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ALGEBRA

Apant seic   UpodeÐxeic sto Ergast rio
Problhm�twn 11

'Askhsh 11.1 BreÐte th di�stash, kai kataskeu�ste mia b�sh twn tess�rwn upoq¸rwn
pou sqetÐzontai me k�je èna apì touc pÐnakec

A =

[
0 1 4 0
0 2 8 0

]
, U =

[
0 1 4 0
0 0 0 0

]
.

Ap�nthsh - Upìdeixh.

aþ. Q¸roc sthl¸n: dimR(U) = dimR(A) = 1.

B�sh tou R(U),

{[
1
0

]}
. B�sh tou R(A),

{[
1
2

]}
.

bþ. Mhdenìqwroc: N (U) = N (A) kai dimN (A) = 3.

B�sh tou N (A),




1
0
0
0

 ,


0
−4
1
0

 ,


0
0
0
1


.

gþ. Q¸roc gramm¸n: R(UT ) = R(AT ) kai dimR(AT ) = 1.

B�sh tou R(AT ),




0
1
4
0


.

dþ. Aristerìc mhdenìqwroc: dimN (UT ) = dimN (AT ) = 1.

B�sh tou N (UT ),

{[
0
1

]}
. B�sh tou N (AT ),

{[
−2
1

]}
.

'Askhsh 11.2 JewroÔme ton pÐnaka

A =

 1 2 0 1
1 2 1 2
0 0 2 3

 .



BreÐte b�seic gia to q¸ro sthl¸n R(A), to q¸ro gramm¸n R(AT ), to mhdenìqwro N (A)
kai ton aristerì mhdenìqwro N (AT ).

'Askhsh 11.3 BreÐte thn eikìna tou genikoÔ shmeÐou (v1, . . . , vn) tou pedÐou orismoÔ,
gia tic apeikonÐseic TA kai TB pou orÐzontai me pollaplasiasmì apì ta arister� me ton
pÐnaka

A =

[
1 2
0 0

]
B =

 1 0 2 1
−1 0 1 −1
1 2 2 2


Ap�nthsh - Upìdeixh.
TA : R2 −→ R2, TA(v1, v2) = (v1+2v2, 0). H eikìna imTA eÐnai o upìqwroc pou par�getai
apì to di�nusma (1, 0).
TB : R4 −→ R3. O pÐnakac èqei t�xh 3, �ra h eikìna imTB eÐnai olìklhroc o q¸roc R3

'Askhsh 11.4 BreÐte ton pÐnaka A ston opoÐo antistoiqeÐ h grammik  apeikìnish

f(x, y) = (3x+ y, 2y, x− y) .

'Askhsh 11.5 DeÐxte oti oi parak�tw apeikonÐseic den eÐnai grammikèc.

aþ. g(x, y, z) = (3x, y2).

bþ. h(u, v, w) = (v + 2, 4u).

Ap�nthsh - Upìdeixh.
Elègxte oti g(0, 2, 0) 6= g(0, 1, 0)+ g(0, 1, 0) kai oti h(0, 2, 0) 6= h(0, 1, 0)+h(0, 1, 0).

'Askhsh 11.6 BreÐte ton pÐnaka pou antistoiqeÐ sth grammik  apeikìnish h opoÐa:

aþ. ApeikonÐzei ta dianÔsmata (1, 0) kai (0, 1) sta dianÔsmata (1, 3) kai (7, 1), antÐstoi-
qa.

bþ. ApeikonÐzei ta dianÔsmata (1, 0, 0), (0, 1, 0) kai (0, 0, 1) sta dianÔsmata (1, 5, 2, 9),
(2, 6, 4, 7) kai (

√
3, 3, 7, 1), antÐstoiqa.

Ap�nthsh - Upìdeixh.

aþ. O pÐnakac A pou apeikonÐzei ta dianÔsmata (1, 0) kai (0, 1) sta dianÔsmata (1, 3) kai

(7, 1), ikanopoieÐ th sqèsh A

[
1 0
0 1

]
=

[
1 7
3 1

]
.

bþ. O pÐnakac B pou apeikonÐzei ta dianÔsmata (1, 0, 0), (0, 1, 0) kai (0, 0, 1) sta dianÔ-

smata (1, 5, 2, 9), (2, 6, 4, 7) kai (
√
3, 3, 7, 1), ikanopoieÐ th sqèshB

 1 0 0
0 1 0
0 0 1

 =

2




1 2

√
3

5 6 3
2 4 7
9 7 1

.

'Askhsh 11.7E�n w1, w2, w3 eÐnai opoiad pote dianÔsmata, deÐxte oti oi diaforèc u1 =
w2 − w3, u2 = w1 − w3 kai u3 = w1 − w2 eÐnai grammik� exarthmènec. BreÐte èna grammikì
sunduasmì twn u1, u2, u3 pou dÐdei 0.

'Askhsh 11.8 BreÐte mÐa b�sh gia to epÐpedo x − 2y + 3z = 0 sto R3. Sth sunèqeia
breÐte mÐa b�sh gia thn tom  autoÔ tou epipèdou me to (x, y)-epÐpedo.

Ap�nthsh - Upìdeixh.
To epÐpedo x− 2y + 3z = 0 eÐnai o mhdenìqwroc tou pÐnaka

[
1 −2 3

]
.

'Askhsh 11.9 Upojètoume oti S eÐnai upìqwroc tou R6, di�stashc 5. EÐnai ta akìlouja
alhj    yeud ?

aþ. K�je b�sh tou S mporeÐ na epektajeÐ se mÐa b�sh tou R6, prosjètontac èna akìmh
di�nusma.

bþ. K�je b�sh tou R6 mporeÐ na perioristeÐ se mÐa b�sh tou S, diagr�fontac èna di�nu-
sma.

Ap�nthsh - Upìdeixh.
To pr¸to eÐnai alhjèc, to deÔtero eÐnai yeudèc.

'Askhsh 11.10 ApodeÐxte oti e�n V kai W eÐnai trisdi�statoi upìqwroi tou R5, tìte V
kai W prèpei na èqoun èna koinì mh mhdenikì di�nusma. (Xekin ste me b�seic gia touc dÔo
upìqwrouc, pou sunolik� perièqoun 6 dianÔsmata).

'Askhsh 11.11 E�n oi apeikonÐseic f kai g eÐnai grammikèc, kai f(u) = g(u) = u, tìte
f ◦ g(u) eÐnai Ðso me u   u2?

'Askhsh 11.12DeÐxte oti e�n f : R3 −→ R3 eÐnai grammik  apeikìnish, tìte f 2 = f ◦ f
eÐnai grammik  apeikìnish.
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