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❉✐❼❧❡①❤ ✸

 !♦❜♦❧➔ ❞✐❛♥*+♠❛-♦❝✱ ❡+✇-❡!✐❦3 ❣✐♥3♠❡♥♦

❙#❤♥ ❆♥❛❧✉#✐❦➔ ●❡✇♠❡#12❛ 31❤4✐♠♦♣♦✐♦7♠❡ #♦ ❡4✇#❡1✐❦8 ❣✐♥8♠❡♥♦ ❣✐❛ ♥❛ ♣1♦4❞✐♦124♦✉♠❡ #❤

❣✇♥2❛ ♠❡#❛①7 ❞7♦ ❞✐❛♥✉4♠❼#✇♥✳ ❆♣8 #♦ 43♦❧❡2♦ ❣♥✇12③♦✉♠❡ #♦♥ ♦1✐4♠8 #♦✉ ❤♠✐#8♥♦✉ ❦❛✐ #♦✉

4✉♥❤♠✐#8♥♦✉ ❣✇♥2❛❝ 4#♦ ♣❧❛24✐♦ ❡♥8❝ ♦1❥♦❣✇♥2♦✉ #1✐❣➳♥♦✉✱ ❙3➔♠❛ ✶✳✶✽✳

cos γ =
|CA|
|CB| , sin γ =

|AB|
|CB| .

❙3➔♠❛ ✶✳✶✽✿ ❍♠2#♦♥♦ ❦❛✐ 4✉♥❤♠2#♦♥♦ ❣✇♥2❛❝✳

❚♦ ♣1➳#♦ ❜➔♠❛ ❣✐❛ ♥❛ ♦124♦✉♠❡ #♦ ❡4✇#❡1✐❦8 ❣✐♥8♠❡♥♦ ❞7♦ ❣❡✇♠❡#1✐❦➳♥ ❞✐❛♥✉4♠❼#✇♥ ❡2♥❛✐

♥❛ ♣1♦4❞✐♦124♦✉♠❡ I♥❛ ♦1❥♦❣➳♥✐♦ #12❣✇♥♦✳ ❆✉#8 ❣2♥❡#❛✐ ♠I4✇ #❤❝ ✜✜♦1❥♦❣➳♥✐❛❝ ♣1♦❜♦❧➔❝✢✢✳

❏❡✇1♦7♠❡ ❞7♦ ♠❤ ♠❤❞❡♥✐❦❼ ❞✐❛♥74♠❛#❛ ♠❡ ❦♦✐♥➔ ❛13➔ 4#♦ O✱ ~v =
−→
OA ❦❛✐ ~w =

−−→
OB✳ ✬❊4#✇

ε ♦ ❢♦1I❛❝ #♦✉ ~v✳ ❆♣8 #♦ ♣I1❛❝ #♦✉ ~w ❢I1♦✉♠❡ ❦❼❥❡#♦ ♣1♦❝ #❤♥ ε✱ ❦❛✐ 4❤♠❡✐➳♥♦✉♠❡ P #♦

4❤♠❡2♦ 8♣♦✉ ❛✉#➔ #I♠♥❡✐ #❤♥ ε✱ I#4✐ ➳4#❡ ❤ OA ❦❛✐ ❤ BP ♥❛ #I♠♥♦♥#❛✐ 4❡ ♦1❥➔ ❣✇♥2❛✱ ❙3➔♠❛

✶✳✶✾✳ ❚♦ ❞✐❼♥✉4♠❛

−−→
OP ❡2♥❛✐ ❤ ♣1♦❜♦❧➔ #♦✉ ❞✐❛♥74♠❛#♦❝ ~w 4#♦ ❞✐❼♥✉4♠❛ ~v✳

❙3➔♠❛ ✶✳✶✾✿ ❖1❥♦❣➳♥✐❛ ♣1♦❜♦❧➔ ❞✐❛♥74♠❛#♦❝ 4❡ ❼①♦♥❛✳

❆♥❼❧♦❣❛ ♦12③♦✉♠❡ #❤♥ ♣1♦❜♦❧➔ #♦✉ ~v 4#♦ ~w✳ ❆♣8 #♦ ♣I1❛❝ #♦✉ ~v ❢I1♦✉♠❡ ❦❼❥❡#♦ ♣1♦❝

#♦♥ ❢♦1I❛ #♦✉ ~w ❦❛✐ 4❤♠❡✐➳♥♦✉♠❡ Q #♦ 4❤♠❡2♦ #♦♠➔❝✳ ❚♦ ❞✐❼♥✉4♠❛

−−→
OQ ❡2♥❛✐ ❤ ♣1♦❜♦❧➔ #♦✉

❞✐❛♥74♠❛#♦❝ ~v 4#♦ ❞✐❼♥✉4♠❛ ~w✳



✷✹ ❊♣"♣❡❞♦ ❦❛✐ ◗➳+♦❝

❖!✐#♠%❝ ✶✳✶✷✳ ❏❡✇%♦'♠❡ ♠❤ ♠❤❞❡♥✐❦. ❞✐❼♥✉1♠❛ ~v =
−→
OA ❦❛✐ ❞✐❼♥✉1♠❛ ~w =

−−→
OB✳ ❖♥♦♠❼✲

③♦✉♠❡ ✭♦!❥♦❣➳♥✐❛✮ ♣!♦❜♦❧➔ 4♦✉ ~w #4♦ ~v✱ ❦❛✐ 1✉♠❜♦❧<③♦✉♠❡ pr~v ~w✱ =♦ ❞✐❼♥✉1♠❛

−−→
OP ✱

.♣♦✉ P ❡<♥❛✐ =♦ 1❤♠❡<♦ =♦♠➔❝ =❤❝ ❦❛❥B=♦✉ ❛♣. =♦ B ♣%♦❝ =❤♥ OA✳

❙❤♠❡✐➳♥♦✉♠❡ ♦=✐ ♦%✐1♠B♥♦✐ 1✉❣❣%❛❢❡<❝ ♦♥♦♠❼③♦✉♥ ♣%♦❜♦❧➔ =♦ ♣%♦1❤♠❛1♠B♥♦ ♠➔❦♦❝ =♦✉

❞✐❛♥'1♠❛=♦❝

−−→
OP ✇❝ ♣%♦❝ =♦♥ ❼①♦♥❛ (ε, ~v)✱ ❦❛✐ .H✐ =♦ <❞✐♦ =♦ ❞✐❼♥✉1♠❛✳ ❆♣. =❛ 1✉♠❢%❛③.♠❡♥❛

❡<♥❛✐ 1✉♥➔❥✇❝ 1❛❢B❝ ♣♦✐❛ 1'♠❜❛1❤ H%❤1✐♠♦♣♦✐❡<=❛✐✳

J❛%❛=❤%♦'♠❡ ♦=✐ ❡❼♥ =❛ ❞✐❛♥'1♠❛=❛ ~v ❦❛✐ ~w ❡<♥❛✐ ❦❼❥❡=❛ ♠❡=❛①' =♦✉❝✱ =.=❡ =♦ 1❤♠❡<♦ P

1✉♠♣<♣=❡✐ ♠❡ =♦ O ❦❛✐ ❤ ♦%❥♦❣➳♥✐❛ ♣%♦❜♦❧➔ =♦✉ ~w 1=♦ ~v ❡<♥❛✐ =♦ ♠❤❞❡♥✐❦. ❞✐❼♥✉1♠❛✳

●✐❛ ♥❛ ❡❢❛%♠.1♦✉♠❡ ❛✉=. =♦♥ ♦%✐1♠. 1❡ ❡❧❡'❥❡%❛ ❞✐❛♥'1♠❛=❛✱ ❛%❦❡< ♥❛ ❞❡<①♦✉♠❡ ♦=✐ ❤

❦❛=❛1❦❡✉➔ =❤❝ ♣%♦❜♦❧➔❝ ❡<♥❛✐ 1✉♠❜❛=➔ ♠❡ =❤♥ ♣❛%❼❧❧❤❧❤ ♠❡=❛❢♦%❼✿ ❡❼♥

−−→
O′A′

❦❛✐

−−−→
O′B′

♣%♦❦'♣=♦✉♥ ♠❡ ♣❛%❼❧❧❤❧❤ ♠❡=❛❢♦%❼ =♦✉

−→
OA ❦❛✐ =♦✉

−−→
OB 1=♦ O′

✱ ❦❛✐

−−→
O′Q ❡<♥❛✐ ❤ ♣%♦❜♦❧➔

=♦✉

−−→
O′A′

1=♦

−−−→
O′B′

✱ ❙H➔♠❛ ✶✳✷✵✱ ❥B❧♦✉♠❡ ♥❛ ❞❡<①♦✉♠❡ ♦=✐

−−→
O′Q 1✉♠♣<♣=❡✐ ♠❡ =❤♥ ♣❛%❼❧❧❤❧❤

♠❡=❛❢♦%❼

−−→
O′P ′

=♦✉

−−→
OP ✳ ❆❧❧❼ ♦✐ ❦❼❥❡=❡❝ ❡✉❥❡<❡❝ OP ❦❛✐ AP ♠❡=❛❢B%♦♥=❛✐ 1❡ ❦❼❥❡=❡❝

❡✉❥❡<❡❝ O′P ′
❦❛✐ A′P ′

✱ ❦❛✐ 1✉♥❡♣➳❝ P ′ = Q✳ ✬❆%❛ =♦ ❡❧❡'❥❡%♦ ❞✐❼♥✉1♠❛ pr~v ~w ❞❡♥ ❡①❛%=❼=❛✐

❛♣. =♦✉❝ ❛♥=✐♣%♦1➳♣♦✉❝ =✇♥ ~v ❦❛✐ ~w ♣♦✉ H%❤1✐♠♦♣♦✐♦'♠❡ 1=❤♥ ❦❛=❛1❦❡✉➔✳ ❑❛=❛❧➔❣♦✉♠❡

♦=✐ ❤ ♣%♦❜♦❧➔ ❡<♥❛✐ ❦❛❧❼ ♦%✐1♠B♥❤ 1❡ ❡❧❡'❥❡%❛ ❞✐❛♥'1♠❛=❛✳

❙H➔♠❛ ✶✳✷✵✿ ❖%❥♦❣➳♥✐❛ ♣%♦❜♦❧➔ ❦❛✐ ♣❛%❼❧❧❤❧❤ ♠❡=❛❢♦%❼✳

❉!❛#4❤!✐%4❤4❛ ✶✳✶✼ ❙❤♠❡✐➳1=❡ =❛ 1❤♠❡<❛ A✱ B✱ C 1=✐❝ ❦♦%✉❢B❝ ❡♥.❝ ✐1.♣❧❡✉✲

%♦✉ =%✐❣➳♥♦✉✱ ❦❛✐ ❥❡✇%➔1=❡ =❛ ❞✐❛♥'1♠❛=❛ ~v =
−−→
AB✱ ~w =

−→
AC ❦❛✐ ~u =

−−→
CB✳ ❑❛=❛✲

1❦❡✉❼1=❡ =❤♥ ♣%♦❜♦❧➔ pr~w~v✳ ▼❡=❛❢B%❛=❡ ♣❛%❼❧❧❤❧❛ =♦ ~u 1=♦ A ❦❛✐ ❦❛=❛1❦❡✉❼1=❡

=❤♥ ♣%♦❜♦❧➔ pr~w~u✳ J♦✐❼ ❡<♥❛✐ ❤ 1HB1❤ =✇♥ ❞'♦ ♣%♦❜♦❧➳♥❄ ✭❉❡♥ ❡<♥❛✐ <1❡❝✦✮ ❇%❡<=❡

=❛ ♣%♦1❤♠❛1♠B♥❛ ♠B=%❛ =✇♥ ❞'♦ ♣%♦❜♦❧➳♥✱ ❡❼♥ =♦ ♠➔❦♦❝ =❤❝ ♣❧❡✉%❼❝ =♦✉ =%✐❣➳♥♦✉

❡<♥❛✐ ✶✳

J❛%❛=❤%♦'♠❡ ♦=✐ ❡❼♥ =❛ ~v✱ ~w ❡<♥❛✐ ❦❛✐ =❛ ❞'♦ ♠❤ ♠❤❞❡♥✐❦❼✱ ❙H➔♠❛ ✶✳✷✶

❛V✳ =♦ ❞✐❼♥✉1♠❛ pr~v ~w ❡<♥❛✐ 1✉❣❣%❛♠♠✐❦. ♠❡ =♦ ~v✱ ❦❛✐ ♠♣♦%❡< ♥❛ ❡<♥❛✐ ♦♠.%%♦♣♦ ➔ ❛♥=<%%♦♣♦

♠❡ =♦ ~v✱
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❜#✳ %♦ ❞✐❼♥✉,♠❛ pr~w~v ❡0♥❛✐ ,✉❣❣2❛♠♠✐❦4 ♠❡ %♦ ~w✱ ❦❛✐ ♠♣♦2❡0 ♥❛ ❡0♥❛✐ ♦♠422♦♣♦ ➔ ❛♥%022♦♣♦

♠❡ %♦ ~w✱

❣#✳ %♦ ❞✐❼♥✉,♠❛ pr~v ~w ❡0♥❛✐ ♦♠422♦♣♦ ♠❡ %♦ ~v ❛❦2✐❜➳❝ 4%❛♥ %♦ ❞✐❼♥✉,♠❛ pr~w~v ❡0♥❛✐ ♦♠422♦♣♦

♠❡ %♦ ~w✱

❞#✳ %♦ ❞✐❼♥✉,♠❛ pr~v ~w ❡0♥❛✐ ❛♥%022♦♣♦ ♣2♦❝ %♦ ~v ❛❦2✐❜➳❝ 4%❛♥ %♦ ❞✐❼♥✉,♠❛ pr~w~v ❡0♥❛✐

❛♥%022♦♣♦ ♣2♦❝ %♦ ~w✳

:2❼❣♠❛%✐ ❤ ♣2♦❜♦❧➔ pr~v ~w ❡0♥❛✐ ♦♠422♦♣❤ ♠❡ %♦ ~v ♠4♥♦♥ 4%❛♥ %♦ ~w ❦❛✐ %♦ ~v ❜20,❦♦♥%❛✐ ,%♦

0❞✐♦ ❤♠✐❡♣0♣❡❞♦ ✇❝ ♣2♦❝ %❤♥ ❦❼❥❡%♦ ❛♣4 %♦ O ,%♦ ❢♦2@❛ %♦✉ ~v✱ ❙B➔♠❛ ✶✳✷✶✳ ✬❖♠✇❝ ,❡ ❛✉%➔♥

%❤♥ ♣❡20♣%✇,❤ %❛ ~w ❦❛✐ ~v ❜20,❦♦♥%❛✐ ❡♣0,❤❝ ,%♦ 0❞✐♦ ❤♠✐❡♣0♣❡❞♦ ✇❝ ♣2♦❝ %❤♥ ❦❼❥❡%♦ ❛♣4 %♦

O ,%♦ ❢♦2@❛ %♦✉ ~w✱ ❦❛✐ ,✉♥❡♣➳❝ pr~w~v ❡0♥❛✐ ♦♠422♦♣❤ ♠❡ %♦ ~w✳

❙B➔♠❛ ✶✳✷✶✿ :2♦,❤♠❛,♠@♥♦ ♠➔❦♦❝ ♦2❥♦❣➳♥✐❛❝ ♣2♦❜♦❧➔❝✳

❚➳2❛ ❥@❧♦✉♠❡ ♥❛ ♠❡❧❡%➔,♦✉♠❡ %❤ ,B@,❤ ♠❡%❛①I %✇♥ ♣2♦❜♦❧➳♥ pr~v ~w ❦❛✐ pr~w~v✳ ❆✉%@❝

❡0♥❛✐ ❡♥ ❣@♥❡✐ ❞✐❛❢♦2❡%✐❦@❝✳ :❛2❛%❤2♦I♠❡ 4♠✇❝ ♦%✐ %❛ %20❣✇♥❛ OBP ❦❛✐ OAQ ,%♦ ❙B➔♠❛

✶✳✶✾ ❡0♥❛✐ 4♠♦✐❛✱ ❦❛✐ ,✉♥❡♣➳❝ |OA| |OP | = |OB| |OQ|✱ ❞❤❧❛❞➔

|~v| |pr~v ~w| = |~w| |pr~w~v| .

❊❼♥ ❥❡✇2➔,♦✉♠❡ ❛♥%0 %✇♥ ♠@%2✇♥ |pr~v ~w| ❦❛✐ |pr~w~v| %❛ ♣2♦,❤♠❛,♠@♥❛ ♠@%2❛ (pr~v ~w) ❦❛✐ (pr~w~v)
✇❝ ♣2♦❝ %♦♥ ♣2♦,❛♥❛%♦❧✐,♠4 ♣♦✉ ♦20③♦✉♥ ,%♦♥ ❢♦2@❛ %♦✉❝ %❛ ♠❤ ♠❤❞❡♥✐❦❼ ❞✐❛♥I,♠❛%❛ ~v ❦❛✐

~w @B♦✉♠❡ ♣❼❧✐ ✐,4%❤%❛✿ %♦ ♣24,❤♠♦ ❡0♥❛✐ %♦ 0❞✐♦✱ ❛❢♦I %❛ pr~w~v ❦❛✐ ~w ❡0♥❛✐ ❛♥%022♦♣❛ ❛❦2✐❜➳❝

4%❛♥ ❦❛✐ %❛ pr~v ~w ❦❛✐ ~v ❡0♥❛✐ ❛♥%022♦♣❛✳ ❙✉♠♣❡2❛0♥♦✉♠❡ ♦%✐ ❤ ♣2♦❜♦❧➔ %♦✉ ~w ,%♦ ~v ❦❛✐ ❤

♣2♦❜♦❧➔ %♦✉ ~v ,%♦ ~w ✐❦❛♥♦♣♦✐♦I♥ %❤ ,B@,❤

|~v| (pr~v ~w) = |~w| (pr~w~v) . ✭✶✳✶✮

❆✉%4❝ ♦ ❛2✐❥♠4❝✱ ♣♦✉ ❞❡♥ ❡①❛2%❼%❛✐ ❛♣4 %♦ ❡❼♥ ♣2♦❜❼❧❧♦✉♠❡ %♦ ~w ,%♦ ~v ➔ %♦ ~v ,%♦ ~w✱ ❡0♥❛✐

%♦ ❡,✇%❡2✐❦4 ❣✐♥4♠❡♥♦ %✇♥ ❣❡✇♠❡%2✐❦➳♥ ❞✐❛♥✉,♠❼%✇♥ ~v ❦❛✐ ~w✳



✷✻ ❊♣"♣❡❞♦ ❦❛✐ ◗➳+♦❝

❖!✐#♠%❝ ✶✳✶✸✳ ❊❼♥ ~v ❦❛✐ ~w ❡)♥❛✐ ♠❤ ♠❤❞❡♥✐❦❼ ❞✐❛♥-.♠❛/❛✱ ♦♥♦♠❼③♦✉♠❡ /♦♥ ♣5❛❣♠❛/✐❦7

❛5✐❥♠7 |~v| (pr~v ~w) ❡#✇,❡!✐❦% ❣✐♥%♠❡♥♦ /♦✉ ~v ❦❛✐ /♦✉ ~w✱ ❦❛✐ /♦ .✉♠❜♦❧)③♦✉♠❡

~v · ~w = |~v| (pr~v ~w).

❊❼♥ ;♥❛ ❛♣7 /❛ ❞✐❛♥-.♠❛/❛ ~v, ~w ❡)♥❛✐ ♠❤❞❡♥✐❦7✱ ♦5)③♦✉♠❡ ~v · ~w = 0.

<❛5❛/❤5♦-♠❡ ♦/✐ /♦ ❡.✇/❡5✐❦7 ❣✐♥7♠❡♥♦ ❡)♥❛✐ ❦❛❧❼ ♦5✐.♠;♥♦ .❡ ❡❧❡-❥❡5❛ ❞✐❛♥-.♠❛/❛✱ ❛❢♦-

❛✉/7 ✐.?-❡✐ ❣✐❛ /♦ ♠;/5♦ ❦❛✐ /❤♥ ♣5♦❜♦❧➔✳

❙/❤ .✉♥;?❡✐❛ ❥❛ ❡①❡/❼.♦✉♠❡ /❤ .?;.❤ /❤❝ ♣5♦❜♦❧➔❝ ❦❛✐ /♦✉ ❡.✇/❡5✐❦♦- ❣✐♥♦♠;♥♦✉ ♠❡ /✐❝

♣5❼①❡✐❝ /❤❝ ♣57.❥❡.❤❝ ❞✐❛♥✉.♠❼/✇♥ ❦❛✐ /♦✉ ♣♦❧❧❛♣❧❛.✐❛.♠♦- ♠❡ ❛5✐❥♠7✳

▲➔♠♠❛ ✶✳✽ ❍ ♣"♦❜♦❧➔ ❡(♥❛✐ ,✉♠❜❛/➔ ♠❡ /✐❝ ♣"❼①❡✐❝ /❤❝ ♣"4,❥❡,❤❝ ❦❛✐ /♦✉ ♣♦❧❧❛♣❧❛,✐❛✲

,♠♦8 ♠❡ ❛"✐❥♠4✳ ❙✉❣❦❡❦"✐♠<♥❛✱ ❡❼♥ ~v ❡(♥❛✐ ♠❤ ♠❤❞❡♥✐❦4 ❞✐❼♥✉,♠❛✱ ~u✱ ~w ❡(♥❛✐ ❞✐❛♥8,♠❛/❛

❦❛✐ a ∈ R✱ ✐,?8♦✉♥ ♦✐ ✐,4/❤/❡❝

❛@✳ pr~v(~u+ ~w) = pr~v~u+ pr~v ~w

❜@✳ pr~v(a ~w) = a pr~v ~w

❙?➔♠❛ ✶✳✷✷✿ <5♦❜♦❧➔ ❛❥5♦).♠❛/♦❝✳

❆♣%❞❡✐①❤✳ <❛5❛♣;♠♣♦✉♠❡ ./♦ ❙?➔♠❛ ✶✳✷✷✳ ❆♣♦❞❡✐❦♥-♦✉♠❡ /♦ ❛H✳ ❏;/♦✉♠❡ pr~v~u =
−−→
OQ✱

pr~v ~w =
−−→
OP ❦❛✐ pr~v(~u + ~w) =

−−→
OR✳ ❍ ♣❛5❼❧❧❤❧♦❝ ♣5♦❝ /❤♥ ε ❛♣♦ /♦ B /;♠♥❡✐ /❤♥ ❦❼❥❡/♦

♣5♦❝ /❤♥ ε ❛♣♦ /♦ C ./♦ .❤♠❡)♦ D✳ ❚❛ /5)❣✇♥❛ OAQ ❦❛✐ BCD ❡)♥❛✐ ).❛✳ ✬❆5❛ (OQ) =

(BD) = (PR)✳ ❆♣7 /♦♥ ❦❛♥7♥❛ /♦✉ Chasles (OR) = (OP ) + (PR)✱ ❦❛✐ .✉♥❡♣➳❝ (OR) =

(OP ) + (OQ). ✬❆5❛

−−→
OR =

−−→
OQ+

−−→
OP.

❚♦ ❜H ❛♣♦❞❡✐❦♥-❡/❛✐ ❛♥❼❧♦❣❛✳



❑❡❢❼❧❛✐♦ ✶ ●❡✇♠❡,-✐❦❼ ❞✐❛♥12♠❛,❛ 2,♦ ❡♣4♣❡❞♦ ✷✼

�

❉!❛#$❤!✐'$❤$❛ ✶✳✶✽ ❚❛ ❞✐❛♥'(♠❛*❛ ~v✱ ~w ❦❛✐ ~u *❤❝ ❉0❛(*❤0✐1*❤*❛❝ ✶✳✶✼ ✐❦❛♥♦✲

♣♦✐♦'♥ *❤ (78(❤ ~u = ~v − ~w✳ ◗0❤(✐♠♦♣♦✐➔(*❡ ❛✉*➔ *❤ (78(❤ ❣✐❛ ♥❛ ✉♣♦❧♦❣?(❡*❡ *❤♥

♣0♦❜♦❧➔ pr~w~u✳ ❇0?(❦❡*❡ *❤♥ ?❞✐❛ (78(❤ ♣♦✉ ❜0➔❦❛*❡ (*❤ ❉0❛(*❤0✐1*❤*❛ ✶✳✶✼❄

❖✐ ❦✉0✐1*❡0❡❝ ✐❞✐1*❤*❡❝ *♦✉ ❡(✇*❡0✐❦♦' ❣✐♥♦♠8♥♦✉ (✉♥♦②?③♦♥*❛✐ (*❤♥ ❛❦1❧♦✉❥❤ ♣01*❛(❤

+!'$❛#❤ ✶✳✾ ❊❼♥ ~u, ~v, ~w ❡$♥❛✐ ❞✐❛♥()♠❛+❛ ❦❛✐ a ∈ R✱ ✐).(♦✉♥ +❛ ❛❦1❧♦✉❥❛✿

❛5✳ ~u · ~v = ~v · ~u✱

❜5✳ (a ~u) · ~v = a (~u · ~v)✱

❣5✳ ~u · (~v + ~w) = ~u · ~v + ~u · ~w✱

❞5✳ ~u · ~u ≥ 0 ❦❛✐ |~u| =
√
~u · ~u✳

❡5✳ ❊❼♥ +❛ ❞✐❛♥()♠❛+❛ ~u ❦❛✐ ~v ❞❡♥ ❡$♥❛✐ ♠❤❞❡♥✐❦❼✱ +1+❡ ~u · ~v = 0 ❡❼♥ ❦❛✐ ♠1♥♦ ❡❼♥ +❛

❞✐❛♥()♠❛+❛ ~u ❦❛✐ ~v ❡$♥❛✐ ❦❼❥❡+❛ ♠❡+❛①( +♦✉❝✳

❆♣'❞❡✐①❤✳ ❚♦ ✭❛I✮ ❡?♥❛✐ (✉♥8♣❡✐❛ *❤❝ ✭✶✳✶✮✳

❚❛ ✭❜I✮ ❦❛✐ ✭❣I✮ ♣0♦❦'♣*♦✉♥ ❛♣1 *♦ ▲➔♠♠❛ ✶✳✽✳

●✐❛ *♦ ✭❞I✮✱ ♣❛0❛*❤0♦'♠❡ ♦*✐ pr~u~u = ~u✱ ❦❛✐ ♣✇❝ ❡❼♥ *♦ ~u ❞❡♥ ❡?♥❛✐ ♠❤❞❡♥✐❦1✱ *♦ ♣0♦(❤♠❛(♠8♥♦

♠8*0♦ *♦✉ ~u ✇❝ ♣0♦❝ *♦♥ ❼①♦♥❛ ♣♦✉ ♦0?③❡✐ *♦ ?❞✐♦ ❡?♥❛✐ ?(♦ ♠❡ *♦ ♠8*0♦ *♦✉✳ ✬❆0❛

~u · ~u = |~u| (pr~u~u) = |~u| |~u| = |~u|2 ≥ 0.

●✐❛ *♦ ✭❡I✮ ♣❛0❛*❤0♦'♠❡ ♦*✐ ❡❼♥ *❛ ❞✐❛♥'(♠❛*❛ ❡?♥❛✐ ❦❼❥❡*❛✱ *1*❡ ❤ ♦0❥♦❣➳♥✐❛ ♣0♦❜♦❧➔ ❡?♥❛✐

*♦ ♠❤❞❡♥✐❦1 ❞✐❼♥✉(♠❛✱ ❦❛✐ (✉♥❡♣➳❝ ~u·~v = 0✳ ❆♥*?(*0♦❢❛✱ ❡❼♥ *❛ ❞✐❛♥'(♠❛*❛ ❞❡♥ ❡?♥❛✐ ❦❼❥❡*❛✱

*1*❡ ❤ ❦❼❥❡*♦❝ ❛♣1 *♦ ♣80❛❝ *♦✉ ~v *8♠♥❡✐ *♦♥ ❢♦08❛ *♦✉ ~u (❡ (❤♠❡?♦ ❞✐❛❢♦0❡*✐❦1 ❛♣1 *♦ O✱

❦❛✐ (✉♥❡♣➳❝ ❤ ♣0♦❜♦❧➔ pr~u~v ❡?♥❛✐ ♠❤ ♠❤❞❡♥✐❦1 ❞✐❼♥✉(♠❛✳ ✬❆0❛ ~u · ~v 6= 0✳

�

T❛0❛*❤0♦'♠❡ ♦*✐ ❣✐❛ *♦ ❡(✇*❡0✐❦1 ❣✐♥1♠❡♥♦ ❞❡♥ ✐#34❡✐ ♦ ❦❛♥'♥❛❝ $❤❝ ❞✐❛❣!❛❢➔❝✱

♣♦✉ ✐(7'❡✐ (*♦♥ ♣♦❧❧❛♣❧❛(✐❛(♠1 ❛0✐❥♠➳♥✳ ❊❼♥ ~u 6= 0 ❦❛✐ ~u · ~v = ~u · ~w✱ ❞❡♥ ♠♣♦0♦'♠❡ ♥❛

(✉♠♣❡0❼♥♦✉♠❡ ♦*✐ ~v = ~w✳ ❚♦ ♠1♥♦ (✉♠♣80❛(♠❛ ♣♦✉ ♠♣♦0♦'♠❡ ♥❛ ❜❣❼❧♦✉♠❡ ❡?♥❛✐ ♦*✐ ~v − ~w

❡?♥❛✐ ❡?*❡ 0 ❡?*❡ ❦❼❥❡*♦ ♣0♦❝ *♦ ~u✳

❉!❛#$❤!✐'$❤$❛ ✶✳✶✾ ●✐❛ *❛ ❞✐❛♥'(♠❛*❛ ~v✱ ~w ❦❛✐ ~u *❤❝ ❉0❛(*❤0✐1*❤*❛❝ ✶✳✶✼

✉♣♦❧♦❣?(❡*❡ *❛ ❡(✇*❡0✐❦❼ ❣✐♥1♠❡♥❛ ~v · ~w ❦❛✐ ~u · ~w✱ ❡❼♥ *♦ ♠➔❦♦❝ *❤❝ ♣❧❡✉0❼❝ *♦✉

*0✐❣➳♥♦✉ ❡?♥❛✐ ✶✳

●✇♥#❛ ♠❡'❛①) ❞)♦ ❞✐❛♥✉.♠❼'✇♥

❉'♦ ♠❤ ♠❤❞❡♥✐❦❼ ❞✐❛♥'(♠❛*❛ ♠❡ *❤♥ ?❞✐❛ ❛07➔ (7❤♠❛*?③♦✉♥ ♠?❛ ❣✇♥?❛✳ ❏❛ 70❤(✐♠♦♣♦✐➔(♦✉♠❡

❞'♦ *01♣♦✉❝ ♥❛ ♠❡*0➔(♦✉♠❡ ❛✉*➔ *❤ ❣✇♥?❛✳ ❊?*❡ ✇❝ *❤♥ ❦✉0*➔ ❣✇♥?❛ ♠❡*❛①' *✇♥ ❞'♦ ❞✐❛♥✉✲

(♠❼*✇♥✱ ♣♦✉ ♣❛?0♥❡✐ *✐♠8❝ ❛♣1 0 8✇❝ π✱ ❡?*❡ ✇❝ ♣0♦(❤♠❛(♠8♥❤ ❣✇♥?❛ (❡ ♣0♦(❛♥❛*♦❧✐(♠8♥♦



✷✽ ❊♣"♣❡❞♦ ❦❛✐ ◗➳+♦❝

❡♣$♣❡❞♦✱ ♣♦✉ ♣❛$*♥❡✐ -✐♠/❝ 1-♦ ❞✐❼1-❤♠❛ (−π, π]✳

❖!✐#♠%❝ ✶✳✶✹✳ ❍ ❣✇♥-❛ ♠❡-❛①7 ❞7♦ ♠❤ ♠❤❞❡♥✐❦➳♥ ❞✐❛♥✉1♠❼-✇♥ ~u =
−→
OA ❦❛✐ ~v =

−−→
OB

♦*$③❡-❛✐ ✇❝ ❤ ❦✉*-➔ ❣✇♥$❛ ÂOB = ϑ✱ ❤ ♦♣♦$❛ ♣❛$*♥❡✐ -✐♠/❝ 1-♦ ❞✐❼1-❤♠❛ 0 ≤ ϑ ≤ π✳ ❏❛

-❤ 1✉♠❜♦❧$③♦✉♠❡ ∠(~u, ~v)✳

❊❼♥ /B♦✉♠❡ ♣*♦1❛♥❛-♦❧$1❡✐ -♦ ❡♣$♣❡❞♦✱ ❡♣✐❧/❣♦♥-❛❝ ♠$❛ ❢♦*❼ ♣❡*✐1-*♦❢➔❝ ✇❝ ❥❡-✐❦➔

✶

✱

-E-❡ ❤ ❣✇♥$❛ ♠♣♦*❡$ ♥❛ ❡$♥❛✐ ❥❡-✐❦➔ ➔ ❛*♥❤-✐❦➔✳

❙B➔♠❛ ✶✳✷✸✿ J*♦1❤♠❛1♠/♥❤ ❣✇♥$❛ ♠❡-❛①7 ❞7♦ ❞✐❛♥✉1♠❼-✇♥✳

❖!✐#♠%❝ ✶✳✶✺✳ ❍ ♣!♦#❤♠❛#♠3♥❤ ❣✇♥-❛ ∡(~u, ~v) ♦*$③❡-❛✐ ✇❝ ❤ ❣✇♥$❛ ♣❡*✐1-*♦❢➔❝

ϑ✱ ♠❡ -✐♠/❝ 1-♦ ❞✐❼1-❤♠❛ −π < ϑ ≤ π✱ ♣♦✉ ❞✐❛❣*❼❢❡✐ -♦ ❞✐❼♥✉1♠❛ ~u E-❛♥ 1-*/❢❡-❛✐ 1-♦

❡♣$♣❡❞♦ ❣✐❛ ♥❛ 1✉♠♣/1❡✐ ♠❡ -♦ ~v✱ ❙B➔♠❛ ✶✳✷✸✳

J❛*❛-❤*♦7♠❡ ♦-✐ ∠(~u, ~v) = ∠(~v, ~u)✳ ●✐❛ -❤♥ ♣*♦1❤♠❛1♠/♥❤ ❣✇♥$❛✱ ❡❼♥ ∡(~u, ~v) 6= π✱ -E-❡

∡(~v, ~u) = −∡(~u, ~v)✳
▼♣♦*♦7♠❡ ♥❛ ❡❧/❣①♦✉♠❡ ♦-✐ ❤ ❣✇♥$❛ ♠❡-❛①7 ❞7♦ ❞✐❛♥✉1♠❼-✇♥ ❦❛✐ ♦ ♣*♦1❛♥❛-♦❧✐1♠E❝ -♦✉

❡♣✐♣/❞♦✉ ❡$♥❛✐ ❛♠❡-❼❜❧❤-❛ ❛♣E ♣❛*❼❧❧❤❧❤ ♠❡-❛❢♦*❼✳ ❙✉♥❡♣➳❝ ❤ ❣✇♥$❛ ❦❛✐ ❤ ♣*♦1❤♠❛1♠/♥❤

❣✇♥$❛ ♠❡-❛①7 ❞7♦ ❡❧❡7❥❡*✇♥ ❞✐❛♥✉1♠❼-✇♥ ❡$♥❛✐ ❦❛❧❼ ♦*✐1♠/♥❡❝✳

❉!❛#5❤!✐%5❤5❛ ✶✳✷✵ ❙❤♠❡✐➳1-❡ -❛ 1❤♠❡$❛ A✱ B✱ C 1-✐❝ ❦♦*✉❢/❝ ❡♥E❝ ✐1E♣❧❡✉✲

*♦✉ -*✐❣➳♥♦✉✱ ❦❛✐ ✉♣♦❧♦❣$1-❡ -✐❝ ❣✇♥$❡❝ ∠(
−−→
AB,

−→
AC)✱ ∠(

−−→
BC,

−→
AC) ❦❛✐ ∠(

−−→
BA,

−→
AC)✳

❯♣♦❧♦❣$1-❡ ❡♣$1❤❝ -✐❝ ♣*♦1❤♠❛1♠/♥❡❝ ❣✇♥$❡❝ ∡(
−−→
AB,

−→
AC)✱ ∡(

−−→
BC,

−→
AC) ❦❛✐

∡(
−−→
BA,

−→
AC)✳

❚♦ 1✉♥❤♠$-♦♥♦ -❤❝ ❣✇♥$❛❝ ♠❡-❛①7 ❞7♦ ❞✐❛♥✉1♠❼-✇♥ ✉♣♦❧♦❣$③❡-❛✐ 1✉♥❛*-➔1❡✐ -❤❝ ♣*♦❜♦❧➔❝

-♦✉ ❡♥E❝ 1-♦ ❼❧❧♦✱

cos∠(~v, ~w) =
pr~v ~w

|~w| =
pr~w~v

|~v| ,

➔ 1✉♥❛*-➔1❡✐ -♦✉ ❡1✇-❡*✐❦♦7 ❣✐♥♦♠/♥♦✉

cos∠(~v, ~w) =
~u · ~v
|~u| |~v| .

✶

❙✉♥➔❥✇❝ ❥❡✇(♦*♠❡ ❥❡,✐❦➔ ❢♦(❼ ♣❡(✐2,(♦❢➔❝ ,❤♥ ❛♥,5❥❡,❤ ♣(♦❝ ,❤♥ ❦5♥❤2❤ ,✇♥ ❞❡✐❦,➳♥ ,♦✉ (♦❧♦❣✐♦*✳



❑❡❢❼❧❛✐♦ ✶ ●❡✇♠❡,-✐❦❼ ❞✐❛♥12♠❛,❛ 2,♦ ❡♣4♣❡❞♦ ✷✾

❙!"#❤♠❛ ❛♥❛❢♦*❼❝

❍ ♠$❥♦❞♦❝ )❤❝ ❆♥❛❧✉)✐❦➔❝ ●❡✇♠❡)67❛❝ ❜❛97③❡)❛✐ 9)❤♥ ❛♥)✐9)♦7;✐9❤ )✇♥ 9❤♠❡7✇♥ )♦✉ ❡♣✐♣$✲

❞♦✉✱ )✇♥ ❞✐❛♥✉9♠❼)✇♥ ❦❛✐ ❼❧❧✇♥ ❣❡✇♠❡)6✐❦➳♥ ❛♥)✐❦❡✐♠$♥✇♥ ♠❡ 9B♥♦❧❛ ❛6✐❥♠➳♥✱ $)9✐ ➳9)❡

♥❛ ♠♣♦6♦B♠❡ ♥❛ ;6❤9✐♠♦♣♦✐➔9♦✉♠❡ ❛❧❣❡❜6✐❦$❝ ♠❡❥C❞♦✉❝ 9)❤ ♠❡❧$)❤ )♦✉❝✳ ❍ ❛♥)✐9)♦7;✐9❤

❛✉)➔ ♣6♦E♣♦❥$)❡✐ )❤♥ ❡♣✐❧♦❣➔ ❡♥C❝  ✉ "➔♠❛"♦❝ ❛♥❛❢♦*❼❝✳

❖!✐#♠%❝ ✶✳✶✻✳ ❊♣✐❧$❣♦✉♠❡ 9)♦ ❡♣7♣❡❞♦ E2
✱ $♥❛ 9)❛❥❡6C 9❤♠❡7♦ O ❦❛✐ ❞B♦ ♠❤ 9✉❣✲

❣6❛♠♠✐❦❼ ❞✐❛♥B9♠❛)❛ ♠❡ 9❤♠❡7♦ ❡❢❛6♠♦❣➔❝ )♦ O✱ ~u =
−→
OA ❦❛✐ ~v =

−−→
OB✳ ❚❛ ❞✐❛♥B9♠❛)❛ ~u

❦❛✐ ~v ♣6♦9❞✐♦67③♦✉♥ ❞B♦ ❼①♦♥❡❝✱ (ε, ~u) ❦❛✐ (ζ, ~v)✱ ♦✐ ♦♣♦7♦✐ )$♠♥♦♥)❛✐ 9)♦ 9❤♠❡7♦ O✳ ❚♦

❞✐❛)❡)❛❣♠$♥♦ ③❡B❣♦❝ ❛①C♥✇♥ (ε, ~u), (δ, ~v) ♦♥♦♠❼③❡)❛✐ #*#+❤♠❛ ❛♥❛❢♦!❼❝ ❦❛✐ ❥❛ )♦

9✉♠❜♦❧7③♦✉♠❡ ♠❡ (O, ~u, ~v)✱ ❙;➔♠❛ ✶✳✷✹✳ ▲$♠❡ ♦)✐ )♦ 9❤♠❡7♦ O ❡7♥❛✐ ❤ ❛!2➔ +✇♥ ❛①%♥✇♥

)♦✉ 9✉9)➔♠❛)♦❝ ❛♥❛❢♦6❼❝✳

❙;➔♠❛ ✶✳✷✹✿ ❙✉♥)❡)❛❣♠$♥❡❝ ❞✐❛♥B9♠❛)♦❝ ❦❛✐ 9❤♠❡7♦✉ 9❡ ✭♠❤ ♦6❥♦❣➳♥✐♦✮ 9B9)❤♠❛ ❛♥❛❢♦6❼❝✳

❊❼♥ ~w ❡7♥❛✐ ♦♣♦✐♦❞➔♣♦)❡ ❞✐❼♥✉9♠❛ )♦✉ ❡♣✐♣$❞♦✉ E2
✱ $;♦✉♠❡ ❞❡7 ♦)✐ ♠♣♦6♦B♠❡ ♥❛ ❡❦❢6❼✲

9♦✉♠❡ )♦ ~w ✇❝ ❣6❛♠♠✐❦C 9✉♥❞✉❛9♠C

~w = a ~u+ b~v.

❖!✐#♠%❝ ✶✳✶✼✳ ❖✐ ❛6✐❥♠♦7 )♦✉ ❞✐❛)❡)❛❣♠$♥♦✉ ③❡B❣♦✉❝ (a, b) ♦♥♦♠❼③♦♥)❛✐ #✉♥+❡+❛❣♠:✲

♥❡❝ +♦✉ ❞✐❛♥*#♠❛+♦❝ ~w ✇❝ ♣6♦❝ )♦ 9B9)❤♠❛ ❛♥❛❢♦6❼❝ (O, ~u, ~v)✳ ❚❛ ❞✐❛♥B9♠❛)❛ a ~u, b~v

♦♥♦♠❼③♦♥)❛✐ #✉♥✐#+➳#❡❝ )♦✉ ❞✐❛♥B9♠❛)♦❝ ~w ✇❝ ♣6♦❝ )♦ 9B9)❤♠❛ ❛♥❛❢♦6❼❝ (O, ~u, ~v)✳

●✐❛ ❦❼❥❡ 9❤♠❡7♦ C )♦✉ ❡♣✐♣$❞♦✉✱ ❥❡✇6♦B♠❡ )♦ ❞✐❼♥✉9♠❛

−−→
OC✱ )♦ ♦♣♦7♦ ❡❦❢6❼③❡)❛✐ ✇❝

❣6❛♠♠✐❦C❝ 9✉♥❞✉❛9♠C❝ )✇♥ ~u ❦❛✐ ~v✱
−−→
OC = c1~u+ c2~v✳



✸✵ ❊♣"♣❡❞♦ ❦❛✐ ◗➳+♦❝

❖!✐#♠%❝ ✶✳✶✽✳ ❚♦ ❞✐❼♥✉)♠❛

−−→
OC ♦♥♦♠❼③❡.❛✐ ❞✐❼♥✉#♠❛ ❥0#❤❝ ✭➔ ❞✐❛♥✉#♠❛2✐❦➔

❛❦25♥❛✮ .♦✉ )❤♠❡3♦✉ C ✇❝ ♣7♦❝ .♦ )8).❤♠❛ ❛♥❛❢♦7❼❝ (O, ~u, ~v)✳

❖✐ )✉♥.❡.❛❣♠=♥❡❝ (c1, c2) .♦✉ ❞✐❛♥8)♠❛.♦❝

−−→
OC ♦♥♦♠❼③♦♥.❛✐ #✉♥2❡2❛❣♠0♥❡❝ 2♦✉ #❤✲

♠❡5♦✉ C ).♦ )8).❤♠❛ ❛♥❛❢♦7❼❝ (O, ~u, ~v)✳

❉!❛#2❤!✐%2❤2❛ ✶✳✷✶ ❙❤♠❡✐➳).❡ .❛ )❤♠❡3❛ A✱ B✱ C✱ D✱ E✱ F ).✐❝ ❦♦7✉❢=❝ ❡♥B❝

❦❛♥♦♥✐❦♦8 ❡①❛❣➳♥♦✉✱ ❦❛✐ .♦ O ).♦ ❦=♥.7♦ .♦✉ ❡①❛❣➳♥♦✉✳ ❏❡✇7➔).❡ .♦ )8).❤♠❛

❛♥❛❢♦7❼❝ (O, ~u, ~v)✱ ♠❡ ~u =
−→
OA✱ ~v =

−−→
OB✳ ❇7❡3.❡ .✐❝ )✉♥.❡.❛❣♠=♥❡❝ .✇♥ )❤♠❡3✇♥ C✱

D✱ E✱ F ✇❝ ♣7♦❝ .♦ )8).❤♠❛ ❛♥❛❢♦7❼❝ (O, ~u, ~v)✳

❍ ❡♣✐❧♦❣➔ ❡♥B❝ )❤♠❡3♦✉ ❛♥❛❢♦7❼❝ O ).♦ ❡♣3♣❡❞♦ ❞3❞❡✐ ♠3❛ ❛♥.✐).♦✐H3❛ ♠❡.❛①8 .♦✉ )✉♥B❧♦✉

.✇♥ )❤♠❡3✇♥ .♦✉ ❡♣✐♣=❞♦✉ E2
❦❛✐ .♦✉ )✉♥B❧♦✉ TOE

2
.✇♥ ❞✐❛♥✉)♠❼.✇♥ ♠❡ ❛7H➔ ).♦ O✱

E2 ←→ TOE
2 ,

♣♦✉ ❛♣❡✐❦♦♥3③❡✐ .♦ )❤♠❡3♦ C ).♦ ❞✐❼♥✉)♠❛ ❥=)❤❝

−−→
OC✳

❍ ❡♣✐❧♦❣➔ ❡♥B❝ )✉).➔♠❛.♦❝ ❛♥❛❢♦7❼❝ ).♦ ❡♣3♣❡❞♦ ♠❛❝ ❞3❞❡✐ ❡♣✐♣❧=♦♥ ♠3❛ ❛♥.✐).♦✐H3❛ ♠❡.❛✲

①8 .♦✉ )✉♥B❧♦✉ TOE
2
.✇♥ ❞✐❛♥✉)♠❼.✇♥ ♠❡ ❛7H➔ ).♦ O ❦❛✐ .♦✉ )✉♥B❧♦✉ .✇♥ ❞✐❛.❡.❛❣♠=♥✇♥

③❡✉❣➳♥ ♣7❛❣♠❛.✐❦➳♥ ❛7✐❥♠➳♥✱ R2 = {(x, y) : x, y ∈ R}✱

T0E
2 ←→ R

2 ,

♣♦✉ ❛♣❡✐❦♦♥3③❡✐ ❦❼❥❡ ❞✐❼♥✉)♠❛ ♠❡ ❛7H➔ ).♦ O ).✐❝ )✉♥.❡.❛❣♠=♥❡❝ .♦✉ ✇❝ ♣7♦❝ .♦ )8).❤♠❛

❛♥❛❢♦7❼❝✳

❚=❧♦❝✱ ❤ ❡♣✐❧♦❣➔ ❡♥B❝ )✉).➔♠❛.♦❝ ❛♥❛❢♦7❼❝ ).♦ ❡♣3♣❡❞♦ ❞3❞❡✐ ♠3❛ ❛♥.✐).♦✐H3❛ ♠❡.❛①8

.♦✉ )✉♥B❧♦✉ .✇♥ )❤♠❡3✇♥ .♦✉ ❡♣✐♣=❞♦✉ E2
❦❛✐ .♦✉ )✉♥B❧♦✉ .✇♥ ❞✐❛.❡.❛❣♠=♥✇♥ ③❡✉❣➳♥

♣7❛❣♠❛.✐❦➳♥ ❛7✐❥♠➳♥✱ R2
✱

E2 ←→ R
2 ,

♣♦✉ ❛♣❡✐❦♦♥3③❡✐ ❦❼❥❡ )❤♠❡3♦ .♦✉ ❡♣✐♣=❞♦✉ ).✐❝ )✉♥.❡.❛❣♠=♥❡❝ .♦✉ ✇❝ ♣7♦❝ .♦ )8).❤♠❛ ❛♥❛✲

❢♦7❼❝✳

❉!❛#2❤!✐%2❤2❛ ✶✳✷✷ ●✐❛ .♦ )8).❤♠❛ ❛♥❛❢♦7❼❝ (O, ~u, ~v) .❤❝ ❉7❛).❤7✐B.❤.❛❝

✶✳✷✶✱ )H❡❞✐❼).❡ .❛ )❤♠❡3❛ ♠❡ )✉♥.❡.❛❣♠=♥❡❝ (2, 2)✱ (2, −1) ❦❛✐ (−2, 1)✳
❊❼♥ ♦✐ )✉♥.❡.❛❣♠=♥❡❝ .♦✉ ❞✐❛♥8)♠❛.♦❝ ~w ✇❝ ♣7♦❝ .♦ (O, ~u, ~v) ❡3♥❛✐ (−1, 3)✱ ❜7❡3.❡
.✐❝ )✉♥.❡.❛❣♠=♥❡❝ .✇♥ ❞✐❛♥✉)♠❼.✇♥ ~u + ~w✱ ~w − ~v✱ 2~w + ~u✱ ❦❛✐ )H❡❞✐❼).❡ .❛ )❤♠❡3❛

♣♦✉ =H♦✉♥ ❛✉.❼ .❛ ❞✐❛♥8)♠❛.❛ ✇❝ ❞✐❛♥8)♠❛.❛ ❥=)❤❝✳

❙.❤ )✉♥=H❡✐❛ ❥❛ ♣❡7✐♦7✐).♦8♠❡ )❡ ♦!❥♦❣➳♥✐❛ )✉).➔♠❛.❛ ❛♥❛❢♦7❼❝✱ ❞❤❧❛❞➔ ❛✉.❼ ).❛

♦♣♦3❛ ♦✐ ❞8♦ ❼①♦♥❡❝ .=♠♥♦♥.❛✐ )❡ ♦7❥➔ ❣✇♥3❛✳ ▼♣♦7♦8♠❡ ♥❛ ❛♥.✐❦❛.❛).➔)♦✉♠❡ .❛ ❞✐❛♥8)♠❛.❛

~u, ~v ♠❡ .❛ ❛♥.3).♦✐H❛ ♠♦♥❛❞✐❛5❛ ❞✐❛♥8)♠❛.❛✱ ❞❤❧❛❞➔ ❞✐❛♥8)♠❛.❛ ♠➔❦♦✉❝ 1✱

~i =
1

|~u| ~u ,
~j =

1

|~v| ~v .



❑❡❢❼❧❛✐♦ ✶ ●❡✇♠❡,-✐❦❼ ❞✐❛♥12♠❛,❛ 2,♦ ❡♣4♣❡❞♦ ✸✶

❙#➔♠❛ ✶✳✷✺✿ ❖,❥♦❦❛♥♦♥✐❦2 3435❤♠❛ ❛♥❛❢♦,❼❝✳

✬❊♥❛ 3435❤♠❛ ❛♥❛❢♦,❼❝ ♠❡ ♦,❥♦❣➳♥✐♦✉❝ ❼①♦♥❡❝ ❦❛✐ ♠♦♥❛❞✐❛B❛ ❞✐❛♥43♠❛5❛ ♦♥♦♠❼③❡5❛✐ ♦!❥♦✲

❦❛♥♦♥✐❦(✱ ❙#➔♠❛ ✶✳✷✺✳

❉!❛*+❤!✐(+❤+❛ ✶✳✷✸ ❙#❡❞✐❼35❡ 5❛ 3❤♠❡B❛ A✱ B✱ C 35✐❝ ❦♦,✉❢E❝ ❡♥2❝ ♦,❥♦✲

❣✇♥B♦✉ 5,✐❣➳♥♦✉ ♠❡ ♠➔❦❤ ♣❧❡✉,➳♥ |AB| = 3✱ |BC| = 4 ❦❛✐ |AC| = 5✳ ❏❡✇,➔35❡

5♦ 3435❤♠❛ ❛♥❛❢♦,❼❝ (B, ~u, ~v) ♠❡ ~u =
−−→
BA✱ ~v =

−−→
BC✳ ❙❤♠❡✐➳35❡ 5♦ 3❤♠❡B♦ D ♠❡

3✉♥5❡5❛❣♠E♥❡❝ (1, 1) ✇❝ ♣,♦❝ 5♦ (B, ~u, ~v)✳

❏❡✇,➔35❡ 5♦ ♦,❥♦❦❛♥♦♥✐❦2 3435❤♠❛ ❛♥❛❢♦,❼❝ (B, ~i, ~j)✱ 2♣♦✉ ~i ❦❛✐ ~j ❡B♥❛✐ 5❛ ♠♦♥❛✲

❞✐❛B❛ ❞✐❛♥43♠❛5❛ ♣♦✉ ♣,♦❦4♣5♦✉♥ ❛♣2 5❛ ~u ❦❛✐ ~v ❛♥5B35♦✐#❛✳ ❙❤♠❡✐➳35❡ 5♦ 3❤♠❡B♦ E

♠❡ 3✉♥5❡5❛❣♠E♥❡❝ (1, 1) ✇❝ ♣,♦❝ 5♦ 3435❤♠❛ ❛♥❛❢♦,❼❝ (B, ~i, ~j)✳ ❇,❡B5❡ 5✐❝ 3✉♥5❡✲

5❛❣♠E♥❡❝ 5♦✉ D ✇❝ ♣,♦❝ 5♦ 3435❤♠❛ ❛♥❛❢♦,❼❝ (B, ~i, ~j)✳

❚♦ ❛❦2❧♦✉❥♦ ▲➔♠♠❛ ❞❡B#♥❡✐ ♦5✐ ♦✐ 3✉♥5❡5❛❣♠E♥❡❝ ❡♥2❝ ❞✐❛♥43♠❛5♦❝ ✇❝ ♣,♦❝ E♥❛ ♦,❥♦❦❛✲

♥♦♥✐❦2 3435❤♠❛ ❛♥❛❢♦,❼❝ 3#❡5B③♦♥5❛✐ ♠❡ 5♦ ❡3✇5❡,✐❦2 ❣✐♥2♠❡♥♦✳

▲➔♠♠❛ ✶✳✶✵ ✬❊"#✇ (O, ~i, ~j) ♦&❥♦❦❛♥♦♥✐❦, "-"#❤♠❛ ❛♥❛❢♦&❼❝✳ ❚,#❡ ♦✐ "✉♥#❡#❛❣♠8♥❡❝

(a, b) ❡♥,❝ ❞✐❛♥-"♠❛#♦❝ ~w = a~i + b~j ❞:❞♦♥#❛✐ ❛♣, #♦ ❡"✇#❡&✐❦, ❣✐♥,♠❡♥♦ #♦✉ ~w ♠❡ #❛

❛♥#:"#♦✐<❛ ❞✐❛♥-"♠❛#❛ #♦✉ "✉"#➔♠❛#♦❝ ❛♥❛❢♦&❼❝✿

a = ~w ·~i , b = ~w ·~j

❆♣(❞❡✐①❤✳ ❙❡ E♥❛ ♦,❥♦❦❛♥♦♥✐❦2 3435❤♠❛

~i ·~i = ~j ·~j = 1 ❦❛✐

~i ·~j = ~j ·~i = 0✳ ❯♣♦❧♦❣B③♦✉♠❡

5❛ ❡3✇5❡,✐❦❼ ❣✐♥2♠❡♥❛✱ ❙#➔♠❛ ✶✳✷✻✱

~w ·~i = (a~i+ b~j) ·~i
= a~i ·~i+ b~j ·~i
= a

❦❛✐ ♣❛,2♠♦✐❛✱

~w ·~j = b .

�



✸✷ ❊♣"♣❡❞♦ ❦❛✐ ◗➳+♦❝

❙#➔♠❛ ✶✳✷✻✿ ❙✉♥-❡-❛❣♠0♥❡❝ ✇❝ ♣4♦❝ ♦4❥♦❦❛♥♦♥✐❦9 :;:-❤♠❛ ❛♥❛❢♦4❼❝✳

❏❡✇4♦;♠❡ ♦4❥♦❦❛♥♦♥✐❦9 :;:-❤♠❛ ❛♥❛❢♦4❼❝ (O, ~i, ~j)✱ ❦❛✐ ❞✐❛♥;:♠❛-❛ ~u, ~v ♠❡ :❤♠❡B♦ ❡✲

❢❛4♠♦❣➔❝ :-♦ O ❦❛✐ :✉♥-❡-❛❣♠0♥❡❝ (u1, u2)✱ (v1, v2) ❛♥-B:-♦✐#❛ ✭❞❤❧❛❞➔ ~u = u1~i+u2~j ❦❛✐

~v = v1~i+ v2~j✮✳ ❚9-❡ -♦ ❼❥4♦✐:♠❛ ~u+ ~v 0#❡✐ :✉♥-❡-❛❣♠0♥❡❝ (u1 + v1, u2 + v2)✱ ❞❤❧❛❞➔

~u+ ~v = (u1 + v1)~i+ (u2 + v2)~j,

❦❛✐ ❡❼♥ a ∈ R✱ -♦ ❣✐♥9♠❡♥♦ a ~u 0#❡✐ :✉♥-❡-❛❣♠0♥❡❝ (au1, au2)✱ ❞❤❧❛❞➔

a ~u = au1~i+ au2~j.

❯♣♦❧♦❣B③♦✉♠❡ -♦ ❡:✇-❡4✐❦9 ❣✐♥9♠❡♥♦ -✇♥ ❞✐❛♥✉:♠❼-✇♥ ~u ❦❛✐ ~v✿

~u · ~v = (u1~i+ u2~j) · (v1~i+ v2~j)

= u1v1~i ·~i+ u1v2~i ·~j + u2v1~j ·~i+ u2v2~j ·~j .

❆❧❧❼

~i ·~i = ~j ·~j = 1 ❦❛✐

~i ·~j = ~j ·~i = 0✱ ❼4❛

~u · ~v = u1v1 + u2v2 .

❚♦ ♠0-4♦ -♦✉ ❞✐❛♥;:♠❛-♦❝ ~u ❡B♥❛✐

|~u| =
√
~u · ~u

=

√

(u1~i+ u2~j) · (u1~i+ u2~j)

=

√

u12~i ·~i+ u1u2~i ·~j + u2u1~j ·~i+ u22~j ·~j
=

√

u12 + u22.

❉!❛#$❤!✐'$❤$❛ ✶✳✷✹ ●✐❛ -❛ ❞✐❛♥;:♠❛-❛ ~u, ~v✱ -❛ :❤♠❡B❛ D, E ❦❛✐ -♦ ♦4❥♦❦❛♥♦✲

♥✐❦9 :;:-❤♠❛ ❛♥❛❢♦4❼❝ (B, ~i, ~j) -❤❝ ❉4❛:-❤4✐9-❤-❛❝ ✶✳✷✸✱ ✉♣♦❧♦❣B:-❡✿

❛M✳ -✐❝ :✉♥-❡-❛❣♠0♥❡❝ -✇♥ ❞✐❛♥✉:♠❼-✇♥ ~u✱ ~v✱ 2~u+ ~v✱
−−→
BD✱

−−→
BD −−−→BE✱

❜M✳ -♦ ❡:✇-❡4✐❦9 ❣✐♥9♠❡♥♦

−−→
BE · −−→BD✱

❣M✳ -♦ ♠0-4♦ -♦✉ ❞✐❛♥;:♠❛-♦❝

−−→
BD✳



❑❡❢❼❧❛✐♦ ✶ ●❡✇♠❡,-✐❦❼ ❞✐❛♥12♠❛,❛ 2,♦ ❡♣4♣❡❞♦ ✸✸

❙✉♥#❡#❛❣♠(♥❡❝ ❡❧❡+❥❡-♦✉ ❞✐❛♥+1♠❛#♦❝

❏❡✇$♦&♠❡ ♦$❥♦❦❛♥♦♥✐❦- .&./❤♠❛ ❛♥❛❢♦$❼❝ (O, ~i, ~j)✱ ❦❛✐ .❤♠❡5❛ A, B, C, D ♠❡ .✉♥/❡/❛❣✲

♠9♥❡❝ (a1, a2), (b1, b2), (c1, c2) ❦❛✐ (d1, d2) ❛♥/5./♦✐:❛✱ ❙:➔♠❛ ✶✳✷✼✳ ❊❼♥

−−→
AB ∼ −−→CD✱ /-/❡✱

❛♣- /❛ 5.❛ /$5❣✇♥❛ ABM ❦❛✐ CDN ♣$♦❦&♣/❡✐ ♦/✐

b1 − a1 = d1 − c1 ❦❛✐ b2 − a2 = d2 − c2 ✭✶✳✷✮

❙✉♠♣❡$❛5♥♦✉♠❡ ♦/✐ ♦✐ ❛$✐❥♠♦5 v1 = b1−a1 ❦❛✐ v2 = b2−a2 ❞❡♥ ❡①❛$/➳♥/❛✐ ❛♣- /♦ .✉❣❦❡❦$✐♠9♥♦

❛♥/✐♣$-.✇♣♦

−−→
AB✱ ❛❧❧❼ :❛$❛❦/❤$5③♦✉♥ /♦ ❡❧❡&❥❡$♦ ❞✐❼♥✉.♠❛ ~v =

−−→
AB✳

❙:➔♠❛ ✶✳✷✼✿ ❖✐ .✉♥/❡/❛❣♠9♥❡❝ /♦✉ ❡❧❡&❥❡$♦✉ ❞✐❛♥&.♠❛/♦❝ ❞❡♥ ❡①❛$/➳♥/❛✐ ❛♣- /♦♥ ❛♥/✐♣$-✲

.✇♣♦✳

❖!✐#♠%❝ ✶✳✶✾✳ ❙✉♥-❡-❛❣♠1♥❡❝ /♦✉ ❡❧❡&❥❡$♦✉ ❞✐❛♥&.♠❛/♦❝ ~v ✇❝ ♣$♦❝ /♦ ♦$❥♦❦❛♥♦✲

♥✐❦- .&./❤♠❛ ❛♥❛❢♦$❼❝ (O, ~i, ~j)✱ ❡5♥❛✐ ♦✐ ❛$✐❥♠♦5

v1 = b1 − a1 ❦❛✐ v2 = b2 − a2,

-♣♦✉ (a1, a2) ❡5♥❛✐ ♦✐ .✉♥/❡/❛❣♠9♥❡❝ /❤❝ ❛$:➔❝ A ❦❛✐ (b1, b2) ❡5♥❛✐ ♦✐ .✉♥/❡/❛❣♠9♥❡❝ /♦✉

♣9$❛/♦❝ B ❦❼♣♦✐♦✉ ❛♥/✐♣$♦.➳♣♦✉

−−→
AB /♦✉ ~v✳

❊❼♥ v1 6= 0✱ ♦♥♦♠❼③♦✉♠❡ #✉♥-❡❧❡#-➔ ❞✐❡5❥✉♥#❤❝ /♦✉ ~v /♦♥ ❛$✐❥♠- λ =
v2

v1
✳

❆♣- /✐❝ ❡①✐.➳.❡✐❝ ✭✶✳✷✮ ❜❧9♣♦✉♠❡ ♦/✐ ❞&♦ ❡❧❡&❥❡$❛ ❞✐❛♥&.♠❛/❛ ❡5♥❛✐ 5.❛ ❡❼♥ ❦❛✐ ♠-♥♦♥ ❡❼♥

♦✐ .✉♥/❡/❛❣♠9♥❡❝ /♦✉❝ ❡5♥❛✐ ♠5❛ ♣$♦❝ ♠5❛ 5.❡❝✳

❉!❛#-❤!✐%-❤-❛ ✶✳✷✺ ●✐❛ /♦ ♦$❥♦❦❛♥♦♥✐❦- .&./❤♠❛ ❛♥❛❢♦$❼❝ (B, ~i, ~j) /❤❝ ❉$❛✲

./❤$✐-/❤/❛❝ ✶✳✷✸✱ ❜$❡5/❡ /✐❝ .✉♥/❡/❛❣♠9♥❡❝ /✇♥ ❞✐❛♥✉.♠❼/✇♥

−−→
EC✱

−−→
CD✱

−−→
DC✳ ❙❤♠❡✐➳✲

./❡ /♦ .❤♠❡5♦ F ❣✐❛ /♦ ♦♣♦5♦

−−→
EF 9:❡✐ .✉♥/❡/❛❣♠9♥❡❝ (2, 3)✳


