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Apant seic   UpodeÐxeic sto Ergast rio
Problhm�twn 9

'Askhsh 9.1 DÐdontai ta dianÔsmata u = (1, 1, 0), v = (1, 2, 1), x = (−2, −3, −2)
kai y = (0, 1, −3) tou R3, kai oi dianusmatikoÐ upìqwroi A = 〈u, v〉 kai B = 〈x, y〉.
ProsdiorÐste to dianusmatikì upìqwro A+B.

Ap�nthsh - Upìdeixh.
A+B eÐnai o q¸roc pou par�getai apì ta dianÔsmata u, v, x, y. O pÐnakac pou èqei aut�
ta dianÔsmata wc st lec (  wc grammèc) èqei t�xh 3. 'Ara A+B eÐnai ìloc o q¸roc R3.

'Askhsh 9.2 An A = {(u, w, z) ∈ R3 : 3u+2w = 0} kai B = {(u, w, z) ∈ R3 : w+ z =
0} prosdiorÐste èna peperasmèno par�gon sÔnolo gia kajèna apì touc A, B, A ∩ B kai
A+B.

Ap�nthsh - Upìdeixh.
O A eÐnai o mhdenìqwroc tou pÐnaka [3 2, 0]. Par�getai apì ta dianÔsmata (0, 0, 1) kai
(−2, 3, 0).
O B par�getai apì ta dianÔsmata (1, 0, 0) kai (0, −1, 1).
O A ∩ B par�getai apì to di�nusma (2, −3, 3), to opoÐo brÐskoume me th diadikasÐa tou
ParadeÐgmatoc 5.25.
O A+B eÐnai ìloc o q¸roc R3.

'Askhsh 9.3 'Estw M(3,R) o dianusmatikìc q¸roc twn 3 × 3 pin�kwn. E�n W eÐnai
to sÔnolo twn �nw trigwnik¸n pin�kwn kai U to sÔnolo twn k�tw trigwnik¸n pin�kwn,
deÐxte oti W kai U eÐnai upìqwroi kai breÐte èna peperasmèno par�gon sÔnolo gia kajèna
apì touc W , U , W ∩ U kai W + U .

Ap�nthsh - Upìdeixh.
Elègxte oti W kai U eÐnai kleist� wc proc tic pr�xeic tou dianusmatikoÔ q¸rou.

W =

〈 1 0 0
0 0 0
0 0 0

 ,

 0 1 0
0 0 0
0 0 0

 ,

 0 0 1
0 0 0
0 0 0

 ,

 0 0 0
0 1 0
0 0 0

 ,

 0 0 0
0 0 1
0 0 0

 ,

 0 0 0
0 0 0
0 0 1

〉 .



An�loga gia to U , to W ∩ U pou eÐnai oi diag¸nioi pÐnakec, kai to W + U pou eÐnai ìloi
oi 3× 3 pÐnakec.

'Askhsh 9.4 An X, Y , Z eÐnai upìqwroi enìc dianusmatikoÔ q¸rou V , deÐxte oti e�n
X ⊆ Z kai Y ⊆ Z tìte X + Y ⊆ Z.

Ap�nthsh - Upìdeixh.
GnwrÐzoume oti X + Y = 〈X ∪ Y 〉. AfoÔ X ⊆ Z kai Y ⊆ Z, isqÔei X ∪ Y ⊆ Z. AfoÔ Z
eÐnai dianusmatikìc upìqwroc, 〈X ∪ Y 〉 ⊆ Z.

'Askhsh 9.5 JewroÔme dianÔsmata {x1, . . . , xn} kai y1, . . . , yn se dianusmatikì q¸ro
V . Upojètoume oti {y1, . . . , yn} ⊆ 〈x1, . . . , xn〉 kai epiplèon oti V = 〈y1, . . . , yn〉. DeÐxte
oti tìte ta {x1, . . . , xn} epÐshc par�goun to V .

Ap�nthsh - Upìdeixh.
AfoÔ {y1, . . . , yn} ⊆ 〈x1, . . . , xn〉, isqÔei epÐshc 〈y1, . . . , yn〉 ⊆ 〈x1, . . . , xn〉. 'Ara V ⊆
〈x1, . . . , xn〉.
AfoÔ {x1, . . . , xn} ⊆ V , isqÔei epÐshc 〈x1, . . . , xn〉 ⊆ V .
Sunep¸c V = 〈x1, . . . , xn〉.

'Askhsh 9.6 DeÐxte oti to sÔnolo twn 2 epÐ 2 antistrèyimwn pin�kwn par�gei to dianu-
smatikì q¸roM(2,R).
DeÐxte epÐshc oti to sÔnolo twn 2 epÐ 2 m  antistrèyimwn pin�kwn par�gei tonM(2,R).

Ap�nthsh - Upìdeixh.

Elègxte oti oi pÐnakec

[
1 0
0 1

]
,

[
1 0
0 −1

]
,

[
0 1
1 0

]
,

[
0 1
−1 0

]
eÐnai antistrèyimoi.

DeÐxte oti par�goun to q¸ro ìlwn twn 2× 2 pin�kwn.

'Askhsh 9.7 BreÐte upìqwrouc V1 kai V2 tou R3 tètoiouc ¸ste R3 = V1 + V2 all�
R3 6= V1 ⊕ V2.

'Askhsh 9.8 'Estw R[x]3 o q¸roc twn poluwnÔmwn p�nw apì to R bajmoÔ ≤ 3. An W
o upìqwroc tou R[x]3 pou par�getai apì ta 1+2x, −3x+5x2 na brejoÔn dÔo diaforetikoÐ
upìqwroi Z1 kai Z2 tou R[x]3 tètoioi ¸ste R[x]3 = W ⊕ Z1 kai R[x]3 = W ⊕ Z2.

Ap�nthsh - Upìdeixh.
O Z1 par�getai apì 2 polu¸numa pou mazÐ me ta 1+2x, −3x+5x2 apoteloÔn èna grammik�
anex�rthto sÔnolo. To Ðdio kai o Z2, kai epÐ plèon o Z2 den eÐnai upìqwroc tou Z1. Gia
par�deigma, jewr ste touc upìqwrouc Z1 = 〈x2, x3〉 kai Z2 = 〈x, x3〉.
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