡✐ 1♦ Π "❡ >♥❛ "❤♠❡&♦ C ′
✳ ❖-&③♦✉♠❡ 1♦♥ ♣-❛❣♠❛1✐❦B ❛-✐❥♠B c ❛♣B

1❤ "C>"❤

−−→
OC ′ = c

−−→
OC✳

▼❡ ♣❛-B♠♦✐♦ 1-B♣♦ ♦-&③♦✉♠❡ 1❛ "❤♠❡&❛A′
❦❛✐B′

♣❼♥✇ "1✐❝ ❡✉❥❡&❡❝OA ❦❛✐OB ❛♥1&"1♦✐C❛✱

❦❛✐ 1♦✉❝ ♣-❛❣♠❛1✐❦♦8❝ ❛-✐❥♠♦8❝ a ❦❛✐ b >1"✐ ➳"1❡

−−→
OA′ = a

−→
OA ❦❛✐

−−→
OB′ = b

−−→
OB✳

❙C➔♠❛ ✷✳✷✿ ❆♥❼❧✉"❤ ❞✐❛♥8"♠❛1♦❝ "❡ 1-❡✐❝ "✉♥✐"1➳"❡❝

❆♣B 1❤♥ ❦❛1❛"❦❡✉➔ "C❤♠❛1&③❡1❛✐ ♣❛-❛❧❧❤❧❡♣&♣❡❞♦ ♠❡ ❛❦♠>❝ OA′, OB′, OC ′
✱ ❦❛✐ ❦♦-✉❢➔

D✱ ❙C➔♠❛ ✷✳✷✳

❙✉♠♣❡-❛&♥♦✉♠❡ ♦1✐

−−→
OD =

−−→
OA′ +

−−→
OB′ +

−−→
OC ′

= a ~u+ b~v + c ~w.

�

❍ ♣-B1❛"❤ ❞❡&C♥❡✐ ♦1✐ ❡❼♥ ~u, ~v, ~w ❞❡♥ ❜-&"❦♦♥1❛✐ "1♦ &❞✐♦ ❡♣&♣❡❞♦✱ 1B1❡ ❦❼❥❡ ❞✐❼♥✉"♠❛

1♦✉ C➳-♦✉ ♠♣♦-❡& ♥❛ ❡❦❢-❛"1❡& ✇❝ ❣-❛♠♠✐❦B❝ "✉♥❞✉❛"♠B❝ 1✇♥ ~u, ~v, ~w✳

❙✉♠♣❡-❛&♥♦✉♠❡ ♦1✐ ❦❼❥❡ "✉❧❧♦❣➔ ♣♦✉ ♣❡-✐>C❡✐ ♣❡-✐""B1❡-❛ ❛♣B 1-&❛ ❞✐❛♥8"♠❛1❛ "1♦ C➳-♦✱

❡&♥❛✐ ❣-❛♠♠✐❦❼ ❡①❛-1❤♠>♥❤✳ L❛-❛1❤-♦8♠❡ ♦1✐ 1-&❛ ❞✐❛♥8"♠❛1❛ 1❛ ♦♣♦&❛ ❞❡♥ ❡❢❼♣1♦♥1❛✐ "1♦

&❞✐♦ ❡♣&♣❡❞♦ ❡&♥❛✐ ❣-❛♠♠✐❦❼ ❛♥❡①❼-1❤1❛✳

❊①✇#❡%✐❦( ❣✐♥(♠❡♥♦ ❞✐❛♥✉0♠❼#✇♥ 0#♦ 2➳%♦

✬❖1❛♥ ♠❡❧❡1❼♠❡ ❞✐❛♥8"♠❛1❛ "1♦ C➳-♦ ❛♣♦❦1❼ ❡♥❞✐❛❢>-♦♥ ♠&❛ ❼❧❧❤ ♣-❼①❤✱ 1❤♥ ♦♣♦&❛ ❥❛ ♦-&✲

"♦✉♠❡ ♠❡ ❣❡✇♠❡1-✐❦B 1-B♣♦ "1❤ "✉♥>C❡✐❛✳

❏❡✇-♦8♠❡ 1❛ ❞✐❛♥8"♠❛1❛ ~u =
−→
OA ❦❛✐ ~v =

−−→
OB✱ ❦❛✐ 1♦ ♣❛-❛❧❧❤❧B❣-❛♠♠♦ ♠❡ ♣❧❡✉->❝

OA ❦❛✐ OB✱ OADB✱ ✭❙C➔♠❛ ✷✳✸✳ ❚♦ ❡♠❜❛❞B♥ 1♦✉ ♣❛-❛❧❧❤❧B❣-❛♠♠♦✉ ❡&♥❛✐ >♥❛❝ ❥❡1✐❦B❝

❛-✐❥♠B❝✱ ♦ ♦♣♦&♦❝ ❡①❛-1❼1❛✐ ❛♣B 1❛ ♠>1-❛ 1✇♥ ❞✐❛♥✉"♠❼1✇♥ ~u ❦❛✐ ~v✱ ❦❛✐ 1❤ ❣✇♥&❛ ♠❡1❛①8

1♦✉❝✳ ▼♣♦-♦8♠❡ ♥❛ ♦-&"♦✉♠❡ ♠&❛ ♣-❼①❤ ❤ ♦♣♦&❛✱ "1♦ ③❡8❣♦❝ ❞✐❛♥✉"♠❼1✇♥ ~u, ~v ❛♥1✐"1♦✐C❡&



✺✹ ❊♣"♣❡❞♦ ❦❛✐ ◗➳+♦❝

"♦ ❡♠❜❛❞)♥ |OADB| "♦✉ ♣❛-❛❧❧❤❧♦❣-❼♠♠♦✉ OADB✳ ✬❖♠✇❝ ❡7♥❛✐ ❛-❦❡"❼ ❡:❦♦❧♦ ♥❛ ❞♦:♠❡

♦"✐✱ ❛❦)♠❛ ❦❛✐ <"♦ ❡♣7♣❡❞♦✱ ❛✉"➔ ❤ ♣-❼①❤ ❞❡♥ ❞✐❛❥@"❡✐ ♠7❛ ❛♣) "✐❝ ❜❛<✐❦@❝ ✐❞✐)"❤"❡❝ ♣♦✉ ❥❛

❥@❧❛♠❡✱ "❤♥ ❡♣✐♠❡-✐<"✐❦)"❤"❛ ✇❝ ♣-♦❝ "❤♥ ♣-)<❥❡<❤✳

❙B➔♠❛ ✷✳✸✿ ❚♦ ❡♠❜❛❞)♥ ♣❛-❛❧❧❤❧♦❣-❼♠♠♦✉ ❞❡♥ ❡7♥❛✐ ❡♣✐♠❡-✐<"✐❦)

❊❼♥

−−→
OC ❡7♥❛✐ @♥❛ "-7"♦ ❞✐❼♥✉<♠❛ ❦❛✐

−−→
OG =

−−→
OB +

−−→
OC✱ ❤ ❡♣✐♠❡-✐<"✐❦)"❤"❛ ❥❛ <➔♠❛✐♥❡

♦"✐ "♦ ❼❥-♦✐<♠❛ "✇♥ ❡♠❜❛❞➳♥ "✇♥ ♣❛-❛❧❧❤❧♦❣-❼♠♠✇♥ OADB ❦❛✐ OAEC ❥❛ ➔"❛♥ 7<♦ ♠❡

"♦ ❡♠❜❛❞)♥ "♦✉ ♣❛-❛❧❧❤❧♦❣-❼♠♠♦✉ OAFG✱ |OADB|+ |OAEC| = |OAFG|✱ ♣-❼❣♠❛ ♣♦✉ ❡♥

❣@♥❡✐ ❞❡♥ ✐<B:❡✐✱ ❙B➔♠❛ ✷✳✸✳

●✐❛ ♥❛ ♦-7<♦✉♠❡ ♠7❛ ♣-❼①❤ ♠❡ B-➔<✐♠❡❝ ✐❞✐)"❤"❡❝ ♣-@♣❡✐ ♥❛ ❧❼❜♦✉♠❡ ✉♣✢ )②✐♥ ♠❛❝✱ ❡❦")❝

❛♣) "♦ ❡♠❜❛❞)♥ ❦❛✐ "♦♥ ♣-♦<❛♥❛"♦❧✐<♠) "♦✉ ♣❛-❛❧❧❤❧♦❣-❼♠♠♦✉ ♠@<❛ <"♦ B➳-♦✳ ❏❡✇-♦:♠❡

@♥❛ ❡♣7♣❡❞♦ Π ♣♦✉ ♣❡-✐@B❡✐ "♦ <❤♠❡7♦ ❛♥❛❢♦-❼❝ O✱ ❦❛✐ "❛ ♠❤ <✉❣❣-❛♠♠✐❦❼ ❞✐❛♥:<♠❛"❛

−→
OA

❦❛✐

−−→
OB✳

❙B➔♠❛ ✷✳✹✿ N-♦<❛♥❛"♦❧✐<♠)❝ ❡♣✐♣@❞♦✉ ❛♣) ❦❼❥❡"♦ ❞✐❼♥✉<♠❛

❏❡✇-♦:♠❡ "❤♥ ❡✉❥❡7❛ κ ❤ ♦♣♦7❛ ♣❡-♥❼❡✐ ❛♣) "♦ O ❦❛✐ ❡7♥❛✐ ❦❼❥❡"❤ <"♦ ❡♣7♣❡❞♦ Π✳ ❆✉")

<❤♠❛7♥❡✐ ♦"✐ ❤ κ ❡7♥❛✐ ❦❼❥❡"❤ <❡ ❦❼❥❡ ❡✉❥❡7❛ "♦✉ Π ♣♦✉ ♣❡-♥❼❡✐ ❛♣) "♦ O✱ ❡✐❞✐❦)"❡-❛ <"♦✉❝

❢♦-❡7❝ "✇♥

−→
OA ❦❛✐

−−→
OB✳ ❚❛ ♠❤ ♠❤❞❡♥✐❦❼ ❞✐❛♥:<♠❛"❛ ♠❡ ❢♦-@❛ "❤♥ κ ❞✐❛❦-7♥♦♥"❛✐ <❡ ❞:♦

❦❛"❤❣♦-7❡❝✱ ❛♥❼❧♦❣❛ ♠❡ "❤ ❢♦-❼ "♦✉❝✳



❑❡❢❼❧❛✐♦ ✷ ●❡✇♠❡,-✐❦❼ ❞✐❛♥12♠❛,❛ 2,♦ 3➳-♦ ✺✺

❖!✐#♠%❝ ✷✳✸✳ ❊❼♥

−−→
ON ❡%♥❛✐ (♥❛ ♠❤ ♠❤❞❡♥✐❦- ❞✐❼♥✉/♠❛ ♠❡ ❢♦2(❛ κ✱ ♦2%③♦✉♠❡ 5♦♥ ♣!♦✲

#❛♥❛/♦❧✐#♠% 5♦✉ ❡♣✐♣(❞♦✉ Π ♣♦✉ ❛♥5✐/5♦✐7❡% /5♦

−−→
ON ♥❛ ❡%♥❛✐ ❤ ❢♦2❼ ♣❡2✐/52♦❢➔❝ 5♦✉

❡♣✐♣(❞♦✉ ♣♦✉ ♣2♦/❞✐♦2%③♦✉♥ 5❛ ❞❼❦5✉❧❛ 5♦✉ ❞❡①✐♦4 7❡2✐♦;✱ -5❛♥ ♦ ❛♥5%7❡✐2❛❝ ❞❡%7♥❡✐ /5❤♥

❦❛5❡;❥✉♥/❤ 5♦✉

−−→
ON ✱ ❙7➔♠❛ ✷✳✹✱ ❙7➔♠❛ ✷✳✺✳

❙7➔♠❛ ✷✳✺✿ ❖ ❦❛♥-♥❛❝ 5♦✉ ❞❡①✐♦; 7❡2✐♦;

❊%♥❛✐ ❢❛♥❡2- ♦5✐ ♦ ♣2♦/❛♥❛5♦❧✐/♠-❝ 5♦✉ ❡♣✐♣(❞♦✉ Π ♣♦✉ ❛♥5✐/5♦✐7❡% /❡ ♦♣♦✐♦❞➔♣♦5❡ ❞✐❼✲

♥✉/♠❛ ♦♠-22♦♣♦ ♠❡ 5♦

−−→
ON ❡%♥❛✐ ♦ %❞✐♦❝ ♠❡ ❛✉5-♥ ♣♦✉ ❛♥5✐/5♦✐7❡% /5♦

−−→
ON ✱ ❡♥➳ ♦ ♣2♦/❛♥❛✲

5♦❧✐/♠-❝ ♣♦✉ ❛♥5✐/5♦✐7❡% /❡ (♥❛ ❞✐❼♥✉/♠❛ ❛♥5%22♦♣♦ ♣2♦❝ 5♦

−−→
ON ❡%♥❛✐ ❛♥5%❥❡5♦❝✳

F❛2❛5❤2♦;♠❡ ♦5✐ ♠%❛ ❞✐❼5❛①❤ /5♦ ③❡;❣♦❝ ♠❤ /✉❣❣2❛♠♠✐❦➳♥ ❞✐❛♥✉/♠❼5✇♥ (
−→
OA,

−−→
OB) ❡♣%/❤❝

♣2♦/❞✐♦2%③❡✐ (♥❛ ♣2♦/❛♥❛5♦❧✐/♠- /5♦ ❡♣%♣❡❞♦ Π✿ 5❤ ❢♦2❼ ♣❡2✐/52♦❢➔❝ 5♦✉ ❡♣✐♣(❞♦✉ ❤ ♦♣♦%❛

♠❡5❛❢(2❡✐ 5♦ ❞✐❼♥✉/♠❛

−→
OA /❡ (♥❛ ❞✐❼♥✉/♠❛ ♦♠-22♦♣♦ ♠❡ 5♦

−−→
OB✱ ♠❡5❼ ❛♣- /52♦❢➔ ❦❛5❼ ❦✉25➔

❣✇♥%❛ ϑ✱ ♠❡ 0 < ϑ < π✱ ❙7➔♠❛ ✷✳✻✳

❍ ❛♥5%❥❡5❤ ❞✐❼5❛①❤ 5✇♥ ❞✐❛♥✉/♠❼5✇♥✱ (
−−→
OB,

−→
OA)✱ ♣2♦/❞✐♦2%③❡✐ 5♦♥ ❛♥5%❥❡5♦ ♣2♦/❛♥❛5♦✲

❧✐/♠-✳

▼❡ ❛✉5-♥ 5♦♥ 52-♣♦✱ /5♦ ❞✐❛5❡5❛❣♠(♥♦ ③❡;❣♦❝ ❞✐❛♥✉/♠❼5✇♥ (
−→
OA,

−−→
OB) ❛♥5✐/5♦✐7❡% ♠%❛

❢♦2❼ ♣❼♥✇ /5❤♥ ❦❼❥❡5♦ κ✿ ❤ ❢♦2❼ 5✇♥ ❞✐❛♥✉/♠❼5✇♥ ♣♦✉ ❛♥5✐/5♦✐7♦;♥ /5♦♥ ♣2♦/❛♥❛5♦❧✐/♠-

5♦✉ ❡♣✐♣(❞♦✉ ♣♦✉ ♣2♦/❞✐♦2%③❡✐ 5♦ ❞✐❛5❡5❛❣♠(♥♦ ③❡;❣♦❝ (
−→
OA,

−−→
OB)✳



✺✻ ❊♣"♣❡❞♦ ❦❛✐ ◗➳+♦❝

❙#➔♠❛ ✷✳✻✿ *+♦-❞✐♦+✐-♠0❝ ♣+♦-❛♥❛4♦❧✐-♠♦6 ❡♣✐♣8❞♦✉ ❛♣0 ❞✐❛4❡4❛❣♠8♥♦ ③❡6❣♦❝ ❞✐❛♥✉-♠❼4✇♥

❖!✐#♠%❝ ✷✳✹✳ ✬❖4❛♥ ♦ ♣+♦-❛♥❛4♦❧✐-♠0❝ 4♦✉ ❡♣✐♣8❞♦✉ Π ♣♦✉ ♣+♦-❞✐♦+@③❡✐ 4♦ ❞✐❛4❡4❛❣♠8♥♦

③❡6❣♦❝ (
−→
OA,

−−→
OB) -✉♠♣@♣4❡✐ ♠❡ 4♦♥ ♣+♦-❛♥❛4♦❧✐-♠0 ♣♦✉ ♣+♦-❞✐♦+@③❡✐ 4♦ ❦❼❥❡4♦ -4♦ ❡♣@♣❡❞♦

❞✐❼♥✉-♠❛

−−→
ON ✱ ❧8♠❡ ♦4✐ ❤ ❞✐❛4❡4❛❣♠8♥❤ 4+✐❼❞❛ (

−→
OA,

−−→
OB,

−−→
ON) ❛♣♦4❡❧❡@ 8♥❛ ❞❡①✐%#-!♦❢♦

#0#-❤♠❛✱ ❙#➔♠❛ ✷✳✼✳

●❡♥✐❦04❡+❛✱ ❥❡✇+♦6♠❡ 4+@❛ ❞✐❛♥6-♠❛4❛ ♠❡ -❤♠❡@♦ ❡❢❛+♠♦❣➔❝ 4♦ O✱ 4❛ ♦♣♦@❛ ❞❡♥ ♣❡+✐8#♦♥4❛✐

-4♦ @❞✐♦ ❡♣@♣❡❞♦✱ ~u =
−→
OA✱ ~v =

−−→
OB ❦❛✐ ~w =

−−→
OC✳ ❍ ❞✐❛4❡4❛❣♠8♥❤ 4+✐❼❞❛ (~u, ~v, ~w)

❛♣♦4❡❧❡@ 8♥❛ ❞❡①✐%#-!♦❢♦ #0#-❤♠❛ ❡❼♥ 4♦ ♣8+❛❝ C 4♦✉ ❞✐❛♥6-♠❛4♦❝ ~w ❜+@-❦❡4❛✐ -4♦♥

@❞✐♦ ❤♠✐#➳+♦ 4♦✉ ❡♣✐♣8❞♦✉ O, A, B ♠❡ 4♦ ❦❼❥❡4♦ ❞✐❼♥✉-♠❛

−−→
ON ♣♦✉ ♣+♦-❞✐♦+@③❡✐ 4♦♥ @❞✐♦

♣+♦-❛♥❛4♦❧✐-♠0 ♠❡ 4♦ ❞✐❛4❡4❛❣♠8♥♦ ③❡6❣♦❝ (~u, ~v)✳

❙#➔♠❛ ✷✳✼✿ ❉❡①✐0-4+♦❢❛ -✉-4➔♠❛4❛ ❞✐❛♥✉-♠❼4✇♥

❉!❛#-❤!✐%-❤-❛ ✷✳✸ ▼❡ 4+@❛ ♠♦❧6❜✐❛ ✭➔ 4+@❛ ❦❛❧❛♠❼❦✐❛✱ ➔ 4+@❛ -♣@+4❛✮ ❡❧8❣①4❡

♦4✐ ❡❼♥ ❤ 4+✐❼❞❛ (~a, ~b, ~c) ❡@♥❛✐ ❞❡①✐0-4+♦❢♦ -6-4❤♠❛✱ 4♦ @❞✐♦ ✐-#6❡✐ ❦❛✐ ❣✐❛ 4❤♥ 4+✐❼❞❛

(~b, ~c, ~a)✱ ❛❧❧❼ 0#✐ ❣✐❛ 4❤♥ 4+✐❼❞❛ (~b, ~a, ~c)✳

❚➳+❛ ♠♣♦+♦6♠❡ ♥❛ ♦+@-♦✉♠❡ ♠@❛ ♥8❛ ♣+❼①❤ ♠❡4❛①6 ❞6♦ ❞✐❛♥✉-♠❼4✇♥ -4♦ #➳+♦✱ ❤ ♦♣♦@❛

-#❡4@③❡4❛✐ ♠❡ 4♦ ❡♠❜❛❞0♥ 4♦✉ ♣❛+❛❧❧❤❧♦❣+❼♠♠♦✉ ♣♦✉ ♦+@③♦✉♥ 4❛ ❞6♦ ❞✐❛♥6-♠❛4❛✱ ❛❧❧❼ 8#❡✐

4❤♥ ❡♣✐♠❡+✐-4✐❦➔ ✐❞✐04❤4❛✳



❑❡❢❼❧❛✐♦ ✷ ●❡✇♠❡,-✐❦❼ ❞✐❛♥12♠❛,❛ 2,♦ 3➳-♦ ✺✼

❖!✐#♠%❝ ✷✳✺✳ ❏❡✇%♦'♠❡ )♦ ❞✐❼♥✉/♠❛

−−→
OX )♦ ♦♣♦2♦ 34❡✐ ❢♦%3❛ )♦♥ κ✱ ❢♦%❼ ❛✉)➔♥ ♣♦✉

♣%♦/❞✐♦%2③❡)❛✐ ❛♣9 )❤ ❞✐❼)❛①❤ (
−→
OA,

−−→
OB)✱ ❦❛✐ ♠3)%♦ 2/♦ ♠❡ )♦ ❡♠❜❛❞9♥ )♦✉ ♣❛%❛❧❧❤❧♦❣%❼♠✲

♠♦✉ ♠❡ ❛❦♠3❝ OA, OB✳ ❖%2③♦✉♠❡ )♦ ❡①✇-❡!✐❦% ❣✐♥%♠❡♥♦ )✇♥ ❞✐❛♥✉/♠❼)✇♥

−→
OA,

−−→
OB

♥❛ ❡2♥❛✐ )♦ ❞✐❼♥✉/♠❛

−→
OA×

−−→
OB =

{ −−→
OO ❡❼♥ )❛

−→
OA,

−−→
OB ❡2♥❛✐ /✉❣❣%❛♠♠✐❦❼

−−→
OX ❡❼♥ )❛

−→
OA,

−−→
OB ❞❡♥ ❡2♥❛✐ /✉❣❣%❛♠♠✐❦❼✳

❍ ♣❛%❼❧❧❤❧❤ ♠❡)❛❢♦%❼ ❞✐❛♥✉/♠❼)✇♥ ❡2♥❛✐ /✉♠❜❛)➔ ♠❡ )❤♥ ♣%❼①❤ )♦✉ ❡①✇)❡%✐❦♦' ❣✐♥♦♠3♥♦✉✳

❊❼♥

−−→
OC =

−→
OA×

−−→
OB✱ ♦%2③♦✉♠❡ )♦ ❡①✇)❡%✐❦9 ❣✐♥9♠❡♥♦ )✇♥ ❡❧❡'❥❡%✇♥ ❞✐❛♥✉/♠❼)✇♥ [

−→
OA] ❦❛✐

[
−−→
OB]

[
−→
OA]× [

−−→
OB] = [

−→
OA×

−−→
OB]

= [
−−→
OC] .

❊❼♥ ~u ∼
−→
OA, ~v ∼

−−→
OB ❦❛✐ ~w ∼

−−→
OC✱ )9)❡ 34♦✉♠❡ )❤♥ ✐/9)❤)❛ ❡❧❡'❥❡%✇♥ ❞✐❛♥✉/♠❼)✇♥

~u× ~v = ~w .

❚♦ ❡①✇)❡%✐❦9 ❣✐♥9♠❡♥♦ ✐❦❛♥♦♣♦✐❡2 )✐❝ ❛❦9❧♦✉❥❡❝ ✐❞✐9)❤)❡❝✳

2!%-❛#❤ ✷✳✷ ❏❡✇#♦%♠❡ '❛ ❞✐❛♥%,♠❛'❛ ~x, ~y, ~z ❦❛✐ '♦ ❛#✐❥♠/ a✿ ❚/'❡

❛2✳ ~x× ~y = −~y × ~x

❜2✳ (a~x)× ~y = a(~x× ~y)

❣2✳ ~x× (~y + ~z) = (~x× ~y) + (~x× ~z)

❆♣%❞❡✐①❤✳ ❚❛ ✶ ❦❛✐ ✷ ❛♣♦❞❡✐❦♥'♦♥)❛✐ ❡'❦♦❧❛ ❛♣9 )♦♥ ♦%✐/♠9 )♦✉ ❡①✇)❡%✐❦♦' ❣✐♥♦♠3♥♦✉✳

❚♦ ✸ ❥❛ ❛♣♦❞❡✐4❥❡2 9)❛♥ ♦%2/♦✉♠❡ )♦ ♠✐❦)9 ❣✐♥9♠❡♥♦✱ /)❤ /❡❧2❞❛ ✻✸✳

�


