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Apant seic   UpodeÐxeic sto Ergast rio
Problhm�twn 13

'Askhsh 13.1 BreÐte ton pÐnaka thc apeikìnishc L(x, y, z) = (x + y, 3y, x + 2y − 4z)
wc proc thn kanonik  b�sh tou R3. EpalhjeÔste ton pÐnaka pou br kate upologÐzontac
to di�nusma L(−1, 5, 2).

Ap�nthsh - Upìdeixh.

ELE =

 1 1 0
0 3 0
1 2 −4

.
'Askhsh 13.2 DÐdetai h grammik  apeikìnish L : R3 −→ R4 ,

L(x1, x2, x3) = (x1, x1 + x2 − x3, 3x1 − 5x2, 4x2 − 2x3)

ProsdiorÐste ton pÐnaka A thc L wc proc tic kanonikèc b�seic twn R3, R4. BreÐte thn
t�xh tou A, kai mia b�sh thc eikìnac thc L.

Ap�nthsh - Upìdeixh.

A =


1 0 0
1 1 −1
3 −5 0
0 4 −2

. H t�xh tou A eÐnai 3. MÐa b�sh tou imL eÐnai




1
1
3
0

 ,


0
1
−5
4

 ,


0
−1
0
−2


 .

'Askhsh 13.3 BreÐte ton pÐnaka tou telest  parag¸gishc D, pou apeikonÐzei to po-
lu¸numo p(x) sthn par�gwgì tou Dp(x), wc proc th b�sh {2x2, x, −1} tou R[x]2. E-
palhjeÔste ton pÐnaka pou br kate upologÐzontac to polu¸numo D(3x2 − 2x + 4) pr¸ta
qrhsimopoi¸ntac ton pÐnaka pou br kate kai katìpin upologÐzontac thn par�gwgo.

Ap�nthsh - Upìdeixh.

D(2x2) = 4x = 0(2x2) + 4(x) + 0(−1). 'Ara h pr¸th st lh tou pÐnaka eÐnai

 0
4
0

.



Parìmoia brÐskoume oti h deÔterh st lh eÐnai

 0
0
−1

 kai h trÐth

 0
0
0

.
To di�nusma suntetagmènwn tou 3x2−2x+4 eÐnai

 3
2

−2
−4

. 'Ara to di�nusma suntetagmènwn
tou D(3x2 − 2x+ 4) eÐnai

 0 0 0
4 0 0
0 −1 0

 3
2

−2
−4

 =

 0
6
2

. Pr�gmati, D(3x2 − 2x+ 4) =

6x− 2 = 0(2x2) + 6(x) + 2(−1).

'Askhsh 13.4 R[x]k eÐnai o q¸roc twn poluwnÔmwn bajmoÔ mikrìterou   Ðsou me k, kai
L : R[x]2 → R[x]1 eÐnai h grammik  apeikìnish

L(ax2 + bx+ c) = ax+ c

aþ. BreÐte ton pÐnaka thc L wc proc tic kanonikèc b�seic B2 = {1, x, x2} tou R[x]2 kai
B1 = {1, x} tou R[x]1.

bþ. BreÐte touc pÐnakec met�bashc gia tic b�seic B′2 = {1, x, x2 + x} tou R[x]2 kai
B′1 = {1, x − 1} tou R[x]1, kai qrhsimopoi ste touc gia na upologÐsete ton pÐnaka
thc L wc proc tic b�seic B′2 kai B′1.

'Askhsh 13.5 ApodeÐxte oti to sÔnolo {1+x, x+x2, . . . , xn−1+xn, xn} eÐnai mÐa b�sh
tou dianusmatikoÔ q¸rou R[x]n twn poluwnÔmwn bajmoÔ mikrìterou   Ðsou me n.

E�n L : R[x]2 → R[x]3 eÐnai h apeikìnish L(p) = xp′(x) + x2p′(x) (ìpou p′(x) eÐnai h
par�gwgoc tou polu¸numou p(x)) breÐte ton pÐnaka thc L wc proc tic b�seic

aþ. B1 = {1, x, x2} , C1 = {1, x, x2, x3},

bþ. B2 = {1 + x, x+ x2, x2} , C2 = {1 + x, x+ x2, x2 + x3, x3}.

'Askhsh 13.6 Jewr ste to dianusmatikì q¸ro ìlwn twn 2×2 pin�kwn, kai th grammik 

apeikìnish L : M(2, C) −→ M(2, C) pou orÐzetai L(X) = PX, ìpou P =

[
1 1
1 1

]
.

BreÐte ton 4× 4 pÐnaka thc L wc proc thn akìloujh b�sh touM(2, C){[
1 0
0 0

]
,

[
0 1
0 0

]
,

[
0 0
1 0

]
,

[
0 0
0 1

]}
.

Ap�nthsh - Upìdeixh.

L

([
1 0
0 0

])
=

[
1 1
1 1

] [
1 0
0 0

]
=

[
1 0
1 0

]
= 1 ·

[
1 0
0 0

]
+ 0 ·

[
0 1
0 0

]
+ 1 ·

[
0 0
1 0

]
+ 0 ·

[
0 0
0 1

]
.
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'Ara to di�nusma suntetagmènwn tou L

([
1 0
0 0

])
eÐnai


1
0
1
0

. Parìmoia brÐskoume ta

dianÔsmata suntetagmènwn twn L

([
0 1
0 0

])
, L

([
0 0
1 0

])
kai L

([
0 0
0 1

])
. O pÐna-

kac thc apeikìnishc L wc proc th dojeÐsa b�sh eÐnai


1 0 1 0
0 1 0 1
1 0 1 0
0 1 0 1

.
'Askhsh 13.7 JewroÔme thn apeikìnish L :M(2, R) −→M(2, R)

L :

[
a b
c d

]
7→
[
a− d −b− c
b+ c d− a

]
.

aþ. DeÐxte oti h L eÐnai grammik  apeikìnish, kai breÐte ton pÐnaka thc L wc proc thn
b�sh

E2, 2 =
{[

1 0
0 0

]
,

[
0 1
0 0

]
,

[
0 0
1 0

]
,

[
0 0
0 1

]}
bþ. BreÐte b�seic twn kerL, imL kai kerL ∩ imL.
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