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Parathr seic

1. APAGOREUETAI na èqete KINHTA   KOMPIOUTERAKIA sto q¸ro thc exè-
tashc. SÔmfwna me ton kanonismì tou Tm matoc e�n kat� th di�rkeia thc exètashc
èqete p�nw   dÐpla sac, ts�ntec, shmei¸seic, biblÐa, kinhtì (èstw kai apenergopoi-
hmèno)   �llh hlektronik  suskeu , apokleÐeste apì ìlec tic exet�seic thc pr¸thc
exetastik c periìdou tou epìmenou exam nou.

2. Diab�ste prosektik� ta jèmata prin arqÐsete na apant�te. Oi apant seic prèpei na
eÐnai safeÐc, sÔntomec kai aitiologhmènec.

3. Gr�yte se diaforetik  selÐda thn ap�nthsh k�je jèmatoc. Sunist�tai na gr�fete tic
apant seic mìno sth dexi� selÐda, kai na qrhsimopoieÐte thn arister  gia prìqeirouc
upologismoÔc (  to antÐjeto an eÐste aristerìqeirec).

4. Prèpei na parad¸sete ìlec tic kìllec pou qrhsimopoi sate kai na epideÐxete p�so  
tautìthta.

5. H exètash diarkeÐ 150 lept�. Ta pr¸ta 30 lept� thc exètashc apagoreÔetai h èxodoc
  h apoq¸rhsh apì thn exètash.

6. Oi bajmoÐ dÐdontai se parènjesh. O mègistoc bajmìc eÐnai 100.

JEMA A. (50) DÐdetai o pÐnakac

A =

 0 0 1 4
−1 −1 1 2
2 2 −1 0

 .

aþ. Paragontopoi ste ton pÐnaka A sth morf  PLU , ìpou P eÐnai pÐnakac met�jeshc,
L eÐnai k�tw trigwnikìc kai U eÐnai klimakwtìc pÐnakac.

bþ. BreÐte ìlec tic lÔseic thc exÐswshc Ax = 0.

gþ. BreÐte tic sunj kec pou prèpei na ikanopoieÐ to di�nusma b = (b1, b2, b3), ¸ste na
èqei lÔseic h exÐswsh Ax = b.

dþ. Epilèxte b1 tètoio ¸ste Ax = b na èqei lÔsh gia to di�nusma b = (b1, 1, 2), kai
upologÐste ìlec tic lÔseic.



eþ. BreÐte b�seic gia to mhdenìqwro, to q¸ro sthl¸n kai to q¸ro gramm¸n tou pÐnaka
A.

�þ. Poi� eÐnai h t�xh tou pÐnaka A? EÐnai o pÐnakac AAT antistrèyimoc? EÐnai o pÐnakac
ATA antistrèyimoc?

Ap�nthsh - Upìdeixh.
Gia na apant soume sta erwt mata ja qreiasteÐ na efarmìsoume apaloif  Gauss sto

epauxhmèno pÐnaka [A
...b]: 0 0 1 4 b1

−1 −1 1 2 b2
2 2 −1 0 b3

 →

 −1 −1 1 2 b2
0 0 1 4 b1
2 2 −1 0 b3


→

 −1 −1 1 2 b2
0 0 1 4 b1
0 0 1 4 b3 + 2b2


→

 −1 −1 1 2 b2
0 0 1 4 b1
0 0 0 0 b3 + 2b2 − b1


aþ. Kat� thn apaloif , k�name enallag  twn dÔo pr¸twn gramm¸n, katìpin prosjèsame
dÔo forèc thn pr¸th gramm  sthn trÐth, kai tèloc afairèsame th deÔterh gramm  apì thn
trÐth.

U =

 −1 −1 1 2
0 0 1 4
0 0 0 0


=

 1 0 0
0 1 0
0 −1 1

 1 0 0
0 1 0
2 0 1

 0 1 0
1 0 0
0 0 1

 0 0 1 4
−1 −1 1 2
2 2 −1 0


= L−1P−1A .

'Ara A = PLU , ìpou P =

 0 1 0
1 0 0
0 0 1

 kai L =

 1 0 0
0 1 0
−2 1 1

.
bþ. Oi lÔseic thc exÐswshc Ax = 0 einai oi Ðdiec me tic lÔseic thc exÐswshc Ux = 0.
E�n x = (u, v, z, w), epilègoume wc eleÔjerec metablhtèc tic v kai w, kai oi lÔseic thc
exÐswshc eÐnai 

u
v
z
w

 = s


−2
0
−4
1

+ t


−1
1
0
0

 , s, t ∈ R .

gþ. AfoÔ h trÐth gramm  tou pÐnaka U eÐnai mhdèn, to di�nusma b = (b1, b2, b3) prèpei na
ikanopoieÐ th sqèsh b3 + 2b2 − b1 = 0.



dþ. Gia na ikanopoieÐtai h sqèsh b3 + 2b2 − b1 = 0, jètoume b1 = 4. Oi lÔseic thc Ax = b
eÐnai oi Ðdiec me tic lÔseic thc

 −1 −1 1 2
0 0 1 4
0 0 0 0



u
v
z
w

 =

 1
4
0

 .

MÐa eidik  lÔsh eÐnai (u, v, z, w) = (3, 0, 4, 0), kai h genik  lÔsh eÐnai
u
v
z
w

 =


3
0
4
0

+ s


−2
0
−4
1

+ t


−1
1
0
0

 .

eþ. B�sh tou mhdenìqwrou 

−2
0
−4
1

 ,

−1
1
0
0


 .

B�sh tou q¸rou gramm¸n 

−1
−1
1
2

 ,


0
0
1
4


 .

�þ. O pÐnakac A èqei t�xh 2.
O pÐnakac AAT eÐnai 3× 3 kai èqei t�xh ≤ 2, �ra den eÐnai antistrèyimoc.
O pÐnakac ATA eÐnai 4× 4 kai èqei t�xh ≤ 2, �ra den eÐnai antistrèyimoc.

JEMA B. (10)
Gia poi� tim  tou s up�rqei grammik  apeikìnish pou apeikonÐzei to (1, 0) sto (3, 2, 1), to
(0, 1) sto (1, 1, s) kai to (−1, 2) sto (−1, 0, 5). Aitiolog ste thn ap�nths  sac.

Ap�nthsh - Upìdeixh.
Ta dianÔsmata (1, 0), (0, 1) kai (−1, 2) eÐnai grammik� exarthmèna: (−1, 2) = −(1, 0) +
2(0, 1). 'Ara oi eikìnec mèsw mÐac grammik c apeikìnishc prèpei na ikanopoioÔn thn Ðdia
sqèsh:

(−1, 0, 5) = −(3, 2, 1) + 2(1, 1, s) .

Sunep¸c s prèpei na eÐnai 3.

JEMA G. (15)
DÐdetai to sÔnoloX = {x1, x2, x3} kai to sÔnolo RX ìlwn twn pragmatik¸n sunart sewn
f : X −→ R. Gia f, g ∈ RX kai a ∈ R, orÐzoume tic pr�xeic f u g kai a · f me

(f u g)(u) = f(u) + g(u) , (a · f)(u) = af(u) , gia k�je u ∈ X .



aþ. DeÐxte oti RX me tic pr�xeic u kai · ikanopoieÐ ta axi¸mata enìc dianusmatikoÔ q¸rou.
bþ. DeÐxte oti oi sunart seic f1, f2, f3, pou orÐzontai apì

fi(xj) = δij =

{
0 e�n i 6= j ,
1 e�n i = j ,

apoteloÔn b�sh tou dianusmatikoÔ q¸rou RX .

Ap�nthsh - Upìdeixh.
aþ. DeÐxte oti oi pr�xeic ikanopoioÔn ìlec tic idiìthtec DQ1 èwc DQ8.
bþ K�je sun�rthsh g : X −→ R gr�fetai me monadikì trìpo wc grammikìc sunduasmìc
twn f1, f2 kai f3: gia k�je i, g(xi) = δi1g(x1) + δi2g(x2) + δi3g(x3). AfoÔ fj(xi) = δij,

g = g(x1) · f1 u g(x2) · f2 u g(x3) · f3 .

JEMA D. (10)
BreÐte mÐa grammik  apeikìnish L : R[x]4 −→ R[x]2 (ìpou R[x]k eÐnai o dianusmatikìc
q¸roc twn poluwnÔmwn bajmoÔ to polÔ k), tètoia ¸ste imL = {p(x) ∈ R[x]2 : p(1) = 0}.
Ap�nthsh - Upìdeixh.
Ta stoiqeÐa tou {p(x) ∈ R[x]2 : p(1) = 0} eÐnai polu¸numa thc morf c (x − 1)(sx + t).
Gia na orÐzei h antistoÐqish a4x4 + a3x

3 + a2x
2 + a1x+ a0 7→ (x− 1)(sx+ t) mÐa grammik 

apeikìnish, arkeÐ ta s, t na eÐnai grammikèc sunart seic twn a0 . . . , a4. Gia par�deigma,
s = a1 kai t = a0.

JEMA E. (25)
Sto q¸roM(2, R) twn 2× 2 pin�kwn, jewroÔme th diatetagmènh b�sh

B =

{[
1 0
0 1

]
,

[
−1 0
0 1

]
,

[
0 1
0 0

]
,

[
0 0
−1 0

]}
.

aþ. BreÐte ton pÐnaka A pou èqei di�nusma suntetagmènwn wc proc th b�sh B to

(2, 3, −1, 1) .

bþ. BreÐte to di�nusma suntetagmènwn tou pÐnaka B =

[
1 −1
−2 3

]
wc proc th b�sh B.

gþ. DÐdetai h grammik  apeikìnish M :M(2, R) −→M(2, R) gia thn opoÐa

M

([
a b
c d

])
=

[
a b
c d

] [
1 −1
−1 1

]
.

BreÐte ton pÐnaka thc apeikìnishc M wc proc th b�sh B.

Ap�nthsh - Upìdeixh.
aþ. O pÐnakac A pou èqei di�nusma suntetagmènwn (2, 3, −1, 1) wc proc th b�sh B eÐnai o

A = 2

[
1 0
0 1

]
+ 3

[
−1 0
0 1

]
−
[
0 1
0 0

]
+

[
0 0
−1 0

]
.



bþ. To di�nusma suntetagmènwn (a, b, c, d) tou pÐnaka B dÐdetai apì th sqèsh[
1 −1
−2 3

]
= a

[
1 0
0 1

]
+ b

[
−1 0
0 1

]
+ c

[
0 1
0 0

]
+ d

[
0 0
−1 0

]
.

H sqèsh dÐdei èna sÔsthma 4 exis¸sewn, ap� ìpou brÐskoume (a, b, c, d) = (2, 1, −1, 2).
gþ. Pr¸ta upologÐzoume thn apeikìnish M :

M

([
a b
c d

])
=

[
a− b −a+ b
c− d −c+ d

]
.

E�n Bj eÐnai to j di�nusma thc diatetagmènhc b�shc B,

M(B1) =

[
1 −1
−1 1

]
,

M(B2) =

[
−1 1
−1 1

]
,

M(B3) =

[
−1 1
0 0

]
,

M(B4) =

[
0 0
−1 1

]
.

O pÐnakac C = BMB thc M wc proc th b�sh B èqei sthn j st lh to di�nusma suntetag-
mènwn tou M(Bj) wc proc th B. 'Ara h pr¸th st lh tou C dÐdetai apì th sqèsh

M(B1) =

[
1 −1
−1 1

]
= c11

[
1 0
0 1

]
+ c21

[
−1 0
0 1

]
+c31

[
0 1
0 0

]
+ c41

[
0 0
−1 0

]
,

ap� ìpou brÐskoume c11 = 1, c21 = 0, c31 = −1 kai c41 = 1. Parìmoia upologÐzoume tic
�llec 3 st lec.

Enallaktik�, gia ta bþ kai gþ mporoÔme na qrhsimopoi soume ton pÐnaka met�bashc EIB,
apì th b�sh B sthn kanonik  b�sh touM(2, R),

E =

{[
1 0
0 0

]
,

[
0 1
0 0

]
,

[
0 0
1 0

]
,

[
0 0
0 1

]}
.

Autìc eÐnai o 4 × 4 pÐnakac D pou èqei sth st lh j to di�nusma suntetagmènwn tou Bj

wc proc th b�sh E

D =


1 −1 0 0
0 0 1 0
0 0 0 −1
1 1 0 0

 .

Gia to bþ, to di�nusma (a, b, c, d) dÐdetai apì thn exÐswsh
1 −1 0 0
0 0 1 0
0 0 0 −1
1 1 0 0



a
b
c
d

 =


1
−1
−2
3

 .



Gia to gþ, brÐskoume ton pÐnaka F thc M wc proc th b�sh E ,

F = EME =


1 −1 0 0
−1 1 0 0
0 0 1 −1
0 0 −1 1

 .

Efarmìzoume ton tÔpo thc allag c b�shc

C = BIE EME EIB = D−1FD .


