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'Askhsh 12.1 Jewr ste ton pÐnaka

A =

[
4 5
−1 −2

]
.

aþ. BreÐte antistrèyimo pÐnaka R kai diag¸nio pÐnaka D tètoio ¸ste AR = RD.

bþ. UpologÐste ton pÐnaka Ak gia k�je jetikì akèraio k.

gþ. LÔste to sÔsthma exis¸sewn diafor¸n

xk+1 = 4xk + 5yk

yk+1 = −xk − 2yk

me arqikèc sunj kec

[
x0
y0

]
=

[
0
1

]
.

Ap�nthsh - Upìdeixh.
Qarakthristikì polu¸numo λ2 − 2λ− 3. Idiotimèc λ = 3, −1.

IdiodianÔsmata

[
−5

1

]
,

[
−1

1

]
.

R =

[
−5 −1

1 1

]
, D =

[
3 0
0 −1

]
.

Ak = RDkR−1 = −1

4

[
−5 −1

1 1

] [
3 0
0 −1

] [
1 1
−1 −5

]
= −1

4

[
−5(3k) + (−1)k −5(3k − (−1)k)

3k − (−1)k 3k − 5(−1)k

]
.

[
xk
yk

]
= Ak

[
0
1

]
= −1

4

[
−5(3k − (−1)k)

3k − 5(−1)k

]
.



'Askhsh 12.2 Na brejoÔn oi oriakèc timèc twn yk, zk, k →∞ ean

yk+1 = 0, 8 yk + 0, 3 zk y0 = 0

zk+1 = 0, 2 yk + 0, 7 zk z0 = 5

BreÐte genikoÔc tÔpouc gia yk, zk.

Ap�nthsh - Upìdeixh.

Exet�zoume ton pÐnaka A =

[
0, 8 0, 3
0, 2 0, 7

]
. Idiotimèc λ = 1, 0, 5, me antÐstoiqa idiodianÔ-

smata (3, 2) kai (−1, 1).

Jètoume R =

[
3 −1
2 1

]
, D =

[
1 0
0 0, 5

]
. Tìte

Ak = RDkR−1 =

[
3 −1
2 1

] [
1 0
0 2−k

] [
1/5 1/5
−2/5 3/5

]
kai [

yk
zk

]
= Ak

[
0
5

]
=

[
3− 3 · 2−k)
2 + 3 · 2−k

]
.

'Ara yk → 3 kai zk → 2.

'Askhsh 12.3 Me dedomèno oti

v1 =

 1
−1

1

 , v2 =

 −3
0
1

 , v3 =

 −1
1
0


eÐnai idiodianÔsmata tou pÐnaka

A =

 1 −2 −6
2 5 6
−2 −2 −3

 ,

aþ. BreÐte antistrèyimo pÐnaka R kai diag¸nio pÐnaka D tètoio ¸ste AR = RD.

bþ. DÐdetai to sÔsthma exis¸sewn diafor¸n

xk+1 = xk − 2yk − 6zk

yk+1 = 2xk + 5yk + 6zk

zk+1 = −2xk − 2yk − 3zk ,

me arqikèc sunj kec x0 = y0 = 1 kai z0 = 0.

Ekfr�ste to di�nusma arqik¸n sunjhk¸n

 x0
y0
z0

 =

 1
1
0

 wc grammikì sunduasmì

twn dianusm�twn v1, v2, v3, kai lÔste to sÔsthma exis¸sewn diafor¸n.
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Ap�nthsh - Upìdeixh.
Av1 = −3v1, Av2 = 3v2, Av3 = 3v3.

R =

 1 −3 −1
−1 0 1

1 1 0

, D =

 −3 0 0
0 3 0
0 0 3

.
LÔnoume to sÔsthma  1 −3 −1

−1 0 1
1 1 0

 c1
c2
c3

 =

 1
1
0

 ,

kai brÐskoume

 1
1
0

 = 1
3
(2v1−2v2+5v3). 'Ara h lÔsh tou sust matoc exis¸sewn diafor¸n

eÐnai Ak

 1
1
0

 = 1
3
(2(−3)kv1 − 2(3k)v2 + 5(3k)v3).

'Askhsh 12.4 Jewr ste to sÔsthma exis¸sewn diafor¸n vk+1 = Avk, ìpou

A =

 0 1
2

1
2

1
2

1
2

0
1
2

0 1
2

 , vk =

 xk
yk
zk

 .

EÐnai autì to sÔsthma mÐa diadikasÐa Markov? EÐnai mÐa omal  diadikasÐa Markov?
BreÐte antistrèyimo pÐnaka R kai diag¸nio pÐnaka D tètoiouc ¸ste AR = RD.
Upojèste oti to sÔsthma parist�nei thn katanom  enìc plhjusmoÔ 6000 atìmwn, kata-
nemhmènwn se 3 katast�seic, me xk ton arijmì twn atìmwn sthn kat�stash 1, yk sthn
kat�stash 2 kai zk sthn kat�stash 3. Arqik� 1000 �toma brÐskontai sthn kat�stash 1,
2000 sthn kat�stash 2 kai 3000 sthn kat�stash 3. BreÐte thn makroprìjesmh katanom 
tou plhjusmoÔ kai ton arijmì twn atìmwn pou telik� ja brÐskontai se k�je mÐa kat�stash.
(Den eÐnai aparaÐthto na upologÐsete ton pÐnaka R−1.)

Ap�nthsh - Upìdeixh.
EÐnai Markobian  diadikasÐa, afoÔ ìla ta stoiqeÐa tou pÐnaka A eÐnai mh arnhtik� kai to
�jroisma twn stoiqeÐwn k�je st lhc eÐnai 1.
EÐnai kanonik  diadikasÐa, afoÔ A2 èqei ìlo gn sia jetik� stoiqeÐa. UpologÐzoume tic
idiotimèc kai ta antÐstoiqa idiodianÔsmata, kai ta topojetoÔme stouc pÐnakec R kai D:

R =

 1 0 −2
1 −1 1
1 1 1

 , D =

 1 0 0
0 1

2
0

0 0 −1
2

 .

To di�nusma v0 = (1000, 2000, 3000) mporoÔme na to ekfr�soume wc proc th b�sh pou
apoteleÐtai apì ta idiodianÔsmata tou pÐnaka A, me di�nusma suntetagmènwn èstw u0 =
(a0, b0, c0). Tìte v0 = Ru0 kai

Akv0 = RDkR−1v0 = RDkR−1(Ru0) = RDku0 .
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All� Dk teÐnei sto diag¸nio pÐnaka

 1 0 0
0 0 0
0 0 0

. H makroprìjesmh katanom  tou plhju-

smoÔ eÐnai to idiodi�nusma thc idiotim c 1 pollaplasiasmèno epÐ a0. Se k�je kat�stash
telik� ja brÐskontai 2000 �toma.

'Askhsh 12.5 Gia poiec timèc twn α, β eÐnai h parak�tw exÐswsh mia diadikasÐa Markov?

uk+1 = Auk =

[
α β

1− α 1− β

]
uk, u0 =

[
1
1

]
UpologÐste to uk = SΛkS−1u0. Gia poièc timèc twn α, β to ìrio uk, k → ∞ eÐnai
peperasmèno, kai poiì eÐnai autì to ìrio.

Ap�nthsh - Upìdeixh.
EÐnai Markobian  diadikasÐa ìtan 0 ≤ α ≤ 1 kai 0 ≤ β ≤ 1.
Oi idiotimèc tou pÐnaka A eÐnai 1 kai α− β, me antÐstoiqa idiodianÔsmata (β/(1−α), 1) kai
(1, −1) kai

uk =

[
2β

β−α+1
− 1−α−β

β−α+1
(α− β)k

2(1−α)
β−α+1

− 1−α−β
β−α+1

(α− β)k

]
.

'Askhsh 12.6 H grafik  par�stash thc u = (cos t, sin t), 0 ≤ t ≤ 2π eÐnai o monadiaÐoc
kÔkloc. ProseggÐzoume thn u me tic parak�tw exis¸seic diafor¸n

un+1 = (I + A)un

un+1 = (I − A)−1un

un+1 = (I − 1

2
A)−1(I +

1

2
A)un

A =

[
0 −1
1 0

]
BreÐte tic idiotimèc twn I + A, (I − A)−1, (I − 1

2
A)−1(I + 1

2
A). Poi� eÐnai h grafik 

par�stash thc un gia k�je exÐswsh diafor¸n? Gia poi� exÐswsh diafor¸n h lÔsh un eÐnai
o kÔkloc?

'Askhsh 12.7 Qrhsimopoi ste ta apotelèsmata thc 'Askhshc 12.1, gia na deÐxete oti o
arijmìc 3k − (−1)k eÐnai pollapl�sio tou 4, gia k�je jetikì akèraio k.
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