
PANEPISTHMIO KRHTHS Qeimerinì Ex�mhno 2019-20
Tm ma Majhmatik¸n kai Did�skontec: Qr stoc Kourouni¸thc
Efarmosmènwn Majhmatik¸n Jan�shc Feid�c

MEM 112 EISAGWGH STH GRAMMIKH

ALGEBRA

Apant seic   UpodeÐxeic sto Ergast rio
Problhm�twn 1

'Askhsh 1.1 Jewr ste èna kanonikì ex�gwno ABCDEF , me kèntro O. E�n ~v =
−→
OA

kai ~w =
−−→
OB, breÐte tic suntetagmènec twn dianusm�twn

−→
OC,

−−→
OD,

−−→
OE,

−→
OF wc proc to

sÔsthma anafor�c (O,~v, ~w). P¸c diafèroun autèc apì tic suntetagmènec wc proc to
sÔsthma (O, ~w, ~v)? Wc proc to sÔsthma (O, 1

2
~v, ~w)?

'Askhsh 1.2 DeÐxte oti e�n
−→
OA kai

−−→
OB eÐnai mh suggrammik� dianÔsmata kai a

−→
OA =

b
−−→
OB, tìte a = 0 kai b = 0.

Ap�nthsh - Upìdeixh.

Gewmetrik  prosèggish: AfoÔ ta a
−→
OA kai b

−−→
OB eÐnai Ðsa kai èqoun koin  arq ,

ja èqoun kai koinì pèrac. All� to pèrac tou a
−→
OA brÐsketai sthn eujeÐa OA, en¸ to

pèrac tou b
−−→
OB brÐsketai sthn eujeia OB. Autèc oi eujeÐec den sumpÐptoun, afoÔ ta

−→
OA

kai
−−→
OB den eÐnai suggrammik�, �ra èqoun mìno koinì shmeÐo to O. SumperaÐnoume oti to

koinì pèrac twn a
−→
OA kai b

−−→
OB eÐnai to shmeÐo O, to Ðdio me thn arq  touc, �ra aut� ta

dianÔsmata eÐnai mhdenik�. AfoÔ
−→
OA kai

−−→
OB den eÐnai suggrammik�, kanèna apì aut� den

eÐnai mhdenikì, sunep¸c oi arijmoÐ a kai b eÐnai mhdèn.
Algebrik  prosèggish: Upojètoume oti èna apì ta a, b eÐnai mh mhdenikì, èstw

a 6= 0. Tìte
−→
OA = b

a

−−→
OB. 'Atopo, afoÔ upojèsame oti

−→
OA kai

−−→
OB den eÐnai suggrammik�.

'Ara a kai b eÐnai 0.

'Askhsh 1.3 Qrhsimopoi ste thn 'Askhsh 1.2 gia na deÐxete oti oi suntetagmènec enìc

dianÔsmatoc
−→
OP tou epipèdou wc proc èna sÔsthma anafor�c (O, ~u, ~v) eÐnai monadikèc:

e�n (s, t) kai (x, y) eÐnai suntetagmènec tou Ðdiou dianÔsmatoc
−→
OP , tìte s = x kai t = y.

'Askhsh 1.4 DÐdetai (mh ekfulismèno) parallhlìgrammo OBCD, kai shmeÐa E, F tètoia

¸ste
−−→
OE = a

−−→
OB kai

−→
OF = b

−−→
OD, me b 6= 1. DeÐxte oti ta shmeÐa E, C kai F eÐnai

suggrammik� e�n kai mìnon e�n a =
b

b− 1
.

Ap�nthsh - Upìdeixh.

JewroÔme dianÔsmata
−→
OP kai

−→
OQ tètoia ¸ste

−−→
OE =

−→
OC +

−→
OP kai

−→
OF =

−→
OC +

−→
OQ.

ParathroÔme oti ta shmeÐa E, C, F eÐnai suggrammik�, e�n kai mìnon e�n ta shmeÐa P, O, Q
eÐnai suggrammik�.



Pr¸ta deÐqnoume thn kateÔjunsh ��⇒��: E�n E, C, F eÐnai suggrammik� tìte a = b
b−1

.

Apì to parallhlìgrammo OBCD kai tic sqèseic
−−→
OE = a

−−→
OB kai

−→
OF = b

−−→
OD èqoume

−→
OP =

−−→
OE −

−→
OC

= a
−−→
OB − (

−−→
OB +

−−→
OD)

= (a− 1)
−−→
OB −

−−→
OD

kai

−→
OQ =

−→
OF −

−→
OC

= b
−−→
OD − (

−−→
OB +

−−→
OD)

= (b− 1)
−−→
OD −

−−→
OB.

AfoÔ P, O, Q eÐnai suggrammik�, up�rqei λ tètoio ¸ste
−→
OP = λ

−→
OQ. 'Ara

(a− 1)
−−→
OB −

−−→
OD = λ((b− 1)

−−→
OD −

−−→
OB) ,

dhlad 

(a− 1 + λ)
−−→
OB = (λ(b− 1) + 1)

−−→
OD .

AfoÔ ta
−−→
OB kai

−−→
OD den eÐnai suggrammik�, apì thn 'Askhsh 1.2 èqoume oti a− 1+ λ = 0

kai λ(b− 1) + 1 = 0. ApaleÐfontac to λ brÐskoume oti a = b
b−1

.

Katìpin deÐqnoume thn kateÔjunsh ��⇐��: Upojètoume oti
−→
OF = b

−−→
OD kai

−−→
OE =

b
b−1

−−→
OB kai deÐqnoume oti E, C, F eÐnai suggrammik�.

JewroÔme p�li ta dianÔsmata
−→
OP =

−−→
OE −

−→
OC kai

−→
OQ =

−→
OF −

−→
OC. 'Eqoume

−→
OQ =

−→
OF −

−→
OC = (b− 1)

−−→
OD −

−−→
OB

kai
−→
OP =

−−→
OE −

−→
OC =

(
b

b− 1
− 1

)
−−→
OB −

−−→
OD .

SumperaÐnoume oti
−→
OP = 1

b−1

−→
OQ. Ta P, O, Q eÐnai suggrammik�, �ra kai ta E, C, F eÐnai

suggrammik�.

'Askhsh 1.5 BreÐte grammikoÔc sunduasmoÔc twn dianusm�twn 3
−1
2

 ,

 1
−1
4

 ,

 2
0
−1


tètoiouc ¸ste

aþ. H pr¸th sunist¸sa na eÐnai 2.

bþ. H pr¸th sunist¸sa na eÐnai 2 kai h deÔterh sunist¸sa na eÐnai 2.

gþ. H trÐth sunist¸sa na eÐnai 1.
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EÐnai aut� ta apotelèsmata monadik�?

'Askhsh 1.6 JewroÔme to sÔsthma exis¸sewn

2u − 3v = 3
4u − 5v + w = 7
2u − v − 3w = 5

aþ. K�je exÐswsh parist�nei èna epÐpedo sto tridi�stato q¸ro me sÔsthma suntetagmè-
nwn u, v, w. BreÐte ta shmeÐa tom c k�je epipèdou me touc �xonec, kai prospaj ste
na sqedi�sete mèroc twn tri¸n epipèdwn sto sq ma sac.

bþ. Efarmìste th diadikasÐa apaloif c Gauss gia na breÐte th lÔsh tou sust matoc:
afairèste èna pollapl�sio thc pr¸thc exÐswshc apì th deÔterh, ètsi ¸ste na mh-
denisteÐ o suntelest c tou u sth deÔterh exÐswsh. K�nete to Ðdio gia thn trÐth
exÐswsh. Katìpin afairèste èna pollapl�sio thc (nèac) deÔterhc exÐswshc apì thn
(nèa) trÐth exÐswsh, ètsi ¸ste na mhdenisteÐ o suntelest c tou v sthn trÐth exÐsw-
sh. BreÐte to w kai efarmìste an�dromh antikat�stash gia na breÐte to v kai to
u.
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