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0♦ /➳♠❛ K✳ ❏❛ ♠❡❧❡0➔/♦✉♠❡ ❣%❛♠♠✐❦)❝ ❛♣❡✐❦♦♥?/❡✐❝ ❛♣2 0♦♥ V /0♦♥ ❡❛✉02 0♦✉✱

L : V −→ V .

▼?❛ 0)0♦✐❛ ❛♣❡✐❦2♥✐/❤ ♦♥♦♠❼③❡0❛✐ ❣!❛♠♠✐❦&❝ (❡❧❡+(➔❝ /0♦ V ✭➔ ❡♥❞♦♠♦!❢✐+♠&❝ 0♦✉

V ✮✳

❖!✐+♠&❝ ✸✳✸✳ ❏❡✇%♦'♠❡ ❣%❛♠♠✐❦2 0❡❧❡/0➔ L : V −→ V ✳ ❖✐ ❛%✐❥♠♦? λ 0♦✉ K ❣✐❛ 0♦✉❝

♦♣♦?♦✉❝ ✉♣❼%3♦✉♥ ♠❤ ♠❤❞❡♥✐❦❼ ❞✐❛♥'/♠❛0❛ v ∈ V ♣♦✉ ✐❦❛♥♦♣♦✐♦'♥ 0❤♥ ❡①?/✇/❤

Lv = λv ✭✸✳✼✮

♦♥♦♠❼③♦♥0❛✐ ✐❞✐♦(✐♠4❝ 0♦✉ ❣%❛♠♠✐❦♦' 0❡❧❡/0➔ L✱ ❡♥➳ 0❛ ♠❤ ♠❤❞❡♥✐❦❼ ❞✐❛♥'/♠❛0❛ ♣♦✉

✐❦❛♥♦♣♦✐♦'♥ 0❤♥ ✸✳✼ ♦♥♦♠❼③♦♥0❛✐ ✐❞✐♦❞✐❛♥5+♠❛(❛ 0♦✉ L ❣✐❛ 0❤♥ ✐❞✐♦0✐♠➔ λ✳ ❚♦ /'♥♦❧♦

0✇♥ ✐❞✐♦❞✐❛♥✉/♠❼0✇♥ 0♦✉ L ❣✐❛ 0❤♥ ✐❞✐♦0✐♠➔ λ✱ ♠❛③? ♠❡ 0♦ ❞✐❼♥✉/♠❛ 0✱ ❛♣♦0❡❧❡? )♥❛ ❣%❛♠♠✐❦2
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λ ❡?♥❛✐ ❣%❛♠♠✐❦2❝ ✉♣23✇%♦❝ 0♦✉ V ✱ ❞❤❧❛❞➔ ♦0✐ ❡?♥❛✐ ❦❧❡✐/02❝ ✇❝ ♣%♦❝ 0✐❝ ♣%❼①❡✐❝ 0♦✉

❞✐❛♥✉/♠❛0✐❦♦' 3➳%♦✉✳

;❛!❼❞❡✐❣♠❛ ✸✳✶✸ ❖ 0❡❧❡/0➔❝ L = aIV : v 7→ av )3❡✐ ♠♦♥❛❞✐❦➔ ✐❞✐♦0✐♠➔ a✳ ❑❼❥❡ ♠❤

♠❤❞❡♥✐❦2 ❞✐❼♥✉/♠❛ 0♦✉ V ❡?♥❛✐ ✐❞✐♦❞✐❼♥✉/♠❛ 0♦✉ L ❣✐❛ 0❤♥ ✐❞✐♦0✐♠➔ a✳ ❖ ✐❞✐♦3➳%♦❝ 0♦✉ L ❣✐❛

0❤♥ ✐❞✐♦0✐♠➔ a ❡?♥❛✐ 2❧♦❝ ♦ 3➳%♦❝ V ✳

;❛!❼❞❡✐❣♠❛ ✸✳✶✹ ❖ 0❡❧❡/0➔❝ L(x, y) = (3x, 1
2y) )3❡✐ ✐❞✐♦❞✐❼♥✉/♠❛ (1, 0) ❣✐❛ 0❤♥ ✐❞✐♦0✐♠➔

✸ ❦❛✐ ✐❞✐♦❞✐❼♥✉/♠❛ (0, 1) ❣✐❛ 0❤♥ ✐❞✐♦0✐♠➔
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;❛!❼❞❡✐❣♠❛ ✸✳✶✺ ❖ 0❡❧❡/0➔❝ ♣❡%✐/0%♦❢➔❝ ❦❛0❼

π
2 /0♦ R

2
✱ R(x, y) = (−y, x) ❞❡♥ )3❡✐

❦❛♠?❛ ✐❞✐♦0✐♠➔ /0♦ R✳

❖ 0❡❧❡/0➔❝ ♣❡%✐/0%♦❢➔❝ ❦❛0❼

π
2 /0♦ C✱ R(z) = iz )3❡✐ ✐❞✐♦0✐♠➔ i✱ ♠❡ ✐❞✐23✇%♦ 2❧♦ 0♦ C✳
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❧✉✇♥'♠✇♥ ♠❡ /✉♥0❡❧❡/0)❝ /0♦ K✱ D : K[x] −→ K[x]✱ ♣♦✉ ❛♣❡✐❦♦♥?③❡✐ ❦❼❥❡ ♣♦❧✉➳♥✉♠♦

p(x) = anx
n+· · ·+a1x+a0 /0❤♥ 0✉♣✐❦➔ ♣❛%❼❣✇❣2 0♦✉✱ D(p(x)) = nanx

n−1+· · ·+2a2x+a1✳

❆❢♦' deg(D(p(x))) = deg(p(x)) − 1✱ ❦❛♥)♥❛ ♣♦❧✉➳♥✉♠♦ ❥❡0✐❦♦' ❜❛❥♠♦' ❞❡♥ ❛♣❡✐❦♦♥?③❡0❛✐

/❡ ♣♦❧❧❛♣❧❼/✐♦ 0♦✉ ❡❛✉0♦' 0♦✉✳ ❍ ♠♦♥❛❞✐❦➔ ✐❞✐♦0✐♠➔ 0♦✉ 0❡❧❡/0➔ D ❡?♥❛✐ λ = 0✱ ❦❛✐ )♥❛

✐❞✐♦❞✐❼♥✉/♠❛ ❡?♥❛✐ 0♦ /0❛❥❡%2 ♣♦❧✉➳♥✉♠♦ p(x) = 1✳

;❛!❼❞❡✐❣♠❛ ✸✳✶✼ ❏❡✇%♦'♠❡ 0♦♥ 0❡❧❡/0➔ shift /0♦ ❞✐❛♥✉/♠❛0✐❦2 3➳%♦ 0✇♥ ❛❦♦❧♦✉❥✐➳♥

♠❡ 2%♦✉❝ /0♦ /➳♠❛ K✱ s : KN −→ K
N
✱ ♣♦✉ ❛♣❡✐❦♦♥?③❡✐ ❦❼❥❡ ❛❦♦❧♦✉❥?❛ (an) /0❤♥ ❛❦♦❧♦✉❥?❛
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(bn)✱ #♣♦✉ bn = an+1✳ ❖ )❡❧❡,)➔❝ shift /0❡✐ ❦❼❥❡ ♠❤ ♠❤❞❡♥✐❦# ,)♦✐0❡9♦ )♦✉ K ✇❝ ✐❞✐♦)✐♠➔✱ ♠❡

✐❞✐♦❞✐❼♥✉,♠❛ )✐❝ ❛♥)9,)♦✐0❡❝ ❣❡✇♠❡)=✐❦/❝ ❛❦♦❧♦✉❥9❡❝✿ ❊❼♥ λ 6= 0 ❦❛✐ xλ ❡9♥❛✐ ❤ ❣❡✇♠❡)=✐❦➔

❛❦♦❧♦✉❥9❛ xλ, n = aλn
✱ )#)❡ s(xλ) = λxλ✳

 !"#❛%❤ ✸✳✶✶ ❊❼♥ L : V −→ V ❦❛✐M : W −→W ❡'♥❛✐ ❣)❛♠♠✐❦♦' ,❡❧❡.,/❝ ❦❛✐ ✉♣❼)3❡✐

✐.♦♠♦)❢✐.♠5❝ T : V −→W ,/,♦✐♦❝ ➳.,❡

L = T−1 ◦M ◦ T

,5,❡ ♦✐ ,❡❧❡.,/❝ L ❦❛✐ M /3♦✉♥ ,✐❝ '❞✐❡❝ ✐❞✐♦,✐♠/❝✳ ❊♣' ♣❧/♦♥✱ ❡❼♥ v ❡'♥❛✐ ✐❞✐♦❞✐❼♥✉.♠❛ ,♦✉ L

❣✐❛ ,❤♥ ✐❞✐♦,✐♠➔ λ✱ ,5,❡ T (v) ❡'♥❛✐ ✐❞✐♦❞✐❼♥✉.♠❛ ,♦✉ M ❣✐❛ ,❤♥ '❞✐❛ ✐❞✐♦,✐♠➔✳

❆♣"❞❡✐①❤✳ ●✐❛ ❦❼❥❡ v ∈ V /0♦✉♠❡ L(v) = λv ❡❼♥ ❦❛✐ ♠#♥♦♥ ❡❼♥ T−1 ◦M ◦ T (v) = λv✱

❞❤❧❛❞➔ M ◦ T (v) = T (λv) = λT (v)✳ ❙✉♥❡♣➳❝ λ ❡9♥❛✐ ✐❞✐♦)✐♠➔ )♦✉ L✱ ♠❡ ✐❞✐♦❞✐❼♥✉,♠❛ v✱ ❡❼♥

❦❛✐ ♠#♥♦♥ ❡❼♥ λ ❡9♥❛✐ ✐❞✐♦)✐♠➔ )♦✉ M ✱ ♠❡ ✐❞✐♦❞✐❼♥✉,♠❛ T (v)✳

�

▲➔♠♠❛ ✸✳✶✷ ❖ ❛)✐❥♠5❝ λ ∈ K ❡'♥❛✐ ✐❞✐♦,✐♠➔ ,♦✉ ,❡❧❡.,➔ L : V −→ V ❡❼♥ ❦❛✐ ♠5♥♦♥

❡❼♥ L − λIV ❞❡♥ ❡'♥❛✐ ♠♦♥♦♠♦)❢✐.♠5❝✳ ❙❡ ❛✉,➔♥ ,❤♥ ♣❡)'♣,✇.❤✱ ♦ ✐❞✐♦3➳)♦❝ ,❤❝ ✐❞✐♦,✐♠➔❝

λ ❡'♥❛✐ ♦ ♣✉)➔♥❛❝ ker(L − λIV )✱ ❦❛✐ ❦❼❥❡ ♠❤ ♠❤❞❡♥✐❦5 ❞✐❼♥✉.♠❛ ,♦✉ ker(L − λIV ) ❡'♥❛✐

✐❞✐♦❞✐❼♥✉.♠❛ ,♦✉ L ❣✐❛ ,❤♥ ✐❞✐♦,✐♠➔ λ✳

❆♣"❞❡✐①❤✳ ❊❼♥ L − λIV ❞❡♥ ❡9♥❛✐ ♠♦♥♦♠♦=❢✐,♠#❝✱ )#)❡ ✉♣❼=0❡✐ ♠❤ ♠❤❞❡♥✐❦# ❞✐❼♥✉,♠❛

v ∈ V )/)♦✐♦ ➳,)❡ (L − λIV )(v) = 0✱ ❞❤❧❛❞➔ L(v) = λv✱ ❦❛✐ ,✉♥❡♣➳❝ v ❡9♥❛✐ ✐❞✐♦❞✐❼♥✉,♠❛

)♦✉ L ❦❛✐ λ ✐❞✐♦)✐♠➔ )♦✉ L✳

❆♥)9,)=♦❢❛✱ ❡❼♥ λ ∈ K ❡9♥❛✐ ✐❞✐♦)✐♠➔ )♦✉ L✱ )#)❡ ✉♣❼=0❡✐ ♠❤ ♠❤❞❡♥✐❦# ❞✐❼♥✉,♠❛ v ∈ V

)/)♦✐♦ ➳,)❡ L(v) = λv✱ ❦❛✐ ,✉♥❡♣➳❝ (L−λIV )(v) = 0✱ ❼=❛ L−λIV ❞❡♥ ❡9♥❛✐ ♠♦♥♦♠♦=❢✐,♠#❝✳

�

✸✳✼ #♦❧✉➳♥✉♠❛ ❦❛✐ -❡❧❡/-0❝

❏❡✇=♦F♠❡ /♥❛ ♣♦❧✉➳♥✉♠♦ p ♠❡ ,✉♥)❡❧❡,)/❝ ,)♦ K✱

p(t) = akt
k + · · ·+ a1t+ a0 .

❊❼♥ L : V −→ V ❡9♥❛✐ ❣=❛♠♠✐❦#❝ )❡❧❡,)➔❝ ,)♦ V ✱ )#)❡ ♦✐ ❞✉♥❼♠❡✐❝ Li = L ◦ · · · ◦ L✱ #♣♦✉
,✉♥❥/)♦✉♠❡ i ❢♦=/❝ )♦♥ )❡❧❡,)➔ L✱ ❡9♥❛✐ ❡♣9,❤❝ ❣=❛♠♠✐❦♦9 )❡❧❡,)/❝ ,)♦ V ✳ ▼♣♦=♦F♠❡ ♥❛

❛♥)✐❦❛)❛,)➔,♦✉♠❡ )♦♥ )❡❧❡,)➔ L ,)❤ ❥/,❤ )❤❝ ♠❡)❛❜❧❤)➔❝ )♦✉ ♣♦❧✉✇♥F♠♦✉✱

p(L) = akL
k + · · ·+ a1L+ a0IV ,



❑❡❢❼❧❛✐♦ ✸ ■❞✐♦+✐♠-❝ ❦❛✐ ❉✐❛❣✇♥✐♦♣♦5❤7❤ ✾✺

❦❛✐ %♦ ❛♣♦%(❧❡+♠❛ ❡-♥❛✐ ♣❼❧✐ (♥❛❝ ❣2❛♠♠✐❦3❝ %❡❧❡+%➔❝ +%♦ V ✱

p(L) : V −→ V : v 7−→ akL
k(v) + · · ·+ a1L(v) + a0v .

6❛2❛%❤2♦8♠❡ ♦%✐ ❡❼♥ p(x), q(x) ❡-♥❛✐ ♣♦❧✉➳♥✉♠❛✱ ♦✐ %❡❧❡+%(❝ p(L) ❦❛✐ q(L) ♠❡%❛%-❥❡♥%❛✐✿

p(L)q(L) = (pq)(L) = (qp)(L) = q(L)p(L) .

✸✳✽ ✬❯♣❛'①❤ ✐❞✐♦-✐♠➳♥

❏❡➳#❤♠❛ ✸✳✶✸ ❑❼❥❡ $❡❧❡&$➔❝ &❡ )♥❛ ♠❤ ♠❤❞❡♥✐❦1 ❞✐❛♥✉&♠❛$✐❦1 3➳5♦ ♣❡♣❡5❛&♠)♥❤❝

❞✐❼&$❛&❤❝✱ ♣❼♥✇ ❛♣1 $♦ C✱ )3❡✐ $♦✉❧❼3✐&$♦♥ ♠:❛ ✐❞✐♦$✐♠➔✳

❆♣,❞❡✐①❤✳ ❏❡✇2♦8♠❡ ❞✐❛♥✉+♠❛%✐❦3 @➳2♦ V ✱ dimV = n✱ (♥❛ ❣2❛♠♠✐❦3 %❡❧❡+%➔ L : V −→
V ✱ ❦❛✐ (♥❛ ♠❤ ♠❤❞❡♥✐❦3 ❞✐❼♥✉+♠❛ v ∈ V ✳ ❚3%❡ ❤ +✉❧❧♦❣➔ v✱ L(v)✱ L2(v), . . .✱ Ln(v) (@❡✐

n + 1 +%♦✐@❡-❛✱ ❦❛✐ +✉♥❡♣➳❝ ❡-♥❛✐ ❣2❛♠♠✐❦❼ ❡①❛2%❤♠(♥❤✳ ❉❤❧❛❞➔ ✉♣❼2@♦✉♥ ❛2✐❥♠♦- ai ∈ C✱

3@✐ 3❧♦✐ ♠❤❞(♥✱ %(%♦✐♦✐ ➳+%❡

a0v + a1L(v) + · · ·+ anL
n(v) = 0 .

❊❼♥ a0 = 0✱ %3%❡ ❦❼♣♦✐♦ ❛♣3 %❛ ai ❣✐❛ i ≥ 1 ❡-♥❛✐ ❞✐❛❢♦2❡%✐❦3 ❛♣3 ♠❤❞(♥✳ ❊❼♥ a0 6= 0✱ ❛❢♦8

v 6= 0✱ ♣❼❧✐ ❦❼♣♦✐♦ ❛♣3 %❛ ai ❣✐❛ i ≥ 1 ❡-♥❛✐ ❞✐❛❢♦2❡%✐❦3 ❛♣3 ♠❤❞(♥✳ ❙✉♥❡♣➳❝ %♦ ♣♦❧✉➳♥✉♠♦

p(t) = a0 + a1t+ · · ·+ ant
n
(@❡✐ ❜❛❥♠3 k✱ ❣✐❛ 1 ≤ k ≤ n✳ ❉❤❧❛❞➔ ✉♣❼2@❡✐ ❥❡%✐❦3❝ ❛❦(2❛✐♦❝

k ≤ n✱ %(%♦✐♦❝ ➳+%❡ ak 6= 0 ❦❛✐ ai = 0 ❣✐❛ ❦❼❥❡ i = k+1, . . . , n✳ ❙8♠❢✇♥❛ ♠❡ %♦ ❏❡♠❡❧✐➳❞❡❝

❏❡➳2❤♠❛ %❤❝ ✬❆❧❣❡❜2❛❝✱ ✭❙❤♠❡✐➳+❡✐❝ ❊♣-♣❡❞♦ ❦❛✐ ◗➳2♦❝✱ ❑❡❢❼❧❛✐♦ ✸✮ %♦ ♣♦❧✉➳♥✉♠♦ p(x)

♣❛2❛❣♦♥%♦♣♦✐❡-%❛✐ +❡ ❣✐♥3♠❡♥♦ k ❞✐✇♥8♠✇♥✱ ❞❤❧❛❞➔ ✉♣❼2@♦✉♥ ♠✐❣❛❞✐❦♦- ❛2✐❥♠♦- c1, . . . , ck

%(%♦✐♦✐ ➳+%❡

p(x) = ak(x− c1) · · · (x− ck) .

❙✉♥❡♣➳❝ ♦ %❡❧❡+%➔❝ p(L) ❡-♥❛✐ -+♦❝ ♠❡ %♦♥ %❡❧❡+%➔ ak(L− c1IV ) ◦ · · · ◦ (L− ckIV )✱ ❦❛✐

ak(L− c1IV ) ◦ · · · ◦ (L− ckIV )(v) = 0 .

❆❢♦8 v 6= 0✱ ♦ %❡❧❡+%➔❝ (L− c1IV ) ◦ · · · ◦ (L− ckIV ) ❞❡♥ ❡-♥❛✐ ♠♦♥♦♠♦2❢✐+♠3❝✱ ❦❛✐ +✉♠♣❡2❛-✲

♥♦✉♠❡ ♦%✐ ✉♣❼2@❡✐ %♦✉❧❼@✐+%♦♥ (♥❛ i✱ 1 ≤ i ≤ k✱ ❣✐❛ %♦ ♦♣♦-♦ ❤ ❛♣❡✐❦3♥✐+❤ L− ciIV ❞❡♥ ❡-♥❛✐

❡♥❡✐❦♦♥✐❦➔✳ ❙✉♥❡♣➳❝ ✉♣❼2@❡✐ ♠❤ ♠❤❞❡♥✐❦3 w ∈ V %(%♦✐♦ ➳+%❡ (L − ciIV )(w) = 0✱ ❞❤❧❛❞➔

L(w) = ciw✱ ❦❛✐ λ = ci ❡-♥❛✐ ✐❞✐♦%✐♠➔ %♦✉ %❡❧❡+%➔ L✳

�

✸✳✾ ❚❡❧❡5-6❝ ❦❛✐ ♣9♥❛❦❡❝

❏❡✇2♦8♠❡ ❞✐❛♥✉+♠❛%✐❦3 @➳2♦ V ♣❡♣❡2❛+♠(♥❤❝ ❞✐❼+%❛+❤❝ n ❦❛✐ ❜❼+❤ B = {x1, . . . , xn} %♦✉

V ✳ ❊❼♥ L : V −→ V ❡-♥❛✐ (♥❛❝ ❣2❛♠♠✐❦3❝ %❡❧❡+%➔❝✱ %3%❡ ♦ ♣-♥❛❦❛❝ BLB ♣♦✉ ♣❛2✐+%❼♥❡✐ %♦♥



✾✻ ●!❛♠♠✐❦➔ ✬❆❧❣❡❜!❛ ■

L ✇❝ ♣%♦❝ '❤ ❜❼+❤ B ❡-♥❛✐ ♦ ♣-♥❛❦❛❝ ♣♦✉ 34❡✐ +'❤ ❣%❛♠♠➔ i ❦❛✐ +'➔❧❤ j '♦ +'♦✐4❡-♦ aij ♣♦✉

♦%-③❡'❛✐ ❛♣: '❤ +43+❤

L(xj) =

n
∑

i=1

aijxi .

 !"#❛%❤ ✸✳✶✹ ❏❡✇#♦%♠❡ ❞✐❛♥✉,♠❛-✐❦/ 0➳#♦ ♣❡♣❡#❛,♠3♥❤❝ ❞✐❼,-❛,❤❝✱ ❜❼,❤ B -♦✉ V ✱

❦❛✐ ❣#❛♠♠✐❦/ -❡❧❡,-➔ L : V −→ V ✳ ❚/-❡ λ ∈ K ❡>♥❛✐ ✐❞✐♦-✐♠➔ -♦✉ -❡❧❡,-➔ L ❡❼♥ ❦❛✐ ♠/♥♦♥

❡❼♥ λ ❡>♥❛✐ ✐❞✐♦-✐♠➔ -♦✉ ♣>♥❛❦❛ BLB ♣♦✉ ♣❛#✐,-❼♥❡✐ -♦♥ L ✇❝ ♣#♦❝ -❤ ❜❼,❤ B✳

❆♣"❞❡✐①❤✳ ❊❼♥ vB +✉♠❜♦❧-③❡✐ '♦ ❞✐❼♥✉+♠❛ +✉♥'❡'❛❣♠3♥✇♥ '♦✉ ❞✐❛♥=+♠❛'♦❝ v ∈ V ✇❝ ♣%♦❝

'❤ ❜❼+❤ B✱ ':'❡✱ ❛♣: '♦♥ ♦%✐+♠: '♦✉ BLB 34♦✉♠❡

(L(v))B = BLB vB .

❙✉♥❡♣➳❝ L(v) = λv ❡❼♥ ❦❛✐ ♠:♥♦♥ ❡❼♥ BLB vB = (λv)B = λvB✳

�

❊❼♥ V ❡-♥❛✐ ❞✐❛♥✉+♠❛'✐❦:❝ 4➳%♦❝ ♣❡♣❡%❛+♠3♥❤❝ ❞✐❼+'❛+❤❝ ❦❛✐ L ❡-♥❛✐ 3♥❛❝ ❣%❛♠♠✐❦:❝

'❡❧❡+'➔❝ +'♦♥ V ✱ ❥❡✇%♦=♠❡ ♣-♥❛❦❡❝ A ❦❛✐ B ♣♦✉ ❛♥'✐+'♦✐4♦=♥ +'♦♥ L ✇❝ ♣%♦❝ ❞✐❛❢♦%❡'✐❦3❝

❜❼+❡✐❝ '♦✉ V ✳ ●♥✇%-③♦✉♠❡ ❛♣: '❤♥ ❊✐+❛❣✇❣➔ +'❤ ●%❛♠♠✐❦➔ ✬❆❧❣❡❜%❛ ♦'✐ ♦✐ ♣-♥❛❦❡❝ A ❦❛✐

B ❡-♥❛✐ :♠♦✐♦✐✱ ❦❛✐ +✉♥❡♣➳❝ ♦'✐ detA = detB✳ ❊=❦♦❧❛ ❜❧3♣♦✉♠❡ ♦'✐ ♦✐ ♣-♥❛❦❡❝ ♣♦❧✉✇♥=♠✇♥

A−λIn ❦❛✐ B−λIn ❡-♥❛✐ ❡♣-+❤❝ :♠♦✐♦✐✱ ❦❛✐ +✉♥❡♣➳❝ '❛ 4❛%❛❦'❤%✐+'✐❦❼ ♣♦❧✉➳♥✉♠❛ '✇♥ ❞=♦

♣✐♥❼❦✇♥ ❡-♥❛✐ -+❛✱

det(A− λIn) = det(B − λIn) .

❙✉♠♣❡%❛-♥♦✉♠❡ ♦'✐ ♠♣♦%♦=♠❡ ♥❛ ♦%-+♦✉♠❡ '♦ 1❛!❛❦#❤!✐%#✐❦" ♣♦❧✉➳♥✉♠♦ χL(λ) '♦✉

'❡❧❡+'➔ L✱ ♥❛ ❡-♥❛✐ '♦ 4❛%❛❦'❤%✐+'✐❦: ♣♦❧✉➳♥✉♠♦ '♦✉ ♣-♥❛❦❛ '♦✉ L ✇❝ ♣%♦❝ ♦♣♦✐❛❞➔♣♦'❡

❜❼+❤ '♦✉ V ✳

❍ ❛❦:❧♦✉❥❤ ♣%:'❛+❤ ❡-♥❛✐ +✉♥3♣❡✐❛ '♦✉ ❛♥'-+'♦✐4♦✉ ❛♣♦'❡❧3+♠❛'♦❝ ❣✐❛ ♣-♥❛❦❡❝✳

 !"#❛%❤ ✸✳✶✺ ❏❡✇#♦%♠❡ -❡❧❡,-➔ L : V −→ V ✱ ❦❛✐ λ1, . . . , λm ❞✐❛❢♦#❡-✐❦3❝ ✐❞✐♦-✐♠3❝

-♦✉ L✱ ♠❡ ❛♥->,-♦✐0❛ ✐❞✐♦❞✐❛♥%,♠❛-❛ v1, . . . , vm✳ ❚/-❡ -♦ ,%♥♦❧♦ {v1, . . . , vm} ❡>♥❛✐ ❣#❛♠♠✐❦❼
❛♥❡①❼#-❤-♦✳

 "!✐%♠❛ ✸✳✶✻ ❑❼❥❡ -❡❧❡,-➔❝ ,-♦ ❞✐❛♥✉,♠❛-✐❦/ 0➳#♦ ♣❡♣❡#❛,♠3♥❤❝ ❞✐❼,-❛,❤❝ V ✱ 30❡✐

-♦ ♣♦❧% dimV ❞✐❛❢♦#❡-✐❦3❝ ✐❞✐♦-✐♠3❝✳

�

✸✳✶✵ ❆♥❛❧❧♦)✇+♦✐ ✉♣/0✇1♦✐

❏❡✇%♦=♠❡ 3♥❛♥ ❣%❛♠♠✐❦: '❡❧❡+'➔ L : V −→ V +❡ 3♥❛ ❞✐❛♥✉+♠❛'✐❦: 4➳%♦ V ✳ ●♥✇%-③♦✉♠❡

♦'✐ '❛ +=♥♦❧❛ kerL ❦❛✐ imL ❡-♥❛✐ ✉♣:4✇%♦✐ '♦✉ V ✱ ❦❛✐ ❡=❦♦❧❛ ❡❧3❣4♦✉♠❡ ♦'✐

L(kerL) ⊆ kerL



❑❡❢❼❧❛✐♦ ✸ ■❞✐♦+✐♠-❝ ❦❛✐ ❉✐❛❣✇♥✐♦♣♦5❤7❤ ✾✼

L(imL) ⊆ imL .

❖ ✐❞✐%&✇(♦❝ Xλ ♠,❛❝ ✐❞✐♦.✐♠➔❝ .♦✉ L ❡,♥❛✐ ❡♣,4❤❝ 6♥❛❝ ✉♣%&✇(♦❝ .♦✉ V ♠❡ .❤♥ ✐❞✐%.❤.❛

L(Xλ) ⊆ Xλ✳

❖!✐#♠%❝ ✸✳✹✳ L : V −→ V ❣(❛♠♠✐❦%❝ .❡❧❡4.➔❝✳ ❖ ✉♣%&✇(♦❝ X ⊆ V ♦♥♦♠❼③❡.❛✐

❛♥❛❧❧♦.✇0♦❝ ✉♣%&✇(♦❝ ❛♣% .♦♥ .❡❧❡4.➔ L✱ ❡❼♥

L(X) ⊆ X .

>(♦46①.❡ ♦.✐ ❞❡♥ ✉♣♦❥6.♦✉♠❡ ♦.✐ L(X) = X✱ ♦A.❡ ♦.✐ L−1(X) ⊆ X✳

1❛!❼❞❡✐❣♠❛ ✸✳✶✽ ●✐❛ ❦❼❥❡ .❡❧❡4.➔ L : V −→ V ✱ ♦✐ ✉♣%&✇(♦✐ {0}✱ V ✱ kerL ❦❛✐ imL

❡,♥❛✐ ❛♥❛❧❧♦,✇.♦✐ ✉♣%&✇(♦✐ .♦✉ L✳

1❛!❼❞❡✐❣♠❛ ✸✳✶✾ ●✐❛ ❦❼❥❡ .❡❧❡4.➔ L : V −→ V ✱ ❦❛✐ ❦❼❥❡ ✐❞✐♦.✐♠➔ λ .♦✉ L✱ ♦✐ ✉♣%&✇(♦✐

.♦✉ ✐❞✐%&✇(♦✉ .❤❝ λ ❡,♥❛✐ ❛♥❛❧❧♦,✇.♦✐ ✉♣%&✇(♦✐ .♦✉ L✳

1❛!❼❞❡✐❣♠❛ ✸✳✷✵ ❏❡✇(♦A♠❡ .♦♥ .❡❧❡4.➔ L(x, y, z) = (x + z, y, z − y)✳ ❖ ✉♣%&✇(♦❝

U = {(x, y, z) ∈ K
3 : y = 0} ❡,♥❛✐ ❛♥❛❧❧♦,✇.♦❝ ❛♣% .♦♥ .❡❧❡4.➔ L✿ L(x, 0, z) = (x +

z, 0, z) ∈ U ✳ ❖ ✉♣%&✇(♦❝ W = {(x, y, z) ∈ K
3 : x = y = 0} ❞❡♥ ❡,♥❛✐ ❛♥❛❧❧♦,✇.♦❝ ❛♣% .♦♥

.❡❧❡4.➔ L✿ L(0, 0, 1) = (1, 0, 1) 6∈W ✳

1❛!❼❞❡✐❣♠❛ ✸✳✷✶ ❏❡✇(♦A♠❡ .♦♥ .❡❧❡4.➔ ♣❛(❛❣➳❣✐4❤❝ 4.♦ ❞✐❛♥✉4♠❛.✐❦% &➳(♦ .✇♥ ♣♦✲

❧✉✇♥A♠✇♥ ♠❡ 4✉♥.❡❧❡4.6❝ 4.♦ K✱ D : K[x] −→ K[x]✱ ❦❛✐ .♦♥ ✉♣%&✇(♦ Km[x].✇♥ ♣♦❧✉✇✲

♥A♠✇♥ ❜❛❥♠♦A ♠✐❦(%.❡(♦✉ ➔ ,4♦✉ ♠❡ m✳ ❆❢♦A ❦❼❥❡ ♣♦❧✉➳♥✉♠♦ ❜❛❥♠♦A k ❛♣❡✐❦♦♥,③❡.❛✐ 4❡

♣♦❧✉➳♥✉♠♦ ♠✐❦(%.❡(♦✉ ❜❛❥♠♦A✱ ♦ ✉♣%&✇(♦❝ Km[x] ❡,♥❛✐ ❛♥❛❧❧♦,✇.♦❝ ❛♣% .♦♥ .❡❧❡4.➔ D✳

1❛!❼❞❡✐❣♠❛ ✸✳✷✷ ❏❡✇(♦A♠❡ .♦♥ .❡❧❡4.➔ shift 4.♦ ❞✐❛♥✉4♠❛.✐❦% &➳(♦ .✇♥ ❛❦♦❧♦✉❥✐➳♥

♠❡ %(♦✉❝ 4.♦ 4➳♠❛ K✱ s : K
N −→ K

N
✱ ❦❛✐ .♦♥ ✉♣%&✇(♦ X .✇♥ ❛❦♦❧♦✉❥✐➳♥ ♣♦✉ ❡,♥❛✐

❢(❛❣♠6♥❡❝✳ ❆❢♦A ♠,❛ ❢(❛❣♠6♥❤ ❛❦♦❧♦✉❥,❛ ♣❛(❛♠6♥❡✐ ❢(❛❣♠6♥❤ %.❛♥ ✜✜①❡&❼4♦✉♠❡✢✢ .♦♥ ♣(➳.♦

%(♦ .❤❝✱ ♦ ✉♣%&✇(♦❝ X ❡,♥❛✐ ❛♥❛❧❧♦,✇.♦❝ ❛♣% .♦♥ .❡❧❡4.➔ shift✳

1!%0❛#❤ ✸✳✶✼ ❏❡✇#♦%♠❡ ❞✐❛♥✉,♠❛-✐❦/ 0➳#♦ V ❦❛✐ ❣#❛♠♠✐❦/ -❡❧❡,-➔ L : V −→ V ✳

❊❼♥ X ❦❛✐ Y ❡8♥❛✐ ✉♣/0✇#♦✐ -♦✉ V ❛♥❛❧❧♦8✇-♦✐ ❛♣/ -♦♥ L✱ -/-❡ X ∩ Y ❦❛✐ X + Y ❡8♥❛✐

✉♣/0✇#♦✐ ❛♥❛❧❧♦8✇-♦✐ ❛♣/ -♦♥ L✳
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 !"#❛%❤ ✸✳✶✽ ❊❼♥ L : V −→ V ❡$♥❛✐ '❡❧❡)'➔❝ )'♦ -➳/♦ V ✱ ❦❛✐ X ❡$♥❛✐ ✉♣4-✇/♦❝ '♦✉

V ❛♥❛❧❧♦$✇'♦❝ ❛♣4 '♦♥ L✱ ♠❡ dimV = n ❦❛✐ dimX = k✱ '4'❡ ♠♣♦/♦7♠❡ ♥❛ ❡♣✐❧8①♦✉♠❡

❦❛'❼❧❧❤❧❤ ❜❼)❤ '♦✉ V 8')✐ ➳)'❡ ♦ ♣$♥❛❦❛❝ '♦✉ L ✇❝ ♣/♦❝ '❤♥ ❡♣✐❧❡❣♠8♥❤ ❜❼)❤ ♥❛ ❡$♥❛✐

'❤❝ ♠♦/❢➔❝

[

A B

0 C

]

♠❡ 8♥❛ (n− k)× k ♠❤❞❡♥✐❦4 ♠♣❧4❦ ❦❼'✇ ❛/✐)'❡/❼✳

❆♣"❞❡✐①❤✳ ●♥✇%&③♦✉♠❡ ♦,✐ ❦❼❥❡ ❜❼2❤ {x1, . . . , xk} ,♦✉ X ♠♣♦%❡& ♥❛ ❡♣❡❦,❛❥❡& 2❡ ❜❼2❤

{x1, . . . , xk, vk+1, . . . , vn} ,♦✉ V ✳ ❊❼♥ X ❡&♥❛✐ ❛♥❛❧❧♦&✇,♦❝ ❛♣: ,♦♥ ,❡❧❡2,➔ L : V −→ V ✱

❦❛✐ [aij ] ❡&♥❛✐ ♦ ♣&♥❛❦❛❝ ,♦✉ L ✇❝ ♣%♦❝ ,❤ ❜❼2❤ {x1, . . . , xk, vk+1, . . . , vn} ,:,❡

L(xj) =
k

∑

i=1

aijxi +
n
∑

i=k+1

aijvi .

✬❖♠✇❝ L(xj) ∈ X ❦❛✐ 2✉♥❡♣➳❝ aij = 0 ❣✐❛ i = k + 1, . . . , n✳

✬❆%❛ ♦ ♣&♥❛❦❛❝ (aij) BC❡✐ B♥❛ (n− k)× k ♠❤❞❡♥✐❦: ♠♣❧:❦ ❦❼,✇ ❛%✐2,❡%❼✳

�

❆♣: ,✐❝ ✐❞✐:,❤,❡❝ ,❤❝ ♦%&③♦✉2❛❝ 2,❤♥ ❊✐2❛❣✇❣➔ 2,❤ ●%❛♠♠✐❦➔ ✬❆❧❣❡❜%❛✱ ❣♥✇%&③♦✉♠❡ ♦,✐

❣✐❛ B♥❛ ♣&♥❛❦❛ ,❤❝ ♠♦%❢➔❝

A =

[

B F

0 C

]

✭✸✳✽✮

✐2CI❡✐ detA = detB detC✳ ❊❢❛%♠:③♦♥,❛❝ ❛✉,➔ ,❤♥ ✐❞✐:,❤,❛ 2,♦♥ ♣&♥❛❦❛ ♣♦❧✉✇♥I♠✇♥ A−
λI✱ BC♦✉♠❡ ,❤♥ ❛❦:❧♦✉❥❤ J%:,❛2❤

✹

✳

 !"#❛%❤ ✸✳✶✾ ❏❡✇/♦7♠❡ ❞✐❛♥✉)♠❛'✐❦4 -➳/♦ V ❦❛✐ ❣/❛♠♠✐❦4 '❡❧❡)'➔ L : V −→ V ✳

❊❼♥ X ✉♣4-✇/♦❝ '♦✉ V ❛♥❛❧❧♦$✇'♦❝ ❛♣4 '♦♥ L✱ '4'❡ '♦ -❛/❛❦'❤/✐)'✐❦4 ♣♦❧✉➳♥✉♠♦ '♦✉ L|X
❞✐❛✐/❡$ '♦ -❛/❛❦'❤/✐)'✐❦4 ♣♦❧✉➳♥✉♠♦ '♦✉ L✱

χL|X (λ) |χL(λ) .

✬❖,❛♥ ♦ ❞✐❛♥✉2♠❛,✐❦:❝ C➳%♦❝ V ❞✐❛2♣❼,❛✐ 2❡ ❡✉❥I ❼❥%♦✐2♠❛ ❞I♦ ➔ ♣❡%✐22:,❡%✇♥ ✉♣:2✇✲

%✇♥✱ ❦❼❥❡ B♥❛❝ ❡❦ ,✇♥ ♦♣♦&✇♥ ❡&♥❛✐ ❛♥❛❧❧♦&✇,♦❝ ❛♣: B♥❛♥ ,❡❧❡2,➔✱ ,:,❡ ❦❛✐ ♦ ♣&♥❛❦❛❝ ♠♣♦%❡&

♥❛ ♣❼%❡✐ ,❤ ♠♦%❢➔ ❞✐❛❣➳♥✐♦✉ ♣&♥❛❦❛ 2❡ ♠♣❧♦❦✳ ❙,❤♥ ❡♣:♠❡♥❤ ♣%:,❛2❤ ❛♣♦❞❡✐❦♥I♦✉♠❡ ,♦

❛♣♦,B❧❡2♠❛ ❣✐❛ ❞I♦ ✉♣:C✇%♦✉❝✱ ❦❛✐ ❛❢➔♥♦✉♠❡ ✇❝ ❼2❦❤2❤ ,❤ ❣❡♥&❦❡✉2❤✱ ♠❡ C%➔2❤ ❡♣❛❣✇❣➔❝✳

✹

❖ !✉♠❜♦❧✐!♠(❝ a | b !❤♠❛,♥❡✐ ♦/✐ /♦ a ❞✐❛✐1❡, /♦ b✳



❑❡❢❼❧❛✐♦ ✸ ■❞✐♦+✐♠-❝ ❦❛✐ ❉✐❛❣✇♥✐♦♣♦5❤7❤ ✾✾

 !"#❛%❤ ✸✳✷✵ ❏❡✇#♦%♠❡ ❞✐❛♥✉,♠❛-✐❦/ 0➳#♦ V ♣❡♣❡#❛,♠3♥❤❝ ❞✐❼,-❛,❤❝ n✱ ❦❛✐ ✉♣/0✇✲

#♦✉❝ X ❦❛✐ Y -♦✉ V ✱ -3-♦✐♦✉❝ ➳,-❡

V = X ⊕ Y ,

♠❡ ❜❼,❡✐❝ B = {x1, . . . , xk} -♦✉ X ❦❛✐ C = {yk+1, . . . , yn} -♦✉ Y ✳ ❊❼♥ L : V −→ V ❡<♥❛✐

❣#❛♠♠✐❦/❝ -❡❧❡,-➔❝ ❦❛✐ X✱ Y ❡<♥❛✐ ❛♥❛❧❧♦<✇-♦✐ ✉♣/0✇#♦✐ -♦✉ L✱ -/-❡ ♦ ♣<♥❛❦❛❝ -♦✉ L ✇❝

♣#♦❝ -❤ ❜❼,❤ S = {x1, . . . , xk, yk+1, . . . , yn} ❡<♥❛✐ ❞✐❛❣➳♥✐♦❝ ,❡ ♠♣❧♦❦✱ ❞❤❧❛❞➔ 30❡✐ -❤
♠♦#❢➔

SLS =

[

B 0

0 C

]

,

/♣♦✉ B ❡<♥❛✐ ♦ k×k ♣<♥❛❦❛❝ -♦✉ -❡❧❡,-➔ L|X ✇❝ ♣#♦❝ -❤ ❜❼,❤ B ❦❛✐ C ❡<♥❛✐ ♦ (n−k)×(n−k)

♣<♥❛❦❛❝ -♦✉ -❡❧❡,-➔ L|Y ✇❝ ♣#♦❝ -❤ ❜❼,❤ C✳
❚/-❡ ❣✐❛ -♦ 0❛#❛❦-❤#✐,-✐❦/ ♣♦❧✉➳♥✉♠♦ -♦✉ L ✐,0%❡✐

χL(λ) = χL|X (λ)χL|Y (λ) .

❆♣"❞❡✐①❤✳ ❊❼♥ ♦ ♣&♥❛❦❛❝ *♦✉ L ✇❝ ♣-♦❝ *❤ ❜❼0❤ S ❡&♥❛✐ [aij ]✱ *4*❡ ❣✐❛ j = 1, . . . , k✱

L(xj) =

k
∑

i=1

aijxi +

n
∑

i=k+1

aijyi .

❆❧❧❼ L(xj) ∈ X✱ ❼-❛ aij = 0 ❣✐❛ i = k + 1, . . . , n✳

9❛-4♠♦✐❛✱ ❣✐❛ j = k + 1, . . . , n✱ aij = 0 ❣✐❛ i = 1, . . . , k✳

❍ ✐❞✐4*❤*❛ *✇♥ =❛-❛❦*❤-✐0*✐❦➳♥ ♣♦❧✉✇♥?♠✇♥ ❡&♥❛✐ 0✉♥@♣❡✐❛ *❤❝ ✸✳✽✳

�

✸✳✶✶ ❇❼%❡✐❝ ❛♣+ ✐❞✐♦❞✐❛♥/%♠❛1❛

 !"#❛%❤ ✸✳✷✶ ❊❼♥ L : V −→ V ❡<♥❛✐ ❣#❛♠♠✐❦/❝ -❡❧❡,-➔❝✱ ❦❛✐ ♦ ❞✐❛♥✉,♠❛-✐❦/❝ 0➳#♦❝

V 30❡✐ ♠<❛ ♣❡♣❡#❛,♠3♥❤ ❜❼,❤ ❛♣/ ✐❞✐♦❞✐❛♥%,♠❛-❛ -♦✉ L✱ -/-❡ ♦ ♣<♥❛❦❛❝ -♦✉ L ✇❝ ♣#♦❝ ❛✉-➔♥

-❤ ❜❼,❤ ❡<♥❛✐ ❞✐❛❣➳♥✐♦❝✱ ♠❡ -✐❝ ✐❞✐♦-✐♠3❝ -♦✉ -❡❧❡,-➔ ,-❤ ❞✐❛❣➳♥✐♦✳

❆♣"❞❡✐①❤✳ ✬❊0*✇ {v1, . . . , vn} ♠&❛ ❜❼0❤ ❛♣4 ✐❞✐♦❞✐❛♥?0♠❛*❛✱ ❦❛✐ λ1, . . . λn ♦✐ ❛♥*&0*♦✐=❡❝

✐❞✐♦*✐♠@❝✳ ❚4*❡

L(vj) =

n
∑

i=1

aijvi = λjvj .

❆❢♦? *❛ v1, . . . , vn ❡&♥❛✐ ❣-❛♠♠✐❦❼ ❛♥❡①❼-*❤*❛✱ ♦✐ 0✉♥*❡❧❡0*@❝ ❡&♥❛✐ ♠♦♥❛❞✐❦♦&✱ ❦❛✐

aij =

{

0 ❡❼♥ i 6= j

λj ❡❼♥ i = j .



✶✵✵ ●!❛♠♠✐❦➔ ✬❆❧❣❡❜!❛ ■

❙✉♥❡♣➳❝ ♦ ♣*♥❛❦❛❝ [aij ] ❡*♥❛✐ ❞✐❛❣➳♥✐♦❝✳

�

❊*♥❛✐ ♣2♦❢❛♥4❝ ♦5✐ ✐678❡✐ ❦❛✐ 5♦ ❛♥5*652♦❢♦✿ ❡❼♥ ♦ ♣*♥❛❦❛❝ 5♦✉ 5❡❧❡65➔ L ✇❝ ♣2♦❝ ❦❼♣♦✐❛

❜❼6❤ ❡*♥❛✐ ❞✐❛❣➳♥✐♦❝✱ 5A5❡ 5❛ 65♦✐7❡*❛ 5❤❝ ❜❼6❤❝ ❡*♥❛✐ ✐❞✐♦❞✐❛♥86♠❛5❛ 5♦✉ L✳

❊❼♥ dimV = n ❦❛✐ ♦ L 47❡✐ n ❞✐❛❢♦2❡5✐❦4❝ ✐❞✐♦5✐♠4❝✱ 5A5❡ ✉♣❼27❡✐ ♠*❛ ❜❼6❤ 5♦✉ V ❤

♦♣♦*❛ ❛♣♦5❡❧❡*5❛✐ ❛♣A ✐❞✐♦❞✐❛♥86♠❛5❛ 5♦✉ L✱ ❦❛✐ ✇❝ ♣2♦❝ 5❤♥ ♦♣♦*❛ ♦ ♣*♥❛❦❛❝ 5♦✉ L ❡*♥❛✐ ❞✐❛✲

❣➳♥✐♦❝✳ ✬❊7♦✉♠❡ ❞❡✐ A♠✇❝ ♣❛2❛❞❡*❣♠❛5❛ A♣♦✉ ✉♣❼27♦✉♥ ❧✐❣A5❡2❛ ❛♣A n ❣2❛♠♠✐❦❼ ❛♥❡①❼25❤5❛

✐❞✐♦❞✐❛♥86♠❛5❛✱ ❦❛✐ ❞❡♥ ✉♣❼27❡✐ ❜❼6❤ ✇❝ ♣2♦❝ 5❤♥ ♦♣♦*❛ ♦ ♣*♥❛❦❛❝ 5♦✉ L ❡*♥❛✐ ❞✐❛❣➳♥✐♦❝✳

❯♣❡♥❥✉♠*③♦✉♠❡ ♦5✐ ❤ ❣❡✇♠❡52✐❦➔ ♣♦❧❧❛♣❧A5❤5❛ ♠*❛❝ ✐❞✐♦5✐♠➔❝ ❡*♥❛✐ ❤ ❞✐❼65❛6❤ 5♦✉ ✐❞✐A✲

7✇2♦✉ 5❤❝ ✐❞✐♦5✐♠➔❝✳

 !"#❛%❤ ✸✳✷✷ ❍ ❣❡✇♠❡%&✐❦➔ ♣♦❧❧❛♣❧.%❤%❛ ♠0❛❝ ✐❞✐♦%✐♠➔❝ ❡0♥❛✐ 04❤ ➔ ♠✐❦&.%❡&❤ ❛♣. %❤♥

❛❧❣❡❜&✐❦➔ ♣♦❧❧❛♣❧.%❤%❛✳

❆♣"❞❡✐①❤✳ ❯♣♦❥45♦✉♠❡ ♦5✐ ❤ ✐❞✐♦5✐♠➔ λ1 47❡✐ ❣❡✇♠❡52✐❦➔ ♣♦❧❧❛♣❧A5❤5❛ k✱ ❦❛✐ ❡♣✐❧4❣♦✉♠❡

❣2❛♠♠✐❦❼ ❛♥❡①❼25❤5❛ ✐❞✐♦❞✐❛♥86♠❛5❛ 5❤❝ ✐❞✐♦5✐♠➔❝ λ1✱ v1, . . . , vk✳ ❙✉♠♣❧❤2➳♥♦✉♠❡ 5♦ 68♥♦❧♦

{v1, . . . , vk} 6❡ ❜❼6❤ B = {v1, . . . , vk, vk+1, . . . , vn} 5♦✉ V ✳ ❆❢♦8 ❣✐❛ j = 1, . . . , k✱

L(vj) = λ1vj ✱ ❤ 65➔❧❤ j 5♦✉ ♣*♥❛❦❛ A =B LB 47❡✐ 65♦✐7❡*❛ ajj = λ1 ❦❛✐ aij = 0 ❣✐❛ i 6= j✳

❙✉♥❡♣➳❝ 5♦ 7❛2❛❦5❤2✐65✐❦A ♣♦❧✉➳♥✉♠♦ χL(λ) ❞✐❛✐2❡*5❛✐ ❛♣A 5♦ (λ−λ1)
k
✳ ✬❆2❛ k ❞❡♥ ♠♣♦2❡*

♥❛ ❡*♥❛✐ ♠❡❣❛❧85❡2♦ ❛♣A 5❤♥ ♣♦❧❧❛♣❧A5❤5❛ 5❤❝ 2*③❛❝ λ1 65♦ χL✳

�

✸✳✶✷ ❚%✐❣✇♥✐❦♦, ♣,♥❛❦❡❝

❯♣❡♥❥✉♠*③♦✉♠❡ ♦5✐ 4♥❛❝ n × n ♣*♥❛❦❛❝ ❡*♥❛✐ ❼♥✇ %&✐❣✇♥✐❦.❝ A5❛♥ 47❡✐ ♠❤❞❡♥✐❦❼ 6❡ A❧❡❝ 5✐❝

❥46❡✐❝ ❦❼5✇ ❛♣A 5❤ ❞✐❛❣➳♥✐♦✱ ❞❤❧❛❞➔ A5❛♥ aij = 0 ❣✐❛ ❦❼❥❡ i > j✳ ✬❊♥❛❝ ❼♥✇ 52✐❣✇♥✐❦A❝

♣*♥❛❦❛❝ ❡*♥❛✐ ✐❞✐A♠♦2❢♦❝ ❡❼♥ ❦❛✐ ♠A♥♦♥ ❡❼♥ 47❡✐ ♠❤❞❡♥✐❦A 65♦✐7❡*♦ 65❤ ❞✐❛❣➳♥✐♦✳ ❙❡ ❛✉5➔ 5❤♥

♣❛2❼❣2❛❢♦ ❥❛ ❞♦8♠❡ ♦5✐ ♣❼♥✇ ❛♣A 5♦ C ♠♣♦2♦8♠❡ ♣❼♥5❛ ♥❛ ❜2♦8♠❡ ♠*❛ ❜❼6❤ 5♦✉ V ✇❝ ♣2♦❝

5❤♥ ♦♣♦*❛ ♦ ♣*♥❛❦❛❝ 5♦✉ L ❡*♥❛✐ ❼♥✇ 52✐❣✇♥✐❦A❝✳

 !"#❛%❤ ✸✳✷✸ ❏❡✇&♦9♠❡ ❣&❛♠♠✐❦. %❡❧❡4%➔ L : V −→ V ✱ ❦❛✐ ❜❼4❤ B = {v1, . . . , vn}
%♦✉ V ✳ ❚❛ ❛❦.❧♦✉❥❛ ❡0♥❛✐ ✐4♦❞9♥❛♠❛✿

✶✳ ❖ ♣0♥❛❦❛❝ A %♦✉ L ✇❝ ♣&♦❝ %❤ ❜❼4❤ B ❡0♥❛✐ ❼♥✇ %&✐❣✇♥✐❦.❝

✷✳ L(vj) ∈ 〈v1, . . . , vj〉 ❣✐❛ j = 1, . . . , n✳

✸✳ ●✐❛ ❦❼❥❡ j = 1, . . . , n ♦ ✉♣.D✇&♦❝ 〈v1, . . . , vj〉 ❡0♥❛✐ ❛♥❛❧❧♦0✇%♦❝ ❛♣. %♦♥ L✳

❆♣"❞❡✐①❤✳ ❚♦ ✷ 6❤♠❛*♥❡✐ ♦5✐ 5♦ ❞✐❼♥✉6♠❛ 6✉♥5❡5❛❣♠4♥✇♥ 5♦✉ L(vj) ✇❝ ♣2♦❝ 5❤ ❜❼6❤ B
47❡✐ ♠❤❞❡♥✐❦❼ 65✐❝ 5❡❧❡✉5❛*❡❝ n− j ❥46❡✐❝✱ ♣♦✉ ❡*♥❛✐ ❛❦2✐❜➳❝ 5♦ *❞✐♦ ♠❡ 5♦ ✶✳ ❊*♥❛✐ ♣2♦❢❛♥4❝

♦5✐ 5♦ ✸ 6✉♥❡♣❼❣❡5❛✐ 5♦ ✷✳ ❏❛ ❞❡*①♦✉♠❡ ♦5✐ 5♦ ✷ 6✉♥❡♣❼❣❡5❛✐ 5♦ ✸✳ ❊❼♥ v ∈ 〈v1, . . . , vj〉✱ 5A5❡



❑❡❢❼❧❛✐♦ ✸ ■❞✐♦+✐♠-❝ ❦❛✐ ❉✐❛❣✇♥✐♦♣♦5❤7❤ ✶✵✶

v = a1v1 + · · ·+ ajvj ✳ ❊❼♥ ✐'()❡✐ +♦ ✷✱ ❣✐❛ ❦❼❥❡ i = 1, . . . , j

L(vi) ∈ 〈v1, . . . , vi〉 ⊆ 〈v1, . . . , vj〉 .

❙✉♥❡♣➳❝

L(v) = a1L(v1) + · · ·+ ajL(vj) ∈ 〈v1, . . . , vj〉 .

�

❖!✐#♠%❝ ✸✳✺✳ ✬❊♥❛❝ n × n ♣9♥❛❦❛❝ A ♠❡ '+♦✐(❡9❛ '+♦ K ❡9♥❛✐ *!✐❣✇♥♦♣♦✐➔#✐♠♦❝

✭♣❼♥✇ ❛♣% *♦ K✮ ❡❼♥ ❡9♥❛✐ ;♠♦✐♦❝ ♠❡ <♥❛♥ ❼♥✇ +>✐❣✇♥✐❦; ♣9♥❛❦❛ U ✱ ❞❤❧❛❞➔ ❡❼♥ ✉♣❼>(❡✐

❛♥+✐'+><②✐♠♦❝ ♣9♥❛❦❛❝ R ♠❡ '+♦✐(❡9❛ '+♦ K +<+♦✐♦❝ ➳'+❡ A = RUR−1✳

✬❊♥❛❝ +❡❧❡'+➔❝ L : V −→ V ❡9♥❛✐ *!✐❣✇♥♦♣♦✐➔#✐♠♦❝ ❡❼♥ ✉♣❼>(❡✐ ♠9❛ ❞✐❛+❡+❛❣♠<♥❤ ❜❼'❤

+♦✉ V ✇❝ ♣>♦❝ +❤♥ ♦♣♦9❛ ♦ ♣9♥❛❦❛❝ +♦✉ L ❡9♥❛✐ ❼♥✇ +>✐❣✇♥✐❦;❝✳

5!%*❛#❤ ✸✳✷✹ ❯♣♦❥$%♦✉♠❡ ♦%✐ ♦ %❡❧❡+%➔❝ L : V −→ V ❡.♥❛✐ %1✐❣✇♥♦♣♦✐➔+✐♠♦❝✳ ❚6%❡ ♦✐

✐❞✐♦%✐♠$❝ %♦✉ L ❡.♥❛✐ ❛❦1✐❜➳❝ %❛ +%♦✐;❡.❛ %❤❝ ❞✐❛❣✇♥.♦✉ %♦✉ %1✐❣✇♥✐❦♦= ♣.♥❛❦❛ ♣♦✉ ♣❛1✐+%❼♥❡✐

%♦♥ L✳

❆♣%❞❡✐①❤✳ ❏❡✇>♦)♠❡ +♦♥ ❼♥✇ +>✐❣✇♥✐❦; ♣9♥❛❦❛ A +❤❝ L✱ ✇❝ ♣>♦❝ +❤ ❜❼'❤ B✿

A =









λ1 ∗
✳

✳

✳

0 λn









❚;+❡ ❤ ❛♣❡✐❦;♥✐'❤ L− λIV ✱ ❣✐❛ λ ∈ K✱ <(❡✐ ♣9♥❛❦❛ ✇❝ ♣>♦❝ +❤ ❜❼'❤ B✿








λ1 − λ ∗
✳

✳

✳

0 λn − λ









♦ ♦♣♦9♦❝ ❡9♥❛✐ ✐❞✐;♠♦>❢♦❝ ❡❼♥ ❦❛✐ ♠;♥♦♥ ❡❼♥ λ ❡9♥❛✐ 9'♦ ♠❡ ❦❼♣♦✐♦ ❛♣; +❛ '+♦✐(❡9❛ +❤❝ ❞✐❛❣✇✲

♥9♦✉✱ λ1, . . . , λn✳

✬❆>❛ ♦✐ ✐❞✐♦+✐♠<❝ +♦✉ L ❡9♥❛✐ ❛❦>✐❜➳❝ λ1, . . . , λn✳

�

❏❡➳!❤♠❛ ✸✳✷✺ ❏❡✇1♦=♠❡ ❞✐❛♥✉+♠❛%✐❦6 ;➳1♦ V ♣❡♣❡1❛+♠$♥❤❝ ❞✐❼+%❛+❤❝ ♣❼♥✇ ❛♣6 %♦

C✱ ❦❛✐ ❣1❛♠♠✐❦6 %❡❧❡+%➔ L : V → V ✳ ❚6%❡ ♦ %❡❧❡+%➔❝ L ❡.♥❛✐ %1✐❣✇♥♦♣♦✐➔+✐♠♦❝✳

❆♣%❞❡✐①❤✳ ❏❛ (>❤'✐♠♦♣♦✐➔'♦✉♠❡ ❡♣❛❣✇❣➔ '+❤ ❞✐❼'+❛'❤ +♦✉ V ✳ ❊❼♥ dimV = 1✱ ❛>❦❡9

♥❛ ♣❛>❛+❤>➔'♦✉♠❡ ♦+✐ ❦❼❥❡ 1× 1 ♣9♥❛❦❛❝ ❡9♥❛✐ ❼♥✇ +>✐❣✇♥✐❦;❝✳

❯♣♦❥<+♦✉♠❡ ♦+✐ dimV = n ≥ 2✳ ❆❢♦) ❜>✐'❦;♠❛'+❡ ♣❼♥✇ ❛♣; +♦✉❝ ♠✐❣❛❞✐❦♦)❝ ❛>✐❥♠♦)❝✱

❛♣; +♦ ❏❡➳>❤♠❛ ✸✳✶✸✱ ♦ L <(❡✐ +♦✉❧❼(✐'+♦♥ ♠9❛ ✐❞✐♦+✐♠➔ λ1✳ ✬❊'+✇ u1 <♥❛ ✐❞✐♦❞✐❼♥✉'♠❛ ❣✐❛
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#❤♥ ✐❞✐♦#✐♠➔ λ1✳ ❙✉♠♣❧❤0➳♥♦✉♠❡ #♦ {u1} 3❡ ❜❼3❤ B = {u1, u2, . . . , un} #♦✉ V ✱ ❦❛✐ ❥❡✇0♦;♠❡

#♦♥ ♣<♥❛❦❛ #♦✉ L ✇❝ ♣0♦❝ #❤ ❜❼3❤ B✱ A = BLB✳ ❍ ♣0➳#❤ 3#➔❧❤ #♦✉ A ♣❡0✐?@❡✐ #♦ ❞✐❼♥✉3♠❛

3✉♥#❡#❛❣♠?♥✇♥ #♦✉ L(u1) = λ1u1 ✇❝ ♣0♦❝ #❤ ❜❼3❤ B✳ ❙✉♥❡♣➳❝ ♦ A ?@❡✐ #❤ ♠♦0❢➔

A =













λ1 a12 . . . a1n

0
✳

✳

✳ D

0













.

❏❡✇0♦;♠❡ #♦ V ✇❝ ❡✉❥; ❼❥0♦✐3♠❛ #✇♥ ✉♣D@✇0✇♥ V1 = 〈u1〉 ❦❛✐ U = 〈u2, . . . , un〉✱ ?#3✐
➳3#❡ ❦❼❥❡ v ∈ V ❣0❼❢❡#❛✐ ♠❡ ♠♦♥❛❞✐❦D #0D♣♦ ✇❝ ❼❥0♦✐3♠❛ v = a1u1 + u✱ ❣✐❛ a1 ∈ C ❦❛✐

u ∈ U ✳ ✬❊@♦✉♠❡ ❛♣❡✐❦♦♥<3❡✐❝ j : U −→ V : u 7→ u ❦❛✐ p : V −→ U : v 7→ u✱ ❦❛✐ ♦0<③♦✉♠❡

M = p ◦ L ◦ j : U −→ U .

●✐❛ i = 2, . . . , n✱ M(ui) = a2iu2 + · · · + aniun✱ D♣♦✉ (a2i, . . . , ani) ❡<♥❛✐ ❤ 3#➔❧❤ #♦✉

♣<♥❛❦❛ D ♣♦✉ ❛♥#✐3#♦✐@❡< 3#❤♥ i 3#➔❧❤ #♦✉ ♣<♥❛❦❛ A✳ ❙✉♥❡♣➳❝ D ❡<♥❛✐ ♦ ♣<♥❛❦❛❝ ♣♦✉

♣❛0✐3#❼♥❡✐ #❤♥ ❛♣❡✐❦D♥✐3❤ M ✇❝ ♣0♦❝ #❤ ❜❼3❤ {u2, . . . , un}✳ ❆❢♦; dimU = n − 1✱ ❛♣D

#❤♥ ❡♣❛❣✇❣✐❦➔ ✉♣D❥❡3❤✱ ✉♣❼0@❡✐ ❜❼3❤ W = {w2, . . . , wn}✱ ✇❝ ♣0♦❝ #❤♥ ♦♣♦<❛ ♦ ♣<♥❛❦❛❝ #❤❝

❛♣❡✐❦D♥✐3❤❝ M ❡<♥❛✐ ❼♥✇ #0✐❣✇♥✐❦D❝✳ ❊①❡#❼③♦✉♠❡ #➳0❛ #♦♥ ♣<♥❛❦❛ #♦✉ L ✇❝ ♣0♦❝ #❤ ❜❼3❤

B′ = {u1, w2, . . . , wn}✳ ❆✉#D❝ ?@❡✐ #❤ ♠♦0❢➔

B =













λ1 b12 . . . b1n

0
✳

✳

✳ T

0













,

D♣♦✉ T ❡<♥❛✐ ♦ (n− 1)× (n− 1) ♣<♥❛❦❛❝ ♦ ♦♣♦<♦❝ ♣❛0✐3#❼♥❡✐ #❤♥ ❛♣❡✐❦D♥✐3❤ M ✇❝ ♣0♦❝ #❤

❜❼3❤ W ✳ ❙✉♥❡♣➳❝ ♦ T ❡<♥❛✐ ❼♥✇ #0✐❣✇♥✐❦D❝✳ ❙✉♠♣❡0❛<♥♦✉♠❡ ♦#✐ ♦ ♣<♥❛❦❛❝ B #♦✉ #❡❧❡3#➔ L

✇❝ ♣0♦❝ #❤ ❜❼3❤ B′ ❡<♥❛✐ ❼♥✇ #0✐❣✇♥✐❦D❝✳

�

 !"#❛%❤ ✸✳✷✻ ❑❼❥❡ $❡$%❛❣✇♥✐❦,❝ ♣/♥❛❦❛❝ ♠❡ 1$♦✐3❡/❛ 1$♦ C ❡/♥❛✐ $%✐❣✇♥♦♣♦✐➔1✐♠♦❝✳

 ❛!❼❞❡✐❣♠❛ ✸✳✷✸ ❙#♦ @➳0♦ C3[x] #✇♥ ♣♦❧✉✇♥;♠✇♥ ❜❛❥♠♦; <3♦✉ ➔ ♠✐❦0D#❡0♦✉ ❛♣D ✸✱ ♠❡

#❤♥ ❦❛♥♦♥✐❦➔ ❞✐❛#❡#❛❣♠?♥❤ ❜❼3❤ B = {x3, x2, x, 1}✱ ♦ #❡❧❡3#➔❝ ♣❛0❛❣➳❣✐3❤❝ D : C3[x] −→
C3[x] ♣❛0✐3#❼♥❡#❛✐ ❛♣D #♦♥ ♣<♥❛❦❛

BDB =













0 0 0 0

3 0 0 0

0 2 0 0

0 0 1 0













.
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❇❧%♣♦✉♠❡ ♦+✐ ♦ ♣-♥❛❦❛❝ ❡-♥❛✐ ❦❼+✇ +4✐❣✇♥✐❦6❝✳ ●✐❛ ♥❛ +♦♥ ♠❡+❛+4%②♦✉♠❡ :❡ ❼♥✇ +4✐❣✇♥✐❦6

❛4❦❡- ♠-❛ ❛♥❛❞✐❼+❛①❤ +❤❝ ❜❼:❤❝✱ F = {1, x, x2, x3}✳ ❖ ♣-♥❛❦❛❝ ♠❡+❼❜❛:❤❝ ❛♣6 +❤ ❜❼:❤ B
:+❤ ❜❼:❤ F ❡-♥❛✐

R =













0 0 0 1

0 0 1 0

0 1 0 0

1 0 0 0













,

♠❡ R−1 = R✳ ✬❆4❛ ♦ ❼♥✇ +4✐❣✇♥✐❦6❝ ♣-♥❛❦❛❝ ❡-♥❛✐

FDF = R BDBR =













0 1 0 0

0 0 2 0

0 0 0 3

0 0 0 0













.

❆❝ ❡❢❛4♠6:♦✉♠❡ +❤ ❞✐❛❞✐❦❛:-❛ +❤❝ ❛♣6❞❡✐①❤❝ +♦✉ ❏❡✇4➔♠❛+♦❝ ✸✳✷✺ ❣✐❛ ♥❛ +4✐❣✇♥♦♣♦✐✲

➔:♦✉♠❡ +♦♥ +❡❧❡:+➔ D✳ ❖ D %I❡✐ ♠♦♥❛❞✐❦➔ ✐❞✐♦+✐♠➔ λ = 0✱ ♠❡ ✐❞✐♦❞✐❼♥✉:♠❛ +♦ :+❛❥❡46

♣♦❧✉➳♥✉♠♦ 1✳ ❊♣✐❧%❣♦✉♠❡ ✇❝ ♣4➳+♦ :+♦✐I❡-♦ +❤❝ ❜❼:❤❝ ❛✉+6 +♦ ♣♦❧✉➳♥✉♠♦✱ ❦❛✐ ❥❡✇4♦M♠❡

+❤ ❞✐❛+❡+❛❣♠%♥❤ ❜❼:❤ C = {1, x3, x2, x} ✇❝ ♣4♦❝ +❤♥ ♦♣♦-❛ ♦ ♣-♥❛❦❛❝ +♦✉ +❡❧❡:+➔ D ❡-♥❛✐













0 0 0 1

0 0 0 0

0 3 0 0

0 0 2 0













.

❖ ❦❼+✇ ❞❡①✐❼ 3× 3 ♣-♥❛❦❛❝

B =







0 0 0

3 0 0

0 2 0







♣❛4✐:+❼♥❡✐ +♦♥ +❡❧❡:+➔ M : 〈x3, x2, x〉 −→ 〈x3, x2, x〉 ♣♦✉ ❛♣❡✐❦♦♥-③❡✐ +❛ x3, x2, x :+❛

3x2, 2x, 0 ❛♥+-:+♦✐I❛✳ ❆✉+6❝ ♦ +❡❧❡:+➔❝ %I❡✐ +4✐❣✇♥✐❦6 ♣-♥❛❦❛ ✇❝ ♣4♦❝ +❤ ❜❼:❤ C′ =

{x, x2, x3}✳ ❆♣6 ❛✉+➔ +❤ ❞✐❛❞✐❦❛:-❛✱ ❦❛+❛❧➔❣♦✉♠❡ ♦+✐ ✇❝ ♣4♦❝ +❤ ❜❼:❤ {1, x, x2, x3} = F
♦ ♣-♥❛❦❛❝ +♦✉ +❡❧❡:+➔ D ❡-♥❛✐ ❼♥✇ +4✐❣✇♥✐❦6❝✱ ♣♦✉ ❡♣❛❧❤❥❡M❡✐ +♦ ♣4♦❤❣♦M♠❡♥♦ ❛♣♦+%❧❡:♠❛✳

✬❖+❛♥ ♦ ❞✐❛♥✉:♠❛+✐❦6❝ I➳4♦❝ V ❡-♥❛✐ ♣❼♥✇ ❛♣6 +♦ :➳♠❛ +✇♥ ♣4❛❣♠❛+✐❦➳♥ ❛4✐❥♠➳♥✱ ❞❡♥

❡-♥❛✐ ❞❡❞♦♠%♥❤ ❤ M♣❛4①❤ ✐❞✐♦+✐♠➳♥✳ ❙❡ ❛✉+➔ +❤♥ ♣❡4-♣+✇:❤ ❣✐❛ ♥❛ ❡①❛:❢❛❧-:♦✉♠❡ +❤♥ M♣❛4①❤

❜❼:❤❝ ✇❝ ♣4♦❝ +❤♥ ♦♣♦-❛ ♦ +❡❧❡:+➔❝ ❡-♥❛✐ ❼♥✇ +4✐❣✇♥✐❦6❝✱ ♣4%♣❡✐ ♥❛ ✉♣♦❥%:♦✉♠❡ ♦+✐ +♦

I❛4❛❦+❤4✐:+✐❦6 ♣♦❧✉➳♥✉♠♦ +♦✉ +❡❧❡:+➔ ❡-♥❛✐ ❣✐♥6♠❡♥♦ ♣❛4❛❣6♥+✇♥ ❜❛❥♠♦M ✶✳ ❉✐❛+✉♣➳♥♦✉♠❡

+♦ ❛♣♦+%❧❡:♠❛ :+❤♥ ♣❡4-♣+✇:❤ ❡♥6❝ n× n ♣-♥❛❦❛✳

❏❡➳#❤♠❛ ✸✳✷✼ ❏❡✇#♦%♠❡ n×n ♣(♥❛❦❛ A ♠❡ ,-♦✐/❡(❛ ,-♦ K✳ ❚2-❡ ♦ A ❡(♥❛✐ -#✐❣✇♥♦♣♦✐✲

➔,✐♠♦❝ ❡❼♥ ❦❛✐ ♠2♥♦♥ ❡❼♥ -♦ /❛#❛❦-❤#✐,-✐❦2 ♣♦❧✉➳♥✉♠♦ χA(λ) ❡(♥❛✐ ❣✐♥2♠❡♥♦ ♣❛#❛❣2♥-✇♥

❜❛❥♠♦% ✶ ♣❼♥✇ ❛♣2 -♦ K✳



✶✵✹ ●!❛♠♠✐❦➔ ✬❆❧❣❡❜!❛ ■

❆♣"❞❡✐①❤✳ ❊❼♥ ♦ A ❡(♥❛✐ +,✐❣✇♥♦♣♦✐➔1✐♠♦❝✱ ❥❡✇,♦6♠❡ +,✐❣✇♥✐❦8 ♣(♥❛❦❛ B 8♠♦✐♦ ♠❡ +♦♥ A✱

♠❡ 1+♦✐9❡(❛ λ1, . . . , λn 1+❤ ❞✐❛❣➳♥✐♦✳ ❚8+❡ det(A−λI) = det(B−λI) = (λ1−λ) · · · (λn−λ)✱

❦❛✐ 1✉♥❡♣➳❝ χA(λ) ❡(♥❛✐ ❣✐♥8♠❡♥♦ ♣❛,❛❣8♥+✇♥ ❜❛❥♠♦6 ✶ ♣❼♥✇ ❛♣8 +♦ K✳

❊❼♥ +♦ 9❛,❛❦+❤,✐1+✐❦8 ♣♦❧✉➳♥✉♠♦ +♦✉ A ❡(♥❛✐ ❣✐♥8♠❡♥♦ ♣,✇+♦❜❼❥♠✐✇♥ ♣❛,❛❣8♥+✇♥ ♣❼♥✇

❛♣8 +♦ K✱ 8♣✇❝ ❦❛✐ 1+❤♥ ❛♣8❞❡✐①❤ +♦✉ ❏❡✇,➔♠❛+♦❝ ✸✳✷✺ ❥❛ 9,❤1✐♠♦♣♦✐➔1♦✉♠❡ ❡♣❛❣✇❣➔ 1+♦

n✳ ✬❊1+✇ λ1 +H+♦✐♦ ➳1+❡ (λ1−λ) ❞✐❛✐,❡( +♦ χA(λ)✳ ❚8+❡ λ1 ❡(♥❛✐ ✐❞✐♦+✐♠➔ +♦✉ A❀ H1+✇ u1 H♥❛

✐❞✐♦❞✐❼♥✉1♠❛ +❤❝ λ1✳ ❏❡✇,♦6♠❡ ❛♥+✐1+,H②✐♠♦ ♣(♥❛❦❛ R ♠❡ ♣,➳+❤ 1+➔❧❤ u1✳ ❚8+❡ R
−1u1 ❡(♥❛✐

❤ ♣,➳+❤ 1+➔❧❤ +♦✉ +❛✉+♦+✐❦♦6 ♣(♥❛❦❛ In✱ ❦❛✐ R
−1AR H9❡✐ ♣,➳+❤ 1+➔❧❤ R−1Au1 = λ1R

−1u1✳

❙✉♥❡♣➳❝

R−1AR =













λ1 b2 . . . bn

0
✳

✳

✳ B

0













,

8♣♦✉ b = (b2, . . . , bn) ∈ K
n−1

❦❛✐ B ❡(♥❛✐ (n− 1)× (n− 1) ♣(♥❛❦❛❝✳ ❆♣8 +❤♥ M,8+❛1❤ ✸✳✽✱

χA(λ) = (λ1−λ)χB(λ)✱ ❦❛✐ +♦ 9❛,❛❦+❤,✐1+✐❦8 ♣♦❧✉➳♥✉♠♦ +♦✉ B ❡(♥❛✐ ❣✐♥8♠❡♥♦ ♣❛,❛❣8♥+✇♥

❜❛❥♠♦6 ✶✳ ❆♣8 +❤♥ ❡♣❛❣✇❣✐❦➔ ✉♣8❥❡1❤✱ ♦ ♣(♥❛❦❛❝ B ❡(♥❛✐ +,✐❣✇♥♦♣♦✐➔1✐♠♦❝✳ ✬❆,❛ ✉♣❼,9❡✐

(n − 1) × (n − 1) ❛♥+✐1+,H②✐♠♦❝ ♣(♥❛❦❛❝ S +H+♦✐♦❝ ➳1+❡ S−1BS ♥❛ ❡(♥❛✐ ❼♥✇ +,✐❣✇♥✐❦8❝✳

❏H+♦✉♠❡ U =

[

1 0

0 S

]

❦❛✐ H9♦✉♠❡

U−1R−1ARU =

[

1 0

0 S

]−1 [

λ1 b

0 B

][

1 0

0 S

]

=

[

λ1 bS

0 S−1BS

]

,

♣♦✉ ❡(♥❛✐ ❼♥✇ +,✐❣✇♥✐❦8❝✳

�

)❛+❼❞❡✐❣♠❛ ✸✳✷✹ ❏❛ ❡①❡+❼1♦✉♠❡ ❡❼♥ ♦ ♣(♥❛❦❛❝ A =







1 −1 −1
−1 1 −1
−1 1 2






❡(♥❛✐ +,✐❣✇♥♦✲

♣♦✐➔1✐♠♦❝✳ ❯♣♦❧♦❣(③♦✉♠❡ +♦ 9❛,❛❦+❤,✐1+✐❦8 ♣♦❧✉➳♥✉♠♦✱ χA(x) = −x(x − 2)2✳ ❆❢♦6 +♦

9❛,❛❦+❤,✐1+✐❦8 ♣♦❧✉➳♥✉♠♦ ❡(♥❛✐ ❣✐♥8♠❡♥♦ ♣,✇+♦❜❼❥♠✐✇♥ 8,✇♥ ♦ ♣(♥❛❦❛❝ ❡(♥❛✐ +,✐❣✇♥♦♣♦✐➔✲

1✐♠♦❝✳

●✐❛ ♥❛ ❜,♦6♠❡ +♦♥ ♣(♥❛❦❛ ♦ ♦♣♦(♦❝ +,✐❣✇♥♦♣♦✐❡( +♦♥ A✱ ✉♣♦❧♦❣(③♦✉♠❡ +❛ ✐❞✐♦❞✐❛♥61♠❛+❛✳

✬❊♥❛ ✐❞✐♦❞✐❼♥✉1♠❛ ❣✐❛ +❤♥ ✐❞✐♦+✐♠➔ 0 ❡(♥❛✐ +♦ (1, 1, 0)✳ ❍ ✐❞✐♦+✐♠➔ 2 H9❡✐ ❛❧❣❡❜,✐❦➔ ♣♦❧❧❛♣❧8+❤✲

+❛ ✷✱ ❛❧❧❼ ❣❡✇♠❡+,✐❦➔ ♣♦❧❧❛♣❧8+❤+❛ ✶✿ ✉♣❼,9❡✐ ♠8♥♦♥ H♥❛ ❣,❛♠♠✐❦❼ ❛♥❡①❼,+❤+♦ ✐❞✐♦❞✐❼♥✉1♠❛✳

❊♣✐❧H❣♦✉♠❡ +♦ (1, 1, −2)✳ ❆✉+❼ +❛ ❞6♦ ❞✐❛♥61♠❛+❛ ❥❛ ❡(♥❛✐ ♦✐ ❞6♦ ♣,➳+❡❝ 1+➔❧❡❝ +♦✉ ♣(♥❛❦❛

R ♣♦✉ +,✐❣✇♥♦♣♦✐❡( +♦♥ ♣(♥❛❦❛ A✳ ●✐❛ +❤♥ +,(+❤ 1+➔❧❤ ♠♣♦,♦6♠❡ ♥❛ ❡♣✐❧H①♦✉♠❡ ♦♣♦✐♦❞➔♣♦+❡

❞✐❼♥✉1♠❛ H+1✐ ➳1+❡ ♥❛ H9♦✉♠❡ H♥❛♥ ❛♥+✐1+,H②✐♠♦ ♣(♥❛❦❛✳ ❊♣✐❧H❣♦✉♠❡ +♦ ❞✐❼♥✉1♠❛ (1, −1, 0)✳



❑❡❢❼❧❛✐♦ ✸ ■❞✐♦+✐♠-❝ ❦❛✐ ❉✐❛❣✇♥✐♦♣♦5❤7❤ ✶✵✺

❖ ♣%♥❛❦❛❝ R =







1 1 1

1 1 −1
0 −2 0






*+✐❣✇♥♦♣♦✐❡% *♦♥ A✳ ❉❤❧❛❞➔ ✉♣❼+9❡✐ ❼♥✇ *+✐❣✇♥✐❦:❝ ♣%♥❛✲

❦❛❝ U *<*♦✐♦❝ ➳>*❡ AR = RU ✳ ❆❢♦A ♦✐ ❞A♦ ♣+➳*❡❝ >*➔❧❡❝ *♦✉ R ❡%♥❛✐ *❛ ✐❞✐♦❞✐❛♥A>♠*❛ *♦✉

A✱ >*✐❝ ❞A♦ ♣+➳*❡❝ >*➔❧❡❝ *♦✉ U <9♦✉♠❡ *✐❝ ❛♥*%>*♦✐9❡❝ ✐❞✐♦*✐♠<❝✳ ✬❆+❛ U =







0 0 a

0 2 b

0 0 c






✱

:♣♦✉ (a, b, c) ❡%♥❛✐ ❧A>❤ *❤❝ ❡①%>✇>❤❝







1 1 1

1 1 −1
0 −2 0













a

b

c






= A







1

−1
0






.

❇+%>❦♦✉♠❡ (a, b, c) = (−1, 1, 2)✱ >✉♥❡♣➳❝ U =







0 0 −1
0 2 1

0 0 2






= R−1AR✳

✸✳✶✸ ❏❡➳&❤♠❛ Cayley – Hamilton

 ❛"❼❞❡✐❣♠❛ ✸✳✷✺ !"✐♥ ❞✐❛'✉♣➳+♦✉♠❡ '♦ ❏❡➳"❤♠❛ Cayley – Hamilton ❥❛ ✉♣♦❧♦❣4+♦✉♠❡

'♦ 5❛"❛❦'❤"✐+'✐❦7 ♣♦❧✉➳♥✉♠♦ ❡♥7❝ ♣4♥❛❦❛✱ '♦♥ ♦♣♦4♦ ❥❛ 5"❤+✐♠♦♣♦✐➔+♦✉♠❡ +'❤♥ ❛♣7❞❡✐①❤✳

❏❡✇"♦=♠❡ '♦♥ ♣4♥❛❦❛

B =

























0 0 . . . 0 0 a1

1 0
✳

✳

✳ 0 0 a2

0 1
✳

✳

✳ 0 0 a3
✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

0 . . . 0 1 0 ak−1

0 . . . . . . 0 1 ak

























,

❞❤❧❛❞➔ '♦✉ k × k ♣4♥❛❦❛ [bij ]✱ ♠❡ bij = 0 7'❛♥ j 6= k ❦❛✐ i 6= j + 1✱ b(j+1) j = 1 ❣✐❛

j = 1, . . . , k − 1 ❦❛✐ bik = ai✳ ❆✉'7 ❡4♥❛✐ 4+♦ ♠❡ '❤♥ ♦"4③♦✉+❛

det(B − xIk) =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

−x 0 . . . 0 0 a1

1 −x ✳

✳

✳ 0 0 a2

0 1
✳

✳

✳ 0 0 a3
✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

0 . . . 0 1 −x ak−1

0 . . . . . . 0 1 ak − x

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

.

●✐❛ ♥❛ ✉♣♦❧♦❣4+♦✉♠❡ '❤♥ ♦"4③♦✉+❛ det(B − xIn) ❥❛ 5"❤+✐♠♦♣♦✐➔+♦✉♠❡ ❛♣❛❧♦✐❢➔ ❛♣7 ❦❼'✇

♣"♦❝ '❛ ❡♣❼♥✇✱ ❣✐❛ ♥❛ ❛♣❛❧❡4②♦✉♠❡ '❛ −x +'❤ ❞✐❛❣➳♥✐♦✳ ❆❢❛✐"➳♥'❛❝ −x ❢♦"D❝ '❤♥ '❡❧❡✉'❛4❛
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∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

−x 0 . . . 0 0 a1

1 −x ✳

✳

✳ 0 0 a2

0 1
✳

✳

✳ 0 0 a3
✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

0 . . . 0 1 0 ak−1 + akx− x2

0 . . . . . . 0 1 ak − x

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

.

❙✉♥❡41③♦✉♠❡✱ ❛❢❛✐$➳♥*❛❝ −x ❢♦$3❝ *❤ ❣$❛♠♠➔ i ❛♣) *❤ ❣$❛♠♠➔ i − 1✱ ❣✐❛ i = k − 1, k −
2, . . . , 2✱ ❦❛✐ ❦❛*❛❧➔❣♦✉♠❡ ♠❡ *❤♥ ♦$1③♦✉=❛

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 . . . 0 0 a1 + a2x+ · · ·+ akx
k−1 − xk

1 0
✳

✳

✳ 0 0 a2 + a3x+ · · ·+ akx
k−2 − xk−1

0 1
✳

✳

✳ 0 0
✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

0 . . . 0 1 0 ak−1 + akx− x2

0 . . . . . . 0 1 ak − x

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

,

*❤♥ ♦♣♦1❛ ❛♥❛♣*>==♦✉♠❡ ✇❝ ♣$♦❝ *❤♥ ♣$➳*❤ ❣$❛♠♠➔ ❦❛✐ ❜$1=❦♦✉♠❡ *♦ 4❛$❛❦*❤$✐=*✐❦) ♣♦✲

❧✉➳♥✉♠♦

χB(x) = det(B − xI)

= (−1)k+1(a1 + a2x+ · · ·+ akx
k−1 − xk)

= (−1)k(xk − akx
k−1 − · · · − a2x− a1) .

❏❡➳#❤♠❛ ✸✳✷✽ ✭Cayley – Hamilton✮ ❊❼♥ χL(x) = bnx
n+ · · ·+ b1x+ b0 ❡$♥❛✐ '♦ )❛✲

+❛❦'❤+✐.'✐❦/ ♣♦❧✉➳♥✉♠♦ '♦✉ '❡❧❡.'➔ L✱ .❡ 7♥❛ ❞✐❛♥✉.♠❛'✐❦/ )➳+♦ ♣❡♣❡+❛.♠7♥❤❝ ❞✐❼.'❛.❤❝

V ✱ '/'❡ ♦ '❡❧❡.'➔❝

χL(L) = bnL
n + · · ·+ b1L+ b0IV

❡$♥❛✐ ♦ ♠❤❞❡♥✐❦/❝ '❡❧❡.'➔❝✿ ❣✐❛ ❦❼❥❡ v ∈ V ✱ χL(L)(v) = 0✳

❆♣/❞❡✐①❤✳ ❯♣♦❥3*♦✉♠❡ ♦*✐ χL(x) = bnx
n + · · · + b1x + b0✳ ❏❛ ❞❡1①♦✉♠❡ ♦*✐ ♦ *❡❧❡=*➔❝

χL(L) = bnL
n + · · ·+ b1L+ b0IV ♣❛1$♥❡✐ *❤♥ *✐♠➔ ✵ =❡ ❦❼❥❡ v ∈ V ✱ ❦❛✐ =✉♥❡♣➳❝ ♦*✐ ❡1♥❛✐ ♦

♠❤❞❡♥✐❦)❝ *❡❧❡=*➔❝✳

❊❼♥ v = 0 *)*❡ ♣$♦❢❛♥➳❝ χL(L)(v) = 0✳ ❯♣♦❥3*♦✉♠❡ ♦*✐ v 6= 0✳ ❊❼♥ dimV = n✱

❥❡✇$♦>♠❡ *❤ =✉❧❧♦❣➔ *✇♥ ❞✐❛♥✉=♠❼*✇♥

v1 = v, v2 = L(v), v3 = L2(v), . . . , vn+1 = Ln(v) .

❆❢♦> ❛✉*➔ ♣❡$✐34❡✐ n + 1 ❞✐❛♥>=♠❛*❛✱ ❡1♥❛✐ ❣$❛♠♠✐❦❼ ❡①❛$*❤♠3♥❤✳ ❆♣) *❤♥ ❊✐=❛❣✇❣➔ =*❤

●$❛♠♠✐❦➔ ✬❆❧❣❡❜$❛ ❣♥✇$1③♦✉♠❡ ♦*✐ ✉♣❼$4❡✐ ❥❡*✐❦)❝ ❛❦3$❛✐♦❝ k *3*♦✐♦❝ ➳=*❡ ❤ =✉❧❧♦❣➔
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v1, . . . , vk ❡$♥❛✐ ❣)❛♠♠✐❦❼ ❛♥❡①❼).❤.❤✱ ❡♥➳ ❤ 2✉❧❧♦❣➔ v1, . . . , vk+1 ❡$♥❛✐ ❣)❛♠♠✐❦❼ ❡①❛).❤♠7♥❤

❦❛✐ ✉♣❼)9♦✉♥ a0, . . . , ak ∈ K .7.♦✐❛ ➳2.❡

vk+1 = a1v1 + · · ·+ akvk .

❊♣❡❦.❡$♥♦✉♠❡ .♦ ❣)❛♠♠✐❦❼ ❛♥❡①❼).❤.♦ 2;♥♦❧♦ {v1, . . . , vk} 2❡ ❜❼2❤ .♦✉ V ✱

B = {v1, . . . , vk, wk+1, . . . , wn} .

=❛)❛.❤)♦;♠❡ ♦.✐

L(v1) = v2

L(v2) = v3
✳

✳

✳

L(vk−1) = vk

L(vk) = vk+1 = a1v1 + · · ·+ akvk

❆✉.@ 2❤♠❛$♥❡✐ ♦.✐ ♦ ✉♣@9✇)♦❝ 〈v1, . . . , vk〉 ❡$♥❛✐ ❛♥❛❧❧♦$✇.♦❝ ❛♣@ .♦♥ L ❦❛✐ 2✉♥❡♣➳❝ ♦.✐

♦ ♣$♥❛❦❛❝ .♦✉ L ✇❝ ♣)♦❝ .❤ ❜❼2❤ B 79❡✐ .❤ ♠♦)❢➔

BLB =

[

A B

0 D

]

.

❖ k× k ♣$♥❛❦❛❝ A 79❡✐ 2.❤ 2.➔❧❤ j .✐❝ k ♣)➳.❡❝ 2✉♥.❡.❛❣♠7♥❡❝ .♦✉ L(vj) ✇❝ ♣)♦❝ .❤ ❜❼2❤

B✳ ❊❼♥ j = 1, . . . , k − 1✱ L(vj) = vj+1✱ ❼)❛ a(j+1)j = 1✱ ❦❛✐ aij = 0 ❣✐❛ i 6= j + 1✳ ❉❤❧❛❞➔

♦ ♣$♥❛❦❛❝ 79❡✐ .❤ ♠♦)❢➔

A =

























0 0 . . . 0 0 a1

1 0
✳

✳

✳ 0 0 a2

0 1
✳

✳

✳ 0 0 a3
✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

0 . . . 0 1 0 ak−1

0 . . . . . . 0 1 ak

























.

●♥✇)$③♦✉♠❡ ♦.✐

χL(x) = det(BLB − xIn)

= det(A− xIk) det(D − xIn−k)

= χA(x)χD(x)

❡♥➳ ❛♣@ .♦ =❛)❼❞❡✐❣♠❛ ✸✳✷✺ 79♦✉♠❡ ♦.✐

χA(x) = (−1)k(xk − akx
k−1 − · · · − a2x− a1) .
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❆♥%✐❦❛❥✐*%♦,♠❡ L ❣✐❛ %♦ x ❦❛✐ ✉♣♦❧♦❣3③♦✉♠❡ %❤♥ %✐♠➔ %♦✉ %❡❧❡*%➔ χA(L) *%♦ v✿

χA(L)(v) = (−1)k(Lk(v)− akL
k−1(v)− · · · − a2L(v)− a1v)

= (−1)k(vk+1 − akvk − · · · − a2v2 − a1v1)

= 0 .

❆❢♦, ♦✐ %❡❧❡*%9❝ χA(L) ❦❛✐ χD(L) ♠❡%❛%3❥❡♥%❛✐✱

χL(L)(v) = χD(L)χA(L)(v) = 0 .

❚9❧♦❝✱ ❛❢♦, ❛✉%= ✐*>,❡✐ ❣✐❛ ❦❼❥❡ v ∈ V ✱ χL(L) ❡3♥❛✐ ♦ ♠❤❞❡♥✐❦=❝ %❡❧❡*%➔❝✳

�

 ❛"❼❞❡✐❣♠❛ ✸✳✷✻ ❏❡✇D♦,♠❡ %♦♥ %❡❧❡*%➔ L(x, y) = (x+ 2y, 3x+ 2y)✳ ❖ ♣3♥❛❦❛❝ %♦✉ L

✇❝ ♣D♦❝ %❤♥ ❦❛♥♦♥✐❦➔ ❜❼*❤ %♦✉ R
2
❡3♥❛✐ A =

[

1 2

3 2

]

✱ ❦❛✐ %♦ >❛D❛❦%❤D✐*%✐❦= ♣♦❧✉➳♥✉♠♦

χL(λ) = χA(λ) =

∣

∣

∣

∣

∣

1− λ 2

3 2− λ

∣

∣

∣

∣

∣

= λ2 − 3λ− 4 .

❙,♠❢✇♥❛ ♠❡ %♦ ❏❡➳D❤♠❛✱ ♦ %❡❧❡*%➔❝ χL(L) ❡3♥❛✐ ♦ ♠❤❞❡♥✐❦=❝ %❡❧❡*%➔❝ ❦❛✐ ♦ ♣3♥❛❦❛❝

χA(A) = 0✳ ID❼❣♠❛%✐

χA(A) = A2 − 3A− 4I2 =

[

7 6

9 10

]

−
[

3 6

9 6

]

−
[

4 0

0 4

]

= 0 .

❚♦ ❏❡➳D❤♠❛ Cayley - Hamilton ❡♣✐%D9♣❡✐ ♥❛ ❛♣❧♦♣♦✐♦,♠❡ ♣❛D❛*%❼*❡✐❝ ♠❡ ♣3♥❛❦❡❝✱ ➔ ♥❛

❡❦❢D❼③♦✉♠❡ %♦♥ ❛♥%3*%D♦❢♦ ❡♥=❝ ♣3♥❛❦❛ ✇❝ ♣♦❧✉➳♥✉♠♦✳ ❆❢♦, A2 = 3A+ 4I2✱

A3 = 3A2 + 4A = 3(3A+ 4I2) + 4A = 13A+ 12I2 ,

A4 = 13A2 + 12A = 13(3A+ 4I2) + 12A = 51A+ 52I2 , ❦✳♦✳❦✳

❆❢♦, ♦ *%❛❥❡D=❝ =D♦❝ %♦✉ >❛D❛❦%❤D✐*%✐❦♦, ♣♦❧✉✇♥,♠♦✉ χA(x) ❞❡♥ ❡3♥❛✐ ♠❤❞9♥✱ %♦ ♠❤❞9♥

❞❡♥ ❡3♥❛✐ ✐❞✐♦%✐♠➔ %♦✉ ♣3♥❛❦❛ A✱ ❦❛✐ ♦ A ❡3♥❛✐ ❛♥%✐*%D9②✐♠♦❝✳ ❆❢♦, A2 − 3A = 4I2✱ 9>♦✉♠❡

A− 3I2 = 4A−1 ❦❛✐ *✉♥❡♣➳❝ A−1 = 1
4A− 3

4I2✳

 ❛"❼❞❡✐❣♠❛ ✸✳✷✼ ❏❡✇D♦,♠❡ %♦♥ ♣3♥❛❦❛

A =







2 0 1

1 2 0

0 3 1






,

♣♦✉ 9>❡✐ >❛D❛❦%❤D✐*%✐❦= ♣♦❧✉➳♥✉♠♦ χA(λ) = −λ3 +5λ2− 8λ+7✳ ❆♣= %♦ ❏❡➳D❤♠❛ Cayley

– Hamilton ✉♣♦❧♦❣3③♦✉♠❡

A3 = 5A2 − 8A+ 7I3 ,
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A4 = AA3 = 5A3 − 8A2 + 7A

= 5(5A2 − 8A+ 7I3)− 8A2 + 7A

= 17A2 − 33A+ 35I3 ,

A5 = 5A4 − 8A3 + 7A2

= 5(17A2 − 33A+ 35I3)− 8(5A2 − 8A+ 7I3) + 7A2 .

▼❡ ❛✉'➔ '❤ ❞✐❛❞✐❦❛-.❛ ♠♣♦2♦3♠❡ ♥❛ ✉♣♦❧♦❣.-♦✉♠❡ ❦❛✐ ❛2♥❤'✐❦7❝ ❞✉♥❼♠❡✐❝ ❡♥:❝ ♣.♥❛❦❛

❡❼♥ ❛✉':❝ ❡.♥❛✐ ❛♥'✐-'27②✐♠♦❝✳ ❆❢♦3 ♦ -'❛❥❡2:❝ :2♦❝ '♦✉ @❛2❛❦'❤2✐-'✐❦♦3 ♣♦❧✉✇♥3♠♦✉

χA(x) ❞❡♥ ❡.♥❛✐ ♠❤❞7♥✱ ♠♣♦2♦3♠❡ ♥❛ ❡❦❢2❼-♦✉♠❡ '♦ A−1 ✇❝ ♣♦❧✉➳♥✉♠♦ '♦✉ A✿ 7@♦✉♠❡

A2 = A3A−1 = (5A2 − 8A+ 7I3)A
−1 = 5A− 8I3 + 7A−1✳ ✬❆2❛

A−1 =
1

7
(A2 − 5A+ 8I3) .

❏❡✇2♦3♠❡ '♦ ♣♦❧✉➳♥✉♠♦ p(x) = x8 − 17x6 + 33x5 − 36x4 + 5x3 − 6x2 + 7x + 1✳ ❚♦

❞✐❛✐2♦3♠❡ ♠❡ '♦ @❛2❛❦'❤2✐-'✐❦: ♣♦❧✉➳♥✉♠♦ χA(x)✿

p(x) = χA(x)(−x5 − 5x4 + x) + 2x2 + 1 .

❆❢♦3 χA(A) = 0✱ 7@♦✉♠❡ p(A) = 2A2 + I3✱ ❞❤❧❛❞➔

p(A) = 2







2 0 1

1 2 0

0 3 1







2

+







1 0 0

0 1 0

0 0 1






=







9 6 6

8 11 2

6 18 5






.

✸✳✶✹ ❆%❦➔%❡✐❝

✬❆"❦❤"❤ ✸✳✶✻ ❉.❞❡'❛✐ ❣2❛♠♠✐❦:❝ '❡❧❡-'➔❝ L : V → V ✱ ❦❛✐ X, Y ❣2❛♠♠✐❦♦.

✉♣:@✇2♦✐ '♦✉ V ❛♥❛❧❧♦.✇'♦✐ ❛♣: '♦♥ L✳ ◆❛ ❡①❡'❼-❡'❡ ❡❼♥ ♦✐ ❣2❛♠♠✐❦♦. ✉♣:@✇2♦✐

X + Y ❦❛✐ X ∩ Y ❡.♥❛✐ ❛♥❛❧❧♦.✇'♦✐✳

✬❆"❦❤"❤ ✸✳✶✼ ❆♣♦❞❡.①'❡ ♦'✐ ♠.❛ ❣2❛♠♠✐❦➔ ❛♣❡✐❦:♥✐-❤ L : V → V ❡.♥❛✐ ❡♥❡✐❦♦♥✐❦➔

❡❼♥ ❦❛✐ ♠:♥♦♥ ❡❼♥ '♦ ♠❤❞7♥ ❞❡♥ ❡.♥❛✐ ✐❞✐:'✐♠❤ '❤❝ L✳

✬❆"❦❤"❤ ✸✳✶✽ ❇2❡.'❡ '✐❝ ✐❞✐♦'✐♠7❝ ❦❛✐ '❛ ✐❞✐♦❞✐❛♥3-♠❛'❛ '♦✉ '❡❧❡-'➔ u 7→ Au✱

:♣♦✉

A =







4 0 3

0 2 0

−3 0 4







✶✳ -'♦ R
3

✷✳ -'♦ C
3



✶✶✵ ●!❛♠♠✐❦➔ ✬❆❧❣❡❜!❛ ■

✬❆"❦❤"❤ ✸✳✶✾ ❇#❡%&❡ '❧❡❝ &✐❝ ✐❞✐♦&✐♠.❝ ❦❛✐ &❛ ✐❞✐♦❞✐❛♥23♠❛&❛ &♦✉ &❡❧❡3&➔ shift 3&♦

R
∞
✱

s(a1, a2, a3, . . .) = (a2, a3, . . .)

✬❆"❦❤"❤ ✸✳✷✵ ❉%❞♦♥&❛✐ ♦✐ ♣%♥❛❦❡❝

A1 =







1 −2 2

−2 1 2

−2 0 3







❦❛✐

A2 =







15 7 −7
−1 1 1

13 7 −5







✶✳ ●✐❛ ❦❼❥❡ ♣%♥❛❦❛✱ ❜#❡%&❡ &♦ >❛#❛❦&❤#✐3&✐❦' ♣♦❧✉➳♥✉♠♦ ❦❛✐ &✐❝ ✐❞✐♦&✐♠.❝✳

✷✳ ●✐❛ ❦❼❥❡ ✐❞✐♦&✐♠➔✱ ❜#❡%&❡ .♥❛ ✐❞✐♦❞✐❼♥✉3♠❛✱ ❦❛✐ &♦♥ ✐❞✐'>✇#♦✳

✸✳ ❊❼♥ >#❡✐❼③❡&❛✐ 3✉♠♣❧❤#➳3❡&❡ .♥❛ ❣#❛♠♠✐❦❼ ❛♥❡①❼#&❤&♦ 32♥♦❧♦ ✐❞✐♦❞✐❛♥✉3♠❼✲

&✇♥✱ ➳3&❡ ♥❛ ❦❛&❛3❦❡✉❼3❡&❡ ♠%❛ ❜❼3❤ &♦✉ R
3
✱ ❦❛✐ ❜#❡%&❡ &♦♥ ♣%♥❛❦❛ &❤❝ ❛♣❡✐✲

❦'♥✐3❤❝ x 7→ Aix ✇❝ ♣#♦❝ ❛✉&➔♥ &❤ ❜❼3❤✳

✬❆"❦❤"❤ ✸✳✷✶ ❏❡✇#♦2♠❡ ❞✐❛♥✉3♠❛&✐❦' >➳#♦ V ♣❼♥✇ ❛♣' &♦ 3➳♠❛ &✇♥ ♠✐❣❛❞✐❦➳♥

❛#✐❥♠➳♥✱ ♠❡ ♣❡♣❡#❛3♠.♥❤ ❞✐❼3&❛3❤✱ ❣#❛♠♠✐❦➔ ❛♣❡✐❦'♥✐3❤ L : V → V ✱ ❦❛✐ ❣#❛♠♠✐❦'

✉♣'>✇#♦ X &♦✉ V ✱ ❛♥❛❧❧♦%✇&♦ ❛♣' &❤♥ L✳ ❉❡%①&❡ ♦&✐ ♦ X ♣❡#✐.>❡✐ .♥❛ ✐❞✐♦❞✐❼♥✉3♠❛

&❤❝ L✳

✬❆"❦❤"❤ ✸✳✷✷ ✬❊3&✇ L ❦❛✐ M ❞2♦ ❣#❛♠♠✐❦♦% &❡❧❡3&.❝ 3&♦♥ V ✱ ♦✐ ♦♣♦%♦✐ ❛♥&✐♠❡&❛✲

&%❥❡♥&❛✐✿ L ◦M = M ◦ L✳ ❉❡%①&❡ ♦&✐ &'&❡ ❦❼❥❡ ✐❞✐♦>➳#♦❝ &♦✉ M ❡%♥❛✐ ❛♥❛❧❧♦%✇&♦❝

❛♣' &♦♥ L✳

❙✉♠♣❡#❼♥❡&❡ ♦&✐ ♦✐ L ❦❛✐ M .>♦✉♥ .♥❛ ❦♦✐♥' ✐❞✐♦❞✐❼♥✉3♠❛✳

✬❆"❦❤"❤ ✸✳✷✸ ❇#❡%&❡ &✐❝ ✐❞✐♦&✐♠.❝ ❡♥'❝ ❼♥✇ &#✐❣✇♥✐❦♦2 n× n ♣%♥❛❦❛✳



❑❡❢❼❧❛✐♦ ✸ ■❞✐♦+✐♠-❝ ❦❛✐ ❉✐❛❣✇♥✐♦♣♦5❤7❤ ✶✶✶

✬❆"❦❤"❤ ✸✳✷✹ ❏❡✇$♦&♠❡ (♦♥ 3× 3 ❼♥✇ ($✐❣✇♥✐❦. ♣0♥❛❦❛

A =







λ1 1 0

0 λ2 1

0 0 λ3






.

❇$❡0(❡ (❛ ✐❞✐♦❞✐❛♥✉5♠❛(✐❦❼ (♦✉ (❡❧❡5(➔ TA : K3 → K
3
5(✐❝ ♣❛$❛❦❼(✇ ♣❡$✐♣(➳5❡✐❝✿

✶✳ λ1, λ2, λ3 ❡0♥❛✐ ❛♥❛ ❞&♦ ❞✐❛❢♦$❡(✐❦♦0✳

✷✳ λ1 6= λ2, λ2 = λ3✳

✸✳ λ1 = λ2 = λ3✳

✬❆"❦❤"❤ ✸✳✷✺ ❏❡✇$♦&♠❡ (♦♥ 2× 2 ♣0♥❛❦❛ A =

[

0 −1
1 0

]

✳ ✬❊A❡✐ ♦ (❡❧❡5(➔❝ TA :

R
2 → R

2
✐❞✐♦(✐♠B❝❄ ❙✉❣❦$0♥❡(❡ ❛✉(.♥ (♦♥ (❡❧❡5(➔ ♠❡ (♦♥ ❛♥(05(♦✐A♦ TA : C2 → C2

✳

✬❆"❦❤"❤ ✸✳✷✻ ❉❡0①(❡ ♦(✐✱ ❛♥ ♦ (❡($❛❣✇♥✐❦.❝ ♣0♥❛❦❛❝ A ♠❡ ♣$❛❣♠❛(✐❦♦&❝ 5✉♥(❡✲

❧❡5(B❝✱ ✐❦❛♥♦♣♦✐❡0 (❤ 5AB5❤ A2 + I = 0 ❛✉(.❝ ❞❡♥ ❡♣✐❞BA❡(❛✐ ♣$❛❣♠❛(✐❦B❝ ✐❞✐♦(✐♠B❝✳

❙✉♠♣❡$❼♥❡(❡ ♦(✐ ❞❡♥ ✉♣❼$A❡✐ 3× 3 ♣0♥❛❦❛❝ ♠❡ ♣$❛❣♠❛(✐❦♦&❝ 5✉♥(❡❧❡5(B❝ ♦ ♦♣♦0♦❝ ♥❛

✐❦❛♥♦♣♦✐❡0 (❤ 5AB5❤ A2 + I = 0✳

✬❆"❦❤"❤ ✸✳✷✼ ❏❡✇$♦&♠❡ (♦♥ ♣0♥❛❦❛

A =







0 0 1

1 0 −1
−1 1 a







✶✳ ❉❡0①(❡ ♦(✐ A3 − aA2 + 2A− I = 0✳

✷✳ ❉❡0①(❡ ♦(✐ ♦ A ❡0♥❛✐ ❛♥(✐5($B②✐♠♦❝ ❦❛✐ 5✉♠♣❡$❼♥❡(❡ ❛♣. (♦ ❛K (♦♥ ❛♥(05($♦❢♦

♣0♥❛❦❛ A−1✳

✸✳ ❯♣♦❧♦❣05(❡ (♦♥ ♣0♥❛❦❛ A5 − aA4 +A3 − (1− a)A2 −A+ I✳

✬❆"❦❤"❤ ✸✳✷✽ ❏❡✇$♦&♠❡ (♦♥ ❣$❛♠♠✐❦. (❡❧❡5(➔ L : R
3 → R

3
✱ (♦✉ ♦♣♦0♦✉ ♦

♣0♥❛❦❛❝ ✇❝ ♣$♦❝ (❤♥ ❦❛♥♦♥✐❦➔ ❜❼5❤ (♦✉ R
3
❡0♥❛✐

A =







0 0 4

1 2 1

2 4 −2






.

✶✳ ❉✐❛❣✇♥✐♦♣♦✐➔5(❡ (♦♥ (❡❧❡5(➔ L✳

✷✳ ❇$❡0(❡ (♦♥ ♣0♥❛❦❛ ✇❝ ♣$♦❝ (❤♥ ❦❛♥♦♥✐❦➔ ❜❼5❤✱ (♦✉ (❡❧❡5(➔ L6−8L4+L3−9L+I✳



✶✶✷ ●!❛♠♠✐❦➔ ✬❆❧❣❡❜!❛ ■

✬❆"❦❤"❤ ✸✳✷✾ ❉#❞❡&❛✐ ♦ ♣#♥❛❦❛❝ A =

[

6 −2
−2 9

]

❦❛✐ ♦✐ ❛❦♦❧♦✉❥#❡❝ un ❦❛✐ vn ♦✐

♦♣♦#❡❝ ♦1#③♦♥&❛✐ ❛♥❛❞1♦♠✐❦❼✿

[

u1

v1

]

=

[

1

1

]

❦❛✐

[

un+1

vn+1

]

= A

[

un

vn

]

.

✶✳ ❊①❡&❼9&❡ ❡❼♥ ❡#♥❛✐ ♦ A ❞✐❛❣✇♥✐♦♣♦✐➔9✐♠♦❝

✷✳ ❯♣♦❧♦❣#9&❡ &❛ un ❦❛✐ vn ✇❝ 9✉♥❛1&➔9❡✐❝ &♦✉ n✳

✸✳ ❇1❡#&❡ ❛❦♦❧♦✉❥#❛ wn &@&♦✐❛ ➳9&❡ w1 = 1, w2 = 4 ❦❛✐ wn+2−15wn+1+50wn =

0✳

✬❆"❦❤"❤ ✸✳✸✵ ❯♣♦❧♦❣#9&❡ &✐❝ ✐❞✐♦&✐♠@❝ ❦❛✐ &❛ ✐❞✐♦❞✐❛♥B9♠❛&❛ &♦✉ ♣#♥❛❦❛

A =







2 2 −
√
2

2 4 2
√
2

−
√
2 2

√
2 1







❦❛✐ ❞✐❛❣✇♥✐♦♣♦✐➔9&❡ &♦♥ A✳

✬❆"❦❤"❤ ✸✳✸✶ ✬❊♥❛❝ n × n ♣#♥❛❦❛❝ A ♦♥♦♠❼③❡&❛✐ ♠❤❞❡♥♦❞0♥❛♠♦❝ ❡❼♥ ✉♣❼1D❡✐

❦❼♣♦✐♦❝ ❢✉9✐❦F❝ ❛1✐❥♠F❝ k &@&♦✐♦❝ ➳9&❡ Ak = 0✳ ❉❡#①&❡ ♦&✐ ❡❼♥ λ ∈ C ❡#♥❛✐ ✐❞✐♦&✐♠➔

❡♥F❝ ♠❤❞❡♥♦❞B♥❛♠♦✉ ♣#♥❛❦❛✱ &F&❡ λ = 0✳ ❙✉♠♣❡1❼♥❡&❡ ♦&✐ k ≤ n✳


