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:❛!❼❞❡✐❣♠❛ ✶✳✾ ❊❼♥ f(x, y) ❦❛✐ g(x, y) ❡(♥❛✐ ❞/♦ )✉♥❛7#➔)❡✐❝ )#♦ R
2
✱ #♦ ❣✐♥=♠❡♥= #♦✉❝

f(x, y)g(x, y) ♠❤❞❡♥(③❡#❛✐ ❛❦7✐❜➳❝ =#❛♥ ♠❤❞❡♥(③❡#❛✐ #♦✉❧❼F✐)#♦♥ ♠(❛ ❛♣= #✐❝ f ❦❛✐ g✳ ✬❊#)✐ ♦
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❡6♥❛✐ ❤ "♦♠➔ "✇♥ ❣❡✇♠❡"/✐❦➳♥ "9♣✇♥ "✇♥ ❡①✐(➳(❡✇♥ f(x, y) = 0 ❦❛✐ g(x, y) = 0✱ ❞❤❧❛❞➔ ♦

❣❡✇♠❡"/✐❦9❝ "9♣♦❝ "♦✉ (✉("➔♠❛"♦❝ ❡①✐(➳(❡✇♥

f(x, y) = 0

g(x, y) = 0

 ❛"❛♠❡%"✐❦➔ ♣❡"✐❣"❛❢➔

❙❡ ❛✉"➔ "❤♥ ♣❡/6♣"✇(❤ ♣❡/✐❣/❼❢♦✉♠❡ ;♥❛ ✉♣♦(<♥♦❧♦ "♦✉ ❡♣✐♣;❞♦✉ ✇❝ "❤♥ ❡✐❦9♥❛ ♠6❛❝ ❛♣❡✐✲

❦9♥✐(❤❝ ❛♣9 "❤♥ ❡✉❥❡6❛ ("♦ ❡♣6♣❡❞♦✳

❏❡✇/♦<♠❡ (✉♥❛/"➔(❡✐❝ x(t) ❦❛✐ y(t)✱ ❦❛✐ "❤♥ ❛♣❡✐❦9♥✐(❤ f : R→ R
2
❤ ♦♣♦6❛ ❛♥"✐("♦✐H6③❡✐

("♦♥ ❛/✐❥♠9 t "♦ ❞✐❛"❡"❛❣♠;♥♦ ③❡<❣♦❝ (x(t), y(t))✳ ❚9"❡ ❦❛❥➳❝ ❤ ♣❛"❼♠❡&"♦❝ t ♣❛6/♥❡✐

❞✐❛❢♦/❡"✐❦;❝ "✐♠;❝ (❡ ❦❼♣♦✐♦ ❞✐❼("❤♠❛ ("♦ R✱ "♦ (❤♠❡6♦ P (t) ♠❡ (✉♥"❡"❛❣♠;♥❡❝ (x(t), y(t))

❞✐❛❣/❼❢❡✐ ♠6❛ ❦❛♠♣<❧❤ ("♦ ❡♣6♣❡❞♦✳

❖"✐-♠.❝ ✶✳✷✶✳ ❖✐ (✉♥❛/"➔(❡✐❝ x(t)✱ y(t) ❛♣♦"❡❧♦<♥ ♣❛"❛♠❡2"✐❦➔ ♣❡"✐❣"❛❢➔ "♦✉

(✉♥9❧♦✉ G "♦✉ ❡♣✐♣;❞♦✉ ❡❼♥ ❣✐❛ ❦❼❥❡ (❤♠❡6♦ "♦✉ G ✉♣❼/H❡✐ "♦✉❧❼H✐("♦♥ ;♥❛ t ";"♦✐♦ ➳("❡

♦✐ (✉♥"❡"❛❣♠;♥❡❝ "♦✉ (❤♠❡6♦✉ ✇❝ ♣/♦❝ "♦ (<("❤♠❛ ❛♥❛❢♦/❼❝ (O, ~i, ~j) ❡6♥❛✐ (x(t), y(t))✳

 ❛"❼❞❡✐❣♠❛ ✶✳✶✶ ❍ ❡✉❥❡6❛ ("♦ ❡♣6♣❡❞♦ ♣♦✉ ♣❡/♥❼❡✐ ❛♣9 "❛ (❤♠❡6❛ A : (1, 2) ❦❛✐ B :

(−1, 3) ;H❡✐ ♣❛/❛♠❡"/✐❦➔ ♣❡/✐❣/❛❢➔ f(t) = (1−2t, 2+t)✳ L/❼❣♠❛"✐✱ ❡❼♥ "♦ (❤♠❡6♦ X : (x, y)

❜/6(❦❡"❛✐ ("❤♥ ❡✉❥❡6❛ ♣♦✉ ♣❡/♥❼❡✐ ❛♣9 "❛ A✱ B✱ "♦ ❞✐❼♥✉(♠❛

−−→
AX ❡6♥❛✐ ♣♦❧❧❛♣❧❼(✐♦ "♦✉

❞✐❛♥<(♠❛"♦❝

−−→
AB = (−2, 1)✱ ❦❛✐ (✉♥❡♣➳❝ (x − 1, y − 2) = t(−2, 1)✳ ✬❆/❛ ♠6❛ ♣❛/❛♠❡"/✐❦➔

♣❡/✐❣/❛❢➔ "❤❝ ❡✉❥❡6❛❝ AB ❡6♥❛✐

(x, y) = (1− 2t, 2 + t) .

▼♣♦/♦<♠❡ ♥❛ ❣/❼②♦✉♠❡ "❤♥ ♣❛/❛♠❡"/✐❦➔ ♣❡/✐❣/❛❢➔ (❡ ❞✐❛♥✉-♠❛&✐❦➔ ♠♦"❢➔✱ ❡❦❢/❼③♦♥"❛❝

"♦ ❞✐❼♥✉(♠❛ ❥;(❤❝ ❡♥9❝ (❤♠❡6♦✉ "❤❝ ❡✉❥❡6❛❝ ✇❝ (✉♥❼/"❤(❤ "❤❝ ♣❛/❛♠;"/♦✉ t✿

−−→
OX =

−→
OA+ t

−−→
AB

➔ (❡ (✉♥"❡"❛❣♠;♥❡❝ (x, y) = (1, 2) + t(−2, 1)✳

❉"❛-2❤"✐.2❤2❛ ✶✳✷✼ ❇/❡6"❡ "❤♥ ♣❛/❛♠❡"/✐❦➔ ♣❡/✐❣/❛❢➔ "❤❝ ❡✉❥❡6❛❝ ♣♦✉ ♣❡/♥❼❡✐

❛♣9 "❛ (❤♠❡6❛ C : (1, 1) ❦❛✐ D : (3, 2)✳
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❙#➔♠❛ ✶✳✷✾✿ ,❛-❛♠❡/-✐❦➔ ♣❡-✐❣-❛❢➔ /❤❝ ❡✉❥❡9❛❝ AB✳

 ❛"❼❞❡✐❣♠❛ ✶✳✶✷ ❖ ❦;❦❧♦❝ ♠❡ ❦>♥/-♦ (0, 0) ❦❛✐ ❛❦/9♥❛ r >#❡✐ ♣❛-❛♠❡/-✐❦➔ ♣❡-✐❣-❛❢➔✱

♠❡ ♣❛-❼♠❡/-♦ ϑ ❣✐❛ 0 ≤ θ < 2π✱

f(θ) = (r cos θ, r sin θ) .

▼9❛ ❞✐❛❢♦-❡/✐❦➔ ♣❛-❛♠❡/-✐❦➔ ♣❡-✐❣-❛❢➔ /♦✉ ❦;❦❧♦✉ ❛❦/9♥❛❝ r✱ ♣♦✉ ❞❡♥ #-❤D✐♠♦♣♦✐❡9 /-✐✲

❣✇♥♦♠❡/-✐❦>❝ D✉♥❛-/➔D❡✐❝✱ ❡9♥❛✐ ❤

x(t) = t, y(t) =
√

r2 − t2, ❣✐❛ − r ≤ t ≤ r .

❆✉/➔ ❤ ♣❛-❛♠>/-❤D❤ ❦❛❧;♣/❡✐ ♠H♥♦ /♦ ❤♠✐❦;❦❧✐♦ H♣♦✉ y ≥ 0✳ ●✐❛ ♥❛ ❦❛❧;②♦✉♠❡ H❧♦ /♦♥

❦;❦❧♦ #-❡✐❛③H♠❛D/❡ ❦❛✐ ♠9❛ ❞❡;/❡-❤ ♣❛-❛♠>/-❤D❤✱

x(t) = t, y(t) = −
√

r2 − t2, ❣✐❛ − r ≤ t ≤ r .

❉"❛-.❤"✐0.❤.❛ ✶✳✷✽ ❇-❡9/❡ /❤♥ ♣❛-❛♠❡/-✐❦➔ ♣❡-✐❣-❛❢➔ /♦✉ ❦;❦❧♦✉ ♠❡ ❦>♥/-♦

D/♦ D❤♠❡9♦ (1, 1) ❦❛✐ ❛❦/9♥❛ 2✳

❊❼♥ ❣♥✇-9③♦✉♠❡ /❤♥ ♣❛-❛♠❡/-✐❦➔ ♣❡-✐❣-❛❢➔ ❡♥H❝ D✉♥H❧♦✉✱ ♠♣♦-♦;♠❡ ♥❛ ❜-♦;♠❡ /✐❝ ❛✲

♥❛❧✉/✐❦>❝ ❡①✐D➳D❡✐❝ ♠❡ ❛♣❛❧♦✐❢➔ '✇♥ ♣❛*❛♠,'*✇♥✳ ❏❡✇-♦;♠❡ /❤♥ ❡✉❥❡9❛ D/♦ ❡♣9♣❡❞♦✱ ♠❡

♣❛-❛♠❡/-✐❦>❝ D✉♥❛-/➔D❡✐❝ x(t) = 1− t ❦❛✐ y(t) = 2− 3t✳ ▲;♥♦♥/❛❝ ✇❝ ♣-♦❝ t >#♦✉♠❡

t = 1− x ❦❛✐ t =
2− y

3
.

❊①✐D➳♥♦✉♠❡ /✐❝ ❞;♦ ❡❦❢-❼D❡✐❝ ❣✐❛ /❤♥ ♣❛-❼♠❡/-♦ t ❦❛✐ >#♦✉♠❡

1− x =
1

3
(2− y)

❛♣✢ H♣♦✉ ♣❛9-♥♦✉♠❡ /❤♥ ❡①9D✇D❤ /❤❝ ❡✉❥❡9❛❝ 3x+ y − 5 = 0✳



✸✽ ❊♣"♣❡❞♦ ❦❛✐ ◗➳+♦❝

❉!❛#$❤!✐'$❤$❛ ✶✳✷✾ ❉#❞❡&❛✐ ❤ ♣❛+❛♠❡&+✐❦➔ ♣❡+✐❣+❛❢➔ ♠#❛❝ ❡✉❥❡#❛❝ (x, y) =

(−1, 1) + t(1, 1)✳ ❇+❡#&❡ &♦ 7❤♠❡#♦ &❤❝ ❡✉❥❡#❛❝ ♣♦✉ ❛♥&✐7&♦✐9❡# 7&❤♥ &✐♠➔ &❤❝ ♣❛+❛✲

♠;&+♦✉ t = 1✳

❇+❡#&❡ ❦❛✐ &♦ 7❤♠❡#♦ ❣✐❛ t = −1✳
❆♣❛❧❡#②&❡ &❤♥ ♣❛+❛♠❡&+♦ t ❣✐❛ ♥❛ ❜+❡#&❡ &❤♥ ❛♥❛❧✉&✐❦➔ ❡①#7✇7❤ &❤❝ ❡✉❥❡#❛❝✳

❊✉❥❡$❡❝ &'♦ ❡♣$♣❡❞♦

▼#❛ ❡✉❥❡#❛ ε 7&♦ ❡♣#♣❡❞♦ ♣+♦7❞✐♦+#③❡&❛✐ ❡❼♥ ❣♥✇+#③♦✉♠❡ ❞E♦ 7❤♠❡#❛ &❤❝✱ ➔ ❡❼♥ ❣♥✇+#③♦✉♠❡

;♥❛ 7❤♠❡#♦ &❤❝ ❡✉❥❡#❛❝ ❦❛✐ ;♥❛ ❞✐❼♥✉7♠❛ 7&❤ ❞✐❡E❥✉♥7❤ &❤❝ ❡✉❥❡#❛❝✳

❏❡✇+♦E♠❡ ❞E♦ 7❤♠❡#❛ P ❦❛✐ Q✱ ♠❡ 7✉♥&❡&❛❣♠;♥❡❝ (x1, y1) ❦❛✐ (x2, y2) ❛♥&#7&♦✐9❛✱ ❦❛✐

ε &❤♥ ❡✉❥❡#❛ ♣♦✉ ♣❡+♥❼❡✐ ❛♣H &❛ 7❤♠❡#❛ P ❦❛✐ Q✳ ❊❼♥ X : (x, y) ❡#♥❛✐ &♦ ❣❡♥✐❦H 7❤♠❡#♦

♣❼♥✇ 7&❤♥ ❡✉❥❡#❛ ε✱ &♦ ❞✐❼♥✉7♠❛

−−→
PX ❡#♥❛✐ 7✉❣❣+❛♠♠✐❦H ♠❡ &♦

−−→
PQ✱ ❦❛✐ 7✉♥❡♣➳❝

−−→
PX = t

−−→
PQ

❣✐❛ ❦❼♣♦✐♦ ❛+✐❥♠H t✳ ✬❊&7✐ ❜+#7❦♦✉♠❡ &❤♥ ♣❛+❛♠❡&+✐❦➔ ♣❡+✐❣+❛❢➔ ❣✐❛ &♦ ❞✐❼♥✉7♠❛ ❥;7❤❝ &♦✉

7❤♠❡#♦✉ X✿

−−→
OX =

−−→
OP + t

−−→
PQ ,

➔ 7❡ 7✉♥&❡&❛❣♠;♥❡❝

(x, y) = (x1, y1) + t(x2 − x1, y2 − y1) . ✭✶✳✸✮

❙9➔♠❛ ✶✳✸✵✿ ❍ ❡✉❥❡#❛ ❛♣H &❛ 7❤♠❡#❛ P ❦❛✐ Q✳

❊❼♥ x2−x1 = 0✱ ❤ ✶✳✸ ❞#❞❡✐ &❤♥ ❡①#7✇7❤ x = x1✳ ❊❼♥ y2−y1 = 0✱ ❤ ✶✳✸ ❞#❞❡✐ &❤♥ ❡①#7✇7❤

y = y1✳ ❯♣❡♥❥✉♠#③♦✉♠❡ ♦&✐ ♠#❛ ♠❡&❛❜❧❤&➔ ♣♦✉ ❞❡♥ ❡♠❢❛♥#③❡&❛✐ 7❡ ♠#❛ ❡①#7✇7❤✱ ♠♣♦+❡# ♥❛

♣❼+❡✐ ♦♣♦✐❛❞➔♣♦&❡ &✐♠➔✳ ✬❊&7✐ ♦ ❣❡✇♠❡&+✐❦H❝ &H♣♦❝ &❤❝ ❡①#7✇7❤❝ x = x1 ❛♣♦&❡❧❡#&❛✐ ❛♣H

H❧❛ &❛ 7❤♠❡#❛ ♠❡ 7✉♥&❡&❛❣♠;♥❡❝ (x1, y) ❣✐❛ y ∈ R✱ ❞❤❧❛❞➔ ♠#❛ ❡✉❥❡#❛ ♣❛+❼❧❧❤❧❤ ♣+♦❝ &♦♥

y✲❼①♦♥❛✳

❊❼♥ (x2 − x1)(y2 − y1) 6= 0✱ ♠♣♦+♦E♠❡ ♥❛ ❛♣❛❧❡#②♦✉♠❡ &❤♥ ♣❛+❼♠❡&+♦ t ❛♣H &✐❝ 79;7❡✐❝

x − x1 = t(x2 − x1) ❦❛✐ y − y1 = t(y2 − y1)✱ ❣✐❛ ♥❛ ♣❼+♦✉♠❡ &❤♥ ❛♥❛❧✉&✐❦➔ ❡①#7✇7❤ &❤❝

❡✉❥❡#❛❝ ε✱
x− x1
x2 − x1

=
y − y1
y2 − y1

,
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➔

(y2 − y1)x− (x2 − x1)y − (y2 − y1)x1 + (x2 − x1)y1 = 0 .

#❛%❛&❤%♦)♠❡ ♦&✐ ❤ ❡①./✇/❤ ❡.♥❛✐ &❤❝ ♠♦%❢➔❝ Ax+By + C = 0✳

❏❡✇%♦)♠❡ &♦ /❤♠❡.♦ P : (x1, y1) ❦❛✐ &♦ ❞✐❼♥✉/♠❛ ~a = (u, v)✳ ❍ ❡✉❥❡.❛ ε ♣♦✉ ♣❡%♥❼❡✐

❛♣= &♦ P ❦❛✐ ❡.♥❛✐ ♣❛%❼❧❧❤❧❤ ♣%♦❝ &♦ ❞✐❼♥✉/♠❛ ~a ?@❡✐ ❣❡♥✐❦= /❤♠❡.♦ X : (x, y) &?&♦✐♦ ➳/&❡

&♦ ❞✐❼♥✉/♠❛

−−→
PX ❡.♥❛✐ /✉❣❣%❛♠♠✐❦= ♠❡ &♦ ~a✳ ❙✉♥❡♣➳❝

−−→
PX = t~a ❣✐❛ ❦❼♣♦✐♦ ❛%✐❥♠= t✳ ✬❊&/✐

❜%./❦♦✉♠❡ &❤♥ ♣❛%❛♠❡&%✐❦➔ ♣❡%✐❣%❛❢➔ ❣✐❛ &♦ ❞✐❼♥✉/♠❛ ❥?/❤❝ &♦✉ /❤♠❡.♦✉ X✿

−−→
OX =

−−→
OP + t~a ,

➔ /❡ /✉♥&❡&❛❣♠?♥❡❝

(x, y) = (x1, y1) + t(u, v) .

❊❼♥ u = 0 ❤ ❡✉❥❡.❛ ε ❡.♥❛✐ ♣❛%❼❧❧❤❧❤ ♠❡ &♦♥ y✲❼①♦♥❛✱ ❦❛✐ ?@❡✐ ❛♥❛❧✉&✐❦➔ ❡①./✇/❤ x = x1✳

❊❼♥ v = 0 ❤ ❡✉❥❡.❛ ε ❡.♥❛✐ ♣❛%❼❧❧❤❧❤ ♠❡ &♦♥ x✲❼①♦♥❛✱ ❦❛✐ ?@❡✐ ❛♥❛❧✉&✐❦➔ ❡①./✇/❤ y = y1

❊❼♥ uv 6= 0✱ ♠♣♦%♦)♠❡ ♥❛ ❛♣❛❧❡.②♦✉♠❡ &❤♥ ♣❛%❼♠❡&%♦ t ❛♣= &✐❝ /@?/❡✐❝ x − x1 = tu ❦❛✐

y − y1 = tv✱ ❣✐❛ ♥❛ ♣❼%♦✉♠❡ &❤♥ ❛♥❛❧✉&✐❦➔ ❡①./✇/❤ &❤❝ ❡✉❥❡.❛❝ ε✱

x− x1
u

=
y − y1

v
,

➔

vx− uy − vx1 + uy1 = 0 .

#❛%❛&❤%♦)♠❡ ♦&✐ ❦❛✐ ❛✉&➔ ❤ ❡①./✇/❤ ❡.♥❛✐ &❤❝ ♠♦%❢➔❝ Ax+By + C = 0✳

❏❛ ❞❡.①♦✉♠❡ ♦&✐ ❦❼❥❡ ❡①./✇/❤ &❤❝ ♠♦%❢➔❝ Ax+By + C = 0✱ =♣♦✉ &❛ A✱ B ❞❡♥ ❡.♥❛✐ ❦❛✐

&❛ ❞)♦ ♠❤❞?♥ ♣❛%✐/&❼♥❡✐ ♠.❛ ❡✉❥❡.❛✳

 !"#❛%❤ ✶✳✶✶ ❖ ❣❡✇♠❡%&✐❦)❝ %)♣♦❝ ♠-❛❝ ❡①-0✇0❤❝ %❤❝ ♠♦&❢➔❝

Ax+By + C = 0 , ✭✶✳✹✮

)♣♦✉ %❛ A✱ B ❞❡♥ ❡-♥❛✐ ❦❛✐ %❛ ❞8♦ ♠❤❞9♥✱ ❡-♥❛✐ ♠-❛ ❡✉❥❡-❛ 0%♦ ❡♣-♣❡❞♦✳

❆♣"❞❡✐①❤✳ ❊❼♥ A = 0✱ &=&❡ B 6= 0✱ ❦❛✐ ❤ ❡①./✇/❤ Ax+By+C = 0 ❣.♥❡&❛✐ y = −C/B✳ ❖

❣❡✇♠❡&%✐❦=❝ &=♣♦❝ ❛✉&➔❝ &❤❝ ❡①./✇/❤❝ ❡.♥❛✐ =❧❛ &❛ /❤♠❡.❛ ♠❡ ❞❡)&❡%❤ /✉♥&❡&❛❣♠?♥❤ −C/B✱

❞❤❧❛❞➔ ♠.❛ ❡✉❥❡.❛ ♣❛%❼❧❧❤❧❤ ♠❡ &♦♥ x✲❼①♦♥❛✱ ♣♦✉ &?♠♥❡✐ &♦♥ y✲❼①♦♥❛ /&♦ /❤♠❡.♦ (0, −C/B)✳

#❛%=♠♦✐❛✱ ❡❼♥ B = 0 ❦❛✐ A 6= 0✱ ❤ ❡①./✇/❤ ✶✳✹ ❣.♥❡&❛✐ x = −C/A✱ ❦❛✐ ♦ ❣❡✇♠❡&%✐✲

❦=❝ &=♣♦❝ ❡.♥❛✐ ♠.❛ ❡✉❥❡.❛ ♣❛%❼❧❧❤❧❤ ♠❡ &♦♥ y✲❼①♦♥❛ ♣♦✉ &?♠♥❡✐ &♦♥ x✲❼①♦♥❛ /&♦ /❤♠❡.♦

(−C/A, 0)✳

❊❼♥ &➳%❛ AB 6= 0✱ ♦ ❣❡✇♠❡&%✐❦=❝ &=♣♦❝ &❤❝ ❡①./✇/❤❝ ✶✳✹ ♣❡%✐?@❡✐ &❛ /❤♠❡.❛ P :

(−C/A, 0) ❦❛✐ Q : (1 − (C/A), −A/B)✳ ❏❛ ❞❡.①♦✉♠❡ ♦&✐ ❡❼♥ X : (x, y) ❡.♥❛✐ ♦♣♦✐♦❞➔✲

♣♦&❡ ❼❧❧♦ /❤♠❡.♦ ♣♦✉ ✐❦❛♥♦♣♦✐❡. &❤♥ ❡①./✇/❤✱ &♦ ❞✐❼♥✉/♠❛

−−→
PX ❡.♥❛✐ /✉❣❣%❛♠♠✐❦= ♠❡ &♦

−−→
PQ✱

❦❛✐ /✉♥❡♣➳❝ &♦ /❤♠❡.♦ X ❜%./❦❡&❛✐ /&❤♥ ❡✉❥❡.❛ ♣♦✉ ♣❡%♥❼❡✐ ❛♣= &❛ P ❦❛✐ Q✳



✹✵ ❊♣"♣❡❞♦ ❦❛✐ ◗➳+♦❝

❚♦ ❞✐❼♥✉)♠❛

−−→
PQ ,-❡✐ )✉♥/❡/❛❣♠,♥❡❝ (1, −A/B)✳ ❆❢♦5 Ax + By + C = 0✱ ,-♦✉♠❡

y = −Ax+C

B
✱ ❦❛✐ )✉♥❡♣➳❝ /♦ ❞✐❼♥✉)♠❛

−−→
PX ,-❡✐ )✉♥/❡/❛❣♠,♥❡❝

(

x+
C

A
, y

)

=

(

Ax+ C

A
, −Ax+ C

B

)

=
Ax+ C

A

(

1, −A

B

)

.

✬❆;❛

−−→
PX ❦❛✐

−−→
PQ ❡<♥❛✐ )✉❣❣;❛♠♠✐❦❼✱ ❦❛✐ X ❜;<)❦❡/❛✐ )/❤♥ ❡✉❥❡<❛ ε✳

�

❉!❛#$❤!✐'$❤$❛ ✶✳✸✵ ❙-❡❞✐❼)/❡ /✐❝ ❡✉❥❡<❡❝ ♠❡ /✐❝ ❛❦A❧♦✉❥❡❝ ❡①✐)➳)❡✐❝ ✇❝ ♣;♦❝

,♥❛ ♦;❥♦❦❛♥♦♥✐❦A )5)/❤♠❛ ❛♥❛❢♦;❼❝ (O, ~i, ~j)✿

❛F) x = 3 ❜F) y = 2

❣F) x+ y = 0 ❞F) x+ y = 2

❡F) x− y = 0 ✝F) x− y = −3

,!'$❛#❤ ✶✳✶✷ ❊❼♥ P : (x1, y1) ❦❛✐ Q : (x2, y2) ❡'♥❛✐ ❞)♦ ❞✐❛❢♦,❡-✐❦❼ .❤♠❡'❛ -❤❝

❡✉❥❡'❛❝ ε ♠❡ ❡①'.✇.❤ Ax+By + C = 0✱

❛7✳ ❚♦ ❞✐❼♥✉.♠❛ ~n = (A, B) ❡'♥❛✐ ❦❼❥❡-♦ ♣,♦❝ -♦
−−→
PQ✳ ❑❼❥❡ ♠❤ ♠❤❞❡♥✐❦< ❞✐❼♥✉.♠❛

.✉❣❣,❛♠♠✐❦< ♠❡ -♦ ❞✐❼♥✉.♠❛ ~n ❧?❣❡-❛✐ ❦❼❥❡$♦ ❞✐❼♥✉*♠❛ -❤❝ ❡✉❥❡'❛❝ ε✳

❜7✳ ❚♦ ❞✐❼♥✉.♠❛ ~u = (B, −A) ❡'♥❛✐ .✉❣❣,❛♠♠✐❦< ♠❡ -♦ −−→PQ✳ ❑❼❥❡ ♠❤ ♠❤❞❡♥✐❦< ❞✐❼♥✉.♠❛

.✉❣❣,❛♠♠✐❦< ♠❡ -♦ ❞✐❼♥✉.♠❛ ~u ❧?❣❡-❛✐ ❞✐❼♥✉*♠❛ ❞✐❡-❥✉♥*❤❝ -❤❝ ❡✉❥❡'❛❝ ε✳

❣7✳ ❊❼♥ B 6= 0✱ -<-❡

−A

B
=

y2 − y1
x2 − x1

.

❖ ❛,✐❥♠<❝ λ = −A/B ♦♥♦♠❼③❡-❛✐ *✉♥$❡❧❡*$➔❝ ❞✐❡-❥✉♥*❤❝ ➔ ❦❧➔*❤ -❤❝ ❡✉✲

❥❡'❛❝ ε✳

❞7✳ ❍ ❡✉❥❡'❛ ε ♠❡ ❡①'.✇.❤ Ax + By + C = 0✱ -?♠♥❡✐ -♦♥ x✲❼①♦♥❛ .-♦ .❤♠❡'♦ ♠❡ .✉♥-❡✲

-❛❣♠?♥❡❝ (−C/A, 0) ❦❛✐ -♦♥ y✲❼①♦♥❛ .-♦ .❤♠❡'♦ ♠❡ .✉♥-❡-❛❣♠?♥❡❝ (0, −C/B)✳

❆♣'❞❡✐①❤✳ ❆❢♦5 Ax1+By1+C = 0 ❦❛✐ Ax2+By2+C = 0✱ ,-♦✉♠❡ A(x2−x1)+B(y2−
y1) = 0✳

❛F✳ ❚♦ ❡)✇/❡;✐❦A ❣✐♥A♠❡♥♦ /♦✉ ❞✐❛♥5)♠❛/♦❝

−−→
PQ = (x2 − x1, y2 − y1) ♠❡ /♦ ❞✐❼♥✉)♠❛

~n = (A, B) ❡<♥❛✐ A(x2 − x1) +B(y2 − y1) = 0✳ ✬❆;❛ ~n ❡<♥❛✐ ❦❼❥❡/♦ ♣;♦❝ /♦

−−→
PQ✳

❜F✳ ❚♦ ❞✐❼♥✉)♠❛ ~u = (B, −A) ❡<♥❛✐ )✉❣❣;❛♠♠✐❦A ♠❡ /♦

−−→
PQ = (x2 − x1, y2 − y1) ❡❼♥

✉♣❼;-❡✐ µ /,/♦✐♦ ➳)/❡ x2−x1 = µB ❦❛✐ y2−y1 = −µA✳ ❆✉/A /♦ )5)/❤♠❛ ❡①✐)➳)❡✇♥

,-❡✐ ♠♦♥❛❞✐❦➔ ❧5)❤ ❣✐❛ /❛ x, y A/❛♥ A(x2 − x1) = −B(y2 − y1)✳

❣F✳ ❊❼♥ B 6= 0✱ ❞✐❛✐;➳♥/❛❝ /❤♥ y2 − y1 = −µA ♠❡ /❤♥ x2 − x1 = µB✱ ,-♦✉♠❡

−A

B
=

y2 − y1
x2 − x1

.



❑❡❢❼❧❛✐♦ ✶ ●❡✇♠❡,-✐❦❼ ❞✐❛♥12♠❛,❛ 2,♦ ❡♣4♣❡❞♦ ✹✶

❙#➔♠❛ ✶✳✸✶✿ ❍ ❡✉❥❡.❛ ♠❡ ❡①.0✇0❤ Ax+By + C = 0✳

�

❉!❛#$❤!✐'$❤$❛ ✶✳✸✶ ❊①❤❣➔05❡ ❣✐❛5. 05❤♥ ❡①.0✇0❤ 5❤❝ ❡✉❥❡.❛❝ 05♦ ❙#➔♠❛ ✶✳✸✶

♦✐ 0✉♥5❡❧❡05;❝ ❡.♥❛✐ A < 0✱ B > 0 ❦❛✐ C < 0✳ ❚. ❥❛ ❼❧❧❛③❡ 05♦ ❙#➔♠❛ ❡❼♥

♣♦❧❧❛♣❧❛0✐❼③❛♠❡ ❦❛✐ 5♦✉❝ 5B❡✐❝ 0✉♥5❡❧❡05;❝ ♠❡ −1❄

❉!❛#$❤!✐'$❤$❛ ✶✳✸✷ ❇B❡.5❡ ;♥❛ ❦❼❥❡5♦ ❞✐❼♥✉0♠❛✱ ;♥❛ ❞✐❼♥✉0♠❛ ❞✐❡F❥✉♥0❤❝ ❦❛✐

5❤♥ ❦❧.0❤✱ ❣✐❛ 5✐❝ ❛❦G❧♦✉❥❡❝ ❡✉❥❡.❡❝ 05♦ ❡♣.♣❡❞♦✳

❛H) 2x+ 3y = 5 , ❜H) 3x = 2y − 5 .

❏❡✇B♦F♠❡ 5✐❝ ❡✉❥❡.❡❝ ε1 ❦❛✐ ε2✱ ♠❡ ❡①✐0➳0❡✐❝ A1x+B1y+C1 = 0 ❦❛✐ A2x+B2y+C2 = 0

❛♥5.05♦✐#❛✱ ♠❡ B1B2 6= 0 ❦❛✐ 0✉♥5❡❧❡05;❝ ❞✐❡F❥✉♥0❤❝ λ1 = −A1/B1 ❦❛✐ λ2 = −A2/B2✳

❖✐ ❡✉❥❡.❡❝ ε1 ❦❛✐ ε2 ❡.♥❛✐ ♣❛B❼❧❧❤❧❡❝ ❡❼♥ ♦✐ 0✉♥5❡❧❡05;❝ ❞✐❡F❥✉♥0❤❝ ❡.♥❛✐ .0♦✐✱ λ1 = λ2✳

❖✐ ❡✉❥❡.❡❝ ε1 ❦❛✐ ε2 5;♠♥♦♥5❛✐ ❦❼❥❡5❛ ❡❼♥ 5♦ ❣✐♥G♠❡♥♦ 5✇♥ 0✉♥5❡❧❡05➳♥ ❞✐❡F❥✉♥0❤❝ ❡.♥❛✐

−1✱ λ1λ2 = −1✳
❊❼♥ A1B2 − A2B1 6= 0✱ 5G5❡ ♦✐ ❡✉❥❡.❡❝ ❞❡♥ ❡.♥❛✐ ♣❛B❼❧❧❤❧❡❝ ❦❛✐ 5;♠♥♦♥5❛✐ 0❡ ;♥❛ 0❤♠❡.♦✳

●✐❛ ♥❛ ✉♣♦❧♦❣.0♦✉♠❡ 5✐❝ 0✉♥5❡5❛❣♠;♥❡❝ (x0, y0) 5♦✉ ❦♦✐♥♦F 0❤♠❡.♦✉✱ ❧F♥♦✉♠❡ 5❤♥ ❡①.0✇0❤

[

A1 B1

A2 B2

][

x

y

]

=

[

−C1

−C2

]

,

❦❛✐ ❜B.0❦♦✉♠❡

x0 =
B1C2 −B2C1

A1B2 −A2B1

, y0 =
C1A2 − C2A1

A1B2 −A2B1

.

❉!❛#$❤!✐'$❤$❛ ✶✳✸✸ ❇B❡.5❡ 5♦ 0❤♠❡.♦ 5♦♠➔❝ 5✇♥ ❡✉❥❡✐➳♥ ♠❡ ❡①✐0➳0❡✐❝

x− y − 1 = 0 , x+ 2y − 4 = 0 .
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❙✉♥#❡#❛❣♠(♥❡❝ *❤♠❡,♦✉ ♣❼♥✇ *❡ ❡✉❥❡,❛

❊❼♥ %❛ '❤♠❡+❛ P1✱ P2 ❦❛✐ P ❜0+'❦♦♥%❛✐ ♣❼♥✇ '❡ ♠+❛ ❡✉❥❡+❛✱ 67♦✉♠❡ ♦0+'❡✐ %♦♥ ❛♣❧9 ❧9❣♦

µ = (P1 P2 P ) =
(P1P )
(PP2)

✱ ❖0✐'♠9❝ ✶✳✶✶✳ ❊❼♥ %❛ '❤♠❡+❛ 67♦✉♥ '✉♥%❡%❛❣♠6♥❡❝ P1 : (x1, y1)✱

P2 : (x2, y2) ❦❛✐ P : (x, y) ✇❝ ♣0♦❝ %♦ ♦0❥♦❦❛♥♦♥✐❦9 '?'%❤♠❛ ❛♥❛❢♦0❼❝ (O, ~i, ~j)✱ %9%❡

−−→
P1P = (x− x1)~i+ (y− y1)~j ❦❛✐

−−→
PP2 = (x2 − x)~i+ (y2 − y)~j✳ ❆♣9 %❤ '76'❤

−−→
P1P = µ

−−→
PP2✱

'✉♠♣❡0❛+♥♦✉♠❡ ♦%✐

x− x1 = µ(x2 − x) ❦❛✐ y − y1 = µ(y2 − y) .

✬❆0❛ ♦✐ '✉♥%❡%❛❣♠6♥❡❝ %♦✉ '❤♠❡+♦✉ P ❞+❞♦♥%❛✐ '✉♥❛0%➔'❡✐ %✇♥ '✉♥%❡%❛❣♠6♥✇♥ %✇♥ P1 ❦❛✐ P2✱

❦❛✐ %♦✉ ❛♣❧♦? ❧9❣♦✉ µ = (P1 P2 P ) ❛♣9 %♦✉❝ %?♣♦✉❝

x =
x1 + µx2
1 + µ

❦❛✐ y =
y1 + µy2
1 + µ

. ✭✶✳✺✮

✬❖%❛♥ µ > 0✱ %♦ P ❜0+'❦❡%❛✐ ♠❡%❛①? %✇♥ P1 ❦❛✐ P2✱ ❦❛✐ ♦✐ %?♣♦✐ ❞+❞♦✉♥ %✐❝ '✉♥%❡%❛❣♠6♥❡❝ %♦✉

'❤♠❡+♦✉ ♣♦✉ 7✇0+③❡✐ %♦ ❞✐❼'%❤♠❛ P1P2 '❡ ❞?♦ %♠➔♠❛%❛ ♠❡ ❧9❣♦ µ : 1✳

❉!❛#$❤!✐'$❤$❛ ✶✳✸✹ ❇0❡+%❡ %✐❝ '✉♥%❡%❛❣♠6♥❡❝ %♦✉ '❤♠❡+♦✉ ♣♦✉ 7✇0+③❡✐ %♦ ❞✐❼✲

'%❤♠❛ AB✱ ♠❡ A : (3, −1) ❦❛✐ B : (−2, 3) '❡ ❧9❣♦ 3 : 2✳

❆♣3*#❛*❤ *❤♠❡,♦✉ ❛♣3 ❡✉❥❡,❛

❏6❧♦✉♠❡ ♥❛ ✉♣♦❧♦❣+'♦✉♠❡ %❤♥ ❛♣9'%❛'❤ d(P, ε) %♦✉ '❤♠❡+♦✉ P : (x0, y0) ❛♣9 %❤♥ ❡✉❥❡+❛ ε

♠❡ ❡①+'✇'❤ Ax + By + C = 0✳ ❊❼♥ Q ❡+♥❛✐ ♦♣♦✐♦❞➔♣♦%❡ '❤♠❡+♦ %❤❝ ❡✉❥❡+❛❝ ε✱ ❤ ❛♣9'%❛'❤

d(P, ε) ❡+♥❛✐ +'❤ ♠❡ %♦ ♠6%0♦ %❤❝ ♣0♦❜♦❧➔❝ %♦✉ ❞✐❛♥?'♠❛%♦❝

−−→
PQ '❡ 6♥❛ ❦❼❥❡%♦ ❞✐❼♥✉'♠❛ ~n

%❤❝ ❡✉❥❡+❛❝ ε✱ ❙7➔♠❛ ✶✳✸✷✱

d(P, ε) =
∣

∣

∣
pr~n
−−→
PQ

∣

∣

∣
.

❙7➔♠❛ ✶✳✸✷✿ ❆♣9'%❛'❤ '❤♠❡+♦✉ ❛♣9 ❡✉❥❡+❛✳



❑❡❢❼❧❛✐♦ ✶ ●❡✇♠❡,-✐❦❼ ❞✐❛♥12♠❛,❛ 2,♦ ❡♣4♣❡❞♦ ✹✸

❊❼♥ %♦ '❤♠❡+♦ Q ,-❡✐ '✉♥%❡%❛❣♠,♥❡❝ (x1, y1)✱ %4%❡

|pr~n
−−→
PQ| =

|−−→PQ · ~n|
|~n|

=
|(x0 − x1, y0 − y1) · (A, B)|

|~n|

=
|A(x0 − x1) +B(y0 − y1)|

|~n|

=
|(Ax0 +By0 + C)− (Ax1 +By1 + C)|√

A2 +B2
.

❆❧❧❼ ♦✐ '✉♥%❡%❛❣♠,♥❡❝ %♦✉ '❤♠❡+♦✉ Q ✐❦❛♥♦♣♦✐♦9♥ %❤♥ ❡①+'✇'❤ %❤❝ ❡✉❥❡+❛❝ ε✱ ❞❤❧❛❞➔ Ax1+

By1 + C = 0✳ ❙✉♥❡♣➳❝

|pr~n
−−→
PQ| = |Ax0 +By0 + C|√

A2 +B2
.

 !"#❛%❤ ✶✳✶✸ ❍ ❛♣#$%❛$❤ d(P, ε) %♦✉ $❤♠❡+♦✉ P : (x0, y0) ❛♣# %❤♥ ❡✉❥❡+❛ ε ♠❡ ❡①+$✇$❤

Ax+By + C = 0 ❡+♥❛✐

d(P, ε) =
|Ax0 +By0 + C|√

A2 +B2
. ✭✶✳✻✮

❉!❛%#❤!✐"#❤#❛ ✶✳✸✺ ❇G❡+%❡ %❤♥ ❛♣4'%❛'❤ %❤❝ ❡✉❥❡+❛❝ 2x + y − 3 = 0 ❛♣4 %♦

'❤♠❡+♦ ❛♥❛❢♦G❼❝ O✳

❊❢❛#♠♦❣'❝ )*❤ ❣❡✇♠❡*#.❛ *♦✉ *#✐❣➳♥♦✉

❏❛ ❛♣♦❞❡+①♦✉♠❡ %♦ ❏❡➳G❤♠❛ %✇♥ ❉✐❛♠,'✇♥✿ ♦✐ %G❡+❝ ❞✐❼♠❡'♦✐ ❡♥4❝ %G✐❣➳♥♦✉ ,-♦✉♥ ,♥❛ ❦♦✐♥4

'❤♠❡+♦✱ %♦ ❦.♥#!♦ ❜❼!♦✉❝ %♦✉ %G✐❣➳♥♦✉✳

 !"#❛%❤ ✶✳✶✹ ❏❡✇2♦3♠❡ %♦ %2+❣✇♥♦ ABC✱ %♦✉ ♦♣♦+♦✉ ♦✐ ❦♦2✉❢8❝ 8:♦✉♥ $✉♥%❡%❛❣♠8♥❡❝

(a1, a2)✱ (b1, b2) ❦❛✐ (c1, c2) ❛♥%+$%♦✐:❛✳ ❚♦ $❤♠❡+♦ A′
❡+♥❛✐ %♦ ♠8$♦ %❤❝ ♣❧❡✉2❼❝ BC✱ %♦

B′
❡+♥❛✐ %♦ ♠8$♦ %❤❝ ♣❧❡✉2❼❝ CA ❦❛✐ %♦ C ′

❡+♥❛✐ %♦ ♠8$♦ %❤❝ ♣❧❡✉2❼❝ AB✳ ❚#%❡ ♦✐ ❡✉❥❡+❡❝

AA′
✱ BB′

❦❛✐ CC ′
%8♠♥♦♥%❛✐ $❡ 8♥❛ $❤♠❡+♦ G✱ ♠❡ $✉♥%❡%❛❣♠8♥❡❝

(

a1 + b1 + c1
3

,
a2 + b2 + c2

3

)

.

❚♦ '❤♠❡+♦ A′ : (a′1, a
′

2) ❞✐❛✐G❡+ %♦ ❞✐❼'%❤♠❛ BC '❡ ❧4❣♦ ✶✿✶✱ ❦❛✐ ❛♣4 %❤♥ ✭✶✳✺✮ ,-♦✉♠❡ %✐❝

'✉♥%❡%❛❣♠,♥❡❝ %♦✉

a′1 =
b1 + c1

2
a′2 =

b2 + c2
2

.

N❛G4♠♦✐❛ ❣✐❛ %♦ B′ : (b′1, b
′

2)

b′1 =
a1 + c1

2
b′2 =

a2 + c2
2

.



✹✹ ❊♣"♣❡❞♦ ❦❛✐ ◗➳+♦❝

❙"➔♠❛ ✶✳✸✸✿ ❖✐ ❞✐❼♠❡/♦✐ 12✐❣➳♥♦✉✳

❚♦ /❤♠❡9♦ 1♦♠➔❝ 1✇♥ AA′
❦❛✐ BB′

="❡✐ ❞✐❼♥✉/♠❛ ❥=/❤❝

−→
OA+ s

−−→
AA′

❦❛✐ ❡♣9/❤❝

−−→
OB + t

−−→
BB′

✳

❉❤❧❛❞➔ ✉♣❼2"♦✉♥ ♣2❛❣♠❛1✐❦♦9 ❛2✐❥♠♦9 s ❦❛✐ t 1=1♦✐♦✐ ➳/1❡

−→
OA+ s

−−→
AA′ =

−−→
OB + t

−−→
BB′.

❙❡ /✉♥1❡1❛❣♠=♥❡❝ ="♦✉♠❡

a1 + s

(

b1 + c1
2

− a1

)

= b1 + t

(

a1 + c1
2

− b1

)

a2 + s

(

b2 + c2
2

− a2

)

= b2 + t

(

a2 + c2
2

− b2

)

❦❛✐ /✉❣❦❡♥12➳♥♦♥1❛❝ 1♦✉❝ B♠♦✐♦✉❝ B2♦✉❝ ="♦✉♠❡ 1♦ /C/1❤♠❛ ❡①✐/➳/❡✇♥ ♣♦✉ ✐❦❛♥♦♣♦✐♦C♥ ♦✐

❛2✐❥♠♦9 s, t✿

(

−a1 +
b1
2

+
c1
2

)

s+
(

b1 −
a1
2
− c1

2

)

t = b1 − a1
(

−a2 +
b2
2

+
c2
2

)

s+
(

b2 −
a2
2
− c2

2

)

t = b2 − a2

❚❛ ❞✐❛♥C/♠❛1❛

−−→
AA′,

−−→
BB′

❞❡♥ ❡9♥❛✐ ♣❛2❼❧❧❤❧❛ ❦❛✐ /✉♥❡♣➳❝ ♦✐ /✉♥1❡❧❡/1=❝ 1❤❝ ♣2➳1❤❝ ❡①9✲

/✇/❤❝ ❞❡♥ ❡9♥❛✐ ♣♦❧❧❛♣❧❼/✐❛ 1✇♥ /✉♥1❡❧❡/1➳♥ 1❤❝ ❞❡C1❡2❤❝ ❡①9/✇/❤❝✳ ✬❆2❛ ♦✐ ❡①✐/➳/❡✐❝

="♦✉♥ ♠♦♥❛❞✐❦➔ ❧C/❤✱ 1❤♥ ♦♣♦9❛ ♠♣♦2♦C♠❡ ♥❛ ✉♣♦❧♦❣9/♦✉♠❡✿ s = 2

3
, t = 2

3
. ❙✉♠♣❡2❛9♥♦✉♠❡

♦1✐ /❤♠❡9♦ 1♦♠➔❝ 1✇♥ ❡✉❥❡✐➳♥ AA′
❦❛✐ BB′

❡9♥❛✐ 1♦ /❤♠❡9♦ G 1♦ ♦♣♦9♦ ✐❦❛♥♦♣♦✐❡9

(AA′G) = (BB′G) = 2

▼❡ 1♦♥ 9❞✐♦ 12B♣♦ ❞❡9"♥♦✉♠❡ ♦1✐ 1♦ /❤♠❡9♦ 1♦♠➔❝ G′
1✇♥ AA′

❦❛✐ CC ′
✐❦❛♥♦♣♦✐❡9

(AA′G′) = (CC ′G′) = 2,

❦❛✐ /✉♥❡♣➳❝ G = G′
✳
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❚#❧♦❝ ♠♣♦)♦*♠❡ ♥❛ ✉♣♦❧♦❣01♦✉♠❡ 2♦ ❞✐❼♥✉1♠❛ ❥#1❤❝ ❦❛✐ 2✐❝ 1✉♥2❡2❛❣♠#♥❡❝ 2♦✉ G✿

−−→
OG =

−→
OA+

2

3

−−→
AA′

=
−→
OA+

2

3
(
−−→
OA′ −−→OA)

=
1

3

−→
OA+

2

3
(
1

2
(
−−→
OB +

−−→
OC))

=
1

3
(
−→
OA+

−−→
OB +

−−→
OC)

=

(

a1 + b1 + c1
3

,
a2 + b2 + c2

3

)

.

 ❛"❼❞❡✐❣♠❛ ✶✳✶✸ ❏❡✇)➔12❡ 2♦ 2)0❣✇♥♦ ♠❡ ❦♦)✉❢#❝ A : (1, 4)✱ B : (0, 0) ❦❛✐ C : (3, 1)

❦❛✐ *②❤ AA′
✱ BB′

✱ CC ′
✳ ❆❦♦❧♦✉❥➔12❡ 2❛ ♣❛)❛❦❼2✇ ❜➔♠❛2❛ ❣✐❛ ♥❛ ❞❡0①❡2❡ ♦2✐ 2❛ 2)0❛ *②❤

2#♠♥♦♥2❛✐ 1❡ #♥❛ 1❤♠❡0♦✱ 2♦ ♦"❥.❦❡♥1"♦ 2♦✉ 2)✐❣➳♥♦✉ ABC✳

❛E✳ ❙G❡❞✐❼12❡ 2♦ 2)0❣✇♥♦ ABC✳

❜E✳ ❍ ♣❧❡✉)❼ BC #G❡✐ ❦❧01❤ λBC = 1/3✳ ✬❆)❛ ❤ ❡✉❥❡0❛ AA′
#G❡✐ ❦❧01❤ −3 ❦❛✐ ♣❡)♥❼❡✐ ❛♣J

2♦ 1❤♠❡0♦ (1, 4)✳ ❙✉♥❡♣➳❝ ❤ ❡①01✇1❤ 2❤❝ AA′
❡0♥❛✐ 3x+ y − 7 = 0✳

❣E✳ ❍ ♣❧❡✉)❼ CA #G❡✐ ❦❧01❤ λCA = −3/2✳ ✬❆)❛ ❤ ❡✉❥❡0❛ BB′
#G❡✐ ❦❧01❤ 2/3 ❦❛✐ ♣❡)♥❼❡✐

❛♣J 2♦ 1❤♠❡0♦ (0, 0)✳ ❙✉♥❡♣➳❝ ❤ ❡①01✇1❤ 2❤❝ BB′
❡0♥❛✐ 2x− 3y = 0✳

❞E✳ ▲*♥♦✉♠❡ 2♦ 1*12❤♠❛ 2✇♥ ❞*♦ ❡①✐1➳1❡✇♥ ❦❛✐ ❜)01❦♦✉♠❡ ♦2✐ 2#♠♥♦♥2❛✐ 12♦ 1❤♠❡0♦

(21
11
, 14

11
)✳

❡E✳ ❍ ❡✉❥❡0❛ CC ′
#G❡✐ ❡①01✇1❤ x+4y−7 = 0✳ ❊❧#❣G♦✉♠❡ ♦2✐ 2♦ 1❤♠❡0♦ (21

11
, 14

11
) ❜)01❦❡2❛✐

❦❛✐ 1❡ ❛✉2➔ 2❤♥ ❡✉❥❡0❛✳


