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|~u| = |AB|

= ❛♣<4!❛4❤ ❛♣< !♦ A 4!♦ B✳

❙?➔♠❛ ✶✳✺✿ ❋♦&3❛❝ ❞✐❛♥+4♠❛!♦❝✳
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$❤♠❡"♦ ❡❢❛1♠♦❣➔❝✱ @✇1"❝ ♥❛ (♦ ♣❡1✐$(19②♦✉♠❡✳

❖!✐#♠%❝ ✶✳✸✳ ❏❡✇1♦7♠❡ (♦ ❞✐❼♥✉$♠❛ ~u =
−−→
AB✱ ❦❛✐ 9♥❛ $❤♠❡"♦ A′

(♦✉ ❡♣✐♣9❞♦✉✱ ✭❙@➔♠❛

✶✳✼✮✳ ▲9♠❡ ♦(✐ (♦ ❞✐❼♥✉$♠❛

−−→
A′B′

♣1♦❦7♣(❡✐ ♠❡ ♣❛!❼❧❧❤❧❤ ♠❡0❛❢♦!❼ (♦✉

−−→
AB $(♦ A′

✱

❡❼♥ (♦ $❤♠❡"♦ B′
❡"♥❛✐ (9(♦✐♦ ➳$(❡ ABB′A′

❡"♥❛✐ ♣❛1❛❧❧❤❧-❣1❛♠♠♦✳

❊❼♥ (♦ ❞✐❼♥✉$♠❛

−−→
CD ♣1♦❦7♣(❡✐ ❛♣- (♦ ❞✐❼♥✉$♠❛

−−→
AB ♠❡ ♣❛1❼❧❧❤❧❤ ♠❡(❛❢♦1❼✱ ❧9♠❡ ♦(✐ (❛

❞✐❛♥7$♠❛(❛

−−→
AB ❦❛✐

−−→
CD ❡"♥❛✐ ✐#♦❞4♥❛♠❛✱ ❦❛✐ ❣1❼❢♦✉♠❡

−−→
AB ∼

−−→
CD✳ ✬❖❧❛ (❛ ♠❤❞❡♥✐❦❼

❞✐❛♥7$♠❛(❛ ❡"♥❛✐ ✐$♦❞7♥❛♠❛ ♠❡(❛①7 (♦✉❝✳

❙@➔♠❛ ✶✳✼✿ M❛1❼❧❧❤❧❤ ♠❡(❛❢♦1❼ ❞✐❛♥✉$♠❼(✇♥✳

M❛1❛(❤1➔$(❡ ♦(✐ ❡❼♥ (♦ A′
❜1"$❦❡(❛✐ $(♦ ❢♦19❛ (♦✉

−−→
AB✱ (-(❡ (♦ ♣❛1❛❧❧❤❧-❣1❛♠♠♦

ABB′A′
❡"♥❛✐ ❡❦❢✉❧✐$♠9♥♦ ❦❛✐ (❛ ❞✐❛♥7$♠❛(❛

−−→
AB ❦❛✐

−−→
A′B′

9@♦✉♥ (♦♥ "❞✐♦ ❢♦19❛✳

▼"❛ ❛♣❧➔ ❛❧❧❼ $❤♠❛♥(✐❦➔ $✉♥9♣❡✐❛ (❤❝ M1-(❛$❤❝ ✶✳✶ ❡"♥❛✐ ♦(✐ ❡❼♥ ❞7♦ ❞✐❛♥7$♠❛(❛ ❡"♥❛✐

✐$♦❞7♥❛♠❛ ♠❡ 9♥❛ (1"(♦✱ (-(❡ ❡"♥❛✐ ❦❛✐ ♠❡(❛①7 (♦✉❝ ✐$♦❞7♥❛♠❛✳ M✐♦ $✉❣❦❡❦1✐♠9♥❛✿

▲➔♠♠❛ ✶✳✷ ❊❼♥ #♦ ❞✐❼♥✉(♠❛ ~u ♣,♦❦.♣#❡✐ ♠❡ ♣❛,❼❧❧❤❧❤ ♠❡#❛❢♦,❼ ❛♣3 #♦ ~v✱ ❦❛✐ #♦ ~w

♣,♦❦.♣#❡✐ ♠❡ ♣❛,❼❧❧❤❧❤ ♠❡#❛❢♦,❼ ❛♣3 #♦ ~u✱ #3#❡ #♦ ~w ♣,♦❦.♣#❡✐ ♠❡ ♣❛,❼❧❧❤❧❤ ♠❡#❛❢♦,❼

❛♣3 #♦ ~v✱

~v ∼ ~u ❦❛✐ ~u ∼ ~w =⇒ ~v ∼ ~w .
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−−→
AB ❦❛✐ (♦ ❞✐❼♥✉'♠❛

−−→
CE ♣♦✉ ❡.♥❛✐ ✐'♦❞:♥❛♠♦ ♠❡ (♦

−−→
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❙-❡❞✐❼'(❡ ❦❛✐ (♦
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❛D✳ ❊❼♥ (♦ '❤♠❡.♦ D′
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♣❡.✐♦.✐8♠,✳ ❏❡✇.♦5♠❡ ❧♦✐♣,♥ E♥❛ 8❤♠❡7♦ O %♦✉ ❡♣✐♣E❞♦✉✱ ❦❛✐ ♣❡.✐♦.✐③,♠❛8%❡ 8❡ ❣❡✇♠❡%.✐❦❼

❞✐❛♥58♠❛%❛ ♠❡ 8❤♠❡7♦ ❡❢❛.♠♦❣➔❝ %♦ O✳

❙?➔♠❛ ✶✳✾✿ ✬❆❥.♦✐8♠❛ ❞✐❛♥✉8♠❼%✇♥✳

❖!✐#♠%❝ ✶✳✺✳ ❊❼♥ ~u =
−→
OA ❦❛✐ ~v =

−−→
OB ❡7♥❛✐ ❞✐❛♥58♠❛%❛ ♠❡ 8❤♠❡7♦ ❡❢❛.♠♦❣➔❝ %♦ O✱

♦.7③♦✉♠❡ %♦ ❼❥!♦✐#♠❛ ~u + ~v ♥❛ ❡7♥❛✐ %♦ ❣❡✇♠❡%.✐❦, ❞✐❼♥✉8♠❛ ♠❡ ❛.?➔ 8%♦ O ❦❛✐ ♣E.❛❝

8%♦ 8❤♠❡7♦ C ❣✐❛ %♦ ♦♣♦7♦ OACB ❡7♥❛✐ ♣❛.❛❧❧❤❧,❣.❛♠♠♦✱ ✭❙?➔♠❛ ✶✳✾✮✳

❊❼♥ ~u =
−→
OA ❦❛✐ ~v =

−−→
OB ❡7♥❛✐ 8✉❣❣.❛♠♠✐❦❼✱ %,%❡ %♦ 8❤♠❡7♦ C ❣✐❛ %♦ ♦♣♦7♦ ~u+ ~v =

−−→
OC✱

♣.♦8❞✐♦.7③❡%❛✐ ❦❛✐ ❛♣, %✐❝ 8?E8❡✐❝ |AC| = |OB| ❦❛✐ |BC| = |OA|✳

❉!❛#/❤!✐%/❤/❛ ✶✳✻ ❙?❡❞✐❼8%❡ %.7❛ 8❤♠❡7❛ A✱ B✱ C ♣♦✉ ❞❡♥ ❜.78❦♦♥%❛✐ 8%❤♥ 7❞✐❛

❡✉❥❡7❛✱ ❦❛✐ ❥❡✇.➔8%❡ D✱ D′
✱ . . . %✐❝ ❦♦.✉❢E❝ %✇♥ ♣❛.❛❧❧❤❧♦❣.❼♠♠✇♥ ♣♦✉ ❜.➔❦❛%❡

8%❤ ❉.❛8%❤.✐,%❤%❛ ✶✳✶✳ ●✐❛ ❦❼❥❡ E♥❛ ❛♣, ❛✉%❼ %❛ ♣❛.❛❧❧❤❧,❣.❛♠♠❛ ❣.❼②%❡ %♦

❼❥.♦✐8♠❛ %✇♥ ❞5♦ ❞✐❛♥✉8♠❼%✇♥ ♣♦✉ ❛♥%✐8%♦✐?♦5♥ 8%✐❝ ♣❧❡✉.E❝ %♦✉ ♣❛.❛❧❧❤❧♦❣.❼♠♠♦✉

♣♦✉ E?♦✉♥ ❦♦✐♥➔ ❛.?➔ 8%♦ 8❤♠❡7♦ A✳ ●✐❛ ♣❛.❼❞❡✐❣♠❛✱ ❡❼♥ ABCD ❡7♥❛✐ E♥❛ ❛♣, %❛

♣❛.❛❧❧❤❧,❣.❛♠♠❛✱ %♦ ❛♥%78%♦✐?♦ ❼❥.♦✐8♠❛ ❡7♥❛✐

−−→
AB +

−−→
AD =

−→
AC✳

R❛.❛%❤.♦5♠❡ ♦%✐ %♦ ❼❥.♦✐8♠❛ ~u+ ~u E?❡✐ %♦ 7❞✐♦ 8❤♠❡7♦ ❡❢❛.♠♦❣➔❝ ❦❛✐ %❤♥ 7❞✐❛ ❢♦.❼ ♠❡ %♦

~u✱ ❛❧❧❼ ❞✐♣❧❼8✐♦ ♠➔❦♦❝✳ ▼♣♦.♦5♠❡ ♥❛ ❣❡♥✐❦❡58♦✉♠❡ ❛✉%➔ %❤♥ E♥♥♦✐❛ %♦✉ ♣♦❧❧❛♣❧❛87♦✉✱ ♠❡

%.,♣♦ ♣♦✉ ♥❛ ❡7♥❛✐ 8✉♠❜❛%,❝ ♠❡ %❤♥ ♣.❼①❤ %❤❝ ♣.,8❥❡8❤❝✳
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❖!✐#♠%❝ ✶✳✻✳ ❊❼♥ ~u =
−→
OA ❦❛✐ a ❡)♥❛✐ ♣+❛❣♠❛.✐❦/❝ ❛+✐❥♠/❝✱ a ∈ R✱ ♦+)③♦✉♠❡ .♦

♣♦❧❧❛♣❧❼#✐♦ a ~u ♥❛ ❡)♥❛✐ .♦ ❞✐❼♥✉7♠❛ ♠❡ 7❤♠❡)♦ ❡❢❛+♠♦❣➔❝ O✱ ♠➔❦♦❝ |a| |~u| ❦❛✐ .♦♥ )❞✐♦

❢♦+;❛ ♠❡ .♦ ~u✱ ✭|a| ❡)♥❛✐ ❤ ❛♣/❧✉.❤ .✐♠➔ .♦✉ a✮✳ ❍ ❢♦+❼ .♦✉ a ~u ❡)♥❛✐ ❤ )❞✐❛ ♠❡ ❛✉.➔♥ .♦✉ ~u

❡❼♥ a > 0✱ ❦❛✐ ❤ ❛♥.)❥❡.❤ ❡❼♥ a < 0✳

❉!❛#0❤!✐%0❤0❛ ✶✳✼ ❙❤♠❡✐➳7.❡ .+)❛ 7❤♠❡)❛ A✱ B✱ C ♣♦✉ ❞❡♥ ❜+)7❦♦♥.❛✐ 7.❤♥

)❞✐❛ ❡✉❥❡)❛✱ ❦❛✐ 7D❡❞✐❼7.❡ .❛ ❞✐❛♥E7♠❛.❛

❛F)
−−→
AB +

−→
AC, ❜F) 2

−−→
AB, ❣F)

−−→
AB + (−

−→
AC),

❞F)
−→
AC + (−

−−→
AB), ❡F) 2

−−→
AB +

−→
AC, ✝F) 2

−→
AC + (−1

−−→
AB) .

❍ ❛❦/❧♦✉❥❤ ♣+/.❛7❤ 7✉♥♦②)③❡✐ .✐❝ ❜❛7✐❦;❝ ✐❞✐/.❤.❡❝ .✇♥ ♣+❼①❡✇♥ ♣♦✉ ♦+)7❛♠❡✳

3!%0❛#❤ ✶✳✸ ❏❡✇#♦%♠❡ '❛ ❣❡✇♠❡'#✐❦❼ ❞✐❛♥%/♠❛'❛ ~u, ~v, ~w ♠❡ /❤♠❡1♦ ❡❢❛#♠♦❣➔❝ '♦ O✱

❦❛✐ '♦✉❝ ❛#✐❥♠♦%❝ a, b ∈ R✳ ❚:'❡ ✐/;%♦✉♥ '❛ ❛❦:❧♦✉❥❛✿

❛>✳ ~u+ ~v = ~v + ~u

❜>✳ (~u+ ~v) + ~w = ~u+ (~v + ~w)

❣>✳ ~u+
−−→
OO = ~u

❞>✳ 1 ~u = ~u ❦❛✐ 0 ~u =
−−→
OO

❡>✳ (ab) ~u = a (b ~u)

✝>✳ (a+ b) ~u = a ~u+ b ~u

③>✳ a (~u+ ~v) = a ~u+ a~v

❆♣%❞❡✐①❤✳ ❍ ❛♣/❞❡✐①❤ .✇♥ ♣❡+✐77♦.;+✇♥ ✐❞✐♦.➔.✇♥ ❡)♥❛✐ ❛♣❧➔✳ ❏❛ ❞➳7♦✉♠❡ ♠/♥♦ .❤♥

❛♣/❞❡✐①❤ .❤❝ ♣+♦7❡.❛✐+✐7.✐❦➔❝ ✐❞✐/.❤.❛❝✳ ❊❼♥ ~u =
−→
OA✱ ~v =

−−→
OB ❦❛✐ ~w =

−−→
OC✱ ./.❡ D✱ E✱

Z1 ❦❛✐ Z2 ❡)♥❛✐ .❛ 7❤♠❡)❛ ♣♦✉ ♣+♦7❞✐♦+)③♦♥.❛✐ ❛♣/ .✐❝ ❛❦/❧♦✉❥❡❝ ✐7/.❤.❡❝✱ ✭❙D➔♠❛ ✶✳✶✵✮✿

−→
OA+

−−→
OB =

−−→
OD

−−→
OD +

−−→
OC =

−→
OZ1

−−→
OB +

−−→
OC =

−−→
OE

−→
OA+

−−→
OE =

−→
OZ2

❦❛✐ ;D♦✉♠❡

(~u+ ~v) + ~w =
−→
OZ1, ❦❛✐ ~u+ (~v + ~w) =

−→
OZ2 .

❚♦ 7❤♠❡)♦ Z2 D❛+❛❦.❤+)③❡.❛✐ ❛♣/ .❤♥ ✐❞✐/.❤.❛ ♦.✐ .♦ .❡.+❼♣❧❡✉+♦ OAZ2E ❡)♥❛✐ ♣❛+❛❧❧❤✲

❧/❣+❛♠♠♦✳ ❙✉♥❡♣➳❝ ❣✐❛ ♥❛ ❞❡)①♦✉♠❡ ♦.✐

−→
OZ1 =

−→
OZ2✱ ❛+❦❡) ♥❛ ❞❡)①♦✉♠❡ ♦.✐ OAZ1E ❡)♥❛✐

❡♣)7❤❝ ♣❛+❛❧❧❤❧/❣+❛♠♠♦✱ ❞❤❧❛❞➔ ♥❛ ❞❡)①♦✉♠❡ ♦.✐ .♦ ♠;7♦ .♦✉ OZ1 7✉♠♣)♣.❡✐ ♠❡ .♦ ♠;7♦ .♦✉

AE✳ ❆❧❧❼ ODZ1C ❡)♥❛✐ ♣❛+❛❧❧❤❧/❣+❛♠♠♦✱ ❛♣/ .♦♥ ♦+✐7♠/ .♦✉ Z1✱ ❼+❛ .♦ ♠;7♦ .♦✉ OZ1

7✉♠♣)♣.❡✐ ♠❡ .♦ ♠;7♦ .♦✉ CD✳ ✬❆+❦❡) ❧♦✐♣/♥ ♥❛ ❞❡)①♦✉♠❡ ♦.✐ .♦ ♠;7♦ .♦✉ CD 7✉♠♣)♣.❡✐ ♠❡

.♦ ♠;7♦ .♦✉ AE✱ ❞❤❧❛❞➔ ♦.✐ ACED ❡)♥❛✐ ♣❛+❛❧❧❤❧/❣+❛♠♠♦✳ ❆❧❧❼ OCEB ❦❛✐ OBDA ❡)♥❛✐

♣❛+❛❧❧❤❧/❣+❛♠♠❛✱ ❛♣/ .♦♥ ♦+✐7♠/ .✇♥ E ❦❛✐ D ❛♥.)7.♦✐D❛✳ ❙✉♥❡♣➳❝✱ ❛♣/ .❤♥ Q+/.❛7❤ ✶✳✶✱



❑❡❢❼❧❛✐♦ ✶ ●❡✇♠❡,-✐❦❼ ❞✐❛♥12♠❛,❛ 2,♦ ❡♣4♣❡❞♦ ✶✶

❙"➔♠❛ ✶✳✶✵✿ ❍ ♣+♦-❡/❛✐+✐-/✐❦➔ ✐❞✐3/❤/❛✳

ACED ❡5♥❛✐ ❡♣5-❤❝ ♣❛+❛❧❧❤❧3❣+❛♠♠♦✳

�

❚♦ ❞✐❼♥✉-♠❛ (−1)~u ✐❦❛♥♦♣♦✐❡5 /❤ -"=-❤ ~u+(−1)~u =
−−→
OO✳ ❖♥♦♠❼③❡/❛✐ ❛♥"#❥❡"♦ /♦✉ ~u✱

❦❛✐ -✉♠❜♦❧5③❡/❛✐ −~u✳ ◗+❤-✐♠♦♣♦✐♦C♠❡ ❡♣5-❤❝ /♦ -✉♠❜♦❧✐-♠3 /❤❝ ❛❢❛5+❡-❤❝✱ ~v−~u = ~v+(−~u)✳

❉(❛)"❤(✐,"❤"❛ ✶✳✽ ❙❤♠❡✐➳-/❡ /+5❛ -❤♠❡5❛ A✱ B✱ C ♣♦✉ ❞❡♥ ❜+5-❦♦♥/❛✐ -/❤♥

5❞✐❛ ❡✉❥❡5❛✱ ❦❛✐ -"❡❞✐❼-/❡ /❛ ❞✐❛♥C-♠❛/❛

❛G)
−−→
AB − 2

−→
AC, ❜G)

−→
AC + (2

−−→
AB −

−→
AC), ❣G) 3

−→
AC − 2

−−→
AB .

❊❼♥ ♠❡/❛❢=+♦✉♠❡ ♣❛+❼❧❧❤❧❛ ❞C♦ ❣❡✇♠❡/+✐❦❼ ❞✐❛♥C-♠❛/❛ ♠❡ ❦♦✐♥➔ ❛+"➔✱ /3/❡ /♦ ♣❛+❛❧✲

❧❤❧3❣+❛♠♠♦ ♣♦✉ -"❤♠❛/5③♦✉♥ ♠❡/❛❢=+❡/❛✐ -/♦ ♥=♦ -❤♠❡5♦ ❡❢❛+♠♦❣➔❝✱ ❦❛✐ /♦ ❼❥+♦✐-♠❼ /♦✉❝✱

♣♦✉ ♣+♦❦C♣/❡✐ ❛♣3 /♦♥ ❦❛♥3♥❛ /♦✉ ♣❛+❛❧❧❤❧♦❣+❼♠♠♦✉✱ ♠❡/❛❢=+❡/❛✐ ❡♣5-❤❝ ♣❛+❼❧❧❤❧❛✱ 3♣✇❝

❡❧=❣"♦✉♠❡ -/❤♥ ❛❦3❧♦✉❥❤ ❉+❛-/❤+✐3/❤/❛✳

❉(❛)"❤(✐,"❤"❛ ✶✳✾ ❙❤♠❡✐➳-/❡ ✹ -❤♠❡5❛ O✱ A✱ B✱ C ❦❛✐ -"❡❞✐❼-/❡ /❛ ❞✐❛♥C-♠❛✲

/❛

−−→
AB✱

−→
AC ❦❛✐ /♦ ❼❥+♦✐-♠❛

−−→
AD =

−−→
AB+

−→
AC✳ ▼❡/❛❢=+❡/❡ ♣❛+❼❧❧❤❧❛ /❛ ❞✐❛♥C-♠❛/❛

−−→
AB ❦❛✐

−→
AC -/♦ -❤♠❡5♦ O✱ ❞❤❧❛❞➔ -"❡❞✐❼-/❡ /❛ ❞✐❛♥C-♠❛/❛

−−→
OB′

❦❛✐

−−→
OC ′

/❛ ♦♣♦5❛

❡5♥❛✐ ✐-♦❞C♥❛♠❛ ♣+♦❝ /❛

−−→
AB ❦❛✐

−→
AC ❛♥/5-/♦✐"❛✱ ✭❥❛ ♣+=♣❡✐ ♥❛ -"❤♠❛/5③♦♥/❛✐ ♣❛+❛❧✲

❧❤❧3❣+❛♠♠❛ ABB′O ❦❛✐ ACC ′O✮✳ ❙"❡❞✐❼-/❡ /♦ ❼❥+♦✐-♠❛

−−→
OD′ =

−−→
OB′ +

−−→
OC ′

❦❛✐

❡❧=❣①/❡ ♦/✐ ❛✉/3 ❡5♥❛✐ ✐-♦❞C♥❛♠♦ ♠❡ /♦

−−→
AD✳

❏❛ ❞✐❛/✉♣➳-♦✉♠❡ ❛✉/➔ /❤♥ ♣❛+❛/➔+❤-❤ -/♦ ❡♣3♠❡♥♦ ▲➔♠♠❛✳
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▲➔♠♠❛ ✶✳✹ ❍ ♣❛#❼❧❧❤❧❤ ♠❡)❛❢♦#❼ ❡,♥❛✐ /✉♠❜❛)➔ ♠❡ )✐❝ ♣#❼①❡✐❝ )❤❝ ♣#5/❥❡/❤❝ ❞✐❛♥✉/♠❼✲

)✇♥✱ ❦❛✐ )♦✉ ♣♦❧❧❛♣❧❛/✐❛/♠♦< ❞✐❛♥</♠❛)♦❝ ♠❡ ❛#✐❥♠5✳ >✐♦ /✉❣❦❡❦#✐♠@♥❛✱ ❡❼♥

−−→
AB ∼

−−→
A′B′

❦❛✐

−→
AC ∼

−−→
A′C ′

✱ )5)❡

−−→
A′B′ +

−−→
A′C ′ ∼

−−→
AB +

−→
AC

❦❛✐ ❣✐❛ ❦❼❥❡ a ∈ R,

a
−−→
A′B′ ∼ a

−−→
AB.

❙#➔♠❛ ✶✳✶✶✿ )*+,❥❡,❤ ❦❛✐ ♣❛*❼❧❧❤❧❤ ♠❡5❛❢♦*❼

❆♣)❞❡✐①❤✳ ●✐❛ 5❤♥ ♣*+,❥❡,❤✱ ✭❙#➔♠❛ ✶✳✶✶✮✱ ❛*❦❡= ♥❛ ❞❡=①♦✉♠❡ ♦5✐ ❡❼♥ ABB′A′
✱ ACC ′A′

✱

ABDC ❦❛✐ A′B′D′C ′
❡=♥❛✐ ♣❛*❛❧❧❤❧+❣*❛♠♠❛✱ 5+5❡ ADD′A′

❡=♥❛✐ ❡♣=,❤❝ ♣❛*❛❧❧❤❧+❣*❛♠♠♦✳

❊❢❛*♠+③♦✉♠❡ 5❤♥ )*+5❛,❤ ✶✳✶✱ ♣*➳5❛ ,5❛ ♣❛*❛❧❧❤❧+❣*❛♠♠❛ ABDC ❦❛✐ ACC ′A′
✱ ❣✐❛ ♥❛

❞❡=①♦✉♠❡ ♦5✐ BDC ′A′
❡=♥❛✐ ♣❛*❛❧❧❤❧+❣*❛♠♠♦✱ ❦❛5+♣✐♥ ,5❛ BDC ′A′

❦❛✐ A′B′D′C ′
❣✐❛ ♥❛

❞❡=①♦✉♠❡ ♦5✐ BDD′B′
❡=♥❛✐ ♣❛*❛❧❧❤❧+❣*❛♠♠♦✱ ❦❛✐ 5F❧♦❝ ,5❛ BDD′B′

❦❛✐ ABB′A′
❣✐❛ ♥❛

❞❡=①♦✉♠❡ ♦5✐ ADD′A′
❡=♥❛✐ ♣❛*❛❧❧❤❧+❣*❛♠♠♦✳ ❍ ❛♣+❞❡✐①❤ ❣✐❛ 5♦♥ ♣♦❧❧❛♣❧❛,✐❛,♠+ ❡=♥❛✐

❛♥❼❧♦❣❤✳

�

❆✉5➔ ❤ ✐❞✐+5❤5❛ ❥❛ ♠❛❝ ❡♣✐5*F②❡✐ ♥❛ ❡♣❡❦5❡=♥♦✉♠❡ 5♦♥ ♦*✐,♠+ 5✇♥ ♣*❼①❡✇♥ ❦❛✐ ♠❡5❛①K

❞✐❛♥✉,♠❼5✇♥ ♠❡ ❞✐❛❢♦*❡5✐❦+ ,❤♠❡=♦ ❡❢❛*♠♦❣➔❝✱ +♣✇❝ ❥❛ ❞♦K♠❡ ,5❤ ,✉♥F#❡✐❛✳

❉0❛12❤0✐)2❤2❛ ✶✳✶✵ ❙❤♠❡✐➳,5❡ 5*=❛ ,❤♠❡=❛ ,5♦ ❡♣=♣❡❞♦✱ A✱ B✱ C✱ ❦❛✐ ,#❡❞✐❼,5❡

5❛ ❞✐❛♥K,♠❛5❛

−−→
AB ❦❛✐

−−→
BC✳ ❙#❡❞✐❼,5❡ 5♦ ❞✐❼♥✉,♠❛

−−→
AC ′

♣♦✉ ♣*♦❦K♣5❡✐ ♠❡ ♣❛*❼❧❧❤❧❤

♠❡5❛❢♦*❼ 5♦✉ ❞✐❛♥K,♠❛5♦❝

−−→
BC ,5♦ A✳ ❊❢❛*♠+,5❡ 5♦♥ ❦❛♥+♥❛ 5♦✉ ♣❛*❛❧❧❤❧♦❣*❼♠♠♦✉

❣✐❛ ♥❛ ❜*❡=5❡ 5♦ ❼❥*♦✐,♠❛

−−→
AB+

−−→
AC ′

✳ ❚✐ ♣❛*❛5❤*❡=5❡❄ ▼♣♦*♦K♠❡ ♥❛ #*❤,✐♠♦♣♦✐➔,♦✉♠❡

❛✉5➔ 5❤ ❞✐❛❞✐❦❛,=❛ ❣✐❛ ♥❛ ♦*=,♦✉♠❡ 5♦ ❼❥*♦✐,♠❛ ❞K♦ ❞✐❛♥✉,♠❼5✇♥ ❛❦+♠❛ ❦❛✐ +5❛♥ ❞❡♥

F#♦✉♥ 5❤♥ =❞✐❛ ❛*#➔❄


