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'Askhsh 7.1 DÐdetai o dianusmatikìc q¸roc V = {(x, y, z) ∈ R3 : 2x+ y + z = 0}.

aþ. BreÐte th di�stash kai mÐa b�sh tou dianusmatikoÔ q¸rou V ⊕ V .

bþ. BreÐte th di�stash kai mÐa b�sh tou dianusmatikoÔ upìqwrou V + V tou R3.

Ap�nthsh - Upìdeixh.
Se aut  thn 'Askhsh prèpei na diakrÐnete metaxÔ tou (eswterikoÔ) eujèwc ajroÐsmatoc
dÔo upoq¸rwn enìc dianusmatikoÔ q¸rou, pou eÐnai to �jroisma dÔo upoq¸rwn pou èqoun
mhdenik  tom , kai tou (exwterikoÔ) eujèwc ajroÐsmatoc dÔo dianusmatik¸n q¸rwn, pou
eÐnai mÐa dom  dianusmatikoÔ q¸rou sto kartesianì ginìmeno twn dÔo q¸rwn. AfoÔ V ∩V
den eÐnai mhdèn, to eujÔ �jroisma sto aþ den eÐnai to eswterikì eujÔ �jroisma. 'Ara
prìkeitai gia mÐa dom  dianusmatikoÔ q¸rou sto kartesianì ginìmeno V × V . Autìc o
q¸roc èqei di�stash dipl�sia tou V . MÐa b�sh dÐdetai apì to L mma 4.7.

Sto bþ, jèloume to �jroisma tou V me ton eautì tou, pou eÐnai o dianusmatikìc q¸roc
pou par�getai apì to V ∪ V , dhlad  o Ðdioc o q¸roc V .

'Askhsh 7.2 E�n X, Y, Z eÐnai dianusmatikoÐ q¸roi p�nw apo to s¸ma K, deÐxte oti
up�rqoun isomorfismoÐ.

aþ. X ⊕ Y ∼= Y ⊕X

bþ. X ⊕ (Y ⊕ Z) ∼= (X ⊕ Y )⊕ Z

Ap�nthsh - Upìdeixh.
Elègxte oti oi akìloujec apeikonÐseic eÐnai isomorfismoÐ.
aþ. (x, y) 7→ (y, x).
bþ. (x, (y, z)) 7→ ((x, y), z).

'Askhsh 7.3 Elègxte oti oi kanonikèc emfuteÔseic j1 : V −→ V ⊕W kai j2 : W −→
V ⊕W kai oi kanonikèc probolèc p1 : V ⊕W −→ V kai p2 : V ⊕W −→ W eÐnai grammikèc
apeikonÐseic, kai oti ikanopoioÔn tic sqèseic

p1 ◦ j1 = IV , p1 ◦ j2 = 0 , p2 ◦ j1 = 0 , p2 ◦ j2 = IW .



Ap�nthsh - Upìdeixh.
Elègxte oti eÐnai grammikèc apeikonÐseic.
p1 ◦ j1(v) = p1((v, 0)) = v kai p1 ◦ j2(w) = p1((0, w)) = 0.
Parìmoia gia to p2.

'Askhsh 7.4 Sto dianusmatikì q¸ro C4 jewr ste touc upìqwrouc

U =
{
(z1, z2, z3, z4) ∈ C4 : z1 = z2

}
,

V =
{
(z1, z2, z3, z4) ∈ C4 :

z1 + z2 − z4 = 0, −z1 + z2 + z3 = 0, z1 + z2 + z3 = z4} .

aþ. DeÐxte oti V ⊆ U .

bþ. BreÐte mÐa b�sh tou q¸rou phlÐko U/V .

Ap�nthsh - Upìdeixh.
aþ. V = 〈(1, 1, 0, 2)〉. To di�nusma (1, 1, 0, 2) an kei sto U . 'Ara V ⊆ U .
bþ. Qrei�zetai na broÔme mÐa b�sh tou U pou na perièqei mÐa b�sh tou V . MÐa tètoia
b�sh tou U eÐnai h {(1, 1, 0, 2), (0, 0, 1, 0), (0, 0, 0, 1)}. 'Ara mÐa b�sh tou U /V eÐnai
{(0, 0, 1, 0) + V, (0, 0, 0, 1) + V }.

'Askhsh 7.5 Jewr ste to dianusmatikì q¸ro R[x] ìlwn twn poluwnÔmwn mÐac metablh-
t c, kai ton upìqwro R[x]n twn poluwnÔmwn bajmoÔ mikrìterou   Ðsou me n. 'Eqei o q¸roc
phlÐko R[x]/R[x]n peperasmènh di�stash?

Ap�nthsh - Upìdeixh.
O q¸roc phlÐko eÐnai o q¸roc ìlwn twn poluwnÔmwn, ìpou jewroÔme Ðsa me to 0 ìla ta
polu¸numa bajmoÔ mikrìterou   Ðsou me n. Ta stoiqeÐa tou R[x]/R[x]n eÐnai thc morf c
an+1x

n+1 + · · · + amx
m + R[x]n, gia opoiod pote m > n. O q¸roc èqei �peirh di�stash,

giatÐ gia k�je m > n up�rqei grammik� anex�rthto sÔnolo me m− n stoiqeÐa. BreÐte èna
tètoio sÔnolo.
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