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'Askhsh 4.1 JewroÔme oti oi st lec tou n×n pÐnaka A eÐnai oi n×1 pÐnakec C1, C2, . . .,
Cn, kai oi grammèc tou n × n pÐnaka B eÐnai oi 1 × n pÐnakec R1, R2, . . . , Rn. Gia k�je
i = 1, . . . , n, to ginìmeno CiRi eÐnai ènac n × n pÐnakac. Ekfr�ste to ginìmeno AB wc
�jroisma tètoiwn pin�kwn.

Ap�nthsh - Upìdeixh.
E�n Ck = (a1k, . . . , ank) kai Rk = (bk1, . . . , bkn), h sunist¸sa tou CkRk sth jèsh (i, j)
eÐnai aikbkj. H sunist¸sa tou AB sth jèsh (i, j) eÐnai

∑n
k=1 aikbkj. 'Ara AB = C1R1 +

· · ·+ CnRn.

'Askhsh 4.2 DeÐxte oti e�n A eÐnai m × k pÐnakac me orjog¸niec st lec w1, . . . , wk,
tìte h probol  P sto dianusmatikì upìqwro 〈w1, . . . , wk〉 eÐnai to �jroisma twn probol¸n
Pi stouc monodi�statouc upìqwrouc 〈wi〉, gia i = 1, . . . , k.

Ap�nthsh - Upìdeixh.
GnwrÐzoume oti P = A(ATA)−1AT . AfoÔ oi st lec tou A eÐnai orjog¸niec, ATA eÐnai o
diag¸nioc k × kpÐnakac me sunist¸sec wT

i wi sth diag¸nio. O pÐnakac A(ATA)−1 èqei tic
Ðdiec st lec me to A, pollaplasiasmènec me 1

wT
j wj

(GiatÐ?). Qrhsimopoi¸ntac to apotèlesma

thc 4.1, to ginìmeno tou A(ATA)−1 me ton AT eÐnai

P = A(ATA)−1AT =
1

wT
1 w1

w1w
T
1 + · · ·+ 1

wT
k wk

wkw
T
k .

All� autì eÐnai to �jroisma twn probol¸n stouc upìqwrouc 〈w1〉, . . . , 〈wk〉 (DeÐxte to).

'Askhsh 4.3 Prob�lete to di�nusma b = (1, 2) se dÔo m  orjog¸nia dianÔsmata, a1 =
(1, 0) kai a2 = (1, 1). EpalhjeÔste oti to �jroisma twn dÔo probol¸n den eÐnai Ðso proc
to b.

Ap�nthsh - Upìdeixh.
pr a1b = (1, 0), pr a2b = (3

2
, 3

2
).

'Askhsh 4.4 E�n u eÐnai monadiaÐo di�nusma, deÐxte oti Q = I − 2uuT eÐnai summetrikìc
orjog¸nioc pÐnakac. (EÐnai mÐa an�klash, kai onom�zetai metasqhmatismìc Householder).
UpologÐste ton Q ìtan u =

(
1
2
, 1

2
, −1

2
, −1

2

)
.



Ap�nthsh - Upìdeixh.
Qrhsimopoi ste ton orismì tou summetrikoÔ pÐnaka, QT = Q, kai tou orjog¸niou pÐnaka,
QQT = I.

'Askhsh 4.5 Apì ta mh orjog¸nia dianÔsmata v1, v2, v3, breÐte orjog¸nia dianÔsmata
q1, q2, q3.

v1 =

 1
1
0

 , v2 =

 1
0
1

 , v3 =

 0
1
1

 .

Ap�nthsh - Upìdeixh.
q1 = v1, q2 = v2 − 1

2
q1, q3 = v3 − 1

2
q1 − 1

3
q2.

'Askhsh 4.6 Poi� eÐnai ta dunat� dianÔsmata v1 kai v2, pou dÐnoun met� apì orjokano-
nikopoÐhsh Gram-Schmidt ta dianÔsmata q1 kai q2.

Ap�nthsh - Upìdeixh.
v1 = aq1 gia a > 0.
v2 = bq1 + cq2 gia c > 0.

'Askhsh 4.7 DeÐxte oti e�n Q eÐnai orjog¸nioc pÐnakac, tìte detQ = ±1.

'Askhsh 4.8BreÐte trÐa orjokanonik� dianÔsmata q1, q2, q3 ∈ R3, tètoia ¸ste ta q1, q2
na par�goun to q¸ro sthl¸n tou pÐnaka

A =

 1 1
2 −1
−2 4

 .

Poiìc jemeli¸dhc upìqwroc tou A perièqei to di�nusma q3? BreÐte th bèltisth lÔsh
elaqÐstwn tetrag¸nwn thc exÐswshc Ax = b, ìtan b = (1, 2, 7).

Ap�nthsh - Upìdeixh.
BreÐte ta q1, q2 efarmìzontac th diadikasÐa Gram-Schmidt stic st lec tou pÐnaka A. To
q3 eÐnai orjog¸nio stic st lec tou A, �ra an kei sto . . . . . . . . . tou A.

'Askhsh 4.9 Jewr ste to dianusmatikì q¸ro

W =
{
(x, y, z) ∈ R3 : x− 2y + 3z = 0

}
.

BreÐte mÐa orjokanonik  b�sh tou W . EpekteÐnete th b�sh pou br kate se orjokanonik 
b�sh tou R3.

Ap�nthsh - Upìdeixh.
W eÐnai o mhdenìqwroc tou pÐnaka . . . . . .. BreÐte mÐa b�sh kai metatrèyte thn se orjoka-
nonik . To orjog¸nio sumpl rwma tou mhdenìqwrou eÐnai o . . . . . . . . ..
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'Askhsh 4.10 Poiì pollapl�sio tou a1 = (1, 1) prèpei na afairejeÐ apì to a2 = (4, 0),

¸ste to apotèlesma na eÐnai orjog¸nio proc to a1. Paragontopoi ste ton pÐnaka

[
1 4
1 0

]
se ginìmeno QR ìpou Q eÐnai orjog¸nioc.

Ap�nthsh - Upìdeixh.

To dipl�sio.

[
1 4
1 0

]
=

[
1√
2
− 1√

2
1√
2

1√
2

][ √
2 2

√
2

0 −2
√
2

]
.

'Askhsh 4.11 Efarmìste th diadikasÐa Gram-Schmidt sta dianÔsmata

v1 =

 0
0
1

 , v2 =

 0
1
1

 , u3 =

 1
1
1

 ,

kai ekfr�ste to apotèlesma sth morf  A = QR.

Ap�nthsh - Upìdeixh. 0 0 1
0 1 1
1 1 1

 =

 0 0 1
0 1 0
1 0 0

 1 1 1
0 1 1
0 0 1

.
Gia to Tm ma A.

'Askhsh 4.12 BreÐte tic nìrmec ‖A‖1 kai ‖A‖∞ tou pÐnaka

A =


1 2 −2 5
2 3 −4 4
−1 −2 0 3
2 −3 −1 4

 .

UpenjÔmish : ‖A‖1 = max1≤j≤n
∑n

i=1 |aij|, ‖A‖∞ = max1≤i≤n
∑n

j=1 |aij|.

'Askhsh 4.13 BreÐte touc deÐktec kat�stashc k1(A) = ‖A‖1‖A−1‖1 kai k∞(A) =
‖A‖∞‖A−1‖∞ gia

A =

[
1 2
3 4

]
.

Gia to Tm ma B.

'Askhsh 4.14 Exet�ste e�n k�poia apì ta dianÔsmata w, y, z eÐnai idiodianÔsmata tou
pÐnaka A, dhlad  ikanopoioÔn mÐa exÐswsh Ax = λx, gia k�poio λ ∈ R.

w =

 1
−1
3

 , y =

 1
5
3

 , z =

 5
0
1

 , A =

 1 1 0
1 4 3
0 3 1

 .
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