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'Askhsh 10.1 DÐnontai ta dianÔsmata:

v1 =

 −10
1

 , v2 =

 1
2
3

 , w1 =

 −12
5

 , w2 =

 1
2
5

 .

aþ. DeÐxte ìti to w1 mporeÐ na ekfrasteÐ wc grammikìc sunduasmìc twn v1 kai v2, all�
to w2 den mporeÐ na ekfrasteÐ wc grammikìc sunduasmìc twn v1 kai v2.

bþ. Exhg ste poioc eÐnai o upìqwroc tou R3 pou par�getai apì ta v1, v2 kai w1. Exh-
g ste poioc eÐnai o upìqwroc tou R3 pou par�getai apì ta v1, v2 kai w2.

gþ. DeÐxte oti ta dianÔsmata v1, v2 w1 kai w2 par�goun ton R3, dhlad  oti gia k�je
u = (x, y, z) up�rqoun a, b, c, d tètoia ¸ste u = av1 + bv2 + cw1 + dw2.
Akìma deÐxte oti k�je di�nusma u ∈ R3 mporeÐ na ekfrasteÐ wc grammikìc sunduasmìc
twn v1, v2 w1 kai w2 me �peirouc trìpouc.

Ap�nthsh - Upìdeixh.
MporeÐte na lÔsete tic antÐstoiqec exis¸seic gia na apant sete ta erwt mata (aþ) kai (bþ).
Enallaktik�, jewr ste ton pÐnaka A kai ton antÐstoiqo klimakwtì pÐnaka U :

A =

 −1 1 −1 1 x
0 2 2 2 y
1 3 5 5 z

 , U =

 −1 1 −1 1 x
0 2 2 2 y
0 0 0 2 z + x− 2y

 .

aþ. Apì tic 3 pr¸tec st lec tou U blèpoume oti to w1 ekfr�zetai wc grammikìc sundua-
smìc twn v1 kai v2.
Apì tic st lec 1, 2 kai 4, blèpoume oti to w2 den ekfr�zetai wc grammikìc sundua-
smìc twn v1 kai v2.

bþ. Apì tic st lec 1, 2, 3 kai 5 tou U blèpoume oti o upìqwroc tou R3 pou par�getai apì
ta v1, v2 kai w1 eÐnai to sÔnolo twn dianusm�twn (x, y, z) gia ta opoÐa z+x−2y = 0.
Apì tic st lec 1, 2, 4 kai 5 tou U blèpoume oti o upìqwroc tou R3 pou par�getai
apì ta v1, v2 kai w2 eÐnai ìlo to sÔnolo R3.



gþ. Apì ton pÐnaka U blèpoume oti gia k�je u = (x, y, z) up�rqoun a, b, c, d tètoia
¸ste u = av1 + bv2 + cw1 + dw2.
AfoÔ h metablht  c eÐnai eleÔjerh, k�je di�nusma u ∈ R3 mporeÐ na ekfrasteÐ wc
grammikìc sunduasmìc twn v1, v2 w1 kai w2 me �peirouc trìpouc.

'Askhsh 10.2 JewroÔme ta dianÔsmata u = (1, 2, 3), v = (1, 1, 2) kai w = (1, 0, 1) tou
R3. Qrhsimopoi ste apaloif  Gauss se kat�llhlo pÐnaka gia na elègxete e�n h sullog 
u, v, w eÐnai grammik� exarthmènh.
To Ðdio gia th sullog  (1, 2, 1), (0, 2, 3), (1, 5, −1).

Ap�nthsh - Upìdeixh.
MporeÐte na qrhsimopoi sete apaloif  eÐte ston pÐnaka me st lec ta 3 diasnÔsmata, eÐte
ston pÐnaka me grammèc ta3 dianÔsmata.

'Askhsh 10.3 Exet�ste poièc apì tic parak�tw sullogèc dianusm�twn eÐnai grammik�
anex�rthtec:

aþ. 1 + x, x+ x2, 1 + x2 sto q¸ro R[x] twn poluwnÔmwn.

bþ. Oi 2× 2 pÐnakec

[
1 0
0 1

]
,

[
1 1
1 1

]
,

[
0 1
1 0

]
sto q¸roM(2, R).

gþ. Oi sunart seic 1, cosx, sinx sto q¸ro twn pragmatik¸n sunart sewn.

Ap�nthsh - Upìdeixh.

aþ. 1+x, x+x2, 1+x2 eÐnai grammik� anex�rthta. E�n a(1+x)+ b(x+x2)+ c(1+x2 =
0,tìte a+ c = 0, a+ b = 0 kai b+ c = 0. Autì isqÔei mìnon ìtan a = b = c = 0.

bþ. EÐnai grammik� exarthmènoi, afoÔ[
1 0
0 1

]
−
[
1 1
1 1

]
+

[
0 1
1 0

]
= 0 .

gþ. E�n a · 1+ b · cos+c · sin = 0, h isìthta prèpei na isqÔei gia k�je x. Jewr ste treic
kat�llhlec timèc tou x, gia na deÐxete oti a, b, c eÐnai ìla 0.

'Askhsh 10.4 Sto dianusmatikì q¸ro M(2,R) twn 2 epÐ 2 pin�kwn p�nw apì to R,
breÐte 5 grammik� exarthmèna dianÔsmata (dhlad  pÐnakec) pou na par�goun ìlo to q¸ro.
Pìsa apì aut� pou br kate eÐnai grammik� anex�rthta?

'Askhsh 10.5 Sto dianusmatikì q¸ro V ta dianÔsmata v, u, w eÐnai grammik� anex�r-
thta. DeÐxte oti kai ta dianÔsmata v + u, u + w kai w + v eÐnai grammik� anex�rthta.

Ap�nthsh - Upìdeixh.
E�n a(v + u) + b(u + w) + c(w + v) = 0, tìte (a + b)u + (a + c)v + (b + c)w = 0. E�n
u, v, w eÐnai grammik� anex�rthta, ti mporeÐte na sumper�nete gia ta a, b, c?
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'Askhsh 10.6 Ston R3 breÐte 4 dianÔsmata ¸ste k�je 2 apì aut� na eÐnai grammik�
anex�rthta en¸ k�je 3 apì aut� grammik� exarthmèna.

'Askhsh 10.7 DeÐxte oti ta dianÔsmata

u1 = (0, 1, 1, 1), u2 = (1, 0, 1, 1), u3 = (1, 1, 0, 1) kai u4 = (1, 1, 1, 0)

apoteloÔn b�sh tou R4.
Ekfr�ste to di�nusma v = (1, 1, 1, 1) wc grammikì sunduasmì twn u1, u2, u3, u4.
To Ðdio gia to w = (1, 0, 0, 0).

'Askhsh 10.8 . DÐdontai oi upìqwroi tou R4, U = {(x1, x2, x3, x4) : x1 = 2x4, x2 = x3}
kai V = {(x1, x2, x3, x4) : x1 = x4 = 0}. BreÐte b�seic gia touc q¸rouc U , V , U ∩ V kai
U + V .

Ap�nthsh - Upìdeixh.

U eÐnai o mhdenìqwroc tou pÐnaka

[
1 0 0 −2
0 1 −1 0

]
.

V eÐnai o mhdenìqwroc tou pÐnaka

[
1 0 0 0
0 0 0 1

]
.

U ∩ V eÐnai o mhdenìqwroc tou pÐnaka


1 0 0 −2
0 1 −1 0
1 0 0 0
0 0 0 1

. U + V eÐnai o q¸roc pou

par�getai apì thn ènwsh twn dianusm�twn pou par�goun to U kai twn dianusm�twn pou
par�goun to V . P¸c brÐskete mÐa b�sh autoÔ tou q¸rou?

'Askhsh 10.9 BreÐte mÐa b�sh kai th di�stash stouc parak�tw dianusmatikoÔc q¸rouc

aþ. V o q¸roc twn pin�kwn thc morf c

[
0 a
0 b

]
.

bþ. W o q¸roc twn poluwnÔmwn p tètoiwn ¸ste deg p ≤ 3 kai p(1) = 0.

gþ. U = {(x1, x2, x3, x4, x5) ∈ R5 : x1 = 3x2, x3 = 7x4}.

dþ. S o q¸roc twn summetrik¸n n × n pragmatik¸n pin�kwn (dhlad  ìswn ikanopoioÔn
AT = A).

'Askhsh 10.10 Jewr ste mÐa sullog  dianusm�twn C tètoia ¸ste k�je 2 dianÔsmata
thc C eÐnai grammik� exarthmèna. DeÐxte oti ìla ta dianÔsmata thc C eÐnai pollapl�sia
enìc dianÔsmatoc.

'Askhsh 10.11 DÐdontai trÐa dianÔsmata u1, u2, u3 ∈ V . DeÐxte oti e�n 〈u1, u2〉 =
〈u2, u3〉, tìte ta u1, u2, u3 eÐnai grammik� exarthmèna. IsqÔei to antÐstrofo?

Ap�nthsh - Upìdeixh.
E�n w = au1 + bu2 6= 0, up�rqoun c, d tètoia ¸ste w = cu2 + du3. Tìte au1 + (b− c)u2 +

3



du3 = 0.
Ti sumbaÐnei ìtan ta u1, u2 eÐnai suggrammik�?

'Askhsh 10.12 E�n X1, . . . , Xn eÐnai grammik� anex�rthtoi pÐnakec sto q¸roM(k, R),
kai A, B eÐnai antistrèyimoi k × k pÐnakec, deÐxte oti oi AX1B, . . . , AXnB eÐnai grammik�
anex�rthtoi.
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