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❦❛❥♦2✐3♠4♥❛ ❛♣* +❛ ❞❡❞♦♠4♥❛ +♦✉ ♣2♦❜❧➔♠❛+♦❝✳ ▲4♠❡ ♦+✐ ❛✉+*❝ ❡/♥❛✐ 4♥❛❝ ❦❛♥♦♥✐❦%❝

✐'♦♠♦)❢✐'♠%❝✱ ❡♥➳ ♦ ✐3♦♠♦2❢✐3♠*❝ V ∼= K
dimV

❞❡♥ ❡/♥❛✐ ❦❛♥♦♥✐❦*❝✱ ❛❢♦> ❡①❛2+❼+❛✐ ❛♣*

+❤♥ ❡♣✐❧♦❣➔ ♠/❛❝ ❜❼3❤❝ +♦✉ V ✳

❙+♦ ❡✉❥> ❼❥2♦✐3♠❛ V ⊕W ❥❡✇2♦>♠❡ +♦✉❝ ✉♣*8✇2♦✉❝ V ′ = V ×{0} ❦❛✐ W ′ = {0}×W ✳

❖✐ ❛♣❡✐❦♦♥/3❡✐❝ j1 : V −→ V ′
✱ j1(v) = (v, 0)✱ ❦❛✐ j2 : W −→ W ′

✱ j2(w) = (0, w) ❡/♥❛✐

✐3♦♠♦2❢✐3♠♦/✳ ❑❼❥❡ ❞✐❼♥✉3♠❛ 3+♦ V ⊕W ❣2❼❢❡+❛✐ ✇❝ ❼❥2♦✐3♠❛ ❡♥*❝ ❞✐❛♥>3♠❛+♦❝ 3+♦ V ′

❦❛✐ ❡♥*❝ ❞✐❛♥>3♠❛+♦❝ 3+♦ W ′
✿ (v, w) = (v, 0) + (0, w)✳ ❖✐ ✉♣*8✇2♦✐ V ′

❦❛✐ W ′
48♦✉♥

+❡+2✐♠♠4♥❤ +♦♠➔✿ ❡❼♥ (v, w) ∈ V ′ ∩W ′
+*+❡ (v, w) = (0, 0)✳ ❙✉♥❡♣➳❝ V ⊕W = V ′ +W ′

✳

▲➔♠♠❛ ✹✳✼ ❊❼♥ {v1, v2, . . . , vk} ❦❛✐ {w1, w2, . . . , wm} ❡'♥❛✐ ❣)❛♠♠✐❦❼ ❛♥❡①❼),❤,❛ ./♥♦✲

❧❛ ✭♣❛)❼❣♦♥,❛ ./♥♦❧❛✱ ❜❼.❡✐❝✮ .,♦✉❝ ❞✐❛♥✉.♠❛,✐❦♦/❝ ;➳)♦✉❝ V ❦❛✐ W ❛♥,'.,♦✐;❛✱ ,=,❡

{(v1, 0), (v2, 0), . . . , (vk, 0), (0, w1), (0, w2), . . . , (0, wm)}

❡'♥❛✐ ❣)❛♠♠✐❦❼ ❛♥❡①❼),❤,♦ ./♥♦❧♦ ✭❛♥,'.,♦✐;❛✱ ♣❛)❼❣♦♥ ./♥♦❧♦✱ ❜❼.❤✮ ,♦✉ V ⊕W ✳

❆♣%❞❡✐①❤✳ ❯♣♦❥4+♦✉♠❡ ♦+✐ +❛ 3+♦✐8❡/❛ a1, . . . , ak, b1, . . . , bm +♦✉ K ✐❦❛♥♦♣♦✐♦>♥ +❤

3843❤

a1(v1, 0) + · · ·+ ak(vk, 0) + b1(0, w1) + · · ·+ bm(0, wm) = (0, 0) .

❚*+❡ ✐38>❡✐ (a1v1+· · ·+akvk, b1w1+· · ·+bmwm) = (0, 0)✱ ❦❛✐ 3✉♥❡♣➳❝ a1v1+· · ·+akvk = 0

❦❛✐ b1w1 + · · ·+ bmwm = 0✳

❆♥ {v1, . . . , vk} ❡/♥❛✐ ❣2❛♠♠✐❦❼ ❛♥❡①❼2+❤+♦ 3>♥♦❧♦ 3+♦ V ✱ 3✉♠♣❡2❛/♥♦✉♠❡ ♦+✐ a1 = a2 =

· · · = ak = 0✳ ❆♥+/3+♦✐8❛✱ ❛♥ {w1, . . . , wm} ❡/♥❛✐ ❣2❛♠♠✐❦❼ ❛♥❡①❼2+❤+♦ 3>♥♦❧♦ 3+♦ W ✱

b1 = b2 = · · · = bm = 0✳ ❉❡/①❛♠❡ ♦+✐

{(v1, 0), (v2, 0), . . . , (vk, 0), (0, w1), (0, w2), . . . , (0, wm)}

❡/♥❛✐ ❣2❛♠♠✐❦❼ ❛♥❡①❼2+❤+♦ 3>♥♦❧♦ 3+♦ V ⊕W ✳

❚➳2❛ ❥❡✇2♦>♠❡ 3+♦✐8❡/♦ (v, w) ∈ V ⊕W ✳ ❆♥ {v1, . . . , vk} ❡/♥❛✐ ♣❛2❼❣♦♥ 3>♥♦❧♦ +♦✉ V ✱

✉♣❼28♦✉♥ a1, . . . , ak ∈ K +4+♦✐❛ ➳3+❡ v = a1v1+ · · ·+ akvk✳ ❆♥+/3+♦✐8❛✱ ❛♥ {w1, . . . , wm}

❡/♥❛✐ ♣❛2❼❣♦♥ 3>♥♦❧♦ +♦✉W ✱ ✉♣❼28♦✉♥ b1, . . . , bm ∈ K +4+♦✐❛ ➳3+❡ w = b1w1+ · · ·+bmwm✳

❙✉♠♣❡2❛/♥♦✉♠❡ ♦+✐

(v, w) = a1(v1, 0) + · · ·+ ak(vk, 0) + b1(0, w1) + · · ·+ bm(0, wm) ,

❦❛✐ 3✉♥❡♣➳❝

{(v1, 0), (v2, 0), . . . , (vk, 0), (0, w1), (0, w2), . . . , (0, wm)}
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❡$♥❛✐ ♣❛)❼❣♦♥ -.♥♦❧♦ 0♦✉ V ⊕W ✳

�

✬❆♠❡-❤ -✉♥7♣❡✐❛ 0♦✉ ▲➔♠♠❛0♦❝ ❡$♥❛✐ 0♦ ❛❦<❧♦✉❥♦ ❏❡➳)❤♠❛✿

❏❡➳#❤♠❛ ✹✳✽ ❊❼♥ V ❦❛✐W ❡'♥❛✐ ❞✐❛♥✉*♠❛,✐❦♦' .➳0♦✐ ♣❡♣❡0❛*♠2♥❤❝ ❞✐❼*,❛*❤❝ ♣❼♥✇ ❛♣6

,♦ *➳♠❛ K✱ ,6,❡

dim(V ⊕W ) = dimV + dimW .

�

*❛#❼❞❡✐❣♠❛ ✹✳✶✶ ❊❼♥ X ❦❛✐ Y ❡$♥❛✐ ①7♥❛ -.♥♦❧❛✱ X ∩ Y = ∅✱ 0<0❡ ♦ ❞✐❛♥✉-♠❛0✐❦<❝

E➳)♦❝ 0✇♥ ❛♣❡✐❦♦♥$-❡✇♥ ❛♣< 0♦ -.♥♦❧♦ X ∪ Y -0♦ K✱ K
X∪Y

✱ ❡$♥❛✐ ✐-♦♠♦)❢✐❦<❝ ♠❡ 0♦ ❡✉❥.

❼❥)♦✐-♠❛ 0✇♥ ❞✐❛♥✉-♠❛0✐❦➳♥ E➳)✇♥ 0✇♥ ❛♣❡✐❦♦♥$-❡✇♥ ❛♣< 0♦ X -0♦ K ❦❛✐ ❛♣< 0♦ Y -0♦ K✱

K
X∪Y ∼= K

X ⊕K
Y .

❏❛ ❦❛0❛-❦❡✉❼-♦✉♠❡ 0❤♥ ❛♣❡✐❦<♥✐-❤ L : KX∪Y −→ K
X ⊕ K

Y
❦❛✐ ❥❛ ❞❡$①♦✉♠❡ ♦0✐ ❡$♥❛✐

✐-♦♠♦)❢✐-♠<❝ ❞✐❛♥✉-♠❛0✐❦➳♥ E➳)✇♥✳ ❏❡✇)♦.♠❡ f ∈ KX∪Y
✱ ❞❤❧❛❞➔ ❛♣❡✐❦<♥✐-❤ f : X∪Y −→

K✳ ❚<0❡ ♦)$③♦♥0❛✐ ♦✐ ❛♣❡✐❦♦♥$-❡✐❝ ♣❡)✐♦)✐-♠♦. 0❤❝ f -0❛ ✉♣♦-.♥♦❧❛ X ❦❛✐ Y ✱ f |X : X −→ K

❦❛✐ f |Y : Y −→ K✳ ❖)$③♦✉♠❡ L(f) = (f |X , f |Y )✳ ❍ L ❡$♥❛✐ ❣)❛♠♠✐❦➔✳ ●✐❛ ♣❛)❼❞❡✐❣♠❛✱

L(f + g) = ((f + g)|X , (f + g)|Y )

= (f |X + g|X , f |Y + g|Y )

= (f |X , f |Y ) + (g|X , g|Y ) .

●✐❛ ♥❛ ❞❡$①♦✉♠❡ ♦0✐ ❤ L ❡$♥❛✐ ✐-♦♠♦)❢✐-♠<❝✱ ♦)$③♦✉♠❡ 0❤♥ ❛♣❡✐❦<♥✐-❤ G : KX ⊕ K
Y −→

KX∪Y
✱ ❦❛✐ ❞❡$E♥♦✉♠❡ ♦0✐ ❡$♥❛✐ ❛♥0$-0)♦❢❤ 0❤❝ L✳ ●✐❛ (f1, f2) ∈ K

X ⊕ K
Y
✱ ♦)$③♦✉♠❡

G(f1, f2) = f ✱ <♣♦✉ f : X ∪ Y −→ K ♦)$③❡0❛✐ ✇❝

f(t) =

{

f1(t) ❡❼♥ t ∈ X ,

f2(t) ❡❼♥ t ∈ Y .

M)♦❢❛♥➳❝✱ f |X = f1 ❦❛✐ f |Y = f2✱ ❼)❛ L ◦ G(f1, f2) = (f1, f2)✳ ❊♣$-❤❝ G ◦ L(f) =

G(f |X , f |Y ) = f ✳ ✬❆)❛ G ❡$♥❛✐ ❛♥0$-0)♦❢❤ 0❤❝ L✱ ❦❛✐ L ❡$♥❛✐ ✐-♦♠♦)❢✐-♠<❝✳

*❛#❼❞❡✐❣♠❛ ✹✳✶✷ ❏❡✇)♦.♠❡ 0♦✉❝ ❞✐❛♥✉-♠❛0✐❦♦.❝ E➳)♦✉❝ V1 ❦❛✐ V2 ♠❡ ❜❼-❡✐❝ B1 =

{v11, . . . v1k} ❦❛✐ B2 = {v21, . . . v2ℓ} ❛♥0$-0♦✐E❛✱ ❦❛✐ 0♦✉❝ ❞✐❛♥✉-♠❛0✐❦♦.❝ E➳)♦✉❝ W1 ❦❛✐

W2 ♠❡ ❜❼-❡✐❝ C1 = {w11, . . . w1m} ❦❛✐ C2 = {w21, . . . w2n} ❛♥0$-0♦✐E❛✳

❊❼♥ L1 : V1 −→ W1 ❦❛✐ L2 : V2 −→ W2 ❡$♥❛✐ ❣)❛♠♠✐❦7❝ ❛♣❡✐❦♦♥$-❡✐❝✱ ♦)$③♦✉♠❡ 0❤

❣)❛♠♠✐❦➔ ❛♣❡✐❦<♥✐-❤

L1 ⊕ L2 : V1 ⊕ V2 −→W1 ⊕W2

❤ ♦♣♦$❛ ❛♣❡✐❦♦♥$③❡✐ 0♦ ❞✐❼♥✉-♠❛ (u1, u2) ∈ V1⊕V2 -0♦ ❞✐❼♥✉-♠❛ (L1(u1), L2(u2)) ∈W1⊕W2✳



❑❡❢❼❧❛✐♦ ✹ ◆*♦✐ ❉✐❛♥✉.♠❛0✐❦♦2 3➳5♦✐ ✶✷✺

❊❼♥ A ❡'♥❛✐ ♦ ♣'♥❛❦❛❝ .❤❝ L1 ✇❝ ♣1♦❝ .✐❝ ❜❼3❡✐❝ B1 ❦❛✐ C1✱ ❦❛✐ B ❡'♥❛✐ ♦ ♣'♥❛❦❛❝ .❤❝ L2

✇❝ ♣1♦❝ .✐❝ ❜❼3❡✐❝ B2 ❦❛✐ C2✱ .5.❡ ♦ ♣'♥❛❦❛❝ .❤❝ ❛♣❡✐❦5♥✐3❤❝ L1 ⊕ L2 ✇❝ ♣1♦❝ .✐❝ ❜❼3❡✐❝

{(v11, 0), . . . , (v1k, 0), (0, v21), . . . , (0, v2ℓ)} .♦✉ V1 ⊕ V2 ✭✹✳✸✮

❦❛✐

{(w11, 0), . . . , (w1m, 0), (0, w21), . . . , (0, w2n)} .♦✉ W1 ⊕W2 ✭✹✳✹✮

❡'♥❛✐ ♦ ♣'♥❛❦❛❝

[

A 0

0 B

]

.

▼❡ .♦ ❡✉❥> ❼❥1♦✐3♠❛ ❞>♦ ❞✐❛♥✉3♠❛.✐❦➳♥ B➳1✇♥ V ❦❛✐ W 3✉♥❞C♦♥.❛✐ ♦✐ ❛❦5❧♦✉❥❡❝ ❣1❛♠✲

♠✐❦C❝ ❛♣❡✐❦♦♥'3❡✐❝✿

✶✳ ❖✐ ❦❛♥♦♥✐❦%❝ ❡♠❢✉+❡,-❡✐❝ .♦✉ V ❦❛✐ .♦✉ W 3.♦ V ⊕W ✱

j1 : V −→ V ⊕W : v 7→ (v, 0)

j2 :W −→ V ⊕W : w 7→ (0, w) .

✷✳ ❖✐ ❦❛♥♦♥✐❦%❝ ♣/♦❜♦❧%❝ .♦✉ V ⊕W ❡♣' .✇♥ V ❦❛✐ W ✱

p1 : V ⊕W −→ V : (v, w) 7→ v

p2 : V ⊕W −→W : (v, w) 7→ w .

2❛/❼❞❡✐❣♠❛ ✹✳✶✸ ❏❡✇1♦>♠❡ .♦✉❝ B➳1♦✉❝ V1✱ V2✱ W1 ❦❛✐ W2 .♦✉ J❛1❛❞❡'❣♠❛.♦❝ ✹✳✶✸✱

❦❛✐ .✐❝ ❛♣❡✐❦♦♥'3❡✐❝ j1 : V1 −→ V1 ⊕ V2✱ j2 : V2 −→ V1 ⊕ V2 ❦❛✐ p1 : W1 ⊕W2 −→ W1 ✱

p2 :W1 ⊕W2 −→W2✳

❊❼♥ L : V1 ⊕ V2 −→ W1 ⊕W2 ❡'♥❛✐ ❣1❛♠♠✐❦➔ ❛♣❡✐❦5♥✐3❤✱ .5.❡ .♦ ♣'♥❛❦❛❝ .❤❝ L ✇❝ ♣1♦❝

.✐❝ ❜❼3❡✐❝ ✹✳✸ ❦❛✐ ✹✳✹✱ ❡'♥❛✐ ♦

[

A C

D B

]

,

5♣♦✉ A ❡'♥❛✐ ♦ ♣'♥❛❦❛❝ .❤❝ ❛♣❡✐❦5♥✐3❤❝ L11 = p1 ◦ L ◦ j1✱ C ❡'♥❛✐ ♦ ♣'♥❛❦❛❝ .❤❝ ❛♣❡✐❦5♥✐3❤❝

L12 = p1 ◦ L ◦ j2✱ D ❡'♥❛✐ ♦ ♣'♥❛❦❛❝ .❤❝ ❛♣❡✐❦5♥✐3❤❝ L21 = p2 ◦ L ◦ j1 ❦❛✐ B ❡'♥❛✐ ♦ ♣'♥❛❦❛❝

.❤❝ ❛♣❡✐❦5♥✐3❤❝ L22 = p2 ◦ L ◦ j2✳

✹✳✾ ◗➳%♦❝ ♣❤❧+❦♦

❏❡✇1♦>♠❡ ❞✐❛♥✉3♠❛.✐❦5 B➳1♦ V ♣❼♥✇ ❛♣5 .♦ 3➳♠❛ K✱ ❦❛✐ ❣1❛♠♠✐❦5 ✉♣5B✇1♦ X .♦✉ V ✳ ❙.♦

V ♦1'③♦✉♠❡ .❤ 3BC3❤ ✐3♦❞✉♥❛♠'❛❝

v ∼ w ❡❼♥ ❦❛✐ ♠5♥♦♥ ❡❼♥ v − w ∈ X .
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❚♦ %&♥♦❧♦ )✇♥ ❦❧❼%❡✇♥ ✐%♦❞✉♥❛♠3❛❝ ❛✉)➔❝ )❤❝ %78%❤❝ )♦ ♦♥♦♠❼③♦✉♠❡ ♣❤❧#❦♦ )♦✉ V ♠❡ )♦

X✱ ❦❛✐ )♦ %✉♠❜♦❧3③♦✉♠❡

V/X .

❚❤♥ ❦❧❼%❤ ✐%♦❞✉♥❛♠3❛❝ )♦✉ v ∈ V ✇❝ ♣=♦❝ ❛✉)➔ )❤ %78%❤ )❤ %✉♠❜♦❧3③♦✉♠❡

v +X, ➔ ṽ .

&❛(❼❞❡✐❣♠❛ ✹✳✶✹ ❙)♦ R
3
✱ ❥❡✇=♦&♠❡ )♦♥ ✉♣@7✇=♦ X = {(t, t, 2t) | t ∈ R}✳ X ❡3♥❛✐ ❤

❡✉❥❡3❛ ♣♦✉ ♣❡=♥❼❡✐ ❛♣@ )❛ %❤♠❡3❛ (0, 0, 0) ❦❛✐ (1, 1, 2)✳ ❍ ❦❧❼%❤ ✐%♦❞✉♥❛♠3❛❝ )♦✉ %❤♠❡3♦✉

(x, y, z) %)♦ ♣❤❧3❦♦ R
3/X ❡3♥❛✐ )♦ %&♥♦❧♦ )✇♥ ❞✐❛♥✉%♠❼)✇♥ )❤❝ ♠♦=❢➔❝

(x, y, z) + (t, t, 2t) t ∈ R,

❞❤❧❛❞➔ ❡3♥❛✐ ❤ ❡✉❥❡3❛ ♣♦✉ ♣❡=♥❼❡✐ ❛♣@ )♦ (x, y, z) ❦❛✐ ❡3♥❛✐ ♣❛=❼❧❧❤❧❤ ♣=♦❝ )♦♥ X✳ ❚♦

%&♥♦❧♦ ♣❤❧3❦♦ R
3/X ❡3♥❛✐ )♦ %&♥♦❧♦ @❧✇♥ )✇♥ ❡✉❥❡✐➳♥ %)♦ R

3
♣♦✉ ❡3♥❛✐ 3%❡❝ ➔ ♣❛=❼❧❧❤❧❡❝

♠❡ )❤♥ X✳

❙)♦ ♣❤❧3❦♦ V/X ♦=3③♦✉♠❡ )✐❝ ♣=❼①❡✐❝✱ ❣✐❛ v +X, y +X ∈ V/X✱ a ∈ K✳

(v +X) + (w +X) = (v + w) +X

a (v +X) = a v +X .

▲➔♠♠❛ ✹✳✾ ▼❡ ❛✉$%❝ $✐❝ ♣)❼①❡✐❝ V/X ❡,♥❛✐ ❞✐❛♥✉/♠❛$✐❦2❝ 3➳)♦❝ ♣❼♥✇ ❛♣♦ $♦ K✳

❖ ❞✐❛♥✉%♠❛)✐❦@❝ 7➳=♦❝ V/X ♦♥♦♠❼③❡)❛✐ 5➳(♦❝ ♣❤❧#❦♦ )♦✉ V mod X✳

❆♣9❞❡✐①❤✳ ▼❤❞8♥ ❡3♥❛✐ ❤ ❦❧❼%❤ )♦✉ X = 0+X ❦❛✐ )♦ ❛♥)3❥❡)♦ )♦✉ v+X ❡3♥❛✐ −(v+X) =

(−v) +X✳ ❊&❦♦❧❛ ❡❧8❣7♦✉♠❡ )❛ ✉♣@❧♦✐♣❛ ❛①✐➳♠❛)❛✳

�

❖=3③❡)❛✐ ❦❛♥♦♥✐❦➔ ❡♣❡✐❦2♥✐/❤ P : V → V/X✱ ♠❡ v 7→ v +X✱ ❤ ♦♣♦3❛ ❡3♥❛✐ ❣=❛♠♠✐❦➔✿ ❡❼♥

u, v ∈ V ❦❛✐ a ∈ K✱

P (au+ v) = (au+ v) +X

= a(u+X) + (v +X)

= aP (u) + P (v) .

❏❡➳(❤♠❛ ✹✳✶✵ ❏❡✇)♦:♠❡ ❞✐❛♥✉/♠❛$✐❦2 3➳)♦ V ♣❡♣❡)❛/♠%♥❤❝ ❞✐❼/$❛/❤❝ ❦❛✐ ✉♣23✇)♦ X

$♦✉ V ✳ ❊❼♥ {x1, . . . , xk} ❡,♥❛✐ ❜❼/❤ $♦✉ X✱ ❦❛✐ {x1, . . . , xk, v1, . . . , vm} ❜❼/❤ $♦✉ V ✱ $2$❡

{v1 +X, . . . , vm +X} ❛♣♦$❡❧❡, ❜❼/❤ $♦✉ V/X✱ ❦❛✐ /✉♥❡♣➳❝

dim(V/X) = dimV − dimX .
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❆♣"❞❡✐①❤✳ ❊$%✇ v ∈ V ✳ ❯♣❼+,♦✉♥ a1, . . . , ak ❦❛✐ b1, . . . , bm %3%♦✐❛ ➳$%❡ v = a1x1 +

· · ·+ akxk + b1v1 + · · ·+ bmvm✳ ❚7%❡ v − (b1v1 + · · ·+ bmvm) ∈ X✱ ❼+❛

v +X = (b1v1 + · · ·+ bmvm) +X

= b1(v1 +X) + · · ·+ bm(vm +X)

❼+❛ {v1 +X, · · · , vm +X} ♣❛+❼❣♦✉♥ %♦ V/X✳

✬❊$%✇ b1(v1 +X) + · · ·+ bm(vm +X) = 0✳ ❚7%❡ b1v1 + · · ·+ bmvm ∈ X✱ ❼+❛ ✉♣❼+,♦✉♥

a1, · · · , ak %3%♦✐❛ ➳$%❡ b1v1+· · ·+bmvm = a1x1+· · ·+akxk✳ ❆❧❧❼ ❛♣♦ ❣+❛♠♠✐❦➔ ❛♥❡①❛+%❤$A❛

%✇♥ {x1, · · · , xk, v1, · · · , vm} 3,♦✉♠❡ a1 = · · · = ak = b1 = · · · = bm = 0✳ ✬❆+❛ %♦ $B♥♦❧♦

{v1 +X, · · · , vm +X} ❡A♥❛✐ ❣+❛♠♠✐❦❼ ❛♥❡①❼+%❤%♦ ❦❛✐ ❛♣♦%❡❧❡A ❜❼$❤ %♦✉ V/X✳

�

)❛+❼❞❡✐❣♠❛ ✹✳✶✺ ❏❡✇+♦B♠❡ %♦ ✜♣♦❧B❡❞+♦✢ %♦✉ $,➔♠❛%♦❝✱ ♠❡ ♠A❛ 3❞+❛ σ✱ ♣3♥%❡ ❛❦♠3❝

α, β, γ, δ, ε ❦❛✐ %3$$❡+❡✐❝ ❦♦+✉❢3❝ A, B, C, D✳

❖+A③♦✉♠❡ %♦✉❝ ❞✐❛♥✉$♠❛%✐❦♦B❝ ,➳+♦✉❝

C0 = {a1A+ a2B + a3C + a4D | ai ∈ R}

C1 = {b1α+ b2β + · · ·+ b5ε | bi ∈ R}

C2 = {sσ | s ∈ R} .

❦❛✐ %✐❝ ❣+❛♠♠✐❦3❝ ❛♣❡✐❦♦♥A$❡✐❝

∂2 : C2 → C1, ∂1 : C1 → C0

♠❡ ∂2(σ) = α+ δ − ε ❦❛✐

∂1(b1α+ · · ·+ b5ε) =

= b1(B −A) + b2(C −B) + b3(D − C) + b4(A−D) + b5(B −D)

= (b4 − b1)A+ (b1 − b2 + b5)B + (b2 − b3)C + (b3 − b4 − b5)D .

❙,➔♠❛ ✹✳✶✱ sxhma

✬❊♥❛ ✜✜♣♦❧B❡❞+♦✢✢✳



✶✷✽ ●!❛♠♠✐❦➔ ✬❆❧❣❡❜!❛ ■

▲➔♠♠❛ ✹✳✶✶ ✭▲➔♠♠❛ Poincaré✮

∂1∂2 = 0 .

❆♣+❞❡✐①❤✳ ∂1∂2(σ) = ∂1(α+ δ − ε) = (B −A) + (A−D) + (B −D) = 0✳

�

❙✉♥❡♣➳❝ im ∂2 ⊆ ker ∂1 ❦❛✐ ♦/0③❡2❛✐ ♦ ❞✐❛♥✉4♠❛2✐❦6❝ 7➳/♦❝ ♣❤❧0❦♦

H1 = ker ∂1/ im ∂2 .

❏❛ ♣/♦4❞✐♦/04♦✉♠❡ ♠0❛ ❜❼4❤ 2♦✉H1✳ =/➳2❛ ❧>♥♦✉♠❡ 2♦ 4>42❤♠❛ 2✇♥ ❡①✐4➳4❡✇♥ ♣♦✉ ♦/0③♦✉♥

2♦ ker ∂1✱ ❦❛✐ ❜/04❦♦✉♠❡ ♦2✐ 2❛ ❞✐❛♥>4♠❛2❛ β + γ + ε ❦❛✐ α+ β + γ + δ ❛♣♦2❡❧♦>♥ ♠0❛ ❜❼4❤

2♦✉ 7➳/♦✉ ker ∂1✳ ❚♦ ❞✐❼♥✉4♠❛ α + δ − ε ❛♣♦2❡❧❡0 ♠0❛ ❜❼4❤ 2♦✉ im ∂2✳ ❆♣6 2♦ ❏❡➳/❤♠❛

✹✳✶✵✱ ❣✐❛ ♥❛ ♣/♦4❞✐♦/04♦✉♠❡ ♠0❛ ❜❼4❤ 2♦✉ ♣❤❧0❦♦✉ ker ∂1/ im ∂2✱ ♣/G♣❡✐ ♥❛ ❜/♦>♠❡ ♠0❛ ❜❼4❤

2♦✉ ker ∂1 ❤ ♦♣♦0❛ ♥❛ ♣❡/✐G7❡✐ 2♦ ❞✐❼♥✉4♠❛ α+ δ − ε 2❤❝ ❜❼4❤❝ 2♦✉ im ∂2✳ =❛/❛2❤/♦>♠❡ ♦2✐

α + β + γ + δ = (α + δ − ε) + (β + γ + ε) ❦❛✐ 4✉♥❡♣➳❝ {α + δ − ε, β + γ + ε} ❡0♥❛✐ ❜❼4❤

2♦✉ ker ∂1✳ ❙✉♠♣❡/❛0♥♦✉♠❡ ♦2✐ 2♦ ❞✐❼♥✉4♠❛ (β + γ + ε) + im ∂2 ❛♣♦2❡❧❡0 ❜❼4❤ 2♦✉ H1✳

❍ ❞✐❼42❛4❤ 2♦✉ H1 ♠❡2/❼❡✐ 2✐❝ ✜2/>♣❡❝✢ 42♦ ♣♦❧>❡❞/♦✳ ❚♦ 42♦✐7❡0♦ 2❤❝ 4✉❣❦❡❦/✐♠G♥❤❝

❜❼4❤❝ ♣♦✉ ❜/➔❦❛♠❡ ❞✐❛❣/❼❢❡✐ G♥❛♥ ✜❦>❦❧♦✢ ❣>/✇ ❛♣6 2❤♥ 2/>♣❛ 2♦✉ ♣♦❧✉G❞/♦✉✳

❏❡➳3❤♠❛ ✹✳✶✷ ✭❏❡➳3❤♠❛ ■6♦♠♦3❢✐6♠♦9✮ ❏❡✇#♦%♠❡ ❞✐❛♥✉,♠❛-✐❦♦%❝ 0➳#♦✉❝ V

❦❛✐ W ♣❼♥✇ ❛♣4 -♦ ,➳♠❛ K✱ ❦❛✐ ❣#❛♠♠✐❦➔ ❛♣❡✐❦4♥✐,❤ L : V −→W ✳

✶✳ ❍ ❛♣❡✐❦4♥✐,❤ L̃ : V/ kerL −→ W ✱ L̃(v + kerL) = L(v)✱ ❡<♥❛✐ ❦❛❧❼ ♦#✐,♠>✲

♥❤ ❣#❛♠♠✐❦➔ ❛♣❡✐❦4♥✐,❤✱ ❦❛✐ ❤ L ♣❛#❛❣♦♥-♦♣♦✐❡<-❛✐ ✇❝ ,%♥❥❡,❤ L = L̃ ◦ P ✱ 4♣♦✉

P : V −→ V/ kerL ❡<♥❛✐ ❤ ❦❛♥♦♥✐❦➔ ❡♣❡✐❦4♥✐,❤ v 7−→ v + kerL✳

✷✳ ❯♣❼#0❡✐ ❦❛♥♦♥✐❦4❝ ✐,♦♠♦#❢✐,♠4❝

V/ kerL ∼= imL .

❆♣+❞❡✐①❤✳ ❏❡✇/♦>♠❡ 2❤♥ ❦❧❼4❤ ✐4♦❞✉♥❛♠0❛❝ 2♦✉ v 42♦ V/ kerL✱ ❞❤❧❛❞➔ v+kerL = {u ∈

V |u− v ∈ kerL}✳ =❛/❛2❤/♦>♠❡ ♦2✐ ❡❼♥ u ∈ v + kerL 262❡ L(u) = L(v)✳ ❆/❛ ❤ ❛♣❡✐❦6♥✐4❤

L̃ : V/ kerL −→ W ✱ L̃(v + kerL) = L(v) ❡0♥❛✐ ❦❛❧❼ ♦/✐4♠G♥❤✳ ❊❧G❣7♦✉♠❡ ♦2✐ ❤ L̃ ❡0♥❛✐

❣/❛♠♠✐❦➔✿

L̃ (a(v + kerL) + (u+ kerL)) = L̃ ((a v + u) + kerL)

= L(a v + u)

= aL(v) + L(u)

= a L̃(v + kerL) + L̃(u+ kerL) .

❍ L̃ ❡0♥❛✐ ♠♦♥♦♠♦/❢✐4♠6❝✱ ❡❢✢ 64♦♥ ❡❼♥ L(v) = L(u)✱ 262❡ v − u ∈ kerL ❦❛✐ v + kerL =

u+kerL✳ ❍ L̃ ❡0♥❛✐ ❡♣❡✐❦♦♥✐❦➔ 42❤♥ ❡✐❦6♥❛ 2❤❝ L✱ ❣✐❛20 ❡❼♥ w = L(v)✱ 262❡ w = L̃(v+kerL)✳
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❙✉♠♣❡(❛*♥♦✉♠❡ ♦-✐ L̃ ❡*♥❛✐ ✐/♦♠♦(❢✐/♠1❝ ❛♣1 -♦ ♣❤❧*❦♦ V/ kerL /-❤♥ ❡✐❦1♥❛ imL✳

�

❙-❤ /✉♥78❡✐❛ ❞*❞♦✉♠❡ ❞:♦ ❼❧❧❛ ❛♣♦-❡❧7/♠❛-❛✱ -❛ ♦♣♦*❛ ❛♥❛❢7(♦♥-❛✐ ✇❝ ❉❡:-❡(♦ ❦❛✐ ❚(*-♦

❏❡➳(❤♠❛ ■/♦♠♦(❢✐/♠♦:✳

 !"#❛%❤ ✹✳✶✸ ✭❉❡.#❡!♦ ❦❛✐ ❚!3#♦ ❏❡➳!❤♠❛ ■%♦♠♦!❢✐%♠♦.✳✮

✶✳ ❏❡✇%♦'♠❡ ❞✐❛♥✉.♠❛/✐❦1 2➳%♦ V ♣❼♥✇ ❛♣1 /♦ .➳♠❛ K✱ ❦❛✐ X, Y ❣%❛♠♠✐❦♦'❝ ✉♣12✇✲

%♦✉❝ /♦✉ V ✳ ❚1/❡ ✉♣❼%2❡✐ ❦❛♥♦♥✐❦1❝ ✐.♦♠♦%❢✐.♠1❝

(X + Y )/Y ∼= X/(X ∩ Y ) .

✷✳ ❏❡✇%♦'♠❡ ❞✐❛♥✉.♠❛/✐❦1 2➳%♦ V ♣❼♥✇ ❛♣1 /♦ .➳♠❛ K✱ ❦❛✐ X, Y ❣%❛♠♠✐❦♦'❝ ✉♣12✇✲

%♦✉❝ /♦✉ V /=/♦✐♦✉❝ ➳./❡ X ⊆ Y ✳ ❚1/❡ Y/X ❡>♥❛✐ ✉♣12✇%♦❝ /♦✉ V/X✱ ❦❛✐ ✉♣❼%2❡✐

❦❛♥♦♥✐❦1❝ ✐.♦♠♦%❢✐.♠1❝

(V/X)/(Y/X) ∼= V/Y .

❆♣"❞❡✐①❤✳ ●✐❛ -❤♥ ❛♣1❞❡✐①❤ -♦✉ ❉❡:-❡(♦✉ ❏❡✇(➔♠❛-♦❝ ■/♦♠♦(❢✐/♠♦:✱ ❥❡✇(♦:♠❡ -♦ ♠♦✲

♥♦♠♦(❢✐/♠1 i : X −→ X + Y ❦❛✐ -♦♥ ❡♣✐♠♦(❢✐/♠1 p : X + Y −→ (X + Y )/ Y ✳ ❏❛ ❞❡*①♦✉♠❡

♦-✐ ❤ /:♥❥❡/❤ L = p ◦ i ❡*♥❛✐ ❡♣✐♠♦(❢✐/♠1❝✱ ♠❡ ♣✉(➔♥❛ X ∩ Y ✳

❙✉❣❦❡❦(✐♠7♥❛ ❥❛ ❞❡*①♦✉♠❡ ♦-✐ ❣✐❛ ❦❼❥❡ (x+ y) + Y ∈ (X + Y )/ Y ✱ L(x) = (x+ y) + Y ✳

I(❼❣♠❛-✐✱ ❛❢♦: y ∈ Y ✱ (x + y) + Y = x + Y = L(x)✳ ✬❆(❛ L ❡*♥❛✐ ❡♣✐♠♦(❢✐/♠1❝✳ ❊❼♥

x ∈ kerL✱ -1-❡ L(x) = x+ Y = 0+ Y ✱ ❞❤❧❛❞➔ x ∈ Y ✳ ✬❆(❛ ♦ ♣✉(➔♥❛❝ ❡*♥❛✐ ❛❦(✐❜➳❝ X ∩ Y ✳

❆♣1 -♦ ❏❡➳(❤♠❛ ■/♦♠♦(❢✐/♠♦:✱

(X + Y )/ Y ∼= X/ (X ∩ Y ) .

●✐❛ -❤♥ ❛♣1❞❡✐①❤ -♦✉ ❚(*-♦✉ ❏❡✇(➔♠❛-♦❝ ■/♦♠♦(❢✐/♠♦:✱ ❥❡✇(♦:♠❡ ❞✐❛♥✉/♠❛-✐❦♦:❝ 8➳(♦✉❝

X ⊆ Y ⊆ V ✳ ❚1-❡ ♣(♦❢❛♥➳❝ Y/X ❡*♥❛✐ ✉♣♦/:♥♦❧♦ -♦✉ V/X✳ ●✐❛ ♥❛ ❞❡*①♦✉♠❡ ♦-✐ ❡*♥❛✐

❣(❛♠♠✐❦1❝ ✉♣18✇(♦❝✱ ❥❡✇(♦:♠❡ ❣(❛♠♠✐❦1 /✉♥❞✉❛/♠1 a(y1 +X) + (y2 +X) ♠❡ y1, y2 ∈ Y ✳

❆✉-1❝ ❡*♥❛✐ */♦❝ ♠❡ (ay1 + y2) +X ❦❛✐ /✉♥❡♣➳❝ ❛♥➔❦❡✐ /-♦ Y/X✳

❙-❤ /✉♥78❡✐❛ ❥❡✇(♦:♠❡ -❤♥ ❛♥-✐/-♦*8✐/❤ v + X 7−→ v + Y ✱ ❣✐❛ v ∈ V ✳ ❆✉-➔ ❞*❞❡✐ ♠*❛

❦❛❧❼ ♦(✐/♠7♥❤ ❛♣❡✐❦1♥✐/❤ L : V/X −→ V/Y ✱ ❛❢♦: ❡❼♥ v1 − v2 ∈ X✱ -1-❡ v1 − v2 ∈ Y ✱

❦❛✐ /✉♥❡♣➳❝ ❡❼♥ v1 + X = v2 + X✱ -1-❡ L(v1 + X) = L(v2 + X)✳ ❏❛ ❞❡*①♦✉♠❡ ♦-✐ ❤ L

❡*♥❛✐ ❡♣✐♠♦(❢✐/♠1❝✱ ♠❡ ♣✉(➔♥❛ Y/X✳ ❏❡✇(♦:♠❡ v + Y ∈ V/Y ✳ ❚1-❡ v + X ∈ V/X ❦❛✐

L(v+X) = v+Y ✱ /✉♥❡♣➳❝ L ❡*♥❛✐ ❡♣✐♠♦(❢✐/♠1❝✳ ❍ ❦❧❼/❤ v+X ❛♥➔❦❡✐ /-♦♥ ♣✉(➔♥❛ -❤❝ L

❡❼♥ ❦❛✐ ♠1♥♦♥ ❡❼♥ L(v +X) = 0 + Y ✱ ❞❤❧❛❞➔ v ∈ Y ❦❛✐ v +X ∈ Y/X✳ ✬❆(❛ kerL = V/Y ✳

❆♣1 -♦ ❏❡➳(❤♠❛ ■/♦♠♦(❢✐/♠♦:✱

V/Y ∼= (V/X)/ (Y/X) .
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 ❛"❼❞❡✐❣♠❛ ✹✳✶✻ ❯♣❼&'❡✐ ❡♣*+❤❝ ✐+♦♠♦&❢✐+♠1❝ V ∼= kerL⊕ imL✱ ❛❧❧❼ ❛✉61❝ ❞❡♥ ❡*♥❛✐

❦❛♥♦♥✐❦1❝✳ ❊❼♥ ❡♣✐❧<①♦✉♠❡ ♠*❛ ❜❼+❤ {w1, . . . , wm} 6♦✉ imL✱ ❦❛✐ v1, . . . , vm 6<6♦✐❛ ➳+6❡

L(vi) = wi✱ 616❡ 6❛ v1, . . . , vm ❡*♥❛✐ ❣&❛♠♠✐❦❼ ❛♥❡①❼&6❤6❛✱ ❦❛✐ ♦&*③❡6❛✐ ❣&❛♠♠✐❦➔ ❡♥❡✐❦1♥✐+❤✱

M2 : imL→ V : wi 7→ vi✳ ❍ ❛♣❡✐❦1♥✐+❤

M : kerL⊕ imL→ V : (v, w) 7→ v +M2(w)

❡*♥❛✐ ✐+♦♠♦&❢✐+♠1❝✱ ❛❧❧❼ ❡①❛&6❼6❛✐ ❛♣1 6❤♥ ❡♣✐❧♦❣➔ 6✇♥ vi✳

✹✳✶✵ ❉✉&❦♦) *➳,♦✐

❊'♦✉♠❡ ❞❡* ♦6✐ 6♦ +E♥♦❧♦ 6✇♥ ❣&❛♠♠✐❦➳♥ ❛♣❡✐❦♦♥*+❡✇♥ ❛♣1 <♥❛ ❞✐❛♥✉+♠❛6✐❦1 '➳&♦ V +❡ <♥❛

❞✐❛♥✉+♠❛6✐❦1 '➳&♦ W ❡*♥❛✐ ❡♣*+❤❝ ❞✐❛♥✉+♠❛6✐❦1❝ '➳&♦❝✱ ♦ L(U, V )✳ ❙6❤♥ ♣❡&*♣6✇+❤ ♣♦✉

W ❡*♥❛✐ ♦ ♠♦♥♦❞✐❼+6❛6♦❝ '➳&♦❝ K✱ ♦♥♦♠❼③♦✉♠❡ 6♦♥ L(V, K) ❞✉.❦0 1➳"♦ 6♦✉ V ✱ ❦❛✐ 6♦♥

+✉♠❜♦❧*③♦✉♠❡ V ′
✳

 ❛"❼❞❡✐❣♠❛ ✹✳✶✼ ❙6♦ ❞✐❛♥✉+♠❛6✐❦1 '➳&♦ K
n
♦&*③♦♥6❛✐ ♦✐  ✉♥❛$%➔ ❡✐❝  ✉♥%❡%❛❣♠,♥✇♥

ϕ1, ϕ2, . . . , ϕn✳ ❊❼♥ x = (x1, . . . , xn)✱ 616❡ ϕk(x) = xk✳

❊❼♥ {e1, . . . , en} ❡*♥❛✐ ❤ ❦❛♥♦♥✐❦➔ ❜❼+❤ 6♦✉ K
n
✱ <'♦✉♠❡ ϕi(ej) = δij ✳ ❊❼♥ ψ : Kn −→ K

❡*♥❛✐ ♦♣♦✐❛❞➔♣♦6❡ ❣&❛♠♠✐❦➔ +✉♥❼&6❤+❤✱ ❤ ψ ❦❛❥♦&*③❡6❛✐ ❛♣1 6✐❝ 6✐♠<❝ 6❤❝ +6❛ +6♦✐'❡*❛ 6❤❝

❜❼+❤❝✿ ❡❼♥ ψ(ei) = ai ∈ K✱ 616❡ ❣✐❛ ❦❼❥❡ x = (x1, . . . , xn)✱ <'♦✉♠❡

ψ(x) = ψ(x1e1 + · · ·+ xnen)

= x1ψ(e1) + · · ·+ xnψ(en)

= x1a1 + · · ·+ xnan ,

❞❤❧❛❞➔✱ ❣✐❛ ❦❼❥❡ ❣&❛♠♠✐❦➔ +✉♥❼&6❤+❤ ψ : Kn −→ K✱ ψ(x) ❡*♥❛✐ ❣&❛♠♠✐❦1❝ +✉♥❞✉❛+♠1❝ 6✇♥

+✉♥6❡6❛❣♠<♥✇♥ xi = ϕi(x) 6♦✉ x✱

ψ(x) = x1a1 + · · ·+ xnan

= ϕ1(x)a1 + · · ·+ ϕn(x)an ,

❛❧❧❼ ❦❛❥➳❝ ♦ ♣♦❧❧❛♣❧❛+✐❛+♠1❝ +6♦ K ❡*♥❛✐ ♠❡6❛❥❡6✐❦1❝✱

ψ(x) = a1ϕ1(x) + · · ·+ anϕn(x)

= (a1ϕ1 + · · ·+ anϕn)(x) .

❑❛❥➳❝ ❛✉61 ✐+'E❡✐ ❣✐❛ ❦❼❥❡ x ∈ K
n
✱ <'♦✉♠❡ ψ = a1ϕ1 + · · · + anϕn✱ ❦❛✐ ♦✐ +✉♥❛&6➔+❡✐❝

+✉♥6❡6❛❣♠<♥✇♥ ϕi ♣❛&❼❣♦✉♥ 6♦ ❞✉J❦1 '➳&♦ (Kn)′✳

❙✉♠❜♦❧✐8♠0❝✳ ❊❦61❝ ❛♣1 6♦ +✉♥❤❥✐+♠<♥♦ +✉♠❜♦❧✐+♠1 6✇♥ +✉♥❛&6➔+❡✇♥✱ ϕ(x) = a✱ ❣✐❛

+6♦✐'❡*❛ 6♦✉ ❞✉J❦♦E '➳&♦✉ '&❤+✐♠♦♣♦✐❡*6❛✐ ❦❛✐ ♦ +✉♠❜♦❧✐+♠1❝

〈x, ϕ〉 = a .


