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'Askhsh 10.1 JewroÔme to dianusmatikì q¸ro R3, me to sÔnhjec eswterikì ginìmeno.
BreÐte ta 〈u, v〉, ||u||, ||v||, thn apìstash d(u, v) = ||u−v|| metaxÔ twn shmeÐwn pou èqoun
di�nusma jèshc u kai v, kai to sunhmÐtono thc gwnÐac metaxÔ twn u kai v, gia ta dianÔsmata:

aþ. u = (3, −2, 1) kai v = (1, −1, 1).

bþ. u = (1, 0, −2), v = (2, 1, 1).

'Askhsh 10.2 JewroÔme to migadikì dianusmatikì q¸ro C2, me to sÔnhjec eswterikì
ginìmeno. BreÐte ta 〈u, v〉, ||u||, ||v|| kai thn apìstash d(u, v) = ||u − v||, gia ta dianÔ-
smata:

aþ. u = (2− i, 3 + 2i), v = (3− 2i, 2 + i).

bþ. u = (2− 3i, −2 + 3i), v = (1, 1).

Se èna migadikì dianusmatikì q¸ro orÐzetai h ènnoia thc orjogwniìthtac, all� den orÐzetai
h gwnÐa metaxÔ dÔo dianusm�twn.

'Askhsh 10.3 JewroÔme dianÔsmata v = (v1, v2) kai w = (w1, w2) sto R2.

aþ. DeÐxte oti h sun�rthsh 〈v, w〉 = 4v1w1 + 9v2w2 orÐzei eswterikì ginìmeno sto R2.

bþ. DeÐxte oti h sun�rthsh 〈v, w〉 = 2v1w1 − v2w2 den orÐzei eswterikì ginìmeno.

'Askhsh 10.4 JewroÔme to q¸ro C[0, 1] twn suneq¸n sunart sewn sto di�sthma [0, 1],
me eswterikì ginìmeno

〈f, g〉 =
∫ 1

0

f(t) g(t) dt

aþ. BreÐte to eswterikì ginìmeno twn f(x) = 2x+ 1, g(x) = 3x− 2.

bþ. DeÐxte oti oi sunart seic f(x) = x2 kai g(x) = 4x− 3 eÐnai orjog¸niec.

gþ. BreÐte mÐa sun�rthsh orjog¸nia proc thn f(x) = 6x+ 12



'Askhsh 10.5 'Estw a1, a2, . . . , an ∈ R. Qrhsimopoi ste thn anisìthta Cauchy–
Schwarz gia na deÐxete oti(
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'Askhsh 10.6 Exet�ste e�n oi akìloujec sunart seic orÐzoun eswterikì ginìmeno sto
q¸roM(2, R) twn 2× 2 pragmatik¸n pin�kwn:

aþ. 〈A, B〉 = detAB,

bþ. 〈A, B〉 = trAB,

gþ. 〈A, B〉 = trBTA.

'Askhsh 10.7 JewroÔme ton dianusmatikì q¸ro R4 me to kanonikì eswterikì ginì-
meno, kai ton upìqwro X pou par�getai apì ta dianÔsmata u1 = (1, 1, 0, 0) kai u2 =
(0, 1, −1, 1).

BreÐte mÐa orjokanonik  b�sh tou orjogwnÐou sumplhr¸matoc X⊥, kai sumplhr¸ste
thn se mia orjokanonik  b�sh tou R4.

'Askhsh 10.8 BreÐte mÐa orjokanonik  b�sh gia ton upìqwro V tou R3,

V = {(x, y, z) : 5x− y + 2z = 0} .

EpekteÐnate th b�sh pou br kate se orjokanonik  b�sh tou R3.

'Askhsh 10.9 'Estw 2× 2 pragmatikìc pÐnakac A. DeÐxte oti h apeikìnish

〈x, y〉 = xTAy = [x1, x2]

[
a b
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]
orÐzei èna eswterikì ginìmeno sto R2 e�n kai mìnon e�n AT = A, detA > 0 kai trA > 0,
(dhlad  e�n b = c, ad− b2 > 0 kai a > 0).

'Askhsh 10.10 Jewr ste jetik  suneq  sun�rthsh f : [0, 1] → R. DeÐxte oti e�n
p(x), q(x) eÐnai polu¸numa, tìte

〈p, q〉f =

∫ 1

0

f(t)p(t)q(t)dt ,

orÐzei eswterikì ginìmeno sto q¸ro twn poluwnÔmwn me pragmatikoÔc suntelestèc.
E�n f(x) = x + 1, breÐte orjokanonik  b�sh gia to q¸ro twn poluwnÔmwn bajmoÔ to

polÔ 1, me to eswterikì ginìmeno 〈 , 〉f .

'Askhsh 10.11 JewroÔme dianusmatikì q¸ro V p�nw apì to R, me eswterikì ginìmeno,
kai dÔo diaforetik� dianÔsmata a, b ∈ V . ApodeÐxte oti e�n x ∈ V kai ||x−a||+ ||x− b|| =
||a− b||, tìte x = λa+ µb, me λ, µ ∈ R kai λ+ µ = 1.
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