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'Askhsh 10.1 JewroÔme to dianusmatikì q¸ro R3, me to sÔnhjec eswterikì ginìmeno.
BreÐte ta 〈u, v〉, ||u||, ||v||, thn apìstash d(u, v) = ||u−v|| metaxÔ twn shmeÐwn pou èqoun
di�nusma jèshc u kai v, kai to sunhmÐtono thc gwnÐac metaxÔ twn u kai v, gia ta dianÔsmata:

aþ. u = (3, −2, 1) kai v = (1, −1, 1).

bþ. u = (1, 0, −2), v = (2, 1, 1).

Ap�nthsh - Upìdeixh.

aþ. 〈u, v〉 = 6, ||u|| =
√
14, ||v|| =

√
3, d(u, v) =

√
5, cosϕ = 〈u,v〉

||u||||v|| ìpou ϕ h gwnÐa metaxÔ
twn u kai v.
bþ. 〈u, v〉 = 0, ||u|| =

√
5, ||v|| =

√
6, d(u, v) =

√
11, ta u, v ed¸ eÐna orjog¸nia.

'Askhsh 10.2 JewroÔme to migadikì dianusmatikì q¸ro C2, me to sÔnhjec eswterikì
ginìmeno. BreÐte ta 〈u, v〉, ||u||, ||v|| kai thn apìstash d(u, v) = ||u − v||, gia ta dianÔ-
smata:

aþ. u = (2− i, 3 + 2i), v = (3− 2i, 2 + i).

bþ. u = (2− 3i, −2 + 3i), v = (1, 1).

Se èna migadikì dianusmatikì q¸ro orÐzetai h ènnoia thc orjogwniìthtac, all� den orÐzetai
h gwnÐa metaxÔ dÔo dianusm�twn.

Ap�nthsh - Upìdeixh.
aþ. 〈u, v〉 = (2− i) · (3 + 2i) + (3 + 2i) · (2− i) = 16 + 2i, ||u|| =

√
18 = 3

√
2 = ||v|| kai

d(u, v) = 2.
bþ. 〈u, v〉 = (2−3i) ·1+(−2+3i) ·1 = 0, ||u|| =

√
26, ||v|| =

√
2 kai d(u, v) =

√
28 = 2

√
7.

'Askhsh 10.3 JewroÔme dianÔsmata v = (v1, v2) kai w = (w1, w2) sto R2.

aþ. DeÐxte oti h sun�rthsh 〈v, w〉 = 4v1w1 + 9v2w2 orÐzei eswterikì ginìmeno sto R2.

bþ. DeÐxte oti h sun�rthsh 〈v, w〉 = 2v1w1 − v2w2 den orÐzei eswterikì ginìmeno.



Ap�nthsh - Upìdeixh.
Gia to (aþ) elègqoume ìti ikanopoioÔntai oi idiìthtec tou eswterikoÔ ginomènou, dhl. :
1) 〈λv + u, w〉 = λ〈v, w〉+ 〈u, w〉 to opoÐo isqÔei afoÔ
〈λv + u, w〉 = 4(λv1 + u1)w1 + 9(λv2 + u2)w2 = λ(4v1w1 + 9v2w2) + 4u1w1 + 9u2w2 =
λ〈v, w〉+ 〈u, w〉.
2) 〈w, v〉 = 4w1v1 + 9w2v2 = 〈v, w〉. (Parathr ste ìti den mpaÐnei suzugèc giatÐ eÐmaste
sto R)
3) 〈v, v〉 = 4v21 + 9v22 ≥ 0, kai 〈v, v〉 = 0 an kai mìnon an v = 0.
Gia to (bþ) èqoume oti den eÐnai eswterikì ginìmeno afoÔ gia par�deigma to di�nusma v =
(0, 1) dÐnei 〈v, v〉 = −1 < 0.

'Askhsh 10.4 JewroÔme to q¸ro C[0, 1] twn suneq¸n sunart sewn sto di�sthma [0, 1],
me eswterikì ginìmeno

〈f, g〉 =
∫ 1

0

f(t) g(t) dt

aþ. BreÐte to eswterikì ginìmeno twn f(x) = 2x+ 1, g(x) = 3x− 2.

bþ. DeÐxte oti oi sunart seic f(x) = x2 kai g(x) = 4x− 3 eÐnai orjog¸niec.

gþ. BreÐte mÐa sun�rthsh orjog¸nia proc thn f(x) = 6x+ 12

Ap�nthsh - Upìdeixh.

aþ) 〈f, g〉 =
∫ 1

0
f(x) g(x) dx =

∫ 1

0
(2x+ 1)(3x− 2) dx = −0.5

bþ) Blèpoume oti 〈f, g〉 =
∫ 1

0
x2(4x− 3)dx = 0.

gþ) P�rte gia par�deigma thn g(x) = 1− 15/8x.

'Askhsh 10.5 'Estw a1, a2, . . . , an ∈ R. Qrhsimopoi ste thn anisìthta Cauchy–
Schwarz gia na deÐxete oti(

a1 +
a2
2

+ · · ·+ an
n

)2
≤ (a21 + · · ·+ a2n)

(
1 +

1

22
+ · · ·+ 1

n2

)
.

Ap�nthsh - Upìdeixh.
Efarmìste to Je¸rhma Cauchy–Schwarz gia ta dianÔsmata v = (a1, a2, · · · , an) kai w =
(1, 1/2, · · · , 1/n).

'Askhsh 10.6 Exet�ste e�n oi akìloujec sunart seic orÐzoun eswterikì ginìmeno sto
q¸roM(2, R) twn 2× 2 pragmatik¸n pin�kwn:

aþ. 〈A, B〉 = detAB,

bþ. 〈A, B〉 = trAB,

gþ. 〈A, B〉 = trBTA.

2



'Askhsh 10.7 JewroÔme ton dianusmatikì q¸ro R4 me to kanonikì eswterikì ginì-
meno, kai ton upìqwro X pou par�getai apì ta dianÔsmata u1 = (1, 1, 0, 0) kai u2 =
(0, 1, −1, 1).

BreÐte mÐa orjokanonik  b�sh tou orjogwnÐou sumplhr¸matoc X⊥, kai sumplhr¸ste
thn se mia orjokanonik  b�sh tou R4.

Ap�nthsh - Upìdeixh.

X⊥ eÐnai o mhdenìqwroc tou pÐnaka A =

[
1 1 0 0
0 1 −1 1

]
. MÐa b�sh tou X⊥ eÐnai h

{(−1, 1, 1, 0), (1, −1, 0, 1)}, apì thn opoÐa, me orjokanonikopoÐhshGram – Schmidt paÐr-
noume mÐa orjokanonik  b�sh { 1√

3
(−1, 1, 1, 0), 1√

15
(1, −1, 2, 3)}. Gia na thn epekteÐnoume

se b�sh tou R4, qrhsimopoioÔme tic grammèc tou pÐnaka A. Met� apì orjokanonikopoÐhsh
paÐrnoume thn orjokanonik  b�sh tou R4{

1√
3
(−1, 1, 1, 0), 1√

15
(1, −1, 2, 3), 1√

2
(1, 1, 0, 0),

1√
10

(−1, 1, −2, 2)
}
.

'Askhsh 10.8 BreÐte mÐa orjokanonik  b�sh gia ton upìqwro V tou R3,

V = {(x, y, z) : 5x− y + 2z = 0} .

EpekteÐnate th b�sh pou br kate se orjokanonik  b�sh tou R3.

Ap�nthsh - Upìdeixh.
MÐa b�sh tou V eÐnai h {(1, 5, 0), (−2, 0, 5)}. Apì aut n brÐskoume thn orjokanonik 
b�sh { 1√

26
(1, 5, 0), 1√

195
(−5, 1, 13)}. To di�nusma (5, −1, 2) eÐnai orjog¸nio sto V , kai

mporoÔme na to qrhsimopoi soume gia na epekteÐnoume thn orjokanonik  b�sh tou V se
b�sh tou R3.

'Askhsh 10.9 'Estw 2× 2 pragmatikìc pÐnakac A. DeÐxte oti h apeikìnish

〈x, y〉 = xTAy = [x1, x2]

[
a b
c d

] [
y1
y2

]
orÐzei èna eswterikì ginìmeno sto R2 e�n kai mìnon e�n AT = A, detA > 0 kai trA > 0,
(dhlad  e�n b = c, ad− b2 > 0 kai a > 0).

Ap�nthsh - Upìdeixh.
Gia k�je pÐnaka A h apeikìnish x 7→ xTAy eÐnai grammik .
Gia th summetrik  idiìthta tou eswterikoÔ ginomènou èqoume 〈y, x〉 = ytAx = (xTATy)T =
xTATy. Epomènwc xTATy = xTAy = 〈x, y〉 gia k�je x, y ∈ R2 an kai mìno an A = AT .
(DeÐte ìti den qrei�zetai na p�roume 〈y, x〉 giatÐ eÐmaste sto R.) Epomènwc b = c. Mènei
na doÔme ti idiìthtec prèpei na ikanopoieÐ o A gia na èqoume 〈x, x〉 ≥ 0 gia k�je x ∈ R2.
ParathroÔme ìti 〈x, x〉 = ax21 + 2bx1x2 + dx22. Gia x = (x1, 0) èqoume 〈x, x〉 = ax21
kai �ra a > 0. An�loga gia x = (0, x2) èqoume d > 0. EpÐshc an 0 6= x2 èqoume
〈x, x〉 = ax21+2bx1x2+dx

2
2 = x22(a(x1/x2)

2+2b(x1/x2)+d). Epomènwc èqoume 〈x, x〉 > 0
an kai mono an to parap�nw tri¸numo eÐnai p�nta jetikì gia k�je x 6= 0. Autì sumbaÐnei an
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kai mìnon an h diakrÐnousa tou triwnÔmou eÐnai arnhtik  dhlad  an kai mìno an 4b2−4ad < 0
apì ìpou prokÔptei kai to zhtoÔmeno.

'Askhsh 10.10 Jewr ste jetik  suneq  sun�rthsh f : [0, 1] → R. DeÐxte oti e�n
p(x), q(x) eÐnai polu¸numa, tìte

〈p, q〉f =

∫ 1

0

f(t)p(t)q(t)dt ,

orÐzei eswterikì ginìmeno sto q¸ro twn poluwnÔmwn me pragmatikoÔc suntelestèc.
E�n f(x) = x + 1, breÐte orjokanonik  b�sh gia to q¸ro twn poluwnÔmwn bajmoÔ to

polÔ 1, me to eswterikì ginìmeno 〈 , 〉f .

Ap�nthsh - Upìdeixh.
Xekin�me me thn kanonik  b�sh tou R[x]1, p0 = 1, p1 = x.

〈p0, p0〉f =
∫ 1

0
(t+ 1) dt = 3

2
.

〈p0, p1〉f =
∫ 1

0
(t+ 1)t dt = 5

6
.

〈p1, p1〉f =
∫ 1

0
(t+ 1)t2dt = 7

12
.

r0 = p0. r1 = p1 − 〈r0, p1〉f
〈r0, r0〉f

r0 = x− 5
9
.

〈r1, r1〉f = 〈p1, p1〉f − 10
9
〈p1, p0〉f + 25

81
〈p0, p0〉f = 13

108
.

'Ara h orjokanonik  b�sh eÐnai

q0(x) =

√
2

3
, q1 =

√
108

13

(
x− 5

9

)
.

'Askhsh 10.11 JewroÔme dianusmatikì q¸ro V p�nw apì to R, me eswterikì ginìmeno,
kai dÔo diaforetik� dianÔsmata a, b ∈ V . ApodeÐxte oti e�n x ∈ V kai ||x−a||+ ||x− b|| =
||a− b||, tìte x = λa+ µb, me λ, µ ∈ R kai λ+ µ = 1.

Ap�nthsh - Upìdeixh.
Jewr ste grammikì upìqwro W tou V , di�stashc 2, pou perièqei ta dianÔsmata u = x−a
kai v = x−b. Ekfr�ste to u wc grammikì sunduasmì sv+tw gia 0 6= w ∈ W me 〈v, w〉 = 0,
kai deÐxte oti t = 0.
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