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'Askhsh 3.1BreÐte èna di�nusma x orjog¸nio sto q¸ro gramm¸n tou A, èna di�nusma
orjog¸nio sto q¸ro sthl¸n, kai èna di�nusma orjog¸nio sto mhdenoq¸ro tou pÐnaka A:

A =

 1 2 1
2 4 3
3 6 4

 .

Ap�nthsh - Upìdeixh.
To di�nusma x prèpei na an kei sto mhdenìqwro tou A. Se poiìn upìqwro an koun ta
�lla dianÔsmata.

'Askhsh 3.2BreÐte ìla ta dianÔsmata tou R3 pou eÐnai orjog¸nia sto (1, 1, 1) kai sto
(1, −1, 0).

Ap�nthsh - Upìdeixh.

JewroÔme ton pÐnaka A =

[
1 1 1
1 −1 0

]
. O mhdenìqwroc tou A apoteleÐtai apì ìla ta

dianÔsmata pou eÐnai orjog¸nia sto (1, 1, 1) kai sto (1, −1, 0).

'Askhsh 3.3BreÐte ènan pÐnaka tou opoÐou o q¸roc gramm¸n perièqei to (1, 2, 1) kai o
mhdenoq¸roc perièqei to (1, −2, 1),   deÐxte oti den up�rqei tètoioc pÐnakac.

Ap�nthsh - Upìdeixh.
AfoÔ ta dÔo dianÔsmata den eÐnai orjog¸nia, den up�rqei tètoioc pÐnakac.

'Askhsh 3.4Kataskeu�ste mÐa omogen  exÐswsh se treÐc agn¸stouc, thc opoÐac oi lÔ-
seic eÐnai oi grammikoÐ sunduasmoÐ twn dianusm�twn (1, 1, 2) kai (1, 2, 3). Autì eÐnai to
antÐstrofo thc prohgoÔmenhc �skhshc, all� ta dÔo probl mata eÐnai ousiastik� ta Ðdia.

Ap�nthsh - Upìdeixh.
H exÐswsh ja eÐnai thc morf c Ax = 0, me ta dÔo dianÔsmata orjog¸nia stic grammèc tou
A. Gia par�deigma, A =

[
1 1 −1

]
.

'Askhsh 3.5 BreÐte thn probol  tou dianÔsmatoc (7, 4) p�nw ston upìqwro pou par�-
getai apì to di�nusma (1, 2).



Ap�nthsh - Upìdeixh.

O pÐnakac probol c sto di�nusma v eÐnai o P = 1
vT v

vvT . Gia v =

[
1
2

]
, P =

1

5

[
1
2

] [
1 2

]
,

kai to zhtoÔmeno di�nusma eÐnai to

[
3
6

]
.

'Askhsh 3.6 BreÐte ton pÐnaka probol c pou antistoiqeÐ sthn probol  twn dianusm�twn
tou epipèdou R2 p�nw sthn eujeÐa 3x− 2y = 0.

Ap�nthsh - Upìdeixh.

EÐnai o pÐnakac probol c sto di�nusma

[
2
3

]
.

'Askhsh 3.7BreÐte th bèltisth lÔsh elaqÐstwn tetrag¸nwn thc exÐswshc Ax = b, kai
upologÐste thn probol  p = Ax̂, e�n

A =

 1 0
0 1
1 1

 kai b =

 1
1
0

 .

EpalhjeÔste oti to dianusmatikì sf�lma e = b− p eÐnai orjog¸nio stic st lec tou A.

Ap�nthsh - Upìdeixh.
H bèltisth lÔsh elaqÐstwn tetrag¸nwn x̂ eÐnai h lÔsh thc exÐswshc ATAx̂ = AT b. BrÐ-

skoume x̂ =

[
1
3
1
3

]
kai upologÐzoume to p. Gia na eÐnai to sf�lma e = b− p orjog¸nio stic

st lec tou A, prèpei na isqÔei AT e = 0.

'Askhsh 3.8 JewroÔme ton dianusmatikì upìqwro V tou R4 pou par�getai apì ta dia-
nÔsmata

(1, 2, 0, 3), (2, 1, 1, 2) (−1, 4, −2, 5)

aþ. BreÐte to orjog¸nio sumpl rwma V ⊥ tou V .

bþ. Gr�yte to di�nusma x = (−4, 15, 7, 8) wc �jroisma x = v + w, ìpou v ∈ V kai
w ∈ V ⊥.

Ap�nthsh - Upìdeixh.

AfoÔ V eÐnai o q¸roc gramm¸n tou pÐnaka A =

 1 2 0 3
2 1 1 2
−1 4 −2 5

, to orjog¸nio su-

mpl rwma ja eÐnai o mhdenìqwroc tou A. K�noume apaloif  kai brÐskoume oti mÐa b�sh
tou q¸rou gramm¸n R(AT ) eÐnai h {(1, 2, 0, 3), (2, 1, 1, 2)} kai mÐa b�sh tou mhdenìqwrou
N (A) eÐnai h {(−2, 1, 3, 0), (−1, −4, 0, 3)}.

Zht�me v ∈ V = R(AT ) kai w ∈ V ⊥ = N (A) tètoia ¸ste v + w = x. LÔnoume to
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sÔsthma

x =


−4
15
7
8

 = a


1
2
0
3

+ b


2
1
1
2

+ c


−2
1
3
0

+ d


−1
−4
0
3

 ,

gia na broÔme v = a


1
2
0
3

+ b


2
1
1
2

 kai w = c


−2
1
3
0

+ d


−1
−4
0
3

.
'Askhsh 3.9 GnwrÐzome oti oi timèc miac posìthtac y pou parist�nei èna fusikì mègejoc
upìkeintai se grammik  metabol  wc proc tic timèc miac suneqoÔc metablht c x. Se èna
peÐrama upologismoÔ thc exÐswshc pou parist� thn en lìgw metabol , metr jhkan ta zeÔgh
tim¸n: (−1, 0), (1, 1), (2, 3).

Qrhsimopoi¸ntac th mèjodo elaqÐstwn tetrag¸nwn upologÐste touc suntelestèc a kai
b thc exÐswshc y = ax + b pou parist� to nìmo metabol c thc posìthtac y. BreÐte to
di�nusma l�jouc pou prokÔptei apì th lÔsh elaqÐstwn tetrag¸nwn kai deÐxte oti autì
eÐnai orjog¸nio sto q¸ro twn sthl¸n tou pÐnaka A pou ja kataskeu�sete gia na lÔsete
to prìblhma.

Ap�nthsh - Upìdeixh.
B�zontac ta dedomèna tou peir�matoc sthn exÐswsh y = ax+ b èqoume thn exÐswsh −1 1

1 1
2 1

[ a
b

]
=

 0
1
3

 ,

h opoÐa den èqei lÔsh. H antÐstoiqh exÐswsh elaqÐstwn tetrag¸nwn eÐnai

[
−1 1 2
1 1 1

] −1 1
1 1
2 1

[ â

b̂

]
=

[
−1 1 2
1 1 1

] 0
1
3

 .

H lÔsh elaqÐstwn tetrag¸nwn eÐnai â = 13
14
, b̂ = 10

14
. To di�nusma sf�lmatoc eÐnai

 0
1
3

− −1 1
1 1
2 1

[ â

b̂

]
.

'Askhsh 3.10 ApodeÐxte oti h exÐswsh Ax = b èqei lÔsh e�n kai mìnon e�n yT b = 0 gia
k�je y pou ikanopoieÐ yTA = 0.

'Askhsh 3.11BreÐte ton pÐnaka probol c P1 sthn eujeÐa me dieÔjunsh a = (1, 3), kaj¸c
kai ton pÐnaka probol c P2 sthn eujeÐa pou eÐnai k�jeth sto a. UpologÐste touc pÐnakec
P1 + P2 kai P1P2. Exhg ste to apotèlesma.
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