
❑❡❢❼❧❛✐♦ ✶ ●❡✇♠❡,-✐❦❼ ❞✐❛♥12♠❛,❛ 2,♦ ❡♣4♣❡❞♦ ✶✸

❉✐❼❧❡①❤ ✷

❊❧❡#❥❡%❛ ❞✐❛♥#*♠❛,❛

❙#❤%✐③(♠❡♥♦✐ -#❤♥ ❛%/➔ ♦#✐ ✜✜♣%♦-❥4#♦✉♠❡ ♦♠♦❡✐❞➔ ❛♥#✐❦❡8♠❡♥❛✢✢✱ ♠4/%✐ #➳%❛ ♣❡%✐♦%✐-#➔❦❛♠❡

♥❛ ♦%8-♦✉♠❡ #✐❝ ♣%❼①❡✐❝ -❡ ❞✐❛♥?-♠❛#❛ ♠❡ 4♥❛ ❦♦✐♥( -❤♠❡8♦ ❡❢❛%♠♦❣➔❝✱ #♦ O✳ ❆♥ (♠✇❝ -#✐❝

♣%➳#❡❝ #❼①❡✐❝ #♦✉ ❉❤♠♦#✐❦♦? ♣%♦❜❧❤♠❛#8③❡✐ ❤ ♣%(-❥❡-❤ ✷ ♠➔❧❛ ✰ ✸ ♣♦%#♦❦❼❧✐❛✱ ❛%❣(#❡%❛

#♦ ♣%(❜❧❤♠❛ ①❡♣❡%❼-#❤❦❡✱ ❜❼③♦♥#❛❝ ✜✜♠➔❧❛✢✢ ❦❛✐ ✜✜♣♦%#♦❦❼❧✐❛✢✢ -#❤♥ ❦♦✐♥➔ ❦❛#❤❣♦%8❛ ✜✜❢%♦?✲

#❛✢✢✳ ❑❼#✐ ❛♥❼❧♦❣♦ ❥❛ ❦❼♥♦✉♠❡ #➳%❛✱ ➳-#❡ ♥❛ ♠♣♦%♦?♠❡ ♥❛ ♣%♦-❥4#♦✉♠❡ ❞✐❛♥?-♠❛#❛ ♠❡

❞✐❛❢♦%❡#✐❦❼ -❤♠❡8❛ ❡❢❛%♠♦❣➔❝✳

❆❝ ❞♦?♠❡ ♣%➳#❛ ❦❼♣♦✐❛ ❢✉-✐❦❼ ♣%♦❜❧➔♠❛#❛ -#❛ ♦♣♦8❛ /%❡✐❼③❡#❛✐ ♥❛ -✉♥❥4-♦✉♠❡ ❞✐❛♥?✲

-♠❛#❛ ♠❡ ❞✐❛❢♦%❡#✐❦❼ -❤♠❡8❛ ❡❢❛%♠♦❣➔❝✳

 ❛"❼❞❡✐❣♠❛ ✶✳✶ ▼8❛ ❢✉-✐❦➔ ❡%♠❤♥❡8❛ #✇♥ ❞✐❛♥✉-♠❼#✇♥ ❡8♥❛✐ ❤ ♠❡#❛#(♣✐-❤✱ ❙/➔♠❛ ✶✳✶✷✳

❙/➔♠❛ ✶✳✶✷✿ ❙?♥❥❡-❤ ♠❡#❛#♦♣8-❡✇♥✳

❚♦ ❞✐❼♥✉-♠❛

−−→
AB ♣❡%✐❣%❼❢❡✐ #❤ ♠❡#❛#(♣✐-❤ ❡♥(❝ ❛♥#✐❦❡✐♠4♥♦✉ ❛♣( #♦ -❤♠❡8♦ A -#♦ -❤♠❡8♦

B✳ ❊❼♥ ❦❛#(♣✐♥ #♦ ❛♥#✐❦❡8♠❡♥♦ ♠❡#❛#♦♣✐-❥❡8 ❛♣( #♦ B -#♦ C✱ ❥❛ ❥4❧❛♠❡ ♥❛ ♠♣♦%♦?♠❡ ♥❛

❡❦❢%❼-♦✉♠❡ #❤ -✉♥♦❧✐❦➔ ♠❡#❛#(♣✐-❤ ✇❝ -?♥❥❡-❤ #✇♥ ♠❡#❛#♦♣8-❡✇♥

−−→
AB ❦❛✐

−→
AC✱ ❞❤❧❛❞➔ ✇❝

#♦ ✜✜❼❥%♦✐-♠❛✢✢

−−→
AB +

−−→
BC✱ ❛❧❧❼ #❛ ❞?♦ ❞✐❛♥?-♠❛#❛ ❞❡♥ 4/♦✉♥ ❦♦✐♥( -❤♠❡8♦ ❡❢❛%♠♦❣➔❝✳

 ❛"❼❞❡✐❣♠❛ ✶✳✷ ▼8❛ ❼❧❧❤ ❢✉-✐❦➔ ❡%♠❤♥❡8❛ #✇♥ ❞✐❛♥✉-♠❼#✇♥ ❡8♥❛✐ ❤ #❛/?#❤#❛✳ ❚♦ ❞✐❼✲

❙/➔♠❛ ✶✳✶✸✿ ❙/❡#✐❦➔ #❛/?#❤#❛ #♦✉ A ✇❝ ♣%♦❝ #♦ B✳



✶✹ ❊♣"♣❡❞♦ ❦❛✐ ◗➳+♦❝

♥✉$♠❛ ~v ♠❡ $❤♠❡)♦ ❡❢❛,♠♦❣➔❝ A ♣❛,✐$2❼♥❡✐ 2❤♥ 2❛452❤2❛ ❡♥6❝ ❛♥2✐❦❡✐♠8♥♦✉ 2❤ $2✐❣♠➔ ♣♦✉

❜,)$❦❡2❛✐ $2♦ $❤♠❡)♦ A✳ ❊❼♥ 8♥❛ ❼❧❧♦ ❛♥2✐❦❡)♠❡♥♦ 2❤♥ )❞✐❛ $2✐❣♠➔ ❜,)$❦❡2❛✐ $2♦ $❤♠❡)♦ B

❦❛✐ ❦✐♥❡)2❛✐ ♠❡ 2❛452❤2❛ ~u✱ ❤ $4❡2✐❦➔ 2❛452❤2❛ 2♦✉ A ✇❝ ♣,♦❝ 2♦ B ❢✉$✐♦❧♦❣✐❦❼ ❞)❞❡2❛✐ ❛♣6

2❤ ❞✐❛❢♦,❼ 2✇♥ 2❛4✉2➔2✇♥✱ ~v − ~u✱ ❙4➔♠❛ ✶✳✶✸✳ B❼❧✐✱ 4,❡✐❼③❡2❛✐ ♥❛ $✉♥❥8$♦✉♠❡ ❞✐❛♥5$♠❛2❛

♠❡ ❞✐❛❢♦,❡2✐❦❼ $❤♠❡)❛ ❡❢❛,♠♦❣➔❝✳

 ❛"❼❞❡✐❣♠❛ ✶✳✸ ▼)❛ 2,)2❤ ❢✉$✐❦➔ 8♥♥♦✐❛ ♣♦✉ ♣❛,✐$2❼♥❡2❛✐ ♠❡ ❞✐❛♥5$♠❛2❛ ❡)♥❛✐ ❤ ❞5♥❛♠❤✳

❍ ❞5♥❛♠❤

~F1 ❞,❼ $❡ 8♥❛ $2❡,❡6 $➳♠❛ $2♦ $❤♠❡)♦ A✱ ❡♥➳ ❤ ❞5♥❛♠❤

~F2 ❞,❼ $2♦ $❤♠❡)♦ B✳

B♦✐6 ❥❛ ❡)♥❛✐ 2♦ $✉♥♦❧✐❦6 ❛♣♦28❧❡$♠❛✱ ❤ $✉♥✐$2❛♠8♥❤ ❞5♥❛♠❤❄ ❏❛ ❥8❧❛♠❡ ❛✉26 ♥❛ ❡❦❢,❼③❡2❛✐

♠❡ ❦❼♣♦✐♦ 2,6♣♦ ❛♣6 2♦ ❼❥,♦✐$♠❛ 2✇♥ ❞5♦ ❞✐❛♥✉$♠❼2✇♥

~F1 + ~F2.

❙❡ ❛✉28❝ 2✐❝ ♣❡,✐♣2➳$❡✐❝ ❥8❧♦✉♠❡ ♥❛ ❡①❡2❼$♦✉♠❡ ❞✐❛♥5$♠❛2❛ 4✇,)❝ ♥❛ ❧❛♠❜❼♥♦✉♠❡ ✉♣✢ 6②✐♥

2♦ ❛❦,✐❜8❝ $❤♠❡)♦ $2♦ ♦♣♦)♦ ❡❢❛,♠6③♦♥2❛✐✳ ●✐❛ ♥❛ ♣❡254♦✉♠❡ ❛✉26 ♦,)③♦✉♠❡ ♠)❛ ❦❛✐♥♦5,❣✐❛

8♥♥♦✐❛✱ 2♦ ❡❧❡5❥❡,♦ ❞✐❼♥✉$♠❛✳

❖"✐-♠.❝ ✶✳✼✳ ❚♦ ❡❧❡2❥❡"♦ ❞✐❼♥✉-♠❛ ♣♦✉ ❛♥2✐$2♦✐4❡) $2♦ ❡❢❛,♠♦$26 ❣❡✇♠❡2,✐❦6

❞✐❼♥✉$♠❛ ~u =
−−→
AB ❡)♥❛✐ 2♦ $5♥♦❧♦ 6❧✇♥ 2✇♥ ❞✐❛♥✉$♠❼2✇♥ ♣♦✉ ❡)♥❛✐ ✐$♦❞5♥❛♠❛ ♠❡ 2♦ ~u✱

❞❤❧❛❞➔ ♣♦✉ ♣,♦❦5♣2♦✉♥ ❛♣6 2♦ ~u ♠❡ ♣❛,❼❧❧❤❧❤ ♠❡2❛❢♦,❼✳

B,♦❝ 2♦ ♣❛,6♥ ❥❛ $✉♠❜♦❧)③♦✉♠❡ 2♦ ❡❧❡5❥❡,♦ ❞✐❼♥✉$♠❛ ♣♦✉ ❛♥2✐$2♦✐4❡) $2♦ ~u ♠❡ [~u]✱

❞❤❧❛❞➔

[~u] = {~z ❞✐❛♥5$♠❛ $2♦ ❡♣)♣❡❞♦✱ 282♦✐♦ ➳$2❡ ~z ∼ ~u}.

✬❊2$✐✱ 2♦ ❡❧❡5❥❡,♦ ❞✐❼♥✉$♠❛ ♣♦✉ ❛♥2✐$2♦✐4❡) $2♦ ~u ❡)♥❛✐ 7-♦ ♠❡ 2♦ ❡❧❡5❥❡,♦ ❞✐❼♥✉$♠❛ ♣♦✉

❛♥2✐$2♦✐4❡) $2♦ ~v ❡❼♥ ❦❛✐ ♠6♥♦♥ ❡❼♥ 2♦ ~u ♣,♦❦5♣2❡✐ ❛♣6 2♦ ~v ♠❡ ♣❛,❼❧❧❤❧❤ ♠❡2❛❢♦,❼✱

[~u] = [~v] ❡❼♥ ❦❛✐ ♠6♥♦♥ ❡❼♥ ~u ∼ ~v .

❆♣6 2♦ ▲➔♠♠❛ ✶✳✷ ❣♥✇,)③♦✉♠❡ ♦2✐ ❡❼♥ ❞5♦ ❞✐❛♥5$♠❛2❛ ❡)♥❛✐ ✐$♦❞5♥❛♠❛ ♠❡ 8♥❛ 2,)2♦✱ 262❡ ❡)♥❛✐

❦❛✐ ♠❡2❛①5 2♦✉❝ ✐$♦❞5♥❛♠❛✱ ❦❛✐ $✉♥❡♣➳❝ ❡❼♥ [~u] = [~v] ❦❛✐ [~v] = [~w]✱ 262❡ [~u] = [~w]✱ 6♣✇❝ ❥❛

♣❡,✐♠8♥❛♠❡✳

❉"❛-9❤"✐.9❤9❛ ✶✳✶✶ ❙4❡❞✐❼$2❡ 8♥❛ ♣❛,❛❧❧❤❧6❣,❛♠♠♦ ABCD✳ B♦✐8❝ ❛♣6 2✐❝

❛❦6❧♦✉❥❡❝ $48$❡✐❝ ❡)♥❛✐ ❛❧❤❥❡)❝ ❣✐❛ ❡❢❛,♠♦$2❼ ❞✐❛♥5$♠❛2❛❄ ❊)♥❛✐ ❤ ✐$62❤2❛ ✭❜T✮

❛❧❤❥➔❝ ❣✐❛ ❡❧❡5❥❡,❛ ❞✐❛♥5$♠❛2❛❄

❛T.
−−→
AB ∼

−−→
CD , ❜T.

−−→
AB =

−−→
DC , ❣T.

−−→
AB ‖

−−→
CD .

 !❼①❡✐❝ ♠❡ ❡❧❡)❥❡!❛ ❞✐❛♥).♠❛/❛

●✐❛ ♥❛ ♣,♦$❥8$♦✉♠❡ ❡❧❡5❥❡,❛ ❞✐❛♥5$♠❛2❛ 4,❤$✐♠♦♣♦✐♦5♠❡ ❛♥9✐♣"♦-➳♣♦✉❝ 2✇♥ $✉♥6❧✇♥✱

♠❡ ❦♦✐♥6 $❤♠❡)♦ ❡❢❛,♠♦❣➔❝✳ ❆✉2➔ ❤ ✐❞8❛ ❞❡♥ ❡)♥❛✐ 26$♦ ♣❛,❼①❡♥❤ 6$♦ )$✇❝ ❢❛)♥❡2❛✐ ❛,4✐❦❼✳

❚♦ )❞✐♦ ♣,❼❣♠❛ ❦❼♥♦✉♠❡ 62❛♥ ♣,♦$❥82♦✉♠❡ ❦❧❼$♠❛2❛✿ ✬❊♥❛❝ ,❤26❝ ❛,✐❥♠6❝ ❛♥2✐$2♦✐4❡) $❡ 8♥❛

$5♥♦❧♦ ❦❧❛$♠❼2✇♥ ♣♦✉ 2♦♥ ♣❛,✐$2❼♥♦✉♥✱ ❣✐❛ ♣❛,❼❞❡✐❣♠❛ 2❛ ❦❧❼$♠❛2❛

1

2
, 2

4
, 5

10
, 342

684
6❧❛ ♣❛✲

,✐$2❼♥♦✉♥ 2♦♥ )❞✐♦ ,❤26 ❛,✐❥♠6✳ ●✐❛ ♥❛ ♣,♦$❥8$♦✉♠❡

1

2
❦❛✐

1

3
4,❤$✐♠♦♣♦✐♦5♠❡ ❛♥2✐♣,♦$➳♣♦✉❝



❑❡❢❼❧❛✐♦ ✶ ●❡✇♠❡,-✐❦❼ ❞✐❛♥12♠❛,❛ 2,♦ ❡♣4♣❡❞♦ ✶✺

♣♦✉ %❛✐(✐❼③♦✉♥ ❦❛❧.%❡(❛✱ 1❡ ❛✉%➔ %❤♥ ♣❡(4♣%✇1❤ ❛✉%♦.❝ ♣♦✉ 78♦✉♥ %♦♥ 4❞✐♦ ♣❛(♦♥♦♠❛1%➔✱

❦❛✐ ❣(❼❢♦✉♠❡

1

2
+ 1

3
= 3

6
+ 2

6
= 5

6
✳

❆♥❼❧♦❣❛✱ ❣✐❛ ♥❛ ♣(♦1❥71♦✉♠❡ %❛ ❡❧❡.❥❡(❛ ❞✐❛♥.1♠❛%❛ [~u] ❦❛✐ [~v] 8(❤1✐♠♦♣♦✐♦.♠❡ ❛♥%✐✲

♣(♦1➳♣♦✉❝ ♣♦✉ %❛✐(✐❼③♦✉♥ ❦❛❧.%❡(❛✱ ❞❤❧❛❞➔ ♣♦✉ 78♦✉♥ ❦♦✐♥B 1❤♠❡4♦ ❡❢❛(♠♦❣➔❝✳

❏❡✇(♦.♠❡ %❛ ❡❧❡.❥❡(❛ ❞✐❛♥.1♠❛%❛ [~u] ❦❛✐ [~v]✳ ❙%♦ 1❤♠❡4♦ O 78♦✉♠❡

−→
OA ∼ ~u ❦❛✐

−−→
OB ∼ ~v✳

E(♦1❥7%♦✉♠❡ %❛ ❡❢❛(♠♦1%❼ ❞✐❛♥.1♠❛%❛✱

−→
OA +

−−→
OB =

−−→
OC✳ ❖(4③♦✉♠❡ %♦ ❼❥"♦✐%♠❛ (✇♥

❡❧❡-❥❡"✇♥ ❞✐❛♥✉%♠❼(✇♥ [~u] ❦❛✐ [~v] ♥❛ ❡4♥❛✐ %♦ ❡❧❡.❥❡(♦ ❞✐❼♥✉1♠❛ ♣♦✉ ❛♥%✐1%♦✐8❡4 1%♦

−−→
OC✱

[~u] + [~v] =
[

−−→
OC

]

= [~w] .
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%♦ ❡❧❡.❥❡(♦ ❞✐❼♥✉1♠❛

[

a
−→
OA

]

✱

a [~u] =
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a
−→
OA

]

= [a ~u] .
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2
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❦❛✐
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6
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✱ ❦❛✐
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2
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p
q
= p′

q′
❦❛✐

s
q
= s′

q′
✱ %B%❡ ✐18.❡✐

p+s
q

= p′+s′
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−−→
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−−→
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−−→
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−−→
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−−→
AB✱

−→
AC✱

−−→
BC✱
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−−→
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−→
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−−→
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~AB✳

❉"❛-.❤"✐0.❤.❛ ✶✳✶✷ ❙❤♠❡✐➳%#❡ #❛ %❤♠❡=❛ A✱ B✱ C✱ D %#✐❝ ❦♦/✉❢(❝ ❡♥3❝ #❡#/❛✲

❣➳♥♦✉✱ ❦❛✐ #♦ O %#♦ ❦(♥#/♦ #♦✉ #❡#/❛❣➳♥♦✉✳ ❊❼♥ ~u =
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 !"#❛%❤ ✶✳✺ ❊❼♥ ~u =
−→
OA ❦❛✐ ~v =

−−→
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~v = a ~u .
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+&❤♥ /❞✐❛ ❡✉❥❡/❛✱ ❦❛✐ ❛❢♦% ~u ❞❡♥ ❡/♥❛✐ ♠❤❞❡♥✐❦8✱ |OA| 6= 0✳ ✬❊+&✇ a ♦ ❧8❣♦❝ &✇♥ ♠❤❦➳♥ &✇♥ ~v

❦❛✐ ~u✱ a = |OB|
|OA| ✳ ❚8&❡✱ ❡❼♥ ~u ❦❛✐ ~v ❡/♥❛✐ ♦♠822♦♣❛✱ ~v = a ~u✱ ❡♥➳ ❡❼♥ ~u ❦❛✐ ~v ❡/♥❛✐ ❛♥&/22♦♣❛✱

~v = −a ~u✳

�

❊❼♥ BC♦✉♠❡ ❞%♦ +✉❣❣2❛♠♠✐❦❼ ❞✐❛♥%+♠❛&❛ ~u ❦❛✐ ~v✱ ❛♣8 &❤♥ D28&❛+❤ ✶✳✺✱ ~v = a ~u ❦❛✐

~u+ ~v = (1 + a) ~u✳ ❙✉♥❡♣➳❝ 8❧❛ &❛ ❞✐❛♥%+♠❛&❛ ♣♦✉ ♣❛/2♥♦✉♠❡ ❡❢❛2♠8③♦♥&❛❝ &✐❝ ♣2❼①❡✐❝ &❤❝

♣28+❥❡+❤❝ ❦❛✐ &♦✉ ♣♦❧❧❛♣❧❛+✐❛+♠♦% ♠❡ ❛2✐❥♠8 ❡/♥❛✐ ❡♣/+❤❝ +✉❣❣2❛♠♠✐❦❼✳

❊❼♥ BC♦✉♠❡ ❞%♦ ❞✐❛♥%+♠❛&❛ ~u ❦❛✐ ~v &❛ ♦♣♦/❛ ❞❡♥ ❡/♥❛✐ +✉❣❣2❛♠♠✐❦❼✱ &8&❡ BC♦✉♠❡ ♣❡2✐++8✲

&❡2❡❝ ❞✉♥❛&8&❤&❡❝✱ ✭❙C➔♠❛ ✶✳✶✺✮✳ ❏❛ ❞❡/①♦✉♠❡ ♦&✐ ♠♣♦2♦%♠❡ ♥❛ ♣❼2♦✉♠❡ ❦❼❥❡ ❞✐❼♥✉+♠❛ &♦✉

❡♣✐♣B❞♦✉ ❡❢❛2♠8③♦♥&❛❝ &✐❝ ♣2❼①❡✐❝ +&❛ ~u ❦❛✐ ~v✳

❙C➔♠❛ ✶✳✶✺✿ ●2❛♠♠✐❦♦/ +✉♥❞✉❛+♠♦/ ❞✐❛♥✉+♠❼&✇♥✳

 !"#❛%❤ ✶✳✻ ❊❼♥ /❛ ❞✐❛♥.(♠❛/❛ ~u =
−→
OA ❦❛✐ ~v =

−−→
OB ❞❡♥ ❡'♥❛✐ (✉❣❣+❛♠♠✐❦❼✱ /2/❡ ❣✐❛

❦❼❥❡ ❞✐❼♥✉(♠❛ ~w /♦✉ ❡♣✐♣7❞♦✉✱ ♠❡ ❛+4➔ (/♦ O✱ ~w =
−−→
OC✱ ✉♣❼+4♦✉♥ ♣+❛❣♠❛/✐❦♦' ❛+✐❥♠♦'

a, b ∈ R /7/♦✐♦✐ ➳(/❡

~w = a~u+ b~v .

❆♣"❞❡✐①❤✳ ❆❢♦% &❛ ❞✐❛♥%+♠❛&❛ ~u✱ ~v ❞❡♥ ❡/♥❛✐ +✉❣❣2❛♠♠✐❦❼✱ &❛ +❤♠❡/❛ O✱ A✱ B ❞❡♥

❜2/+❦♦♥&❛✐ +&❤♥ /❞✐❛ ❡✉❥❡/❛✳ ❆♣8 &♦ ❼❦2♦ C &♦✉ ~w✱ ❢B2♦✉♠❡ ♣❛2❼❧❧❤❧♦ ♣2♦❝ &❤♥ OB✱

✭❙C➔♠❛ ✶✳✶✻✮✱ ❦❛✐ ❛✉&➔ &B♠♥❡✐ &❤♥ ❡✉❥❡/❛ OA +&♦ A′✳ ❚♦ ❞✐❼♥✉+♠❛

−−→
OA′ ❡/♥❛✐ +✉❣❣2❛♠♠✐❦8



✶✽ ❊♣"♣❡❞♦ ❦❛✐ ◗➳+♦❝

❙#➔♠❛ ✶✳✶✻✿ ❆♥❼❧✉/❤ ❞✐❛♥3/♠❛4♦❝ /❡ ❣9❛♠♠✐❦; /✉♥❞✉❛/♠;✳

♠❡ 4♦ ~u✱ ❦❛✐ ❛♣; 4❤♥ >9;4❛/❤ ✶✳✺✱

−−→
OA′ = a ~u ❣✐❛ ❦❼♣♦✐♦ a ∈ R✳ >❛9;♠♦✐❛✱ ❢A9♦✉♠❡ ❛♣; 4♦

C ♣❛9❼❧❧❤❧♦ ♣9♦❝ 4❤♥ OA✱ ❤ ♦♣♦B❛ 4A♠♥❡✐ 4❤♥ OB /4♦ B′✱ ❦❛✐
−−→
OB′ = b~v ❣✐❛ ❦❼♣♦✐♦ b ∈ R✳

❆♣; 4❤♥ ❦❛4❛/❦❡✉➔✱ 4♦ 4❡49❼♣❧❡✉9♦ OA′CB′ ❡B♥❛✐ ♣❛9❛❧❧❤❧;❣9❛♠♠♦✱ ❦❛✐ /✉♥❡♣➳❝

~w =
−−→
OC =

−−→
OA′ +

−−→
OB′

= a~u+ b~v .

�

❖!✐#♠%❝ ✶✳✽✳ ❊❼♥ ~u1, ~u2, . . . , ~un ❡B♥❛✐ ❞✐❛♥3/♠❛4❛✱ ♠❡ ❛9#➔ /4♦ O✱ ♦♥♦♠❼③♦✉♠❡ ❣!❛♠✲

♠✐❦% #✉♥❞✉❛#♠% 4✇♥ ~u1, ~u2, . . . , ~un ❦❼❥❡ A❦❢9❛/❤ 4❤❝ ♠♦9❢➔❝

a1~u1 + a2~u2 + . . .+ an~un

;♣♦✉ a1, a2, . . . , an ❡B♥❛✐ ♣9❛❣♠❛4✐❦♦B ❛9✐❥♠♦B✳

✬❊♥❛ ❞✐❼♥✉/♠❛ ❡❦❢#❼③❡&❛✐ ✇❝ ❣9❛♠♠✐❦;❝ /✉♥❞✉❛/♠;❝ 4✇♥ ~u1, ~u2, . . . , ~un ❡❼♥ ♠♣♦9♦3♠❡

♥❛ 4♦ ❦❛4❛/❦❡✉❼/♦✉♠❡ ❡❢❛9♠;③♦♥4❛❝ 4✐❝ ♣9❼①❡✐❝ 4❤❝ ♣9;/❥❡/❤❝ ❦❛✐ 4♦✉ ♣♦❧❧❛♣❧❛/✐❛/♠♦3

♠❡ ❛9✐❥♠; /4❛ ❞✐❛♥3/♠❛4❛ ~u1, ~u2, . . . , ~un✳ ❙4❤♥ >9;4❛/❤ ✶✳✻ ❞❡B①❛♠❡ ♦4✐ ❦❼❥❡ ❞✐❼♥✉/♠❛ 4♦✉

❡♣✐♣A❞♦✉ ❡❦❢9❼③❡4❛✐ ✇❝ ❣9❛♠♠✐❦;❝ /✉♥❞✉❛/♠;❝ ❞3♦ ❞♦❥A♥4✇♥ ♠❤ /✉❣❣9❛♠♠✐❦➳♥ ❞✐❛♥✉/♠❼4✇♥✳

✬❖4❛♥ ❡①❡4❼③♦✉♠❡ ♠✐❛ /✉❧❧♦❣➔ ❞✐❛♥✉/♠❼4✇♥✱ /✉#♥❼ ♠❛❝ ❡♥❞✐❛❢A9❡✐ ♥❛ ❣♥✇9B③♦✉♠❡ ❡❼♥

❦❼♣♦✐♦ ❛♣; 4❛ ❞✐❛♥3/♠❛4❛ ♠♣♦9❡B ♥❛ ❡❦❢9❛/4❡B ✇❝ ❣9❛♠♠✐❦;❝ /✉♥❞✉❛/♠;❝ 4✇♥ ✉♣♦❧♦B♣✇♥✳

❊❼♥ /✉♠❜❛B♥❡✐ ❛✉4;✱ ❥❡✇9♦3♠❡ ♦4✐ ❤ /✉❧❧♦❣➔ ♣❡9✐A#❡✐✱ ♠❡ ❦❼♣♦✐❛ A♥♥♦✐❛✱ ♣❡9✐44❼ /4♦✐#❡B❛✳

❆✉4➔ 4❤♥ A♥♥♦✐❛ ❛♣♦4✉♣➳♥❡✐ ♦ ❛❦;❧♦✉❥♦❝ ♦9✐/♠;❝✳



❑❡❢❼❧❛✐♦ ✶ ●❡✇♠❡,-✐❦❼ ❞✐❛♥12♠❛,❛ 2,♦ ❡♣4♣❡❞♦ ✶✾

❖!✐#♠%❝ ✶✳✾✳ ▲#♠❡ ♦'✐ '❛ ❞✐❛♥,-♠❛'❛ ~u1, ~u2, . . . , ~un✱ ❡/♥❛✐ ❣!❛♠♠✐❦❼ ❡①❛!0❤♠2♥❛

❡❼♥ ❦❼♣♦✐♦ ❛♣3 ❛✉'❼ ♠♣♦5❡/ ♥❛ ❡❦❢5❛-'❡/ ✇❝ ❣5❛♠♠✐❦3❝ -✉♥❞✉❛-♠3❝ '✇♥ ✉♣♦❧♦/♣✇♥✱ ❞❤❧❛❞➔

❡❼♥ ✉♣❼5=❡✐ ❦❼♣♦✐♦ i, 1 ≤ i ≤ n✱ ❦❛✐ ♣5❛❣♠❛'✐❦♦/ ❛5✐❥♠♦/ a1, . . . , ai−1, ai+1, . . . , an '#'♦✐♦✐

➳-'❡

~ui = ai~u1 + . . .+ ai−1~ui−1 + ai+1~ui+1 + . . .+ an~un

❊❼♥ '❛ ❞✐❛♥,-♠❛'❛ ~u1, ~u2, . . . , ~un ❞❡♥ ❡/♥❛✐ ❣5❛♠♠✐❦❼ ❡①❛5'❤♠#♥❛✱ ❧#♠❡ ♦'✐ ❡/♥❛✐ ❣!❛♠♠✐❦❼

❛♥❡①❼!0❤0❛✳

❖✐ ♣❛5❛♣❼♥✇ ♦5✐-♠♦/ #=♦✉♥ ♥3❤♠❛ ♠3♥♦♥ 3'❛♥ #=♦✉♠❡ ♣❡5✐--3'❡5❛ ❛♣3 #♥❛ ❞✐❛♥,-♠❛'❛ -'❤

-✉❧❧♦❣➔✳ ❙✉♠♣❧❤5➳♥♦✉♠❡ '♦♥ ♦5✐-♠3 ❣✐❛ '❤♥ ♣❡5/♣'✇-❤ ❡♥3❝ ❞✐❛♥,-♠❛'♦❝✱ ❧#❣♦♥'❛❝ ♦'✐ '♦

❞✐❼♥✉-♠❛ ~u1 ❡/♥❛✐ ❣5❛♠♠✐❦❼ ❡①❛5'❤♠#♥♦ ❡❼♥ ❡/♥❛✐ ♠❤❞❡♥✐❦3✱ ❦❛✐ ❣5❛♠♠✐❦❼ ❛♥❡①❼5'❤'♦ ❡❼♥ ❞❡♥

❡/♥❛✐ ♠❤❞❡♥✐❦3✳

❖✐ E5♦'❼-❡✐❝ ✶✳✺ ❦❛✐ ✶✳✻ ❞❡/=♥♦✉♥ ♦'✐ ❦❼❥❡ -✉❧❧♦❣➔ ♣♦✉ ♣❡5✐#=❡✐ ❞,♦ -✉❣❣5❛♠♠✐❦❼ ❞✐❛✲

♥,-♠❛'❛ ❡/♥❛✐ ❣5❛♠♠✐❦❼ ❡①❛5'❤♠#♥❤✱ ❦❛✐ ❦❼❥❡ -✉❧❧♦❣➔ ♣♦✉ ♣❡5✐#=❡✐ ♣❡5✐--3'❡5❛ ❛♣3 ❞,♦

❞✐❛♥,-♠❛'❛ -'♦ ❡♣/♣❡❞♦ ❡/♥❛✐ ❣5❛♠♠✐❦❼ ❡①❛5'❤♠#♥❤✳

E❛5❛'❤5♦,♠❡ ♦'✐ ❞,♦ ♠❤ -✉❣❣5❛♠♠✐❦❼ ❞✐❛♥,-♠❛'❛ -'♦ ❡♣/♣❡❞♦ ❡/♥❛✐ ❣5❛♠♠✐❦❼ ❛♥❡①❼5'❤'❛✱

❦❛✐ ❦❼❥❡ ❼❧❧♦ ❞✐❼♥✉-♠❛ '♦✉ ❡♣✐♣#❞♦✉ ♠♣♦5❡/ ♥❛ ❡❦❢5❛-'❡/ ✇❝ ❣5❛♠♠✐❦3❝ -✉♥❞✉❛-♠3❝ '✇♥

❞,♦ ❞✐❛♥✉-♠❼'✇♥✳ ✬❊♥❛ ③❡,❣♦❝ ❞✐❛♥✉-♠❼'✇♥ ♠❡ ❛✉'#❝ '✐❝ ✐❞✐3'❤'❡❝ ♦♥♦♠❼③❡'❛✐ ❜❼#❤ '✇♥

❞✐❛♥✉-♠❼'✇♥ '♦✉ ❡♣✐♣#❞♦✉✳

❉!❛#0❤!✐%0❤0❛ ✶✳✶✸ ❙❤♠❡✐➳-'❡ '❛ -❤♠❡/❛ A✱ B✱ C✱ D✱ E✱ F -'✐❝ ❦♦5✉❢#❝ ❡♥3❝

❦❛♥♦♥✐❦♦, ❡①❛❣➳♥♦✉✱ ❦❛✐ '♦ O -'♦ ❦#♥'5♦ '♦✉ ❡①❛❣➳♥♦✉✳ ❊❦❢5❼-'❡ '❛

−−→
OC✱

−−→
OD✱

−−→
OE✱

−−→
OF ✇❝ ❣5❛♠♠✐❦♦,❝ -✉♥❞✉❛-♠♦,❝ '✇♥

−→
OA ❦❛✐

−−→
OB✳

✬❆①♦♥❛❝✱ ♣)♦*❤♠❛*♠-♥♦ ♠-.)♦ ❞✐❛♥1*♠❛.♦❝

❖!✐#♠%❝ ✶✳✶✵✳ ✬❆①♦♥❛ ♦♥♦♠❼③♦✉♠❡ ♠/❛ ❡✉❥❡/❛ ε -'❤♥ ♦♣♦/❛ #=♦✉♠❡ ❡♣✐❧#①❡✐ #♥❛ ♠❤

♠❤❞❡♥✐❦3 ❞✐❼♥✉-♠❛ ~v ♠❡ ❢♦5#❛ ε✳ ❍ ❡♣✐❧♦❣➔ '♦✉ ~v ❦❛❥♦5/③❡✐ #♥❛♥ ♣!♦#❛♥❛0♦❧✐#♠% ♣❼♥✇

-'❤♥ ε ❦❛✐ -'❛ ❞✐❛♥,-♠❛'❛ ♣♦✉ #=♦✉♥ ❢♦5#❛ ε✿ '❛ ❞✐❛♥,-♠❛'❛ ♣♦✉ ❡/♥❛✐ ♦♠355♦♣❛ ♠❡ '♦

~v #=♦✉♥ ❥❡'✐❦3 ♣5♦-❛♥❛'♦❧✐-♠3✱ ❡♥➳ '❛ ❞✐❛♥,-♠❛'❛ ♣♦✉ ❡/♥❛✐ ❛♥'/55♦♣❛ ♣5♦❝ '♦ ~v #=♦✉♥

❛5♥❤'✐❦3 ♣5♦-❛♥❛'♦❧✐-♠3✳

❊❼♥ ~w ❡/♥❛✐ ❞✐❼♥✉-♠❛ -✉❣❣5❛♠♠✐❦3 ♠❡ '♦ ~v✱ ♦♥♦♠❼③♦✉♠❡ ♣!♦#❤♠❛#♠2♥♦ ♠20!♦ ✭➔ ❛❧✲

❣❡❜!✐❦➔ 0✐♠➔✮ '♦✉ ~u ✇❝ ♣5♦❝ '♦♥ ❼①♦♥❛ (ε,~v) '♦♥ ♣5❛❣♠❛'✐❦3 ❛5✐❥♠3 a ∈ R ♦ ♦♣♦/♦❝

✐❦❛♥♦♣♦✐❡/ '❤ -=#-❤

~w =
a

|~v|
~v .

E❛5❛'❤5♦,♠❡ ♦'✐ |a| = |~w|✱ ❦❛✐ ❡❼♥ ~u ❞❡♥ ❡/♥❛✐ ♠❤❞❡♥✐❦3✱ '3'❡ a > 0 ❡❼♥ ~w ❡/♥❛✐ ♦♠355♦♣♦

♠❡ '♦ ~v✱ ❡♥➳ a < 0 ❡❼♥ ~w ❡/♥❛✐ ❛♥'/55♦♣♦ ♣53❝ '♦ ~v✳ ❚♦ ♣5♦-❤♠❛-♠#♥♦ ♠#'5♦ '♦✉ ❞✐❛♥,✲

-♠❛'♦❝

−−→
OB -✉♠❜♦❧/③♦✉♠❡ (OB)✳ ❉❡♥ ❥❛ =5❤-✐♠♦♣♦✐♦,♠❡ -✉=♥❼ '♦ -✉♠❜♦❧✐-♠3 (~u) ❣✐❛ '♦

♣5♦-❤♠❛-♠#♥♦ ♠#'5♦ '♦✉ ~u✱ ❦❛❥➳❝ ❛✉'3❝ ♦ -✉♠❜♦❧✐-♠3❝ ♠♣♦5❡/ ♥❛ ♣❛5❡5♠❤♥❡✉'❡/✳



✷✵ ❊♣"♣❡❞♦ ❦❛✐ ◗➳+♦❝

▲➔♠♠❛ ✶✳✼ ✭❑❛♥$♥❛❝ &♦✉ Chasles✮ ❊❼♥ A, B, C ❡$♥❛✐ '✉❣❣*❛♠♠✐❦❼ '❤♠❡$❛ ♣❼♥✇ '❡

❼①♦♥❛ (ε, ~v)✱ 343❡

(AB) + (BC) = (AC) .

❉(❛)*❤(✐-*❤*❛ ✶✳✶✹ ❙❤♠❡✐➳()❡ )*+❛ (❤♠❡+❛ A✱ C✱ B ♣❼♥✇ (❡ ♠+❛ ❡✉❥❡+❛ ε✱ 4)(✐

➳()❡ )♦ C ♥❛ ❜*+(❦❡)❛✐ ♠❡)❛①9 )♦✉ A ❦❛✐ )♦✉ B✳ ❊♣✐❧4①)❡ 4♥❛ ❞✐❼♥✉(♠❛ ~v ♠❡ ❢♦*4❛

)❤♥ ε✱ ❦❛✐ ?*❤(✐♠♦♣♦✐➔()❡ )♦ ❣✐❛ ♥❛ ♦*+(❡)❡ ♣*♦(❛♥❛)♦❧✐(♠B✳ ▼❡)*➔()❡ )♦ ♠➔❦♦❝ )✇♥

❞✐❛♥✉(♠❼)✇♥✱ ✉♣♦❧♦❣+()❡ )❛ ♣*♦(❤♠❛(♠4♥❛ ♠4)*❛ (AB)✱ (BC)✱ (AC) ❦❛✐ ❡❧4❣①)❡ ♦)✐

(AB) + (BC) = (AC)✳

❊❼♥ ?*❤(✐♠♦♣♦✐➔(❡)❡ )♦♥ ❛♥)+❥❡)♦ ♣*♦(❛♥❛)♦❧✐(♠B✱ B❧❛ )❛ ♠4)*❛ ❛❧❧❼③♦✉♥ ♣*B(❤♠♦✱

❼*❛ ❤ ✐(B)❤)❛ ❞✐❛)❤*❡+)❛✐✳

❆♣❧#❝ ❧#❣♦❝ '(✐➳♥ ,❤♠❡0✇♥

❖ ❛♣❧B❝ ❧B❣♦❝ ❡+♥❛✐ 4♥❛❝ ♣*❛❣♠❛)✐❦B❝ ❛*✐❥♠B❝ µ 6= −1✱ ♦ ♦♣♦+♦❝ ♣❡*✐❣*❼❢❡✐ )❤ (?❡)✐❦➔ ❥4(❤

)*✐➳♥ ❞✐❛❢♦*❡)✐❦➳♥ (❤♠❡+✇♥ ♣❼♥✇ (❡ ♠+❛ ❡✉❥❡+❛✳

❖(✐)♠-❝ ✶✳✶✶✳ ❏❡✇*♦9♠❡ )*+❛ (❤♠❡+❛ P1, P2, P ♣❼♥✇ (❡ ♠+❛ ❡✉❥❡+❛✳ ❚❛ ❞✐❛♥9(♠❛)❛

−−→
P1P ❦❛✐

−−→
PP2 ❡+♥❛✐ (✉❣❣*❛♠♠✐❦❼✱ ❦❛✐ ❡❼♥ P 6= P2 ✉♣❼*?❡✐ 4♥❛❝ ❛*✐❥♠B❝ µ )4)♦✐♦❝ ➳()❡

−−→
P1P = µ

−−→
PP2.

❖ ❛*✐❥♠B❝ µ ♦♥♦♠❼③❡)❛✐ ❛♣❧-❝ ❧-❣♦❝ )✇♥ )*✐➳♥ (❤♠❡+✇♥✱ ❦❛✐ (✉♠❜♦❧+③❡)❛✐ (P1 P2 P )✳

I❛*❛)❤*♦9♠❡ ♦)✐ (P1 P2 P ) =
(P1P )

(PP2)
✱ ❦❛✐ ♦)✐ ❤ ❛❧❧❛❣➔ )♦✉ ♣*♦(❛♥❛)♦❧✐(♠♦9 )❤❝ ❡✉❥❡+❛❝

❞❡♥ ❡♣❤*❡❼③❡✐ )♦♥ ❛♣❧B ❧B❣♦✳ ❊❼♥ ❥❡✇*➔(♦✉♠❡ )❛ P1, P2 ()❛❥❡*❼✱ ❦❛✐ )♦ P ♥❛ ❦✐♥❡+)❛✐ ♣❼♥✇

()❤♥ ❡✉❥❡+❛✱ ❤ )✐♠➔ )♦✉ ❛♣❧♦9 ❧B❣♦✉ ♠❡)❛❜❼❧❧❡)❛✐ B♣✇❝ ()♦ ❙?➔♠❛ ✶✳✶✼✳

❙?➔♠❛ ✶✳✶✼✿ ❍ )✐♠➔ )♦✉ ❛♣❧♦9 ❧B❣♦✉ ❦❛❥➳❝ )♦ (❤♠❡+♦ P ❦✐♥❡+)❛✐ ♣❼♥✇ ()❤♥ ❡✉❥❡+❛ P1P2✳

❉(❛)*❤(✐-*❤*❛ ✶✳✶✺ ●✐❛ )❛ (❤♠❡+❛ A✱ B✱ C )❤❝ ❉*❛()❤*✐B)❤)❛❝ ✶✳✶✹ ✉♣♦❧♦❣+✲

()❡ )♦✉❝ ❛♣❧♦9❝ ❧B❣♦✉❝ (ABC)✱ (BC A) ❦❛✐ (C AB)✳



❑❡❢❼❧❛✐♦ ✶ ●❡✇♠❡,-✐❦❼ ❞✐❛♥12♠❛,❛ 2,♦ ❡♣4♣❡❞♦ ✷✶

❉!❛#$❤!✐'$❤$❛ ✶✳✶✻ ❙❤♠❡✐➳()❡ ❞+♦ (❤♠❡-❛ P1 ❦❛✐ P2 ♣❼♥✇ (❡ ♠-❛ ❡✉❥❡-❛ ε✳

❇8❡-)❡ (❤♠❡-❛ R✱ S✱ T ♣❼♥✇ ()❤♥ ε ):)♦✐❛ ➳()❡ (P1 P2R) = 2✱ (P1 P2 S) = −1

4
❦❛✐

(P2 P1 T ) = −1

4
✳


