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'Askhsh 2.1 BreÐte thn paragontopoÐhsh LU , touc odhgoÔc kai thn orÐzousa tou 4× 4
pÐnaka me stoiqeÐa aij = min{i, j}.

Ap�nthsh - Upìdeixh.
Oi odhgoÐ eÐnai 1, 1, 1, 1 kai h orÐzousa eÐnai 1.

'Askhsh 2.2 Qrhsimopoi ste ton tÔpo thc orÐzousac gia na upologÐsete tic orÐzousec
twn pin�kwn:

A =

 1 1 0
1 0 1
0 1 1

 , B =

 1 2 3
4 5 6
7 8 9

 , C =

[
A 0
0 B

]
,

ìpou C eÐnai o 6 × 6 pÐnakac me mplok touc pÐnakec A kai B. EÐnai oi st lec aut¸n twn
pin�kwn grammik� anex�rthtec?

Ap�nthsh - Upìdeixh.
detA = −2, detB = 0, detC = 0.

'Askhsh 2.3 UpologÐste thn orÐzousa tou pÐnaka A anaptÔssontac wc proc thn tètarth
st lh:

A =


2 0 1 −5
8 −1 2 1
4 −3 −5 0
1 4 8 2

 .

Ap�nthsh - Upìdeixh.

|A| = 5

∣∣∣∣∣∣
8 −1 2
4 −3 −5
1 4 8

∣∣∣∣∣∣+ 1

∣∣∣∣∣∣
2 0 1
4 −3 −5
1 4 8

∣∣∣∣∣∣+ 2

∣∣∣∣∣∣
2 0 1
8 −1 2
4 −3 −5

∣∣∣∣∣∣ = 230.

'Askhsh 2.4 E�n Fn eÐnai h orÐzousa tou n×n tridiag¸niou pÐnaka me stoiqeÐa 1, 1, −1,

Fn = det


1 −1
1 1 −1

. . . . . . . . .
1 1 −1

1 1





deÐxte oti Fn = Fn−1+Fn−2. H akoloujÐa Fn eÐnai h akoloujÐa Fibonacci, 1, 2, 3, 5, 8, 13, . . ..

'Askhsh 2.5 Exhg ste giatÐ e�n detA 6= 0, tìte up�rqei k�poia met�jesh P twn gram-
m¸n tou A tètoia ¸ste na mhn up�rqoun 0 sth diag¸nio tou PA.
Upìdeixh: Up�rqei toul�qiston ènac apì touc n! ìrouc tou tÔpou thc orÐzousac pou den
eÐnai 0?

Ap�nthsh - Upìdeixh.
AfoÔ h orÐzousa den eÐnai mhdèn, toul�qiston ènac apì touc ìrouc tou tÔpou thc orÐzousac
den eÐnai 0. 'Ara up�rqei mÐa met�jesh σ tètoia ¸ste ìlec oi sunist¸sec ai σ(i) den eÐnai
mhdèn. Ana diat�ssoume tic grammèc tou pÐnaka, ètsi ¸ste autèc oi sunist¸sec na p�ne
sth diag¸nio.

'Askhsh 2.6 BreÐte touc sumpar�gontec kai ton prosarthmèno pÐnaka. Katìpin upolo-
gÐste ton antÐstrofo pÐnaka.

A =

 1 2 3
0 4 0
0 0 5

 , B =

 1 2 3
4 5 6
7 0 0

 .
Ap�nthsh - Upìdeixh.

PÐnakac sumparagìntwn C =

 20 0 0
−10 5 0
−12 0 4

, A−1 = 1
20
CT .

'Askhsh 2.7 Sthn Eisagwg  sth Grammik  'Algebra eÐdame oti gia na fèroume ènan n×n
pÐnaka se �nw trigwnik  morf  me apaloif  Gauss, apaitoÔntai n

3

3
+ n2

2
− 5n

6
pollaplasia-

smoÐ   diairèseic. Pìsoi epiplèon pollaplasiasmoÐ apaitoÔntai gia na upologÐsoume thn
orÐzousa?
Ston tÔpo thc orÐzousac èqoume n! ìrouc. Pìsoi pollaplasiasmoÐ apaitoÔntai gia na touc
upologÐsoume?
SugkrÐnete to kìstoc tou upologismoÔ thc orÐzousac me apaloif    me ton tÔpo, gia
n = 3, 4, 5 kai 10.

Ap�nthsh - Upìdeixh.
'Otan èqoume ton pÐnaka se �nw trigwnik  morf , apaitoÔntai n − 1 pollaplasiasmoÐ gia
na upologÐsoume thn orÐzousa. 'Ara me apaloif  apaitoÔntai sunolik� 2n3+3n2+n−6

6
polla-

plasiasmoÐ   diairèseic.
Ston tÔpo gia thn orÐzousa èqoume n! ìrouc, kai gia ton k�je èna apaitoÔntai n − 1

pollaplasiasmoÐ. 'Ara sunolik� (n− 1)n! pollaplasiasmoÐ.
Gia n = 5 autoÐ oi arijmoÐ eÐnai 54 kai 480 antÐstoiqa.

'Askhsh 2.8

aþ. Sqedi�ste to trÐgwno me korufèc A = (2, 2), B = (−1, 3) kai C = (0, 0). Jewr ste
to wc to misì enìc parallhlogr�mmou, kai exhg ste giatÐ to embadìn tou eÐnai

embadìn(ABC) =
1

2

∣∣∣∣ 2 2
−1 3

∣∣∣∣ .
2



bþ. T¸ra jewr ste to trÐgwno me korufèc A, B kai D = (1, −4), kai exhg ste giatÐ to
embadìn tou eÐnai

embadìn(ABD) =
1

2

∣∣∣∣∣∣
2 2 1
−1 3 1
1 −4 1

∣∣∣∣∣∣ .
(Afairèste mÐa gramm  apì tic �llec dÔo).

Ap�nthsh - Upìdeixh.
To embadìn tou trig¸nou eÐnai to misì tou embadoÔ tou parallhlogr�mmou me pleurèc CA
kai CB. To embadìn tou parallhlogr�mmou eÐnai Ðso me thn orÐzousa tou pÐnaka pou èqei
wc grammèc tic pleurèc tou parallhlogr�mmou.

Oi pleurèc tou trig¸nou ABD eÐnai
−−→
DA =

−→
OA−

−−→
OD,

−−→
DB =

−−→
OB −

−−→
OD. Afair¸ntac

thn trÐth gramm  apì thn pr¸th kai th deÔterh sthn orÐzousa

∣∣∣∣∣∣
2 2 1
−1 3 1
1 −4 1

∣∣∣∣∣∣ èqoume∣∣∣∣∣∣
1 6 0
−2 7 0
1 −4 1

∣∣∣∣∣∣ =
∣∣∣∣ 1 6
−2 7

∣∣∣∣, pou eÐnai to embadìn tou parallhlogr�mmou me pleurèc DA

kai DB.

'Askhsh 2.9 Qrhsimopoi ste ton kanìna Cramer gia na lÔsete tic exis¸seic:

ax + by = 1
cx + dy = 0

kai
x + 4y − z = 1
x + y + z = 0
2x + 3z = 0

'Askhsh 2.10 Exhg ste giatÐ e�n ìloi oi sumpar�gontec eÐnai 0, o pÐnakac den eÐnai
antistrèyimoc. E�n ìloi oi sumpar�gontec eÐnai diaforetikoÐ apì to 0, eÐnai o pÐnakac
antistrèyimoc?

Ap�nthsh - Upìdeixh.
H orÐzousa eÐnai grammikìc sunduasmìc twn sumparagìntwn. E�n ìloi eÐnai 0, tìte kai h
orÐzousa eÐnai mhdèn.

O pÐnakac

[
1 1
1 1

]
èqei ìlouc touc sumpar�gontec diaforetikoÔc apì to 0, all� den

eÐnai antistrèyimoc.
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