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'Askhsh 8.1 Se poi� apì ta akìlouja sÔnola mporeÐte na orÐsete me ��fusiologikì��
trìpo tic pr�xeic thc prìsjeshc kai tou pollaplasiasmoÔ me arijmì (gia par�deigma, kat�
shmeÐo se èna q¸ro sunart sewn), ¸ste na eÐnai dianusmatikoÐ q¸roi p�nw apì to R? Se
k�je perÐptwsh na orÐsete tic pr�xeic, na breÐte to mhdenikì di�nusma kai na elègxete e�n
to sÔnolo eÐnai kleistì wc proc tic pr�xeic.

aþ. To sÔnolo twn migadik¸n arijm¸n, C.

bþ. To sÔnolo twn rht¸n arijm¸n, Q.

gþ. To sÔnolo twn akolouji¸n pragmatik¸n arijm¸n.

dþ. To sÔnolo ìlwn twn fjinous¸n akolouji¸n.

eþ. To sÔnolo ìlwn twn akolouji¸n pou sugklÐnoun sto 0.

�þ. To sÔnolo ìlwn twn sunart sewn apì touc fusikoÔc arijmoÔc stouc pragmatikoÔc
arijmoÔc.

zþ. To sÔnolo ìlwn twn sunart sewn apì to sÔnolo A sto R, gia opoiod pote A.

hþ. To sÔnolo ìlwn twn sunart sewn apì to R sto sÔnolo A, gia opoiod pote A.

jþ. To sÔnolo ìlwn twn sunart sewn apì to R sto Z.

iþ. To sÔnolo ìlwn twn sunart sewn apì to A sto Rn, gia opoiod pote A.

Ap�nthsh - Upìdeixh.
To sÔnolo Q den eÐnai dianusmatikìc q¸roc p�nw apì touc pragmatikoÔc arijmoÔc, afoÔ
pollaplasiasmìc me �rrhto dÐdei apotèlesma pou den an kei sto Q.

To sÔnolo ìlwn twn fjinous¸n akolouji¸n den eÐnai dianusmatikìc q¸roc, afoÔ pol-
laplasiasmìc me arnhtikì arijmì mporeÐ na d¸sei mh fjÐnousa akoloujÐa.

To sÔnolo ìlwn twn sunart sewn apì to R sto sÔnolo A, gia opoiod pote A, den eÐnai
dianusmatikìc q¸roc. Den orÐzontai oi pr�xeic me k�poio ��fusiologikì�� trìpo.

To sÔnolo ìlwn twn sunart sewn apì to R sto Z den eÐnai dianusmatikìc q¸roc. O
pollaplasiasmìc kat� shmeÐo me mh akèraio arijmì den dÐdei sun�rthsh me akèraiec timèc.



Sta upìloipa sÔnola oi pr�xeic orÐzontai me ��fusiologikì�� trìpo, kat� sunist¸sa gia
akoloujÐec kai kat� shmeÐo gia sunart seic, kai ikanopoioÔn ta axi¸mata enìc dianusmati-
koÔ q¸rou.

'Askhsh 8.2 Otan h prìsjesh kai o pollaplasiasmìc orÐzontai kat� shmeÐo, poi� apì
ta akìlouja sÔnola sunart sewn apoteloÔn dianusmatikoÔc q¸rouc p�nw apì to R? Se
k�je perÐptwsh na elègxete e�n to sÔnolo eÐnai kleistì wc proc tic kat� shmeÐo pr�xeic.

aþ. SuneqeÐc sunart seic apì to [0, 1] sto R.

bþ. Sunart seic f : R −→ R, oi opoÐec ikanopoioÔn f(1) = 0.

gþ. Sunart seic g : R −→ R, oi opoÐec ikanopoioÔn g(0) = 1.

dþ. Sunart seic apì to R sto [−1, 1].

Ap�nthsh - Upìdeixh.
EÐnai dianusmatikoÐ q¸roi ta sÔnola aþ kai bþ. Den eÐnai ta gþ kai dþ.

'Askhsh 8.3 JewroÔme to sÔnolo R2 me tic pr�xeic (x, y) u (x′, y′) = (x + x′, y + y′)
kai λ · (x, y) = (λx, 0), gia λ ∈ R. Exet�ste e�n autèc oi pr�xeic orÐzoun sto R2 dom 
dianusmatikoÔ q¸rou p�nw apì to R.

Ap�nthsh - Upìdeixh.
Den ikanopoieÐtai to axÐwma D.Q.6.

'Askhsh 8.4 JewroÔme dianusmatikì q¸ro U , kai uposÔnolo X ⊆ U . DeÐxte oti X
eÐnai dianusmatikìc upìqwroc tou U e�n kai mìnon e�n, gia k�je x, y ∈ X kai k�je a ∈ R,
isqÔei

ax+ y ∈ X .

Ap�nthsh - Upìdeixh.
⇒: Profanèc.
⇐: E�n ax + y ∈ X isqÔei gia k�je a ∈ R, jètontac a = 1, èqoume x + y ∈ X, sunep¸c
to X eÐnai kleistì wc proc thn prìsjesh. Parìmoia gia ton pollaplasiasmì, jètontac
y = 0.

'Askhsh 8.5 DÐdontai ta dianÔsmata u = (1, 1, 0), v = (1, 2, 1), x = (−2, −3, −2)
kai y = (0, 1, −3) tou R3, kai oi dianusmatikoÐ upìqwroi U = 〈u, v〉 kai V = 〈x, y〉.
ProsdiorÐste to dianusmatikì upìqwro U ∩ V .

Ap�nthsh - Upìdeixh.
Gia na broÔme thn tom  lÔnoume to parak�tw sÔsthma s(1, 1, 0)+r(1, 2, 1) = t(−2, −3, −2)+
m(0, 1, −3) (deÐte ta paradeÐgmata pou k�name sthn t�xh   to par�deigma 5.25 stic sh-

mei¸seic sac). Autì katal gei sto sÔsthma B =
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apaloif  Gauss ston pÐnaka kai brÐskoume t + 4m = 0 me m elèujerh. 'Ara sthn tom 
èqoume ìla ta dianÔsmata thc morf c −4m(−2, −3, −2)+m(0, 1, −3) = m(8, 13, 5). 'Ara
U ∩ V = 〈(8, 13, 5)〉.

'Askhsh 8.6 Sto dianusmatikì q¸ro R[x] ìlwn twn poluwnÔmwn p(x) = a0 + a1x +
a2x

2+ · · ·+anxn, an 6= 0, ìpou n eÐnai o bajmìc tou p(x), jewroÔme to uposÔnolo Qk twn
poluwnÔmwn bajmoÔ Ðsou me k, kai to uposÔnolo R[x]k twn poluwnÔmwn bajmoÔ mikrìterou
  Ðsou me k. Exet�ste e�n k�je èna apì aut� ta sÔnola apoteleÐ dianusmatikì upìqwro
tou R[x].

Ap�nthsh - Upìdeixh.
Qk den eÐnai kleistì wc proc thn prìsjesh.
R[x]k eÐnai dianusmatikìc upìqwroc.

'Askhsh 8.7 JewroÔme to sÔnolo Q twn poluwnÔmwn p ∈ R[x] me thn idiìthta: h
par�gwgoc p′ diaireÐ to p. EÐnai to Q dianusmatikìc q¸roc p�nw apì to R?
EÐnai to sÔnolo twn poluwnÔmwn me suntelestèc ak = 0 gia k ≤ 3 dianusmatikìc upìqwroc?

Ap�nthsh - Upìdeixh.
To sÔnolo Q den eÐnai kenì: Elègxte oti ta mon¸numa xn an koun sto Q.
JewroÔme t¸ra to �jroisma dÔo monwnÔmwn. E�n p(x) = x2 + x, tìte p′(x) = 2x + 1.
Elègxte oti 2x+1 den diaireÐ to x2 + x. SumperaÐnoume oti to sÔnolo Q den eÐnai kleistì
wc proc thn prìsjesh.
To sÔnolo twn poluwnÔmwn me suntelestèc ak = 0 gia k ≤ 3 eÐnai to sÔnolo twn poluw-
nÔmwn pou diairoÔntai me to x4, kai eÐnai dianusmatikìc upìqwroc.
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