
Eisagwg  sth Grammik  'Algebra

Shmei¸seic maj matoc MEM112

Qr stoc Kourouni¸thc

TMHMA MAJHMATIKWN kai

EFARMOSMENWN MAJHMATIKWN

PANEPISTHMIO KRHTHS

2019





Perieqìmena

1 Gewmetrik� kai arijmhtik� dianÔsmata 2

1.1 Gewmetrik� dianÔsmata . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2

1.2 Prìsjesh . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

1.3 Pollaplasiasmìc me arijmì . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

1.4 GrammikoÐ sunduasmoÐ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

1.5 Suntetagmènec . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

1.6 Arijmhtik� dianÔsmata . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

1.7 EujeÐec kai epÐpeda sto Ek . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

1.8 Ask seic . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

2 Grammikèc Exis¸seic kai PÐnakec 13

2.1 Tom  eujei¸n kai epipèdwn . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

2.2 O dianusmatikìc q¸roc Rn . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

2.3 EpÐlush sust matoc tri¸n exis¸sewn me apaloif  Gauss . . . . . . . . . . . 18

2.4 O algìrijmoc thc apaloif c . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

2.5 PÐnakec . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

2.6 To kìstoc tou pollaplasiasmoÔ . . . . . . . . . . . . . . . . . . . . . . . . 29

2.7 AntÐstrofoi pÐnakec . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

2.8 An�strofoi pÐnakec . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

3 H apaloif  Gauss 40

3.1 'Ekfrash thc apaloif c Gauss mèsw pin�kwn . . . . . . . . . . . . . . . . . . 40

3.2 ParagontopoÐhsh LU . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

3.3 Enallagèc gramm¸n . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46

3.4 H diadikasÐa Gauss - Jordan gia thn eÔresh tou antistrìfou . . . . . . . . . 49

4 PÐnakec kai DianusmatikoÐ Upìqwroi tou Rn 54

4.1 DianusmatikoÐ kai afinikoÐ upìqwroi tou Rn . . . . . . . . . . . . . . . . . . 54

4.2 Q¸roc sthl¸n kai mhdenìqwroc . . . . . . . . . . . . . . . . . . . . . . . . . 57

4.3 Apaloif  se sÔsthma m exis¸sewn me n agn¸stouc . . . . . . . . . . . . . 60

4.4 Oi lÔseic thc omogenoÔc exÐswshc . . . . . . . . . . . . . . . . . . . . . . . . 65

aþ



bþ

5 DianusmatikoÐ Q¸roi kai Upìqwroi 74

5.1 Axi¸mata DianusmatikoÔ Q¸rou . . . . . . . . . . . . . . . . . . . . . . . . . 74

5.2 Pr¸ta apotelèsmata apì ta axi¸mata. . . . . . . . . . . . . . . . . . . . . . 76

5.3 ParadeÐgmata dianusmatik¸n q¸rwn p�nw apì touc pragmatikoÔc arijmoÔc. . 78

5.4 DianusmatikoÐ upìqwroi . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81

5.5 GrammikoÐ SunduasmoÐ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83

6 Grammik  anexarthsÐa, b�seic, di�stash 93

6.1 Grammik  ex�rthsh . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93

6.2 Grammik  anexarthsÐa . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97

6.3 Di�stash . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106

6.4 Oi tèssereic Jemeli¸deic Upìqwroi enìc pÐnaka. . . . . . . . . . . . . . . . . 109

6.5 Di�stash upìqwrou kai ajroÐsmatoc . . . . . . . . . . . . . . . . . . . . . . 116

6.6 'Uparxh b�shc . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 118

7 Grammikèc ApeikonÐseic 121

7.1 Grammikèc apeikonÐseic . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 121

7.2 Grammikèc apeikonÐseic tou epipèdou . . . . . . . . . . . . . . . . . . . . . . . 130

7.3 IsomorfismoÐ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 133

7.4 Suntetagmènec wc proc b�sh . . . . . . . . . . . . . . . . . . . . . . . . . . . 134

8 Grammikèc ApeikonÐseic, B�seic, PÐnakec 142

8.1 Grammikèc apeikonÐseic kai pÐnakec . . . . . . . . . . . . . . . . . . . . . . . . 142

8.2 SÔnjesh apeikonÐsewn . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 147

8.3 Allag  b�shc . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 148



Eisagwg 

1



Kef�laio 1

Gewmetrik� kai arijmhtik�

dianÔsmata

1.1 Gewmetrik� dianÔsmata

Ja sumbolÐsoume E2 to epÐpedo kai E3 to q¸ro tri¸n diast�sewn. Ja jewr soume gewme-

trik� dianÔsmata sto epÐpedo   sto q¸ro, Ek, gia k = 2   3.

Orismìc 1.1. 'Ena gewmetrikì di�nusma sto Ek eÐnai èna eujÔgrammo tm ma

sto Ek, p�nw sto opoÐo diakrÐnoume ta dÔo �kra, kai onom�zoume to èna arq  kai to �llo

pèrac. 'Otan h arq  kai to pèrac enìc dianÔsmatoc eÐnai to Ðdio shmeÐo lème oti to di�nusma

eÐnai mhdenikì.

Ja sumbolÐzoume ta gewmetrik� dianÔsmata eÐte me èna mikrì gr�mma tou latinikoÔ al-

fab tou epigrammismèno me bèloc, ~u, ~v, ~w, . . . eÐte me to zeÔgoc twn shmeÐwn tou Ek, me

pr¸to thn arq  kai deÔtero to pèrac,
−−→
AB.

Sq ma 1.1: DianÔsmata.
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Drasthriìthta 1.1 Shmei¸ste tèssera tuqaÐa shmeÐa A, B, C, D sto epÐpedo

(lègontac �tuqaÐa� ed¸ ennooÔme oti eÐnai ìla diaforetik�, kai ta dianÔsmata pou

sqhmatÐzontai me arq  se èna apì ta 4 shmeÐa kai pèrac se èna �llo apì aut� den eÐnai

par�llhla kai èqoun ìla diaforetik� mètra). Katagr�yte ìla (ta 16) diaforetik�

dianÔsmata me �kra sta shmeÐa A, B, C, D.

To shmeÐo tou epipèdou sto opoÐo brÐsketai h arq  to onom�zoume shmeÐo efarmog c

tou gewmetrikoÔ dianÔsmatoc. Perissìterec idiìthtec twn gewmetrik¸n dianusm�twn ja

melet sete sto m�jhma Analutik c GewmetrÐac, shmei¸seic ��EpÐpedo kai Q¸roc��. Ed¸ mac

endiafèrei mÐa eidik  kathgorÐa dianusm�twn, pou ja mac d¸soun to pr¸to par�deigma autoÔ

pou ja onom�soume dianusmatikì q¸ro.

Epilègoume èna shmeÐo O sto Ek, kai jewroÔme to sÔnolo ìlwn twn gewmetrik¸n dianu-

sm�twn sto Ek me shmeÐo efarmog c sto O. Autì to sÔnolo to sumbolÐzoume TOE
k,

TOE
k = {−→OA : A shmeÐo tou Ek} .

Se autì to sÔnolo ja orÐsoume dÔo pr�xeic: thn prìsjesh dianusm�twn kai ton pollapla-

siasmì dianÔsmatoc me arijmì.

1.2 Prìsjesh

Gia na prosjèsoume dÔo gewmetrik� dianÔsmata me shmeÐo efarmog c O, ta
−→
OA kai

−−→
OB,

qrhsimopoioÔme ton kanìna tou parallhlogr�mmou. Kataskeu�zoume to parallhlìgrammo

OACB, me pleurèc OA kai OB. Tìte C eÐnai èna shmeÐo sto epÐpedo pou prosdiorÐzetai

apì ta shmeÐa O, A kai B. To �jroisma twn dianusm�twn
−→
OA kai

−−→
OB eÐnai to di�nusma

−−→
OC,

−−→
OC =

−→
OA+

−−→
OB .

ParathroÔme oti to shmeÐo C brÐsketai sto epÐpedo apì to O sto opoÐo brÐskontai ta A

kai B. E�n A kai B brÐskontai sthn Ðdia eujeÐa apì to O, tìte C brÐsketai epÐshc se aut 

thn eujeÐa.

Drasthriìthta 1.2 Shmei¸ste trÐa shmeÐa sto epÐpedo, A, B, C pou na mhn brÐ-

skontai sthn Ðdia eujeÐa. Pìsa diaforetik� parallhlìgramma mporeÐte na sqedi�sete

pou na èqoun ta shmeÐa A, B, C wc treic apì tic korufèc touc (ìqi upoqrewtik� me

aut  th seir�)? Prospaj ste na aitiolog sete thn ap�nths  sac qrhsimopoi¸ntac

ton parap�nw orismì.

Drasthriìthta 1.3 Sqedi�ste trÐa shmeÐa A, B, C pou den brÐskontai sthn Ðdia

eujeÐa, kai jewr ste D, D′, . . . tic korufèc twn parallhlogr�mmwn pou br kate

sth Drasthriìthta 1.2. Gia k�je èna apì aut� ta parallhlìgramma gr�yte to

�jroisma twn dÔo dianusm�twn pou antistoiqoÔn stic pleurèc tou parallhlogr�mmou

pou èqoun koin  arq  sto shmeÐo A. Gia par�deigma, e�n ABCD eÐnai èna apì ta

parallhlìgramma, to antÐstoiqo �jroisma eÐnai
−−→
AB +

−−→
AD =

−→
AC.
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Sq ma 1.2: 'Ajroisma dianusm�twn.

1.3 Pollaplasiasmìc me arijmì

Gia na pollaplasi�soume èna gewmetrikì di�nusma me shmeÐo efarmog c sto O,
−−→
OB, me ènan

pragmatikì arijmì a, brÐskoume to shmeÐo D p�nw sthn eujeÐa OB gia to opoÐo o lìgoc

twn mhk¸n |OD||OB| = |a|, kai D brÐsketai sthn Ðdia pleur� tou O me to B e�n a ≥ 0, en¸

brÐsketai sthn antÐjeth pleur� e�n a < 0. Shmei¸noume oti ta shmeÐa B kai D brÐskontai

sthn Ðdia eujeÐa apì to O.

Drasthriìthta 1.4 Shmei¸ste trÐa shmeÐa A, B, C pou den brÐskontai sthn

Ðdia eujeÐa, kai sqedi�ste ta dianÔsmata

aþ)
−−→
AB +

−→
AC, bþ) 2

−−→
AB, gþ) (−1)

−−→
AB),

dþ)
−→
AC +

−−→
AB, eþ) 2

−−→
AB +

−→
AC, �þ)

−→
AC + (−1)

−−→
AB .

Sto ��EpÐpedo kai Q¸roc�� apodeiknÔoume oti oi pr�xeic thc prìsjeshc gewmetrik¸n dia-

nusm�twn kai tou pollaplasiasmoÔ gewmetrikoÔ dianÔsmatoc me pragmatikì arijmì èqoun

tic akìloujec idiìthtec.
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Prìtash 1.1 JewroÔme ta gewmetrik� dianÔsmata ~u, ~v, ~w me shmeÐo efarmog c to O,

kai touc arijmoÔc a, b ∈ R. Tìte isqÔoun ta akìlouja:

aþ. ~u+ ~v = ~v + ~u, (antimetajetik )

bþ. (~u+ ~v) + ~w = ~u+ (~v + ~w), (prosetairistik )

gþ. ~u+
−−→
OO = ~u

dþ. 1 ~u = ~u kai 0 ~u =
−−→
OO

eþ. (ab) ~u = a (b ~u)

�þ. (a+ b) ~u = a~u+ b ~u

zþ. a (~u+ ~v) = a~u+ a~v

To di�nusma (−1)~u ikanopoieÐ th sqèsh ~u+ (−1)~u =
−−→
OO. Onom�zetai antÐjeto tou ~u,

kai sumbolÐzetai −~u. QrhsimopoioÔme epÐshc to sumbolismì thc afaÐreshc, ~v−~u = ~v+(−~u).

Drasthriìthta 1.5 Shmei¸ste trÐa shmeÐa A, B, C pou den brÐskontai sthn

Ðdia eujeÐa, kai sqedi�ste ta dianÔsmata

aþ)
−−→
AB − 2

−→
AC, bþ)

−→
AC + (2

−−→
AB −−→AC), gþ) 3

−→
AC − 2

−−→
AB .

1.4 GrammikoÐ sunduasmoÐ

Orismìc 1.2. E�n ~u1, ~u2, . . . , ~un eÐnai dianÔsmata, me shmeÐo efarmog c sto O, onom�-

zoume grammikì sunduasmì twn ~u1, ~u2, . . . , ~un k�je èkfrash thc morf c

a1~u1 + a2~u2 + . . .+ an~un

ìpou a1, a2, . . . , an eÐnai pragmatikoÐ arijmoÐ.

Stic epìmenec prot�seic ja doÔme pìte mporoÔme na ekfr�soume èna di�nusma sto TOE
k

wc grammikì sunduasmì enìc sunìlou dianusm�twn.

Prìtash 1.2 E�n ta shmeÐa B kai C brÐskontai sthn Ðdia eujeÐa apì to O, kai
−−→
OB den

eÐnai mhdenikì di�nusma (dhlad  e�n B 6= O), tìte up�rqei monadikìc pragmatikìc arijmìc

a ∈ R tètoioc ¸ste
−−→
OC = a

−−→
OB .

Drasthriìthta 1.6 GiatÐ qrei�zetai o periorismìc B 6= O? Poi� eÐnai ta dianÔ-

smata a
−−→
OB, gia k�je a ∈ R, ìtan B = O?
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Sq ma 1.3: GrammikoÐ sunduasmoÐ dianusm�twn.

Prìtash 1.3 E�n ta shmeÐa O, A kai B den brÐskontai sthn Ðdia eujeÐa, kai to shmeÐo

C brÐsketai sto Ðdio epÐpedo apì to O me ta A kai B, tìte up�rqoun monadikoÐ pragmatikoÐ

arijmoÐ a, b ∈ R tètoioi ¸ste
−−→
OC = a

−→
OA+ b

−−→
OB .

Prìtash 1.4 E�n ta shmeÐa O, A, B kai C den brÐskontai sto Ðdio epÐpedo sto E3 kai D

eÐnai opoiod pote shmeÐo tou E3, tìte up�rqoun monadikoÐ pragmatikoÐ arijmoÐ a, b, c ∈ R,
tètoioi ¸ste

−−→
OD = a

−→
OA+ b

−−→
OB + c

−−→
OC .

Apì tic parap�nw prot�seic blèpoume oti

• E�n ta gewmetrik� dianÔsmata ~u, ~v kai ~w den brÐskontai sto Ðdio epÐpedo sto E3, tìte

k�je di�nusma sto TOE
3 mporeÐ na ekfrasteÐ wc grammikìc sunduasmìc twn ~u, ~v kai

~w.

• E�n ta gewmetrik� dianÔsmata ~v kai ~w den brÐskontai sthn Ðdia eujeÐa sto E2, tìte

k�je di�nusma sto TOE
2 mporeÐ na ekfrasteÐ wc grammikìc sunduasmìc twn ~v kai ~w.

1.5 Suntetagmènec

Epilègoume dÔo dianÔsmata ~v =
−→
OA kai ~w =

−−→
OB sto TOE

2, tètoia ¸ste O, A kai B den

brÐskontai sthn Ðdia eujeÐa. E�n ~z eÐnai opoiod pote di�nusma tou TOE
2, up�rqoun monadikoÐ

pragmatikoÐ arijmoÐ a kai b tètoioi ¸ste ~z = a~v + b~w. AntÐstrofa, to zeÔgoc pragmatik¸n

arijm¸n a kai b orÐzei èna monadikì di�nusma ~z = a~v + b~w.
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Sunep¸c mporoÔme na orÐsoume mÐa amfimonos manth antistoiqÐa metaxÔ tou sunìlou twn

gewmetrik¸n dianusm�twn tou epipèdou me shmeÐo efarmog c sto O, TOE
2 kai tou sunìlou

diatetagmènwn zeug¸n pragmatik¸n arijm¸n R2,

TOE
2 ←→ R2 : ~z ←→ (a, b) .

Lème oti (O, ~v, ~w) eÐnai èna sÔsthma anafor�c sto epÐpedo E2, kai (a, b) eÐnai oi

suntetagmènec tou dianÔsmatoc ~z wc proc to sÔsthma anafor�c (O, ~v, ~w).

Sq ma 1.4: Suntetagmènec dianusmatoc wc proc sÔsthma anafor�c.

Drasthriìthta 1.7 Shmei¸ste ta shmeÐa A, B, C, D, E, F stic korufèc enìc

kanonikoÔ exag¸nou, kai to O sto kèntro tou exag¸nou. Ekfr�ste ta
−−→
OC,

−−→
OD,

−−→
OE,

−−→
OF wc grammikoÔc sunduasmoÔc twn

−→
OA kai

−−→
OB.

Epilègoume trÐa dianÔsmata ~v =
−→
OA, ~w =

−−→
OB kai ~u =

−−→
OC sto TOE

3, tètoia ¸ste O,

A, B kai C den brÐskontai sto Ðdio epÐpedo. E�n ~z eÐnai opoiod pote di�nusma tou TOE
3,

up�rqoun monadikoÐ pragmatikoÐ arijmoÐ a, b kai c tètoioi ¸ste ~z = a~v+b~w+c~u. AntÐstrofa,

h tri�da pragmatik¸n arijm¸n a, b kai c orÐzei èna monadikì di�nusma ~z = a~v + b~w + c~u.

Sunep¸c mporoÔme na orÐsoume mÐa amfimonos manth antistoiqÐa metaxÔ tou sunìlou twn

gewmetrik¸n dianusm�twn tou q¸rou me shmeÐo efarmog c sto O, TOE
3 kai tou sunìlou

diatetagmènwn tri�dwn pragmatik¸n arijm¸n R3,

TOE
3 ←→ R3 : ~z ←→ (a, b, c) .

Lème oti (O, ~v, ~w, ~u) eÐnai èna sÔsthma anafor�c sto q¸ro E3, kai (a, b, c) eÐnai

oi suntetagmènec tou dianÔsmatoc ~z wc proc to sÔsthma anafor�c (O, ~v, ~w, ~u).

Sto epÐpedo E2 me sÔsthma anafor�c (O, ~v, ~w) jewroÔme ta gewmetrik� dianÔsmata
−→
OA = a~v + b~w kai

−−→
OP = s~v + t~w. Qrhsimopoi¸ntac tic idiìthtec thc Prìtashc 1.1

upologÐzoume tic suntetagmènec tou
−→
OA+

−−→
OP :

−→
OA+

−−→
OP = (a~v + b~w) + (s~v + t~w)
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(prosetairistik ) = ((a~v + b~w) + s~v) + t~w

(prosetairistik ) = (a~v + (b~w + s~v)) + t~w

(antimetajetik ) = (a~v + (s~v + b~w)) + t~w

(prosetairistik ) = ((a~v + s~v) + b~w)) + t~w

(prosetairistik ) = (a~v + s~v) + (b~w + t~w)

(epimeristik ) = (a+ s)~v + (b+ t)~w .

'Ara oi suntetagmènec tou ajroÐsmatoc
−→
OA+

−−→
OP eÐnai (a+ s, b+ t).

Oi suntetagmènec tou pollaplasÐou r
−→
OA eÐnai (ra, rb):

r
−→
OA = (ra)~v + (rb)~w .

Parìmoia apodeiknÔoume tic an�logec sqèseic sto E3. E�n (a, b, c) kai (s, t, q) eÐnai oi

suntetagmènec twn
−→
OA kai

−−→
OB ∈ TOE3, tote oi suntetagmènec tou

−→
OA +

−−→
OB eÐnai (a +

s, b+ t, c+ q). E�n (a, b, c) eÐnai oi suntetagmènec tou
−→
OA ∈ TOE3, tote oi suntetagmènec

tou r
−→
OA eÐnai (ra, rb, rc).

Prìtash 1.5 H antistoiqÐa Ek −→ Rk metaxÔ dianusm�twn sto epÐpedo   sto q¸ro kai

diatetagmènwn zeug¸n   diatetagmènwn tri�dwn, èqei tic idiìthtec:

aþ. Oi suntetagmènec tou ajroÐsmatoc dÔo dianusm�twn eÐnai Ðsec me to �jroisma twn

antÐstoiqwn suntetagmènwn k�je dianÔsmatoc.

bþ. Oi suntetagmènec tou pollaplasÐou enìc dianÔsmatoc me ènan arijmì eÐnai Ðsec me to

ginìmeno twn antÐstoiqwn suntetagmènwn tou dianÔsmatoc, me ton Ðdio arijmì.

H antistoiqÐa twn dianusm�twn tou TOE
k me to sÔnolo Rk metafèrei tic pr�xeic twn

gewmetrik¸n dianusm�twn se antÐstoiqec pr�xeic metaxÔ twn diatetagmènwn zeug¸n   diate-

tagmènwn tri�dwn. Autèc tic pr�xeic ja melet soume sthn epìmenh par�grafo.

1.6 Arijmhtik� dianÔsmata

Arijmhtik� dianÔsmata ja onom�zoume ta diatetagmèna zeÔgh pragmatik¸n arijm¸n,

(v1, v2) ∈ R2,   tic diatetagmènec tri�dec (v1, v2, v3) ∈ R3, ìtan ta jewroÔme wc stoiqeÐa

enìc sunìlou me pr�xeic prìsjeshc kai pollaplasiasmoÔ me arijmì. Ta arijmhtik� dianÔ-

smata eÐnai to deÔtero par�deigma autoÔ pou ja onom�soume dianusmatikì q¸ro. Oi arijmoÐ

vi eÐnai oi sunist¸sec tou arijmhtikoÔ dianÔsmatoc.

Ta arijmhtik� dianÔsmata ja ta jewroÔme wc st lec,

v =

[
v1

v2

]
∈ R2 , w =

 w1

w2

w3

 ∈ R3 .
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an kai merikèc forèc, gia lìgouc tupografik c oikonomÐac, mporeÐ na ta gr�foume orizì-

ntia, (v1, v2),   (v1, v2, v3). H shmasÐa aut c thc epilog c ja faneÐ ìtan orÐsoume ton

pollaplasiasmì pin�kwn.

Gia na prosjèsoume dÔo arijmhtik� dianÔsmata sto R2, prosjètoume tic antÐstoiqec

sunist¸sec tou diatetagmènou zeÔgouc:

v + w =

[
v1

v2

]
+

[
w1

w2

]
=

[
v1 + w1

v2 + w2

]
.

Parìmoia, gia na prosjèsoume dÔo arijmhtik� dianÔsmata sto R3, prosjètoume tic antÐ-

stoiqec sunist¸sec thc diatetagmènhc tri�dac:

v + w =

 v1

v2

v3

+

 w1

w2

w3

 =

 v1 + w1

v2 + w2

v3 + w3

 .
Gia na pollaplasi�soume èna arijmhtikì di�nusma me ènan pragmatikì arijmì, pollapla-

si�zoume k�je sunist¸sa tou dianÔsmatoc me ton arijmì. Gia v = (v1, v2) ∈ R2, w =

(w1, w2, w3) ∈ R3 kai a ∈ R,

av = a

[
v1

v2

]
=

[
av1

av2

]
kai aw = a

 w1

w2

w3

 =

 aw1

aw2

aw3

 .
Elègqoume oti h prìsjesh arijmhtik¸n dianusm�twn kai o pollaplasiasmìc dianÔsmatoc

me arijmì èqoun tic akìloujec idiìthtec.

Prìtash 1.6 JewroÔme ta arijmhtik� dianÔsmata v, w, u ∈ Rk, k = 2, 3, to mhdenikì

di�nusma 0, dhlad  0 = (0, 0) ∈ R2   0 = (0, 0, 0) ∈ R3, kai pragmatikoÔc arijmoÔc

a, b ∈ R. Tìte isqÔoun ta akìlouja.

aþ. v + w = w + v

bþ. (v + w) + u = v + (w + u)

gþ. v + 0 = v

dþ. 1v = v kai 0v = 0

eþ. (ab) v = a (bv)

�þ. (a+ b) v = av + bv

zþ. a (v + w) = av + aw.

Parathr ste oti sthn èkfrash 0v = 0 to 0 sta arister� eÐnai o arijmìc mhdèn, en¸ to

0 sta dexi� eÐnai to mhdenikì arijmhtikì di�nusma.



10 Eisagwg  sth Grammik  'Algebra

E�n v1, v2, . . . , vn eÐnai arijmhtik� dianÔsmata, onom�zoume grammikì sunduasmì

twn dianusm�twn v1, . . . , vn k�je èkfrash thc morf c a1v1 + a2v2 + · · · + anvn, ìpou

a1, a2, . . . , an eÐnai pragmatikoÐ arijmoÐ.

Sthn perÐptwsh twn arijmhtik¸n dianusm�twn up�rqei mÐa profan c epilog  sust matoc

anafor�c, ètsi ¸ste k�je arijmhtikì di�nusma na ekfr�zetai wc grammikìc sunduasmìc

stoiqeÐwn tou sust matoc.

Prìtash 1.7 JewroÔme ta arijmhtik� dianÔsmata

e21 =

[
1

0

]
, e22 =

[
0

1

]

sto R2. K�je di�nusma v =

[
v1

v2

]
∈ R2 gr�fetai wc grammikìc sunduasmìc

v = v1e21 + v2e22 ,

dhlad  [
v1

v2

]
= v1

[
1

0

]
+ v2

[
0

1

]
.

Prìtash 1.8 JewroÔme ta arijmhtik� dianÔsmata

e31 =

 1

0

0

 , e32 =

 0

1

0

 , e33 =

 0

0

1



sto R3. K�je di�nusma v =

 v1

v2

v3

 ∈ R3 gr�fetai wc grammikìc sunduasmìc

v = v1e31 + v2e32 + v3e33 ,

dhlad   v1

v2

v3

 = v1

 1

0

0

+ v2

 0

1

0

+ v3

 0

0

1

 .

1.7 EujeÐec kai epÐpeda sto Ek

'Eqoume dei oti èna shmeÐo P brÐsketai sthn eujeÐa pou orÐzetai apì ta shmeÐa O kai A e�n

kai mìnon e�n
−−→
OP eÐnai pollapl�sio tou

−→
OA. Ti sumbaÐnei me �llec eujeÐec sto Ek?

JewroÔme thn eujeÐa pou orÐzetai apì ta shmeÐa A kai B. JewroÔme epÐshc to shmeÐo C
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tètoio ¸ste
−−→
OC =

−−→
OB−−→OA. Tìte −−→OB =

−→
OA+

−−→
OC, dhlad  OABC eÐnai parallhlìgrammo,

kai h eujeÐa AB eÐnai par�llhlh proc thn OC. E�n P eÐnai opoiod pote shmeÐo thc AB,

up�rqei shmeÐo Q tètoio ¸ste
−−→
OQ =

−−→
OP − −→OA. Autì shmaÐnei oti h eujeÐa OQ eÐnai

par�llhlh proc thn AB, �ra to di�nusma
−−→
OQ eÐnai pollapl�sio tou

−−→
OC.

Prìtash 1.9 JewroÔme dÔo shmeÐa A kai B sto Ek, kai to di�nusma ~v =
−−→
OB − −→OA.

'Ena shmeÐo P brÐsketai sthn eujeÐa AB e�n kai mìnon e�n up�rqei t ∈ R tètoio ¸ste

−−→
OP =

−→
OA+ t~v . (1.1)

E�n briskìmaste sto epÐpedo E2 kai èqoume epilèxei sÔsthma anafor�c (O, ~v, ~w), h

sqèsh 1.1 ekfr�zetai wc proc tic suntetagmènec tou shmeÐou P : (x, y) kai twn shmeÐwn

A : (x1, y1) kai B : (x2, y2),[
x

y

]
=

[
x1

y1

]
+ t

[
x2 − x1
y2 − y1

]
. (1.2)

An�loga, e�n briskìmaste sto q¸ro E3 me sÔsthma anafor�c (O, ~v, ~w, ~u), h sqèsh

1.1 ekfr�zetai wc proc tic suntetagmènec twn shmeÐwn P : (x, y, z), A : (x1, y1, z1) kai

B : (x2, y2, z2),  x

y

z

 =

 x1

y1

z1

+ t

 x2 − x1
y2 − y1
z2 − z1

 . (1.3)

Sto ��EpÐpedo kai Q¸roc�� deÐqnoume p¸c, apaleÐfontac thn par�metro t apì tic sqèseic

1.2 brÐskoume thn exÐswsh thc eujeÐac sto epÐpedo,

Ax+By = C ,

en¸ apaleÐfontac thn par�metro t apì tic sqèseic 1.3 brÐskoume tic dÔo exis¸seic pou

prosdiorÐzoun mÐa eujeÐa sto q¸ro,

A1x + B1y + C1z = D1 ,

A2x + B2y + C2z = D2 .

T¸ra jewroÔme to epÐpedo sto E3 pou orÐzetai apì trÐa shmeÐa A, B, C. JewroÔme ta

shmeÐa D kai E gia ta opoÐa
−−→
OD =

−−→
OB −−→OA kai

−−→
OE =

−−→
OC −−→OA. 'Opwc prohgoumènwc,

h eujeÐa eujeÐa OD eÐnai par�llhlh sthn AB, h eujeÐa OE eÐnai par�llhlh sthn AC.

Sunep¸c to epÐpedo ODE eÐnai par�llhlo proc to epÐpedo ABC . 'Opwc prohgoumènwc, h

eujeÐa OD eÐnai par�llhlh sthn AB, h OE par�llhlh sthn AC, kai sunep¸c to epÐpedo

ODE eÐnai par�llhlo sto ABC.

JewroÔme t¸ra shmeÐo P sto E3, kai shmeÐo Q tètoio ¸ste
−−→
OQ =

−−→
OP−−→OA, kai sunep¸c

h eujeÐa OQ eÐnai par�llhlh sthn AP . Sunep¸c to shmeÐo P brÐsketai sto epÐpedo ABC

e�n kai mìnon e�n to shmeÐo Q brÐsketai sto epÐpedo ODE. dhlad  e�n
−−→
OQ eÐnai grammikìc

sunduasmìc twn
−−→
OD kai

−−→
OE.



12 Eisagwg  sth Grammik  'Algebra

Prìtash 1.10 JewroÔme trÐa shmeÐa A, B kai C sto E3, kai ta dianÔsmata ~v =
−−→
OB −

−→
OA kai ~w =

−−→
OC − −→OA. 'Ena shmeÐo P brÐsketai sto epÐpedo ABC e�n kai mìnon e�n

up�rqoun arijmoÐ s kai t ∈ R tètoioi ¸ste

−−→
OP =

−→
OA+ s~v + t ~w . (1.4)

E�n èqoume epilèxei sÔsthma anafor�c (O, ~v, ~w, ~u), h sqèsh 1.4 ekfr�zetai wc proc

tic suntetagmènec twn shmeÐwn P : (x, y, z), A : (x1, y1, z1), B : (x2, y2, z2) kai C :

(x3, y3, z3),  x

y

z

 =

 x1

y1

z1

+ r

 x2 − x1
y2 − y1
z2 − z1

+ s

 x3 − x1
y3 − y1
z3 − z1

 . (1.5)

Sto ��EpÐpedo kai Q¸roc�� deÐqnoume p¸c, apaleÐfontac tic paramètrouc s kai t apì th

sqèsh 1.5 brÐskoume thn exÐswsh enìc epipèdou sto q¸ro,

Ax+By + Cz = D .

1.8 Ask seic

'Askhsh 1.1 DeÐxte oti e�n
−→
OA kai

−−→
OB eÐnai mh suggrammik� dianÔsmata kai

a
−→
OA = b

−−→
OB, tìte a = 0 kai b = 0.

'Askhsh 1.2 Qrhsimopoi ste thn 'Askhsh 1.1 gia na deÐxete oti oi suntetagmènec

enìc dianÔsmatoc
−−→
OP tou epipèdou wc proc èna sÔsthma anafor�c (O, ~u, ~v) eÐnai

monadikèc: e�n (s, t) kai (x, y) eÐnai suntetagmènec tou Ðdiou dianÔsmatoc
−−→
OP , tìte

s = x kai t = y.

'Askhsh 1.3 DÐdetai (mh ekfulismèno) parallhlìgrammo OBCD, kai shmeÐa E,

F tètoia ¸ste
−−→
OE = a

−−→
OB kai

−−→
OF = b

−−→
OD, me b 6= 1. DeÐxte oti ta shmeÐa E, C

kai F eÐnai suggrammik� e�n kai mìnon e�n a =
b

b− 1
.



Kef�laio 2

Grammikèc Exis¸seic kai PÐnakec

2.1 Tom  eujei¸n kai epipèdwn

Ja exet�soume to sÔsthma dÔo exis¸sewn me dÔo agn¸stouc

2x − y = 1

x + y = 5
(2.1)

apì dÔo diaforetikèc apìyeic.

Pr¸ta jewroÔme k�je gramm  (exÐswsh) qwrist�. H pr¸th gramm 

2x − y = 1

parist�nei mia eujeÐa sto epÐpedo: thn eujeÐa pou pern�ei apì ta shmeÐa me suntetagmènec

(12 , 0) kai (0, −1). H deÔterh gramm 

x + y = 5

parist�nei thn eujeÐa pou pern�ei apì ta shmeÐa me suntetagmènec (5, 0) kai (0, 5). E�n

oi dÔo eujeÐec tèmnontai, ìpwc sto par�deigma, to sÔsthma exis¸sewn èqei monadik  lÔsh,

tic suntetagmènec (x, y) tou shmeÐou sto opoÐo tèmnontai oi dÔo eujeÐec. Gia na broÔme tic

lÔseic tou sust matoc mporoÔme na qrhsimopoi soume th mÐa exÐswsh gia na antikatast -

soume ènan apì touc agn¸stouc sthn �llh. Sto par�deigma 2.1, apì thn pr¸th exÐswsh

èqoume y = 2x−1. Antikajist¸ntac sth deÔterh exÐswsh èqoume x+(2x−1) = 5, ap� ìpou

brÐskoume x = 2, kai sunep¸c y = 3. SumperaÐnoume oti to shmeÐo tom c èqei suntetagmènec

(2, 3).

Ti �llo mporeÐ na sumbeÐ? DÔo diaforetikèc eujeÐec se èna epÐpedo, eÐte tèmnontai eÐte

eÐnai par�llhlec. Sto epìmeno par�deigma to sÔsthma exis¸sewn parist�nei dÔo par�llhlec

eujeÐec,

2x − y = 1

−4x + 2y = 0 .
(2.2)

AfoÔ oi eujeÐec den èqoun koinì shmeÐo, to sÔsthma den èqei kamÐa lÔsh. H antikat�stash

y = 2x− 1 sth deÔterh exÐswsh dÐdei −4x+ 4x− 2 = 0 pou eÐnai adÔnato.

13
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E�n oi dÔo exis¸seic parist�noun thn Ðdia eujeÐa, ìpwc sto par�deigma

2x − y = 1

−4x + 2y = −2
(2.3)

to sÔsthma èqei pollèc lÔseic. H antikat�stash y = 2x − 1 sth deÔterh exÐswsh dÐdei

−4x+ 4x− 2 = −2 pou isqÔei gia k�je tim  tou x. Oi suntetagmènec (x, 2x− 1) ìlwn twn

shmeÐwn thc eujeÐac apoteloÔn lÔseic tou sust matoc.

MÐa diaforetik  prosèggish eÐnai na epikentr¸soume thn prosoq  mac stic katakìrufec

st lec kai na jewr soume to sÔsthma exis¸sewn wc mÐa exÐswsh arijmhtik¸n dianusm�twn:

x

[
2

1

]
+ y

[
−1

1

]
=

[
1

5

]
.

Se aut  thn prosèggish anazhtoÔme èna grammikì sunduasmì twn arijmhtik¸n dianusm�twn

sthn arister  pleur� thc exÐswshc, me kat�llhlouc suntelestèc x kai y, pou na dÐnei to di�-

nusma sth dexi� pleur�. Gewmetrik� autì antistoiqeÐ sto na qrhsimopoi soume antÐstrofa

ton kanìna tou parallhlogr�mmou, gia na broÔme touc suntelestèc me touc opoÐouc prèpei

na pollaplasi�soume dÔo dianÔsmata ¸ste na broÔme to di�nusma sta dexi�. E�n ta dÔo

dianÔsmata den brÐskontai sthn Ðdia eujeÐa apì to O, mporoÔme na kataskeu�soume to pa-

rallhlìgrammo. Sunep¸c, e�n ta arijmhtik� dianÔsmata sta arister� den eÐnai pollapl�sio

to èna tou �llou, to sÔsthma èqei monadik  lÔsh.

TÐ �llo mporeÐ na sumbeÐ? E�n ta dianÔsmata st lec eÐnai suggrammik�, tìte den sqhma-

tÐzoun parallhlìgrammo. E�n to di�nusma sth dexi� pleur� eÐnai epÐshc suggrammikì, tìte

up�rqoun �peirec lÔseic. E�n to di�nusma sta dexi� den eÐnai suggrammikì me ta �lla dÔo,

tìte den up�rqei kamÐa lÔsh.

Drasthriìthta 2.1 Gr�yte se dianusmatik  morf  tic exis¸seic 2.2 kai 2.3.

'Otan èqoume treic exis¸seic me treic agn¸stouc parousi�zontai perissìterec dunatìth-

tec. JewroÔme to sÔsthma exis¸sewn

2u + v + w = 5

4u − 6v = −2

−2u + 7v + 2w = 9

(2.4)

Exet�zoume pr¸ta k�je gramm  (exÐswsh). H pr¸th gramm  parist�nei èna epÐpedo

sto q¸ro E3: to epÐpedo pou pern�ei apì ta shmeÐa me suntetagmènec (52 , 0, 0), (0, 5, 0),

(0, 0, 5). H deÔterh gramm  parist�nei to epÐpedo pou pern�ei apì ta shmeÐa me suntetag-

mènec (−1
2 , 0, 0) kai (0, 1

3 , 0). Otan b�loume u = 0 kai v = 0 tìte paÐrnoume 0w = −2,

pou den èqei lÔsh. Sunep¸c to epÐpedo pou antistoiqeÐ sth deÔterh gramm  den èqei koinì

shmeÐo me thn eujeÐa pou apoteleÐtai apì ta shmeÐa me suntetagmènec (0, 0, r). P�ntwc ta

dÔo epÐpeda tèmnontai se mia eujeÐa. H trÐth gramm  parist�nei p�li èna epÐpedo, pou tèmnei

aut n thn eujeÐa se èna shmeÐo. Oi suntetagmènec autoÔ tou shmeÐou dÐdoun th lÔsh tou
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sust matoc. MporoÔme p�li na qrhsimopoi soume diadoqikèc antikatast�seic gia na broÔme

th lÔsh. Sto par�deigma, apì thn pr¸th exÐswsh èqoume w = 5−2u− v kai apì th deÔterh

v = 2
3u + 1

3 . Antikajist¸ntac to w sthn trÐth exÐswsh, èqoume −6u + 5v = −1. Antika-

jist¸ntac tèloc to v se aut  thn exÐswsh brÐskoume u = 1, kai sunep¸c v = 1 kai w = 2.

'Ara oi suntetagmènec tou shmeÐou sto opoÐo tèmnontai ta trÐa epÐpeda eÐnai (1, 1, 2).

Ti �llo mporeÐ na sumbeÐ? Na mhn tèmnontai ta trÐa epÐpeda se èna monadikì shmeÐo. Stic

treic diast�seic autì mporeÐ na sumbeÐ me perissìterouc trìpouc:

• ta trÐa epipeda na eÐnai par�llhla,

• dÔo epÐpeda na eÐnai par�llhla kai na ta tèmnei to trÐto, se dÔo par�llhlec eujeÐec,

• ta trÐa epÐpeda na tèmnontai ana dÔo, se treic par�llhlec eujeÐec.

• ta trÐa epÐpeda na tèmnontai se mia koin  eujeÐa,

• dÔo apì ta epÐpeda na sumpÐptoun, kai to trÐto na ta tèmnei se mia eujeÐa,

• kai ta trÐa epÐpeda na sumpÐptoun.

Stic treic pr¸tec peript¸seic to sÔsthma den èqei lÔsh, stic �llec treic èqei �peirec lÔseic.

Drasthriìthta 2.2 Se poi� apì tic parap�nw peript¸seic antistoiqeÐ k�je èna

apì ta akìlouja sust mata exis¸sewn?

aþ.
2u + v + w = 5

4u + 2v + 2w = 10

−2u + 7v + 2w = 9

bþ.

2u + v + w = 5

4u + 2v + 2w = 8

−2u + 7v + 2w = 9

gþ.

u = 0

v = 0

u + v = 9

MporoÔme na koit�xoume kai p�li to sÔsthma (2.4) wc mia dianusmatik  exÐswsh,

u

 2

4

−2

+ v

 1

−6

7

+ w

 1

0

2

 =

 5

−2

9

 . (2.5)

Apì aut  th skopi�, jèloume na broÔme touc suntelestèc u, v kai w ¸ste o sunduasmìc sta

arister� na eÐnai Ðsoc me to arijmhtikì di�nusma sta dexi�. Gewmetrik�, to �jroisma tri¸n
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dianusm�twn sto R3 eÐnai h diag¸nioc tou parallhlepipèdou me akmèc ta trÐa dianÔsmata.

Etsi, e�n ta trÐa dianÔsmata apoteloÔn akmèc enìc parallhlepipèdou, tìte up�rqei monadik 

lÔsh, se aut n thn perÐptwsh (u, v, w) = (1, 1, 2).

TÐ �llo mporeÐ na sumbeÐ? E�n ta trÐa dianÔsmata den apoteloÔn akmèc enìc parallhlepi-

pèdou, all� brÐskontai kai ta trÐa se èna epÐpedo, tìte to sÔsthma èqei lÔsh mìnon e�n kai

to di�nusma sta dexi� brÐsketai sto Ðdio epÐpedo. Diaforetik� den èqei lÔsh. Exet�zoume

to par�deigma

u

 1

2

3

+ v

 1

0

1

+ w

 1

3

4

 = b .

E�n

b =

 2

5

7



tìte h exÐswsh èqei lÔsh. E�n

b =

 2

5

6



tìte h exÐswsh den èqei lÔsh.

Drasthriìthta 2.3 BreÐte timèc twn suntelest¸n u, v kai w tètoiec ¸ste h

pr¸th sunist¸sa tou

u

 1

2

0

+ v

 2

1

1

+ w

 −1

1

2


na eÐnai 5, kai h deÔterh sunist¸sa na eÐnai 1.

Blèpoume oti up�rqoun dÔo diaforetikèc gewmetrikèc ermhneÐec twn susthm�twn grammi-

k¸n exis¸sewn me dÔo kai treic agn¸stouc. H prosektik  an�lush ja apokalÔyei th sqèsh

an�mesa stic dÔo proseggÐseic, pou en¸ th diaisjanìmaste den eÐnai eÔkolo na thn prosdio-

rÐsoume akrib¸c. To pio shmantikì eÐnai oti ja mac eleujer¸sei apì touc periorismoÔc thc

gewmetrik c diaÐsjhshc, kai ja mac epitrèyei na melet soume sust mata poll¸n exis¸sewn

me polloÔc agn¸stouc.
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2.2 O dianusmatikìc q¸roc Rn

Orismìc 2.1. OrÐzoume

R0 = {0} kai Rn = {(x1, x2, . . . , xn) |xi ∈ R, i = 1, 2, . . . , n} .

Ta stoiqeÐa tou Rn ja ta onom�zoume arijmhtik� dianÔsmata me n sunist¸-

sec   apl¸c dianÔsmata, kai to sÔnolo Rn ja to apokaloÔme dianusmatikì q¸-

ro. Oi pragmatikoÐ arijmoÐ x1, . . . , xn onom�zontai sunist¸sec tou dianÔsmatoc

x = (x1, x2, . . . , xn) ∈ Rn.

Se autì to m�jhma, sun jwc, ja parist�noume ta dianÔsmata wc st lec,

x =


x1

x2
...

xn

 ,

an kai gia lìgouc tupografik c oikonomÐac, kami� for� ja gr�foume tic sunist¸sec tou

dianÔsmatoc qwrismènec me kìma, orizìntia, se parenjèseic, (x1, x2, . . . , xn).

Sto sÔnolo Rn twn dianusm�twn me n sunist¸sec, orÐzoume dÔo pr�xeic, thn prìsjesh

dianusm�twn kai ton pollaplasiasmì dianÔsmatoc me pragmatikì arijmì.

H prìsjesh gÐnetai sunist¸sa proc sunist¸sa, ìpwc sto par�deigma:
1

2

3

4

+


2

0

1

−5

 =


3

2

4

−1

 .

Genik�, 
x1

x2
...

xn

+


y1

y2
...

yn

 =


x1 + y1

x2 + y2
...

xn + yn

 .

O pollaplasiasmìc dianÔsmatoc me pragmatikì arijmì, gÐnetai epÐshc kat� sunist¸sa,

ìpwc sto par�deigma:

√
2


2

0

1

−5

 =


2
√

2

0√
2

−5
√

2

 .
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Genik�,

α


x1

x2
...

xn

 =


αx1

αx2
...

αxn

 .
Enac grammikìc sunduasmìc dianusm�twn eÐnai èna �jroisma twn dianusm�twn, pol-

laplasiasmènwn me pragmatikoÔc arijmoÔc (suntelestèc), gia par�deigma

α


x1

x2
...

xn

+ β


y1

y2
...

yn

+ γ


z1

z2
...

zn

 =


αx1 + βy1 + γz1

αx2 + βy2 + γz2
...

αxn + βyn + γzn

 .
Ena sÔsthma n exis¸sewn me n agn¸stouc, mporoÔme epÐshc na to jewr soume me dÔo

trìpouc:

• H k�je gramm -exÐswsh, parist�nei èna ��epÐpedo��1 mèsa sto Rn, kai to sÔsthma èqei

monadik  lÔsh e�n ta n ��epÐpeda�� tèmnontai se èna mìnon shmeÐo.

• H k�je st lh parist�nei èna di�nusma, kai anazhtoÔme touc suntelestèc enìc gram-

mikoÔ sunduasmoÔ twn dianusm�twn sthn arister  pleur� ¸ste na eÐnai Ðsoc me to

di�nusma sth dexi� pleur�.

2.3 EpÐlush sust matoc tri¸n exis¸sewn me apaloif 

Gauss

Up�rqoun pollèc mèjodoi gia thn epÐlush susthm�twn grammik¸n exis¸sewn. Ja melet -

soume th mèjodo thc apaloif c Gauss (Gauss elimination), h opoÐa eÐnai kat�llhlh gia

thn epÐlush meg�lwn susthm�twn, me pollèc exis¸seic kai polloÔc agn¸stouc. Se aut 

thn par�grafo ja exet�soume thn apaloif  Gauss sto aplì par�deigma tri¸n exis¸sewn

me treic agn¸stouc tou sust matoc (2.4). Jèloume na doÔme susthmatik� ta b mata thc

mejìdou, thn opoÐa ja qrhsimopoi soume argìtera tìso gia upologismoÔc ìso kai gia th

jewrhtik  melèth twn dianusmatik¸n q¸rwn.

2u + v + w = 5

4u − 6v = −2

−2u + 7v + 2w = 9

ParathroÔme oti o suntelest c tou u sthn pr¸th exÐswsh den eÐnai 0. Ara, e�n afairè-

soume kat�llhla pollapl�sia thc pr¸thc exÐswshc apì ìlec tic �llec, mporoÔme na k�noume

touc suntelestèc tou u se ìlec tic exis¸seic, ektìc apì thn pr¸th, Ðsouc me 0, dhlad  na

apaleÐyoume to u apì autèc tic exis¸seic. Sugkekrimèna

1Di�stashc n− 1!
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• AfairoÔme 2 forèc thn pr¸th exÐswsh apì th deÔterh.

• AfairoÔme −1 for� thn pr¸th exÐswsh apì thn trÐth (dhlad  prosjètoume thn pr¸th

exÐswsh sthn trÐth).

O mh mhdenikìc suntelest c tou u sthn pr¸th exÐswsh onom�zetai pr¸toc odhgìc.

Br kame touc pollaplasiastèc 2 kai −1 diair¸ntac touc suntelestèc tou u sth deÔterh

kai thn trÐth exÐswsh me ton pr¸to odhgì. ProkÔptei to nèo sÔsthma

2u + v + w = 5

−8v − 2w = −12

8v + 3w = 14

sto opoÐo o u èqei mhdenikì suntelest  se ìlec tic exis¸seic ektìc apì thn pr¸th. Para-

throÔme oti o suntelest c tou v sth deÔterh exÐswsh den eÐnai 0. Autìc eÐnai o deÔteroc

odhgìc, ton opoÐo ja qrhsimopoi soume gia na apaleÐyoume to v apì thn trÐth exÐswsh.

• AfairoÔme −1 for� th deÔterh exÐswsh apì thn trÐth.

Autì to b ma oloklhr¸nei thn apaloif  Gauss. ProkÔptei to nèo sÔsthma

2u + v + w = 5

−8v − 2w = −12

w = 2

sto opoÐo o v èqei mhdenikì suntelest  �se ìlec tic exis¸seic ektìc apì thn pr¸th kai th

deÔterh�. O suntelest c tou w sthn trÐth exÐswsh den eÐnai 0 kai eÐnai o trÐtoc odhgìc.

EÐnai eÔkolo na lÔsoume autì to sÔsthma. Apì thn trÐth exÐswsh èqoume

w = 2 .

AntikajistoÔme to w sth deÔterh exÐswsh, −8v − 4 = −12, �ra

v = 1 .

AntikajistoÔme ta v kai w sthn pr¸th exÐswsh, 2u+ 1 + 2 = 5, �ra

u = 1 .

Aut  h diadikasÐa onom�zetai an�dromh antikat�stash (back substitution).

H apaloif  Gauss basÐzetai sthn parat rhsh oti e�n k�poiec timèc twn u, v kai w ika-

nopoioÔn èna sÔsthma exis¸sewn, tìte akrib¸c oi Ðdiec timèc ikanopoioÔn kai k�je sÔsthma

pou prokÔptei apì to arqikì me ènan apì touc akìloujouc dÔo trìpouc:

• E�n all�xoume th seir� me thn opoÐa gr�foume tic exis¸seic

• E�n pollaplasi�soume mÐa exÐswsh me ènan arijmì, kai afairèsoume autì to polla-

pl�sio apì mÐa apì tic �llec exis¸seic.
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Kat� thn apaloif  Gauss epanalamb�noume susthmatik� aut� ta dÔo b mata, ¸ste na ka-

tal xoume se èna aploÔstero sÔsthma, gia to opoÐo mporoÔme eÔkola na broÔme to sÔnolo

lÔsewn.

Katagr�foume pio oikonomik� th diadikasÐa thc apaloif c qrhsimopoi¸ntac ènan pÐnaka

me touc suntelestèc thc exÐswshc kai th dexi� pleur�:
2 1 1

... 5

4 −6 0
... −2

−2 7 2
... 9

→


2 1 1
... 5

0 −8 −2
... −12

0 8 3
... 14

→


2 1 1
... 5

0 −8 −2
... −12

0 0 1
... 2


Oi odhgoÐ, pou emfanÐzontai me paqi� stoiqeÐa ston pÐnaka, prèpei na mh mhdenÐzontai, efìson

jèloume na diairèsoume me autoÔc. Ean loipìn sth diadikasÐa thc apaloif c se èna sÔsthma

n exis¸sewn me n agn¸stouc, emfanÐzontai n (mh mhdenikoÐ) odhgoÐ, tìte up�rqei mia kai

monadik  lÔsh tou sust matoc, thn opoÐa brÐskoume me an�dromh antikat�stash.

E�n se k�poio b ma thc diadikasÐac apaloif c emfanÐzetai mhdèn sth jèsh enìc odhgoÔ,

tìte up�rqoun dÔo endeqìmena.

aþ. E�n up�rqei mh mhdenikìc suntelest c se k�poia pio k�tw jèsh sth st lh pou exe-

t�zoume, tìte all�zoume th seir� twn exis¸sewn, dhlad  enall�ssoume tic grammèc

tou pÐnaka, ¸ste na fèroume to mh mhdenikì suntelest  sth jèsh tou odhgoÔ. Gia to

sÔsthma exis¸sewn

u + v + w = a

2u + 2v + 5w = b

4u + 6v + 8w = c

(2.6)

èqoume
1 1 1

... a

2 2 5
... b

4 6 8
... c

→


1 1 1
... a

0 0 3
... −2a+ b

0 2 4
... −4a+ c

→


1 1 1
... a

0 2 4
... −4a+ c

0 0 3
... −2a+ b


Etsi èqoume pl rec sÔnolo odhg¸n, kai to sÔsthma èqei monadik  lÔsh.

bþ. E�n ìloi oi suntelestèc stic pio k�tw jèseic sth st lh pou exet�zoume eÐnai mh-

dèn, tìte den mporoÔme na broÔme pl rec sÔnolo odhg¸n. To sÔsthma onom�zetai

idiìmorfo. Gia par�deigma, sto sÔsthma

u + v + w = a

2u + 2v + 5w = b

4u + 4v + 8w = c
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met� thn apaloif  twn suntelest¸n tou u, èqoume
1 1 1

... a

2 2 5
... b

4 4 8
... c

→


1 1 1
... a

0 0 3
... −2a+ b

0 0 4
... −4a+ c


kai den mporoÔme na efarmìsoume thn an�dromh antikat�stash gia na broÔme mÐa

monadik  lÔsh. Ena idiìmorfo sÔsthma mporeÐ na mhn èqei kamÐa lÔsh,   na èqei

�peirec lÔseic. Autì exart�tai apì th dexi� pleur�.

• E�n −2a+ b = 6 kai −4a+ c = 7, tìte èqoume

3w = 6

4w = 7

kai den up�rqei lÔsh. To sÔsthma eÐnai asÔmbato.

• E�n ìmwc −2a+ b = 6 kai −4a+ c = 8, tìte èqoume

3w = 6

4w = 8

kai w = 2. All� h pr¸th exÐswsh den mporeÐ na prosdiorÐsei kai to u kai to v.

Gia k�je tim  tou u up�rqei kai mÐa tim  tou v pou dÐnei lÔsh. To sÔsthma èqei

�peirec lÔseic kai eÐnai aprosdiìristo.

2.4 O algìrijmoc thc apaloif c

Jèloume na doÔme th diadikasÐa thc apaloif c san ènan algìrijmo, dhlad  mÐa seir� apì

entolèc, tic opoÐec e�n akolouj soume pist� ja katal xoume se k�poio apotèlesma.

Xekin�me me touc suntelestèc enìc sust matoc tri¸n exis¸sewn me treic agn¸stouc,
a11 a12 a13

... b1

a21 a22 a23
... b2

a31 a32 a33
... b3


1. Elègqoume e�n a11 6= 0. E�n ìqi, p�me sto 4.

E�n nai, afairoÔme a21
a11

forèc th gramm  1 apì th gramm  2, kai afairoÔme a31
a11

forèc

th gramm  1 apì th gramm  3.

2. Elègqoume e�n (to nèo stoiqeÐo) a22 6= 0. E�n ìqi, p�me sto 6.

E�n nai, afairoÔme a32
a22

forèc th (nèa) gramm  2 apì th (nèa) gramm  3.

3. Elègqoume e�n (to nèo stoiqeÐo) a33 6= 0. E�n ìqi, p�me sto 7. E�n nai, to sÔsthma

èqei monadik  lÔsh, thn opoÐa upologÐzoume me an�dromh antikat�stash.
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4. Elègqoume e�n a21 6= 0. E�n ìqi, p�me sto 5.

E�n nai, enall�ssoume tic grammèc 1 kai 2, kai p�me pÐsw sto 1.

5. Elègqoume e�n a31 6= 0. E�n ìqi, p�me sto 7.

E�n nai, enall�ssoume tic grammèc 1 kai 3, kai p�me pÐsw sto 1.

6. Elègqoume e�n a32 6= 0. E�n ìqi, p�me sto 7.

E�n nai, enall�ssoume tic grammèc 2 kai 3, kai p�me pÐsw sto 2.

7. To sÔsthma eÐnai idiìmorfo, kai den èqei monadik  lÔsh.

'Otan èqoume na lÔsoume sust mata poll¸n exis¸sewn me polloÔc agn¸stouc, mac endia-

fèrei na qrhsimopoi soume mÐa mèjodo sthn opoÐa brÐskoume to apotèlesma me to mikrìtero

dunatì arijmì pr�xewn. Ja upologÐsoume to ��kìstoc�� thc epÐlushc me apaloif  kai an�-

dromh antikat�stash enìc sust matoc n exis¸sewn me n agn¸stouc.

JewroÔme oti mÐa diaÐresh èqei to Ðdio ��kìstoc�� me ènan pollaplasiasmì kai mÐa afaÐresh,

en¸ o èlegqoc e�n ènac arijmìc eÐnai mhdèn kai h enallag  twn gramm¸n tou sust matoc

èqoun amelhtèo ��kìstoc��. Efarmìzoume th diadikasÐa se èna sÔsthma n exis¸sewn me

n agn¸stouc, sto opoÐo h apaloif  Gauss brÐskei touc n odhgoÔc qwrÐc na qreiastoÔn

enallagèc. Xekin�me me ton epauxhmèno pÐnaka suntelest¸n
a11 a12 . . . a1n

... b1

a21 a22 . . . a2n
... b2

...
...

...
...

...
...

an1 an2 . . . ann
... bn


Gia na apaleÐyoume thn pr¸th metablht  apì th deÔterh exÐswsh, upologÐzoume ton

pollaplasiast  m = a21
a11

kai met� afairoÔme to ma1j apì to a2j , gia j = 2, . . . , n kai

afairoÔme to mb1 apì to b2. Dhlad  èqoume 1 diaÐresh kai (n − 1) + 1 pollaplasiasmoÔc

kai afairèseic. Sunolikì kìstoc n+ 1.

Epanalamb�noume aut  th diadikasÐa gia tic n−1 grammèc 2, . . . , n. 'Ara h apaloif  thc

pr¸thc metablht c èqei sunolikì kìstoc (n+ 1)(n− 1) = n2 − 1.

Gia na apaleÐyoume th deÔterh metablht  apì tic grammèc 3, . . . , n èqoume kìstoc n(n−
2) = (n− 1)2− 1. Gia thn apaloif  thc trÐthc metablht c, to kìstoc eÐnai (n− 1)(n− 3) =

(n− 2)2 − 1. To sunolikì kìstoc thc apaloif c Gauss eÐnai

(22 − 1) + (32 − 1) + · · ·+ (n2 − 1) = (12 + 22 + · · ·+ n2)− n

=
n(n+ 1)(2n+ 1)

6
− n

=
1

3
n3 +

1

2
n2 − 5

6
n .

To kìstoc thc an�dromhc anatikat�stashc eÐnai 1 gia na upologÐsoume thn teleutaÐa

metablht , 2 gia na upologÐsoume thn proteleutaÐa, 3, 4, . . . , n gia tic upìloipec. Sunolik�,

1 + 2 + 3 + · · ·+ n =
n(n+ 1)

2
=

1

2
n2 +

1

2
n .
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'Ara to sunolikì kìstoc thc epÐlushc enìc sust matoc n exis¸sewn me n agn¸stouc me

apaloif  Gauss kai an�dromh antikat�stash eÐnai

1

3
n3 + n2 − 1

3
n .

Drasthriìthta 2.4 Akolouj ste susthmatik� ta b mata thc diadikasÐac thc

apaloif c kai an�dromhc antikat�stashc gia na lÔsete to sÔsthma

2u + 4v + 2w = 4

3u + 8v + w = 12

2u + 8v + 3w = 6

kai metr ste tic diairèseic kai touc pollaplasiasmoÔc pou k�nate.

Drasthriìthta 2.5 LÔste to sÔsthma thc Drasthriìthtac 2.4 me th mèjodo

thc antikat�stashc: Qrhsimopoi ste thn pr¸th exÐswsh gia na antikatast sete

thn pr¸th metablht  sth deÔterh kai thn trÐth exÐswsh. Katìpin qrhsimopoi ste

th (nèa) deÔterh exÐswsh gia na antikatast sete th deÔterh metablht  sthn trÐth

exÐswsh. Tèloc qrhsimopoi ste an�dromh antikat�stash gia na breÐte th lÔsh.

Metr ste tic diairèseic kai touc pollaplasiasmoÔc pou k�nate, kai sugkrÐnete me th

mèjodo thc apaloif c.

2.5 PÐnakec

Gia megalÔtera sust mata den eÐnai praktikì na gr�foume analutik� k�je exÐswsh kai na

katagr�foume thn apaloif . O sumbolismìc pin�kwn eÐnai polÔ qr simoc.

Sth dexi� pleur� miac exÐswshc èqoume èna di�nusma-st lh, b. Sthn exÐswsh (2.5),

b =

 5

−2

9

 .
Sthn arister  pleur�, èqoume touc agn¸stouc, touc opoÐouc epÐshc gr�foume wc èna

di�nusma-st lh,

x =

 u

v

w

 . (2.7)

Tèloc èqoume touc 9 suntelestèc, touc opoÐouc gr�foume wc èna pÐnaka, me treic grammèc

kai treic st lec,

A =

 2 1 1

4 −6 0

−2 7 2

 . (2.8)
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Autìc eÐnai ènac tetragwnikìc pÐnakac 3 epÐ 3.

Orismìc 2.2. Enac m epÐ n pÐnakac,   pÐnakac me m grammèc kai n st lec eÐnai

mia di�taxh mn pragmatik¸n arijm¸n se m grammèc kai n st lec, kleismènh se orjog¸niec

parenjèseic [, ]. E�n m = n lème oti o pÐnakac eÐnai tetragwnikìc. E�n m 6= n lème

oti o pÐnakac eÐnai parallhlìgrammoc.

Oi pÐnakec prostÐjentai kat� sunist¸sa, kai pollaplasi�zontai me arijmoÔc,

akrib¸c ìpwc ta dianÔsmata. Suqn� ja jewroÔme èna n-di�nusma wc èna n × 1 pÐnaka.

MporoÔme na prosjèsoume dÔo pÐnakec mìnon e�n èqoun tic Ðdiec diast�seic, dhlad  ton Ðdio

arijmì gramm¸n kai ton Ðdio arijmì sthl¸n. Gia par�deigma:[
2 1 1

4 −6 0

]
+

[
3
√

6 −5

−2 7 2

]
=

[
5 1 +

√
6 −4

2 1 2

]
.

3

[
2 1 1

4 −6 0

]
=

[
6 3 3

12 −18 0

]
.

Qreiazìmaste sumbolismì gia na anaferìmaste se k�je sunist¸sa enìc pÐnaka. H suni-

st¸sa sth gramm  i kai sth st lh j sumbolÐzetai aij . Etsi om×n pÐnakac A sumbolÐzetai

A =



a11 a12 . . . a1j . . . a1n

a21 a22 . . . a2j . . . a2n
...

...
...

...

ai1 ai2 . . . aij . . . ain
...

...
...

...

am1 am2 . . . amj . . . amn


Mia suntìmeush autoÔ tou sumbolismoÔ eÐnai na gr�foume A = [aij ]. Etsi, e�n A = [aij ]

kai B = [bij ] eÐnai m×n pÐnakec èqoume A+B = [aij + bij ]. EpÐshc sumbolÐzoume (A+B)ij

th sunist¸sa sth jèsh ij tou ajroÐsmatoc A+B, kai èqoume

(A+B)ij = aij + bij ,

en¸

(αB)ij = αbij .

EÐdame oti h arister  pleur� thc exÐswshc (2.5) mporeÐ na jewrhjeÐ wc o grammikìc

sunduasmìc twn sthl¸n tou pÐnaka A, (2.8), me suntelestèc tic sunist¸sec tou dianÔsmatoc

x, (2.7). Tètoioi sunduasmoÐ emfanÐzontai suqn�, kai mac odhgoÔn na orÐsoume mia pr�xh

metaxÔ pin�kwn kai dianusm�twn.
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Orismìc 2.3. To ginìmeno toum×n pÐnaka A me to n-di�nusma x eÐnai ènam-di�nusma

Ax, tou opoÐou h sunist¸sa sth jèsh i eÐnai o grammikìc sunduasmìc twn sunistws¸n tou

x me suntelestèc tic sunist¸sec thc i-gramm c tou A. Dhlad  Ax = (y1, y2, . . . , ym),

ìpou

yi = ai1x1 + ai2x2 + · · ·+ ainxn, gia i = 1, . . . , m.

Prosèxte th sqèsh an�mesa stic diast�seic tou m× n pÐnaka A, tou n-dianÔsmatoc x kai

tou m-dianÔsmatoc Ax.

Par�deigma 2.1 To ginìmeno enìc 3× 3 pÐnaka me èna 3-di�nusma eÐnai èna 3-di�nusma,

 1 2 6

3 0 3

1 1 4


 2

5

0

 =

 2 + 10 + 0

6 + 0 + 0

2 + 5 + 0

 =

 12

6

7

 ,

all� to ginìmeno enìc 2× 3 pÐnaka me èna 3-di�nusma eÐnai èna 2-di�nusma,

[
1 2 6

3 0 3

] 2

5

0

 =

[
2 + 10 + 0

6 + 0 + 0

]
=

[
12

6

]
.

Elègqoume oti to di�nusma Ax eÐnai pr�gmati o grammikìc sunduasmìc twn sthl¸n tou

pÐnaka A me suntelestèc tic sunist¸sec tou dianÔsmatoc x:

 1 2 6

3 0 3

1 1 4


 2

5

0

 = 2

 1

3

1

+ 5

 2

0

1

+ 0

 6

3

4

 =

 12

6

7

 .

Gia na anaferjoÔme stic sunist¸sec tètoiwn ginomènwn, suqn� qrhsimopoioÔme to sum-

bolismì
∑

gia ajroÐsmata:

(Ax)i =
n∑
j=1

aijxj .

MporoÔme na jewr soume tic st lec enìc pÐnaka B wc dianÔsmata, kai na pollaplasi�-

soume k�je st lh tou B me ton pÐnaka A. Tìte ja prokÔyei ènac nèoc pÐnakac. OrÐzoume

ton pollaplasiasmì pin�kwn.
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Orismìc 2.4. JewroÔme ton m × n pÐnaka A kai ton n × p pÐnaka B. To ginìmeno

AB eÐnai o m × p pÐnakac, o opoÐoc èqei sunist¸sa sth jèsh ij to grammikì sunduasmì

twn sunistws¸n thc j-st lhc tou pÐnaka B me suntelestèc tic sunist¸sec thc i-gramm c

tou pÐnaka A,

(AB)ij =
[
ai1 ai2 . . . ain

]

b1j

b2j
...

bnj

 .
Qrhsimopoi¸ntac to sumbolismì tou ajroÐsmatoc, h sunist¸sa ij tou pÐnaka AB eÐnai

(AB)ij =
n∑
k=1

aikbkj , gia i = 1, . . . , m kai j = 1, . . . , p.

Gia na orÐzetai to ginìmeno prèpei o arijmìc twn sthl¸n tou A na eÐnai Ðsoc me ton arijmì

twn gramm¸n tou B.

Par�deigma 2.2 Pollaplasiasmìc me ton 2 × 2 pÐnaka I af nei amet�blhto ton 2 × 3

pÐnaka B:

I B =

[
1 0

0 1

][
2 3 7

4 −6 0

]
=

[
2 3 7

4 −6 0

]
.

Par�deigma 2.3 O pollaplasiasmìc pin�kwn den eÐnai metajetikìc, akìmh kai ìtan orÐ-

zontai kai oi dÔo pÐnakec AB kai BA:

AB =
[

1 6
] [ 2

1

]
=
[

8
]
,

B A =

[
2

1

] [
1 6

]
=

[
2 12

1 6

]
.

Par�deigma 2.4 Ja prospaj soume na ekfr�soume th diadikasÐa thc apaloif c mèsw

pollaplasiasmoÔ pin�kwn. Pollaplasi�zoume ton pÐnaka suntelest¸n 2.8 me ènan pÐnaka

F me mÐa gramm 

FA =
[
−2 1 0

] 2 1 1

4 −6 0

−2 7 2

 =
[

0 −8 −2
]
.

H k�je sunist¸sa tou 1 × 3 pÐnaka sta dexi� eÐnai o grammikìc sunduasmìc twn sunistw-

s¸n thc antÐstoiqhc st lhc tou pÐnaka A me suntelestèc tic sunist¸sec tou pÐnaka F .

ParathroÔme oti olìklhrh h gramm  sta dexi� eÐnai o grammikìc sunduasmìc twn gramm¸n
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tou pÐnaka A me suntelestèc tic sunist¸sec tou pÐnaka F . Sth sugkekrimènh perÐptwsh

to apotèlesma eÐnai na afairèsoume 2 forèc thn pr¸th gramm  tou pÐnaka apì th deÔterh,

dhlad  akrib¸c autì pou k�name sto pr¸to b ma thc apaloif c sto sÔsthma (2.4).

Efarmìzoume ton Ðdio kanìna me ton 1× 3 pÐnaka
[

0 0 1
]
,

[
0 0 1

] 2 1 1

4 −6 0

−2 7 2

 =
[
−2 7 2

]
.

To apotèlesma eÐnai h trÐth gramm  tou pÐnaka. Apì autèc tic parathr seic odhgoÔmaste

sth dunatìthta na ekfr�soume to pr¸to b ma thc apaloif c mèsw pollaplasiasmoÔ tou

pÐnaka A apì ta arister� me ènan pÐnaka E:

E A =

 1 0 0

−2 1 0

0 0 1


 2 1 1

4 −6 0

−2 7 2

 =

 2 1 1

0 −8 −2

−2 7 2

 (2.9)

Par�deigma 2.5 Pollaplasiasmìc apì ta arister� me ton pÐnaka P enall�ssei tic gram-

mèc tou B, pollaplasiasmìc me ton P apì ta dexi� enall�ssei tic st lec tou B:

P B =

[
0 1

1 0

][
2 3

7 8

]
=

[
7 8

2 3

]
,

B P =

[
2 3

7 8

][
0 1

1 0

]
=

[
3 2

8 7

]
.

Ektìc apì ton orismì tou pollaplasiasmoÔ pin�kwn pou d¸same, sthn akìloujh prìtash

dÐdoume dÔo diaforetikèc jewr seic tou pollaplasiasmoÔ, pou eÐnai suqn� polÔ qr simec.

Stic Ask seic 2.8 kai 2.12 ja doÔme �llec dÔo jewr seic: ton pollaplasiasmì se mplok

kai to ginìmeno wc �jroisma ginomènwn sthl¸n me grammèc. EÐnai shmantikì na èqete mÐa

euèlikth antÐlhyh tou pollaplasiasmoÔ pin�kwn, ¸ste se k�je perÐptwsh na qrhsimopoieÐte

thn katallhlìterh je¸rhsh.

Prìtash 2.1 1. H i-gramm  tou pÐnaka AB eÐnai Ðsh me to grammikì sunduasmì twn

gramm¸n tou B me suntelestèc tic sunist¸sec thc i-gramm c tou A.

2. H j-st lh tou pÐnaka AB eÐnai Ðsh me to grammikì sunduasmì twn sthl¸n tou A me

suntelestèc tic sunist¸sec thc j-st lhc tou B.

Apìdeixh. H i-gramm  tou AB eÐnai

[
(AB)i1 . . . (AB)ip

]
=
[ ∑n

k=1 aikbk1 . . .
∑n

k=1 aikbkp

]
=

n∑
k=1

aik

[
bk1 . . . bkp

]
.
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Gr�yte ton an�logo upologismì gia tic st lec.

�

Par�deigma 2.6 JewroÔme touc pÐnakec A =

[
1 3 −1

0 −2 4

]
kai B =

 2 1

1 −1

0 1

 kai

to ginìmeno C = AB.

Gia na upologÐsoume th sunist¸sa sth jèsh 11 tou pÐnaka C, qrhsimopoioÔme thn pr¸th

gramm  tou A kai thn pr¸th st lh tou B:

[
1 3 −1

]  2

1

0

 = 1 · 2 + 3 · 1 + (−1) · 0 = 5 .

Gia na upologÐsoume th sunist¸sa sth jèsh 21 tou pÐnaka C, qrhsimopoioÔme th deÔterh

gramm  tou A kai thn pr¸th st lh tou B:

[
0 −2 4

]  2

1

0

 = 0 · 2 + (−2) · 1 + 4 · 0 = −2 .

'Ara h pr¸th st lh tou pÐnaka C eÐnai

[
5

−2

]
.

SÔmfwna me thn enallaktik  je¸rhsh tou pollaplasiasmoÔ, mporoÔme na ekfr�soume

thn pr¸th st lh tou ginomènou C, wc grammikì sunduasmì twn sthl¸n tou pÐnaka A,

qrhsimopoi¸ntac wc suntelestèc tic sunist¸sec thc pr¸thc st lhc tou B:

2

[
1

0

]
+ 1

[
3

−2

]
+ 0

[
−1

4

]
=

[
5

−2

]
.

An�loga ekfr�zoume tic grammèc tou ginomènou. H deÔterh gramm  tou C eÐnai
[

5 −3
]
.

MporoÔme na thn ekfr�soume wc grammikì sunduasmì twn gramm¸n tou pÐnaka B, qrhsimo-

poi¸ntac wc suntelestèc tic sunist¸sec thc deÔterhc gramm c tou A:

0
[

2 1
]

+ (−2)
[

1 −1
]

+ 4
[

0 1
]

=
[
−2 6

]
.

Ja doÔme oti autèc oi enallaktikèc jewr seic tou pollaplasiasmoÔ eÐnai suqn� qr simec

gia na katano soume kalÔtera èna prìblhma.
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Prìtash 2.2 O pollaplasiasmìc pin�kwn eÐnai prosetairistikìc, kai epimeristikìc wc

proc thn prìsjesh. Sugkekrimèna, e�n A, B eÐnai m× n pÐnakec, C, D eÐnai n× p pÐnakec

kai E eÐnai p× q pÐnakac, tìte

1.

A(CE) = (AC)E ,

2.

A(C +D) = AC +AD , (A+B)C = AC +BC .

Apìdeixh. H apìdeixh thc prosetairistik c idiìthtac apoteleÐ �skhsh sth qr sh tou

sumbolismoÔ
∑

gia ta ajroÐsmata. Gia i = 1, . . . , m kai j = 1, . . . , q, èqoume:

(A(CE))ij =
n∑
k=1

aik(CE)kj

=

n∑
k=1

aik

(
p∑
t=1

cktetj

)

=
n∑
k=1

p∑
t=1

aikcktetj

all� mporoÔme na all�xoume th seir� me thn opoÐa paÐrnoume ta ajroÐsmata,

(A(CE))ij =

p∑
t=1

n∑
k=1

aikcktetj

=

p∑
t=1

(
n∑
k=1

aikckt

)
etj

=

p∑
t=1

(AC)itetj

= ((AC)E)ij .

H epal jeush thc epimeristik c idiìthtac eÐnai aploÔsterh kai af netai wc �skhsh.

�

2.6 To kìstoc tou pollaplasiasmoÔ

JewroÔme to ginìmeno enìc m× n pÐnaka A kai enìc n× p pÐnaka B. Gia na upologÐsoume

k�je sunist¸sa tou ginomènou AB prèpei na k�noume n pollaplasiasmoÔc kai prosjèseic

ai1b1j + ai2b2j + · · ·+ ainbnj .

'Ara gia na upologÐsoume ìlec tic mp sunist¸sec tou ginomènou AB apaitoÔntai mpn pol-

laplasiasmoÐ.
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Eidikìtera, to kìstoc tou pollaplasiasmoÔ dÔo tetragwnik¸n n× n pin�kwn eÐnai n3.

MÐa shmantik  parat rhsh eÐnai oti par� ìlo pou ta ginìmena (AB)C kai A(BC) eÐnai

Ðsa, to kìstoc tou upologismoÔ eÐnai diaforetikì, kai mporeÐ na eÐnai shmantik� megalÔtero

gia to èna ap� ìti gia to �llo. E�n A eÐnai m× n pÐnakac, B eÐnai n× p kai C eÐnai p× q,
tìte to kìstoc tou upologismoÔ tou ginomènou (AB)C eÐnai mnp + mpq, en¸ to kìstoc

tou upologismoÔ tou ginomènou A(BC) eÐnai mnq + npq.

Gia par�deigma, e�n m = 3, n = 2, p = 5 kai q = 2, gia na upologÐsoume to ginìme-

no (AB)C qrei�zontai 60 pollaplasiasmoÐ, en¸ gia na upologÐsoume to ginìmeno A(BC)

qrei�zontai mìnon 32.

'Askhsh 2.1 UpologÐste ta ginìmena pin�kwn:

[
1 −2 7

]  1

−2

7

 , [
1 −2 7

]  3

5

1

 ,
 1

−2

7

 [ 3 5 1
]
.

'Askhsh 2.2 UpologÐste ta ginìmena pin�kwn

[
2 1 0

1 2 3

]  0, 5

π/2√
2/3

 ,
 1 0 0

0 2 0

1 0 3


 −1 6 cos(π/6) 7

3 2 2

π/3
√

3 1

 ,
 1 0 0

0 2 0

1 0 3


 1 0 0

0 1/2 0

−1/3 0 1/3

 .

'Askhsh 2.3 QwrÐc na upologÐsete to ginìmeno pin�kwn AB, ekfr�ste thn trÐth

st lh kai thn pr¸th gramm  tou ginomènou wc grammikì sunduasmì twn gramm¸n  

twn sthl¸n twn pin�kwn A kai B.

[
1 0 −2

1 −1 3

]  −1 7 7 2

3 2 −1 2

−2 1 0 1

 .
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'Askhsh 2.4 UpologÐste to ginìmeno Ax gia na breÐte mÐa lÔsh tou sust matoc

Ax = mhdenikì di�nusma. MporeÐte na breÐte �llec lÔseic tou Ax = 0?

Ax =

 3 −6 0

0 2 −2

1 −1 −1


 2

1

1

 .

'Askhsh 2.5 Gr�yte touc 3 epÐ 3 pÐnakec A kai B me sunist¸sec

aij = i− j kai bij =
1

j
.

kai upologÐste ta ginìmena AB, BA kai A2.

'Askhsh 2.6 E�n oi sunist¸sec tou pÐnaka A eÐnai aij , qrhsimopoi ste to sumbo-

lismì twn deikt¸n gia na gr�yete

1. ton pr¸to odhgì

2. ton pollaplasiast  λi1 thc pr¸thc gramm c ìtan thn afairoÔme apì thn gram-

m  i

3. Th nèa sunist¸sa pou antikajist� thn aij met� aut  thn afaÐresh.

4. to deÔtero odhgì.

'Askhsh 2.7 Perigr�yte tic grammèc tou ginomènou EA, kai tic st lec tou AE,

ìtan

E =

[
1 7

0 1

]
.

'Askhsh 2.8 JewroÔme oti oi st lec tou n × n pÐnaka A eÐnai ta dianÔsma-

ta c1, c2, . . . , cn, kai oi grammèc tou n × n pÐnaka B eÐnai ta dianÔsmata-grammèc

r1, r2, . . . , rn. To ginìmeno ciri eÐnai ènac n× n pÐnakac (deÐte to Par�deigma 2.3).

Ekfr�ste to ginìmeno AB wc �jroisma tètoiwn pin�kwn.

'Askhsh 2.9 ApodeÐxte thn epimeristik  idiìthta tou pollaplasiasmoÔ pin�kwn,

qrhsimopoi¸ntac to sumbolismì ajroÐsmatoc
∑

.

'Askhsh 2.10 BreÐte pìsouc pollaplasiasmoÔc arijm¸n qrei�zetai na k�nete gia

na pollaplasi�sete èna 2× 3 pÐnaka me èna 3× 5 pÐnaka.
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'Askhsh 2.11 Alhjèc   yeudèc? Dikaiolog ste thn ap�nths  sac.

1. E�n h pr¸th kai h trÐth st lh tou pÐnaka A eÐnai Ðdiec, to Ðdio sumbaÐnei kai me

thn pr¸th kai thn trÐth st lh tou pÐnaka AB.

2. E�n h pr¸th kai h trÐth st lh tou pÐnaka B eÐnai Ðdiec, to Ðdio sumbaÐnei kai me

thn pr¸th kai thn trÐth st lh tou pÐnaka AB.

3. E�n h pr¸th kai h trÐth gramm  tou pÐnaka A eÐnai Ðdiec, to Ðdio sumbaÐnei kai

me thn pr¸th kai thn trÐth gramm  tou pÐnaka AB.

4. E�n h pr¸th kai h trÐth gramm  tou pÐnaka B eÐnai Ðdiec, to Ðdio sumbaÐnei kai

me thn pr¸th kai thn trÐth gramm  tou pÐnaka AB.

'Askhsh 2.12 O pollaplasiasmìc se mplìk qwrÐzei touc pÐnakec se upopÐnakec.

E�n to sq ma twn upopin�kwn epitrèpei ton pollaplasiasmì touc, tìte autìc dÐdei

to swstì apotèlesma.

1. AntikatasteÐste 2× 2 pÐnakec gia ta A kai C, 2× 1 pÐnaka gia to B kai 1× 2

pÐnaka gia to D kai epalhjeÔste oti

[
A B

] [ C

D

]
=
[
AC +BD

]
.

2. AntikatasteÐste ta x me arijmoÔc, kai epalhjeÔste ton pollaplasiasmì se

mplìk 
x x

... x

x x
... x

· · · · · ·
... · · ·

x x
... x




x x

... x

x x
... x

· · · · · ·
... · · ·

x x
... x


'Askhsh 2.13 Apaloif  se mplìk. E�n to �nw arister� mplìk eÐnai antistrèyimoc

pÐnakac, pollaplasi�ste thn pr¸th gramm  tou mplìk me CA−1 kai afairèste apì

th deÔterh, gia na breÐte ton pÐnaka S.[
I 0

CA−1 I

] [
A B

C D

]
=

[
A B

0 S

]
.

'Askhsh 2.14 E�n A eÐnai pÐnakac m × n kai B eÐnai pÐnakac n × r, deÐxte oti

gia ton upologismì tou ginomènou AB apaitoÔntai mnr pollaplasiasmoÐ arijm¸n.

(Se autì to prìblhma den mac apasqoleÐ o arijmìc twn prosjèsewn). E�n C eÐnai

pÐnakac r×p, breÐte pìsoi pollaplasiasmoÐ arijm¸n apaitoÔntai gia ton upologismì

twn ginomènwn (AB)C kai A(BC).
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'Askhsh 2.15 DÐdontai pÐnakec A, B, C, D me ta akìlouja megèjh: A : 5 × 14,

B : 14 × 87, C : 87 × 3 kai D : 3 × 42. BreÐte pìsoi pollaplasiasmoÐ apaitoÔntai

gia na upologÐsete to ginìmeno ABCD me touc akìloujouc trìpouc

1. (A(BC))D

2. A(B(CD))

2.7 AntÐstrofoi pÐnakec

Se aut n th par�grafo periorizìmaste se tetragwnikoÔc pÐnakec. OrÐzoume k�poiec eidikèc

kathgorÐec tetragwnik¸n pin�kwn

Orismìc 2.5. O tetragwnikìc pÐnakac pou èqei 1 sth diag¸nio kai 0 se ìlec tic �l-

lec jèseic, onom�zetai tautotikìc pÐnakac, kai sumbolÐzetai I,   In ìtan jèloume na

epishm�noume to mègejoc tou pÐnaka.

'Otan pollaplasi�zoume ènan pÐnaka me ton tautotikì pÐnaka, eÐte apì ta arister� eÐte

apì ta dexi�, autìc den all�zei.

Drasthriìthta 2.6 Pollaplasi�ste ton pÐnaka

[
1 −2 5 0

3 0 −3 6

]
apì ta a-

rister� me ton pÐnaka I2 kai apì ta dexi� me ton I4.

Orismìc 2.6. O tetragwnikìc pÐnakac pou èqei 1 sth diag¸nio kai λ 6= 0 se k�poia

jèsh ij gia i 6= j, en¸ èqei 0 stic upìloipec jèseic, onom�zetai stoiqei¸dhc pÐnakac,

kai sumbolÐzetai Eij(λ).

Otan pollaplasi�zoume èna pÐnaka A apì ta arister� me to stoiqei¸dh pÐnaka Eij(−λ),

to apotèlesma eÐnai na afairoÔme λ forèc th gramm  j apì th gramm  i tou A.

Otan pollaplasi�zoume èna pÐnaka A apì ta dexi� me ton Eij(−λ), to apotèlesma eÐnai

na afairoÔme λ forèc th st lh i apì th st lh j tou A. Prosèxte th diafor� sth di�taxh

twn deikt¸n

Drasthriìthta 2.7 Pollaplasi�ste ton pÐnaka

[
1 2 3 1

3 4 5 3

]
apì ta ari-

ster� me ton pÐnaka E12(−2) =

[
1 0

−2 1

]
kai apì ta dexi� me ton E23(−1) =

1 0 0 0

0 1 −1 0

0 0 1 0

0 0 0 1

.
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Orismìc 2.7. Onom�zoume pÐnaka enallag c Pij ton pÐnaka pou enall�sei thn i

gramm  kai th j gramm  tou pÐnaka A ìtan pollaplasi�zoume ton A me ton Pij apì ta

arister�. O pÐnakac Pij èqei 1 stic jèseic ij kai ji, èqei 1 sth diag¸nio ektìc apì tic

jèseic ii kai jj, en¸ èqei 0 se ìlec tic upìloipec jèseic.

'Otan pollaplasi�zoume ton pÐnaka A apì ta dexi� me ton pÐnaka enallag c Pij , to apotè-

lesma eÐnai h enallag  twn sthl¸n i kai j tou A.

To ginìmeno pin�kwn enallag c onom�zetai pÐnakac met�jeshc. 'Otan pollaplasi�zou-

me ton pÐnaka A apì ta arister� me èna pÐnaka met�jeshc, to apotèlesma eÐnai mÐa met�jesh

twn gramm¸n tou pÐnaka A. 'Otan pollaplasi�zoume ton pÐnaka A apì ta dexi� me ènan

pÐnaka met�jeshc, to apotèlesma eÐnai mÐa met�jesh twn sthl¸n tou A.

Drasthriìthta 2.8 Pollaplasi�ste ton pÐnaka

[
1 2 3 4

3 4 5 6

]
apì ta ariste-

r� me ton pÐnaka P12 =

[
0 1

1 0

]
kai apì ta dexi� me ton P23 =


1 0 0 0

0 0 1 0

0 1 0 0

0 0 0 1

.

Drasthriìthta 2.9 Pollaplasi�ste ton pÐnaka

[
1 2 3 4

3 4 5 6

]
apì ta dexi�

me ton pÐnaka met�jeshc P23 P13 =


0 0 1 0

1 0 0 0

0 1 0 0

0 0 0 1

.

'Oloi autoÐ oi pÐnakec èqoun thn idiìthta oti mporoÔme na anairèsoume to apotèlesma

tou pollaplasiasmoÔ me autoÔc, pollaplasi�zontac p�li me èna pÐnaka. Gia par�deigma,

pollaplasiamìc apì ta arister� me to stoiqei¸dh pÐnaka Eij(λ) prosjètei λ forèc thn i

gramm  sth j gramm , kai anaireÐ to apotèlesma tou Eij(−λ).

Orismìc 2.8. Enac tetragwnikìc pÐnakac A onom�zetai antistrèyimoc e�n up�rqei

ènac pÐnakac B tètoioc ¸ste

BA = I kai AB = I .

Enac tètoioc pÐnakac B onom�zetai antÐstrofoc tou A.

Ja doÔme argìtera oti arkeÐ h mÐa apì tic dÔo sunj kec. Sugkekrimèna ja apodeÐxoume,

(sto Kef�laio ??, Prìtash ??), thn akìloujh prìtash.



Kef�laio 2 Grammikèc Exis¸seic kai PÐnakec 35

Prìtash 2.3 E�n A eÐnai tetragwnikìc pÐnakac, tìte up�rqei pÐnakac B tètoioc ¸ste

AB = I e�n kai mìnon e�n up�rqei pÐnakac C tètoioc ¸ste CA = I.

Apì ton orismì tou antistrìfou, eÔkola prokÔptei oti e�n up�rqei antÐstrofoc pÐna-

kac, autìc eÐnai monadikìc. E�n A eÐnai antistrèyimoc, o monadikìc antÐstrofoc pÐnakac

sumbolÐzetai A−1.

Prìtash 2.4 E�n o A eÐnai antistrèyimoc, tìte o antÐstrofoc pÐnakac eÐnai monadikìc.

Apìdeixh. E�n B kai C eÐnai antÐstrofoi tou A, tìte AB = I = CA. Ara

B = IB = (CA)B = C(AB) = CI = C .

�

Par�deigma 2.7 Enac 1× 1 pÐnakac A = [a] eÐnai antistrèyimoc e�n kai mìnon e�n a 6= 0,

kai o antÐstrofoc eÐnai A−1 = [1/a].

Par�deigma 2.8 O 2 × 2 pÐnakac A =

[
2 1

5 3

]
eÐnai antistrèyimoc, kai o antÐstro-

foc pÐnakac eÐnai A−1 =

[
3 −1

−5 2

]
. Elègxte oti to ginìmeno twn dÔo pin�kwn eÐnai o

tautotikìc 2× 2 pÐnakac.

Prìtash 2.5 E�n A eÐnai antistrèyimoc pÐnakac, tìte h monadik  lÔsh thc exÐswshc

Ax = b eÐnai h x = A−1b.

H parap�nw prìtash mac lèei oti e�n o A eÐnai antistrèyimoc, up�rqei p�nta monadik 

lÔsh thc Ax = b, gia k�je b. 'Omwc den qrei�zetai na broÔme ton antÐstrofo gia na

upologÐsoume th lÔsh. O suntomìteroc trìpoc na broÔme th lÔsh eÐnai h apaloif  Gauss

kai h an�dromh antikat�stash, gia thn opoÐa apaitoÔntai perÐpou to èna trÐto twn pr�xewn

pou apaitoÔntai gia ton upologismì tou antistrìfou.

Prìtash 2.6 To ginìmeno antistrèyimwn pin�kwn A kai B eÐnai antistrèyimoc pÐnakac,

kai

(AB)−1 = B−1A−1 .

Apìdeixh. ArkeÐ na deÐxoume oti B−1A−1 ikanopoieÐ tic sqèseic pou orÐzoun ton antÐ-

strofo.

(AB)(B−1A−1) = A(BB−1)A−1 = (AI)A−1 = AA−1 = I ,

(B−1A−1)(AB) = B−1(A−1A)B = B−1IB = B−1B = I .

�

Par�deigma 2.9 E�n A, F, G eÐnai antistrèyimoi kai GFEA = U , tìte F−1G−1UA−1 =
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F−1G−1(GFEA)A−1 = E.

L mma 2.7 E�n B kai C eÐnai antistrèyimoi pÐnakec, tìte o pÐnakac A eÐnai antistrèyimoc

e�n kai mìnon e�n o BAC eÐnai antistrèyimoc.

Apìdeixh. Profan¸c, e�n up�rqei o A−1, tìte (BAC)−1 = C−1A−1B−1. Antistrìfwc,

e�n up�rqei o (BAC)−1, elègqoume oti C(BAC)−1B eÐnai antÐstrofo tou A:

A(C(BAC)−1B) = (B−1B)A(C(BAC)−1B) = B−1(BAC)(BAC)−1B) = I .

�

L mma 2.8 Enac pÐnakac me mia st lh mhdenik¸n den eÐnai antistrèyimoc.

Apìdeixh. E�n o pÐnakac B èqei ìlec tic sunist¸sec sth st lh j mhdenikèc, tìte gia

opoiond pote pÐnaka A, h st lh j tou AB èqei epÐshc ìlec tic sunist¸sec mhdenikèc. Ara

AB 6= I.

�

'Askhsh 2.16 DeÐxte oti ènac 2 × 2 pÐnakac A =

[
a b

c d

]
eÐnai antistrèyimoc

e�n kai mìnon e�n ad− bc 6= 0, kai o antÐstrofoc eÐnai A−1 = 1
ad−bc

[
d −b
−c a

]
.

'Askhsh 2.17 BreÐte touc antÐstrofouc twn parak�tw pin�kwn, e�n up�rqoun[
3 8

1 3

]
,

[
3 6

2 4

]
.

'Askhsh 2.18 DeÐxte oti ènac diag¸nioc pÐnakac eÐnai antistrèyimoc e�n kai mìnon

e�n ìla ta stoiqeÐa sth diag¸nio eÐnai diaforetik� apì to mhdèn. Poiìc eÐnai o

antÐstrofoc?

'Askhsh 2.19 E�n o antÐstrofoc tou A2 eÐnai B, deÐxte oti o antÐstrofoc tou A

eÐnai AB. (Autì shmaÐnei oti o A eÐnai antistrèyimoc ìtan o A2 eÐnai antistrèyimoc).

'Askhsh 2.20 BreÐte treÐc 2×2 pÐnakec, diaforetikoÔc apì touc I kai −I, oi opoÐoi
eÐnai Ðsoi me touc antistrìfouc touc, A2 = I.
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2.8 An�strofoi pÐnakec

Orismìc 2.9. E�n A eÐnai ènac m × n pÐnakac, onom�zoume an�strofo (transpose)

tou A, kai sumbolÐzoume AT ton n ×m pÐnaka tou opoÐou oi st lec eÐnai oi grammèc tou

A. H sunist¸sa sth jèsh ij tou pÐnaka AT eÐnai Ðsh me th sunist¸sa sth jèsh ji tou A:

E�n A = [akl] kai A
T = [bij ] tìte gia k�je i = 1, . . . , n kai k�je j = 1, . . . , m

bij = aji .

Par�deigma 2.10 [
2 1

8 7

]T
=

[
2 8

1 7

]
,

 1 2 1

3 4 6

1 4 8


T

=

 1 3 1

2 4 4

1 6 8

 .

Den eÐnai dÔskolo na apodeÐxoume tic akìloujec idiìthtec tou anastrìfou.

Prìtash 2.9 E�n A, B eÐnai m× n pÐnakec, kai C eÐnai n× p pÐnakac, tìte

1. (AT )T = A.

2. (A+B)T = AT +BT .

3. (AC)T = CTAT .

4. E�n o A eÐnai antistrèyimoc, tìte o AT eÐnai epÐshc antistrèyimoc kai (A−1)T =

(AT )−1.

Drasthriìthta 2.10 ApodeÐxete to 4: Elègxte oti o pÐnakac (A−1)T eÐnai o

antÐstrofoc tou AT .

Orismìc 2.10. Enac tetragwnikìc pÐnakac A onom�zetai summetrikìc e�n AT =

A, dhlad  e�n (A)ij = (A)ji gia k�je i, j. Enac tetragwnikìc pÐnakac A onom�zetai

antisummetrikìc e�n AT = −A, dhlad  e�n (A)ij = −(A)ji gia k�je i, j.

Par�deigma 2.11 E�n A eÐnai tetragwnikìc pÐnakac, tìte A+AT eÐnai summetrikìc kai

A−AT eÐnai antisummetrikìc.
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L mma 2.10 K�je tetragwnikìc pÐnakac A ekfr�zetai wc �jroisma enìc summetrikoÔ kai

enìc antisummetrikoÔ pÐnaka, me monadikì trìpo. Sugkekrimèna,

A =
1

2

(
A+AT

)
+

1

2

(
A−AT

)
.

'Askhsh 2.21 BreÐte ton an�strofo twn pin�kwn 4 5 6

−1 2 3

0 1 2

 ,

 1 −1 3

−1 2 0

3 0 4

 .

'Askhsh 2.22 Sumplhr¸ste ta ∗ stouc akìloujouc pÐnakec, ètsi ¸ste na eÐnai

summetrikoÐ:  1 2 4

∗ 6 ∗
4 5 2

 ,


−3 ∗ 8 9

−4 7 ∗ 7

∗ 2 6 4

∗ 7 ∗ 9

 .

'Askhsh 2.23 BreÐte A tètoio ¸ste (4AT )−1 =

[
2 3

−4 −4

]
.

'Askhsh 2.24 DeÐxte oti e�n A kai B eÐnai antistrèyimoi pÐnakec, tìte

(AT )−1 = (A−1)T , (ATBT )−1 = (A−1B−1)T .

'Askhsh 2.25 DÐdontai pÐnakec A sq matoc 4×1, B sq matoc 2×3, C sq matoc

2 × 4 kai D sq matoc 1 × 3. PoioÐ apì touc akìloujouc pÐnakec orÐzontai, kai tÐ

sq ma èqoun?

aþ. ADBT bþ. CTB − 5AD

gþ. 4CA− (CA)2 dþ. (ADBTC)2 − I4

'Askhsh 2.26 ApodeÐxte oti (AB)T = BTAT . Xekin ste apì thn pr¸th gramm 

tou (AB)T , h opoÐa eÐnai Ðsh me thn pr¸th st lh tou AB, kai deÐxte oti aut  eÐnai h

pr¸th gramm  tou BTAT .
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'Askhsh 2.27 BreÐte touc antistrìfouc twn pin�kwn met�jeshc

P1 =

 0 0 1

0 1 0

1 0 0

 kai P2 =

 0 0 1

1 0 0

0 1 0

 .
Exhg ste giatÐ, gia pÐnakec met�jeshc P , isqÔei p�nta P−1 = P T : deÐxte oti ta 1

brÐskontai sth swst  jèsh ¸ste na isqÔei PP T = I

'Askhsh 2.28 EÐnai ta akìlouja alhj    yeud ? D¸ste antiparadeÐgmata e�n

eÐnai yeud  kai apodeÐxeic e�n eÐnai alhj .

1. 'Enac 4× 4 pÐnakac me mÐa gramm  mhdèn den eÐnai antistrèyimoc.

2. 'Enac pÐnakac me 1 sthn kÔria diag¸nio eÐnai antistrèyimoc.

3. E�n A eÐnai antistrèyimoc, tìte A−1 eÐnai antistrèyimoc.

4. E�n AT eÐnai antistrèyimoc, tìte A eÐnai antistrèyimoc.

'Askhsh 2.29 DeÐxte oti up�rqoun mh mhdenikoÐ pÐnakec gia touc opoÐouc A2 = 0,

all� oti ATA = 0 mìno ìtan A = 0.

'Askhsh 2.30 Upojèste oti o pÐnakac R eÐnai m× n parallhlìgrammoc, kai o A

eÐnai m×m summetrikìc.

1. Ti sq ma èqei o pÐnakac RTAR? DeÐxte oti eÐnai summetrikìc.

2. DeÐxte oti o RTR den èqei arnhtikèc timèc sth diag¸nio.



Kef�laio 3

H apaloif  Gauss

3.1 'Ekfrash thc apaloif c Gauss mèsw pin�kwn

Se aut  kai thn epìmenh par�grafo ja exet�soume pio analutik� th diadikasÐa apaloif c

gia thn exÐswsh Ax = b ìtan A eÐnai tetragwnikìc n×n pÐnakac. Sto epìmeno kef�laio ja

exet�soume th genikìterh perÐptwsh ìpou A eÐnai m× n pÐnakac.

Opwc eÐdame sto (2.9), to pr¸to b ma thc apaloif c sto sÔsthma (2.4) perigr�fetai mèsw

pollaplasiasmoÔ tou pÐnaka suntelest¸n me kat�llhlo stoiqei¸dh pÐnaka, apì arister�.

Ac efarmìsoume aut  th diadikasÐa ston epauxhmèno pÐnaka tou sust matoc 2.4, 2 1 1 5

4 −6 0 −2

−2 7 2 9

 .
1. AfairoÔme 2 forèc thn pr¸th gramm  apì th deÔterh, dhlad  pollaplasi�zoume apì

ta arister� me ton stoiqei¸dh pÐnaka E21(−2), 2 1 1 5

0 −8 −2 −12

−2 7 2 9

 =

 1 0 0

−2 1 0

0 0 1


 2 1 1 5

4 −6 0 −2

−2 7 2 9

 .
2. AfairoÔme −1 for� thn pr¸th gramm  apì thn trÐth, dhlad  pollaplasi�zoume apì

ta arister� me ton stoiqei¸dh pÐnaka E31(1), 2 1 1 5

0 −8 −2 −12

0 8 3 14

 =

 1 0 0

0 1 0

−(−1) 0 1


 1 0 0

−2 1 0

0 0 1


 2 1 1 5

4 −6 0 −2

−2 7 2 9

 .
3. AfairoÔme −1 for� th deÔterh gramm  apì thn trÐth, dhlad  pollaplasi�zoume apì

ta arister� me ton stoiqei¸dh pÐnaka E32(1), 2 1 1 5

0 −8 −2 −12

0 0 1 2

 =

40
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 1 0 0

0 1 0

0 −(−1) 1


 1 0 0

0 1 0

1 0 1


 1 0 0

−2 1 0

0 0 1


 2 1 1 5

4 −6 0 −2

−2 7 2 9

 .

Blèpoume oti o pollaplasiasmìc tou epauxhmènou pÐnaka [A
...b] apì ta arister�, pr¸ta me ton

E =

 1 0 0

−2 1 0

0 0 1

, katìpin me ton F =

 1 0 0

0 1 0

1 0 1

 kai tèloc me ton G =

 1 0 0

0 1 0

0 1 1


èqei to Ðdio apotèlesma me thn apaloif  Gauss. Dhlad  h apaloif  Gauss gÐnetai

[A
... b]→ E[A

... b]→ F (E[A
... b])→ G(FE[A

... b]) .

Qrhsimopoi¸ntac thn prosetairistik  idiìthta, katal goume oti mporoÔme na ekfr�soume

thn apaloif  wc pollaplasiasmì tou pÐnaka A kai tou dianÔsmatoc b me to ginìmeno GFE.

To arqikì sÔsthma

Ax = b

gÐnetai

GFEAx = GFEb .

Orismìc 3.1. Enac tetragwnikìc pÐnakac A = [aij ] onom�zetai �nw trigwnikìc e�n

ìla ta stoiqeÐa k�tw apì th diag¸nio eÐnai Ðsa me 0, dhlad  e�n aij = 0 ìtan i > j.

Enac tetragwnikìc pÐnakac A = [aij ] onom�zetai k�tw trigwnikìc e�n ìla ta stoiqeÐa

p�nw apì th diag¸nio eÐnai Ðsa me 0, dhlad  e�n aij = 0 ìtan i < j.

Par�deigma 3.1 K�je stoiqei¸dhc pÐnakac eÐnai eÐte �nw trigwnikìc eÐte k�tw trigwni-

kìc, afoÔ èqei mìno mÐa mh mhdenik  sunist¸sa èxw apì th diag¸nio.

E�n gr�youme U = GFEA kai c = GFEb, U eÐnai �nw trigwnikìc pÐnakac, kai èqoume

na lÔsoume to sÔsthma

Ux = c

to opoÐo lÔnetai me an�dromh antikat�stash, kai èqei akrib¸c to Ðdio sÔnolo lÔsewn me to

arqikì sÔsthma.

Drasthriìthta 3.1 Exhg ste se k�poio sumfoitht    sumfoit tri� sac giatÐ

to sÔsthma Ux = c èqei tic Ðdiec akrib¸c lÔseic me to sÔsthma Ax = b.

3.2 ParagontopoÐhsh LU

MporoÔme na anairèsoume ta b mata thc apaloif c, gia na p�me apì ton pÐnaka U ston

A: prèpei na anairèsoume èna�èna b ma, me thn antÐstrofh seir�. EÐnai fanerì oti gia na

anairèsoume to apotèlesma tou pollaplasiasmoÔ me ton G arkeÐ na pollaplasi�soume me
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ton antÐstrofo tou G, dhladh ton pÐnaka pou prosjètei (−1) forèc th deÔterh gramm 

sthn trÐth,

G−1 =

 1 0 0

0 1 0

0 −1 1

 .

An�loga F−1 eÐnai o pÐnakac

 1 0 0

0 1 0

−1 0 1

 pou prosjètei (−1) for� thn pr¸th gramm 

sthn trÐth, kai E−1 eÐnai o pÐnakac

 1 0 0

2 1 0

0 0 1

 pou prosjètei 2 forèc thn pr¸th gramm 

sth deÔterh. 'Eqoume

E−1F−1G−1U = A .

To ginìmeno E−1F−1G−1 to sumbolÐzoume L. Eqoume gr�yei ton pÐnaka A wc ginìmeno

A = LU .

MporoÔme na ektelèsoume aut  th diadikasÐa se opoiod pote tetragwnikì n × n pÐnaka,

arkeÐ oi sunist¸sec pou emfanÐzontai sth diag¸nio kat� thn apaloif  na mhn eÐnai mhdèn.

Se aut  thn perÐptwsh lème oti h diadikasÐa apaloif c brÐskei èna pl rec sÔnolo odhg¸n.

Orismìc 3.2. Lème oti h diadikasÐa apaloif c se èna n×n pÐnaka A brÐskei èna pl rec

sÔsthma odhg¸n, ìtan to pl joc twn odhg¸n eÐnai n. (UpenjumÐzoume oti, ex orismoÔ,

odhgìc eÐnai mh mhdenikì stoiqeÐo). Autì shmaÐnei oti o �nw trigwnikìc pÐnakac ston opoÐo

katal gei h diadikasÐa apaloif c èqei ìla ta diag¸nia stoiqeÐa diaforetik� apì to 0.

Drasthriìthta 3.2 UpologÐste to ginìmeno L = E−1F−1G−1.

Blèpoume oti o L sto par�deigma eÐnai k�tw trigwnikìc me 1 sth diag¸nio kai touc

pollaplasiastèc k�tw apì th diag¸nio. Ja deÐxoume oti autì den eÐnai tuqaÐo. O L eÐnai

to ginìmeno E−1F−1G−1 twn pin�kwn pou anairoÔn ta b mata thc apaloif c. O G−1 eÐnai

o stoiqei¸dhc pÐnakac E32(λ32), me ton pollaplasiast  λ32 sth jèsh 3 2. O F−1 eÐnai o

stoiqei¸dhc pÐnakac E31(λ31), me ton antÐstoiqo pollaplasiast  λ31 = −1 sth jèsh 3 1.

'Ara o pollaplasiasmìc tou G−1 me ton F−1 apì ta arister�, prosjètei λ31 forèc thn

pr¸th gramm  tou E32 sthn trÐth gramm . All� h pr¸th gramm  eÐnai [1 0 0], opìte to

apotèlesma eÐnai apl¸c na emfanisteÐ o pollaplasiast c λ31 sth jèsh 3 1 tou ginomènou: 1 0 0

0 1 0

λ31 0 1


 1 0 0

0 1 0

0 λ32 1

 =

 1 0 0

0 1 0

λ31 λ32 1

 .
Parìmoia, pollaplasiasmìc me ton pÐnaka E−1, topojeteÐ ton pollaplasiast  λ21 sth jèsh

2 1, qwrÐc na all�xei ta �lla stoiqeÐa tou pÐnaka.
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'Etsi èqoume

L = E−1F−1G−1 = E21(λ21)E31(λ31)E32(λ32)

=

 1 0 0

λ21 1 0

0 0 1


 1 0 0

0 1 0

λ31 0 1


 1 0 0

0 1 0

0 λ32 1



=

 1 0 0

λ21 1 0

λ31 λ32 1



Prìtash 3.1 E�n sto n × n sÔsthma Ax = b h diadikasÐa apaloif c brÐskei èna pl -

rec sÔnolo odhg¸n qwrÐc na qreiasteÐ na k�noume enallagèc gramm¸n, tìte o pÐnakac A

gr�fetai wc ginìmeno A = LU , ìpou

• L eÐnai k�tw trigwnikìc, me 1 sth diag¸nio, kai touc pollaplasiastèc λij k�tw apì

th diag¸nio.

• U eÐnai �nw trigwnikìc, me touc odhgoÔc sth diag¸nio.

H paragontopoÐhsh A = LU èqei meg�lh praktik  shmasÐa. Den eÐnai apl� ènac trìpoc

na parast soume thn apaloif . H exÐswsh Ax = b gÐnetai

LUx = b.

All� e�n gr�youme c = Ux, mporoÔme na antikatast soume thn arqik  exÐswsh me tic dÔo

exis¸seic

Lc = b, Ux = c.

'Etsi gia na lÔsoume thn arqik  exÐswsh arkeÐ na broÔme to di�nusma c pou ikanopoieÐ thn

exÐswsh Lc = b kai katìpin to di�nusma x pou ikanopoieÐ thn exÐswsh Ux = c. To shmantikì

eÐnai oti aut� ta dÔo sust mata eÐnai trigwnik�, kai sunep¸c eÐnai eÔkolo na ta lÔsoume.

Sto par�deigma 2.4 h exÐswsh Lc = b gÐnetai 1 0 0

2 1 0

−1 −1 1


 c1

c2

c3

 =

 5

−2

9


dhlad 

c1 = 5

2c1 + c2 = −2

−c1 − c2 + c3 = 9

ap' ìpou èqoume, me eujeÐa antikat�stash, c1 = 5, c2 = −12, c3 = 2.
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H exÐswsh Ux = c t¸ra gÐnetai 2 1 1

0 −8 −2

0 0 1


 x

y

z

 =

 5

−12

2


thn opoÐa lÔnoume me anadrom  antikat�stash.

H eujeÐa kai h an�dromh antikat�stash exasfalÐzoun oti aut� ta sust mata èqoun mo-

nadik  lÔsh:

Prìtash 3.2 E�n U eÐnai n × n �nw trigwnikìc pÐnakac, tou opoÐou ta stoiqeÐa sth

diag¸nio eÐnai ìla diaforetik� apì to mhdèn, tìte k�je sÔsthma

Ux = b

èqei monadik  lÔsh. To Ðdio isqÔei gia k�tw trigwnikì pÐnaka tou opoÐou ìla ta stoiqeÐa

sth diag¸nio eÐnai mh mhdenik�.

Ektìc apì thn paragontopoÐhsh A = LU , kami� for� qrhsimopoioÔme mia pio summetrik 

paragontopoÐhsh: gr�foume ton U wc ginìmeno enìc diag¸niou pÐnaka D me touc odhgoÔc

sth diag¸nio, kai enìc �nw trigwnikoÔ pÐnaka U ′, me 1 sth diag¸nio,

A = LDU ′ .

O U ′ apoteleÐtai apì tic grammèc tou U diairemènec me ton antÐstoiqo odhgì: 2 1 1

0 −8 −2

0 0 1

 =

 2 0 0

0 −8 0

0 0 1


 1 1/2 1/2

0 1 1/4

0 0 1

 .
Par' ìlo pou h seir� me thn opoÐa k�noume ta b mata thc apaloif c (qwrÐc enallagèc)

mporeÐ na all�xei, to telikì apotèlesma LDU ′ eÐnai monadikì, ìpwc ja deÐxete sthn 'Askhsh

3.4.

Prìtash 3.3 E�n A eÐnai summetrikìc pÐnakac, kai A = LDU ′, ìpou L eÐnai k�tw trigw-

nikìc me 1 sth diag¸nio, D eÐnai diag¸nioc kai U ′ eÐnai �nw trigwnikìc me 1 sth diag¸nio,

tìte

LT = U ′ .

Apìdeixh. Eqoume LDU ′ = A = AT = (LDU ′)T = (U ′)TDTLT . All� (U ′)T eÐnai k�tw

trigwnikìc, DT eÐnai diag¸nioc kai LT eÐnai �nw trigwnikìc, kai apì th monadikìthta thc

paragontopoÐhshc A = LDU ′, èqoume LT = U ′, kai (U ′)T = L.

�

'Askhsh 3.1 To ginìmeno dÔo k�tw trigwnik¸n pin�kwn eÐnai p�li k�tw trigwnikìc

pÐnakac (ìla ta stoiqeÐa p�nw apì thn kÔria diag¸nio eÐnai mhdèn). Exakrib¸ste oti

isqÔei me èna par�deigma pin�kwn 3 × 3, kai katìpin exhg ste autì to apotèlesma

qrhsimopoi¸ntac th je¸rhsh twn gramm¸n ston pollaplasiasmì pin�kwn, Prìtash

2.1.
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'Askhsh 3.2 Efarmìste apaloif  gia na breÐte touc par�gontec L kai U twn

pin�kwn [
2 1

8 7

]
,

 3 1 1

1 3 1

1 1 3

 ,

 1 1 1

1 4 4

1 4 8



'Askhsh 3.3 LÔste thn exÐswsh 1 0 0

1 1 0

1 0 1


 2 4 4

0 1 2

0 0 1


 u

v

w

 =

 2

0

2


analÔont�c thn se dÔo trigwnikèc exis¸seic, Lc = b kai Ux = c.

'Askhsh 3.4 DeÐxte oti h paragontopoÐhsh A = LDU ′ enìc pÐnaka eÐnai monadik .

(Upìdeixh: Upojèste oti LDU ′ = L̃D̃Ũ ′ kai oti L, L̃ eÐnai k�tw trigwnikoÐ me 1

sth diag¸nio, D, D̃ eÐnai diag¸nioi pÐnakec kai U ′, Ũ ′ eÐnai �nw trigwnikoÐ me 1 sth

diag¸nio. DeÐxte oti tìte L = L̃, D = D̃ kai U ′ = Ũ ′.)

'Askhsh 3.5 UpologÐste ta ginìmena FGH kai HGF (èqoume paraleÐyei ta mhde-

nik� p�nw apì th diag¸nio):

F =


1

2 1

0 0 1

0 0 0 1

 G =


1

0 1

0 2 1

0 0 0 1

 H =


1

0 1

0 0 1

0 0 2 1

 .

'Askhsh 3.6 Paragontopoi ste ton pÐnaka A se ginìmeno LU , kai gr�yte to �nw

trigwnikì sÔsthma Ux = c pou prokÔptei met� thn apaloif , gia to sÔsthma:

Ax =

 2 3 3

0 5 7

6 9 8


 u

v

w

 =

 2

2

5

 .

'Askhsh 3.7 BreÐte touc pÐnakec E2, E8 kai E−1 e�n

E =

[
1 0

6 1

]
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'Askhsh 3.8 JewroÔme ton �nw trigwnikì pÐnaka

U =

 d1 a b

0 d2 c

0 0 d3


kai upojètoume oti up�rqei pÐnakac V tètoioc ¸ste V U = I. DeÐxte oti d1d2d3 6= 0

kai oti V eÐnai epÐshc �nw trigwnikìc.

'Askhsh 3.9 Paragontopoi ste touc akìloujouc summetrikoÔc pÐnakec sthn mor-

f  A = LDLT , ìpou D eÐnai diag¸nioc kai L k�tw trigwnikìc.

A1 =

[
1 3

3 2

]
A2 =

[
1 b

b c

]
A3 =

 2 −1 0

−1 2 −1

0 −1 2

 .

3.3 Enallagèc gramm¸n

Sto sÔsthma exis¸sewn (2.6) qrei�sthke na all�xoume th seir� twn exis¸sewn, gia na

broÔme èna pl rec sÔnolo odhg¸n. EÐdame oti mporoÔme na parast soume tic enallagèc

gramm¸n me pollaplasiasmì apì ta arister� me ènan pÐnaka enall�g c, Orismìc 2.7. Gia

par�deigma,

P23A =

 1 0 0

0 0 1

0 1 0


 1 5 4

0 2 3

7 1 8

 =

 1 5 4

7 1 8

0 2 3

 .
Gia ènan n × n pÐnaka A upojètoume oti sth diadikasÐa thc apaloif c Gauss tou A,

qrei�zetai na k�noume diadoqik� tic enallagèc gramm¸n, pou parist�nontai apì touc pÐnakec

Pi1j1 , Pi2j2 , . . . , Pikjk . Jewrhtik� ja mporoÔsame na k�noume ìlec tic enallagèc gramm¸n

sthn arq , qrhsimopoi¸ntac to ginìmeno twn pin�kwn enallag c P = Pikjk . . . Pi1j1 , (pro-

sèxte th di�taxh twn pin�kwn sto ginìmeno), kai katìpin na xekin soume th diadikasÐa thc

apaloif c ston pÐnaka PA. Ja apodeÐxome autì ton isqurismì sto Je¸rhma 4.4, all� deÐte

kai thn 'Askhsh 3.11. Ston PA h diadikasÐa apaloif c brÐskei èna pl rec sÔnolo odhg¸n

qwrÐc na qreiasteÐ na k�noume enallagèc gramm¸n, kai sunep¸c èqoume paragontopoÐhsh

PA = LU .

T¸ra mporoÔme na d¸soume ènan orismì tou idiìmorfou pÐnaka, kai na anakefalai¸soume

ta mèqri t¸ra apotelèsmata se èna Je¸rhma.



Kef�laio 3 H apaloif  Gauss 47

Orismìc 3.3. 'Enac tetragwnikìc n × n pÐnakac A eÐnai idiìmorfoc e�n h diadikasÐ-

a thc apaloif c (me enallagèc gramm¸n) katal gei se èna �nw trigwnikì pÐnaka me èna  

perissìtera mhdenik� stoiqeÐa sth diag¸nio. Antijètwc, o pÐnakac A lègetai mh idiìmor-

foc e�n h diadikasÐa thc apaloif c brÐskei èna pl rec sÔnolo odhg¸n, dhlad  e�n o �nw

trigwnikìc pÐnakac U ston opoÐo katal gei èqei ìla ta stoiqeÐa sth diag¸nio diaforetik�

apì to 0.

Je¸rhma 3.4 Estw èna sÔsthma n exis¸sewn me n agn¸stouc

Ax = b .

Tìte isqÔei èna apì ta akìlouja

1. E�n o pÐnakac A eÐnai idiìmorfoc, tìte kamÐa anadi�taxh twn gramm¸n den mporeÐ na

parag�gei èna pl rec sÔnolo odhg¸n.

2. E�n o pÐnakac A den eÐnai idiìmorfoc, tìte up�rqei ènac pÐnakac metajèsewc P tètoioc

¸ste sth diadikasÐa apaloif c tou PA den emfanÐzontai mhdenik� sth jèsh twn

odhg¸n. Se aut  thn perÐptwsh

(aþ) To sÔsthma èqei monadik  lÔsh, h opoÐa upologÐzetai me th diadikasÐa apaloif c

kai an�dromhc antikat�stashc.

(bþ) O pÐnakac PA paragontopoieÐtai wc ginìmeno

PA = LDU ′

ìpou L eÐnai k�tw trigwnikìc me 1 sth diag¸nio, D eÐnai diag¸nioc pÐnakac me

touc odhgoÔc sth diag¸nio, kai U ′ eÐnai �nw trigwnikìc me 1 sth diag¸nio. H

paragontopoÐhsh se pÐnakec me autèc tic idiìthtec eÐnai monadik .

'Askhsh 3.10 LÔste ta akìlouja sust mata me apaloif , k�nontac enallag 

gramm¸n ìpou autì eÐnai aparaÐthto:

u + 4v + 2w = −2

−2u − 8v + 3w = 32

v + w = 1

,

v + w = 0

u + v = 0

u + v + w = 1

BreÐte touc pÐnakec metajèsewn pou qrei�zontai.
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'Askhsh 3.11 E eÐnai o 3×3 pÐnakac pou afaireÐ thn pr¸th apì thn trÐth gramm ,

kai P o pÐnakac enallag c pou enall�ssei th deÔterh me thn trÐth gramm .

1. BreÐte touc pÐnakec E kai P , kai upologÐste ton pÐnaka E′ gia ton opoÐo

PE′ = EP .

2. Perigr�yte th dr�sh tou pÐnaka E′.

'Askhsh 3.12 Katagr�yete touc 6 pÐnakec metajèsewn 3×3, sumperilambanomènou

tou tautotikoÔ pÐnaka I. BreÐte ta antÐstrofa touc, ta opoÐa eÐnai epÐshc pÐnakec

metajèsewc.

'Askhsh 3.13 BreÐte th lÔsh tou akìloujou sust matoc, epilÔontac ta dÔo tri-

gwnik� sust mata, qwrÐc na upologÐsete to ginìmeno LU .

LUx =

 1 0 0

1 1 0

1 0 1


 2 4 4

0 1 2

0 0 1


 u

v

w

 =

 2

0

2

 .

'Askhsh 3.14 BreÐte tic paragontopoi seic PA = LDU ′ gia touc pÐnakec 0 1 1

1 0 1

2 3 4

 ,
 1 2 1

2 4 2

1 1 1

 .

'Askhsh 3.15 Jewr ste ton pÐnaka

A =

 1 1 1

2 4 5

0 4 0

 .
PoioÐ eÐnai oi stoiqei¸deic pÐnakec E21 kai E32 oi opoÐoi fèrnoun ton pÐnaka A se �nw

trigwnik  morf  E32E21A = U ?

Pollaplasi�ste me touc pÐnakec E−132 kai E−121 gia na paragontopoi sete to A se

LU = E−121 E
−1
32 U .
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'Askhsh 3.16 UpologÐste touc par�gontec L kai U gia to summetrikì pÐnaka

A =


a a a a

a b b b

a b c c

a b c d

 .
BreÐte tèssereic sunj kec pou prèpei na ikanopoioÔn ta a, b, c, d gia na èqei o A =

LU tèssereic odhgoÔc.

'Askhsh 3.17 E�n o pÐnakac A èqei odhgoÔc 2, 7 kai 6, qwrÐc enallagèc gramm¸n,

poioÐ eÐnai oi odhgoÐ tou 2× 2 upopÐnaka B sthn �nw arister  pleur�? Exhg ste to

sumpèrasm� sac.

'Askhsh 3.18 Poiìc pÐnakac metajèsewc P k�nei ton PA �nw trigwnikì? PoioÐ

pÐnakec metajèsewn P1 kai P2 k�noun ton P1AP2 k�tw trigwnikì? Pollaplasiasmìc

me ton P2 sta dexi� metajètei tic . . . . . . . . . tou A.

A =

 0 0 6

1 2 3

0 4 5

 .
'Askhsh 3.19 E�n P1 kai P2 eÐnai pÐnakec metajèsewc, to Ðdio isqÔei gia ton P1P2:

deÐxte oti autìc perièqei tic grammèc tou I se k�poia di�taxh. BreÐte paradeÐgmata

sta opoÐa P1P2 6= P2P1 kai P3P4 = P4P3.

3.4 H diadikasÐa Gauss - Jordan gia thn eÔresh tou a-

ntistrìfou

Gia na upologÐsoume ton antÐstrofo tou pÐnaka A jewroÔme thn exÐswsh AA−1 = I st lh

proc st lh: e�n xj eÐnai h j st lh tou A−1, kai ej h j st lh tou I, èqoume

Axj = ej , j = 1, . . . , n.

Dhlad , gia na upologÐsoume ton antÐstrofo A−1 prèpei na lÔsoume n sust mata n ex-

is¸sewn me n agn¸stouc. Omwc o pÐnakac suntelest¸n A eÐnai o Ðdioc kai gia ta n su-

st mata. Ara h apaloif  Gauss mporeÐ na gÐnei mÐa for�, gia ìla ta sust mata. Gia na

katagr�youme aut  th diadikasÐa fti�qnoume ton epauxhmèno pÐnaka me tic st lec tou A kai

tic st lec tou I.

[AI] = [Ae1 e2 e3]
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=

 2 1 1 1 0 0

4 −6 0 0 1 0

−2 7 2 0 0 1



→

 2 1 1 1 0 0

0 −8 −2 −2 1 0

0 8 3 1 0 1



→

 2 1 1 1 0 0

0 −8 −2 −2 1 0

0 0 1 −1 1 1


=

[
U L−1

]
AntÐ na proqwr soume sthn an�dromh antikat�stash me to sun jh trìpo, suneqÐzoume

thn apaloif  twn stoiqeÐwn p�nw apì th diag¸nio, xekin¸ntac apì thn teleutaÐa st lh.

Prosjètoume dÔo forèc thn trÐth gramm  sth deÔterh gramm , kai afairoÔme mÐa for� thn

trÐth gramm  apì thn pr¸th gramm :

[
U L−1

]
→

 2 1 0 2 −1 −1

0 −8 0 −4 3 2

0 0 1 −1 1 1

 .
Prosjètoume 1/8 forèc th deÔterh gramm  sthn pr¸th gramm :

→

 2 0 0 12
8 −5

8 −6
8

0 −8 0 −4 3 2

0 0 1 −1 1 1

 .
T¸ra stic treÐc st lec sta arister� èqoume èna diag¸nio pÐnaka. DiairoÔme me touc odh-

goÔc, gia na p�roume ton tautotikì pÐnaka I stic treic st lec sta arister�:

→

 1 0 0 12
16 − 5

16 − 6
16

0 1 0 1
2 −3

8 −1
4

0 0 1 −1 1 1

 = [I B] .

Oi st lec tou B eÐnai akrib¸c oi lÔseic twn exis¸sewn Axj = ej , dhlad  AB = I.

Koit¸ntac to diaforetik�, k�je b ma thc diadikasÐac pou akolouj same antistoiqeÐ se

pollaplasiasmì apì ta arister� me èna pÐnaka F1, . . . , Fk. Apì to aristerì mèroc tou

epauxhmènou pÐnaka èqoume Fk . . . F1A = I, en¸ apì to dexÐ mèroc èqoume Fk . . . F1 I = B.

Sunep¸c A−1 = Fk . . . F1 = B.

H diadikasÐa pou akolouj same onom�zetai apaloif  Gauss–Jordan, kai mporeÐ na

efarmosteÐ se k�je mh idiìmorfo pÐnaka. H dunatìthta efarmog c thc diadikasÐac deÐqnei

oti k�je mh idiìmorfoc pÐnakac eÐnai antistrèyimoc. Ja deÐxoume kai to antÐstrofo, ènac

idiìmorfoc pÐnakac den eÐnai antistrèyimoc.

Arqik� jewroÔme ènan �nw trigwnikì pÐnaka.
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L mma 3.5 E�n o �nw trigwnikìc pÐnakac U èqei èna mhdenikì stoiqeÐo sth diag¸nio, tìte

den eÐnai antistrèyimoc.

Apìdeixh. Upojètoume oti o pÐnakac U eÐnai �nw trigwnikìc kai èqei èna mhdenikì stoiqeÐo

sth diag¸nio, èstw to ukk = 0. Afair¸ntac pollapl�sio thc st lhc k− 1 apì th st lh k

tou U mporoÔme na mhdenÐsoume to stoiqeÐo u(k−1) k. Sth sunèqeia, afair¸ntac kat�llhla

pollapl�sia twn sthl¸n k − 2, k − 3, . . . , 1 mporoÔme na mhdenÐsoume ìla ta stoiqeÐa

u(k−2) k, u(k−3) k, . . . , u1 k, katal gontac se èna pÐnaka W ston opoÐo ìla ta stoiqeÐa thc

st lhc k eÐnai mhdèn.

UpenjumÐzoume oti h afaÐresh enìc pollaplasÐou thc st lhc j enìc pÐnaka apì th st lh

k, isodunameÐ me pollaplasiasmì apì ta dexi� me to stoiqei¸dh pÐnaka Ejk(−λ). E�n M

eÐnai to ginìmeno aut¸n twn stoiqeiwd¸n pin�kwn, èqoume

W = UM .

GnwrÐzoume oti oi stoiqei¸deic pÐnakec eÐnai antistrèyimoi. Sunep¸c apì thn Prìtash 2.6, o

pÐnakac M eÐnai antistrèyimoc. Apì to L mma 2.7, o pÐnakac U eÐnai antistrèyimoc e�n kai

mìnon e�n o W eÐnai antistrèyimoc. All� o W èqei mÐa st lh mhdenik¸n kai apì to L mma

2.8 den eÐnai antistrèyimoc.

�

E�n t¸ra A eÐnai ènac idiìmorfoc n× n pÐnakac, tìte h diadikasÐa thc apaloif c Gauss

katal gei me èna �nw trigwnikì pÐnaka U , o opoÐoc èqei toul�qiston èna mhdenikì stoiqeÐo

sth diag¸nio, kai

A = P−1LU .

AfoÔ P kai L eÐnai antistrèyimoi kai U den eÐnai antistrèyimoc, apì to L mma 2.7 katal -

goume oti o idiìmorfoc pÐnakac A den eÐnai antistrèyimoc.

Eqoume apodeÐxei to akìloujo je¸rhma.

Je¸rhma 3.6 Enac pÐnakac eÐnai idiìmorfoc e�n kai mìnon e�n den eÐnai antistrèyimoc.

'Askhsh 3.20 Qrhsimopoi ste th diadikasÐa Gauss–Jordan gia na breÐte touc

antÐstrofouc twn parak�tw pin�kwn, e�n up�rqoun 1 0 0

1 2 0

2 3 3

 ,

 2 0 4

−1 3 1

0 1 2

 ,

 1 2 −1

3 −1 0

2 −3 1


'Askhsh 3.21 BreÐte ton antÐstrofo tou

A =


1 0 0 0
1
4 1 0 0
1
3

1
3 1 0

1
2

1
2

1
2 1

 .
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'Askhsh 3.22 BreÐte tic sunj kec pou prèpei na ikanopoioÔn ta stoiqeÐa twn

pin�kwn A kai B, ¸ste autoÐ na eÐnai antistrèyimoi.

A =

 a b c

d e 0

f 0 0

 B =

 a b 0

c d 0

0 0 e

 .

'Askhsh 3.23 Enall�xte tic grammèc kai suneqÐste me thn apaloif  Gauss-Jordan

gia na breÐte ton pÐnaka A−1:

[
A I

]
=

[
0 2 1 0

2 2 0 1

]

'Askhsh 3.24 BreÐte x tètoio ¸ste

1. [
2x 7

1 2

]−1
=

[
2 −7

−1 4

]
.

2.

2

[
2x x

5 3

]−1
=

[
3 −2

−5 4

]
.

'Askhsh 3.25 MÐa endiafèrousa kai komy  efarmog  thc diadikasÐac Gauss–

Jordan eÐnai oti o antÐstrofoc enìc mh idiìmorfou �nw trigwnikoÔ pÐnaka eÐnai e-

pÐshc �nw trigwnikìc. FantasteÐte oti ekteleÐte th diadikasÐa, gia na deÐte oti o

antÐstrofoc eÐnai �nw trigwnikìc.

'Askhsh 3.26 DeÐxte oti e�n ènac pÐnakac èqei dÔo grammèc Ðsec,   dÔo st lec

Ðsec, tìte den eÐnai antistrèyimoc.

'Askhsh 3.27 D¸ste paradeÐgmata pin�kwn A kai B tètoiwn ¸ste

1. A+B den eÐnai antistrèyimoc, all� A kai B eÐnai.

2. A+B eÐnai antistrèyimoc, all� A kai B den eÐnai.

3. kai oi treÐc pÐnakec A, B, A+B eÐnai antistrèyimoi.

Sthn teleutaÐa perÐptwsh qrhsimopoi ste thn tautìthta A−1(A+B)B−1 = B−1 +

A−1, gia na deÐxete oti C = B−1+A−1 eÐnai epÐshc antistrèyimoc, kai na upologÐsete

ton C−1.
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'Askhsh 3.28 Upojèste oti o pÐnakac A eÐnai antistrèyimoc, kai oti enall�ssontac

tic dÔo pr¸tec grammèc tou A lamb�noume ton pÐnaka B. EÐnai o B antistrèyimoc?

P¸c mporoÔme na p�roume ton B−1 apì ton A−1?

'Askhsh 3.29 E�n A kai B eÐnai antistrèyimoi pÐnakec, deÐxte oti I − BA eÐnai

antistrèyimoc e�n o I−AB eÐnai antistrèyimoc. Xekin ste apì thn tautìthta B(I−
AB) = (I −BA)B.



Kef�laio 4

PÐnakec kai DianusmatikoÐ

Upìqwroi tou Rn

4.1 DianusmatikoÐ kai afinikoÐ upìqwroi tou Rn

JewroÔme mÐa eujeÐa ε sto epÐpedo E2. Wc proc èna sÔsthma anafor�c (O, ~u, ~w) h eujeÐa

èqei exÐswsh thc morf c Ax + By = C. Ta dianÔsmata suntetagmènwn twn shmeÐwn thc

eujeÐac ε apoteloÔn èna uposÔnolo tou R2, V = {(x, y) : Ax+By = C}. Exet�zoume e�n
oi pr�xeic sto R2, h prìsjesh dianusm�twn kai o pollaplasiasmìc dianÔsmatoc me arijmì

orÐzontai sto uposÔnolo V , dhlad  e�n to apotèlesm� touc eÐnai p�li stoiqeÐo tou V .

Par�deigma 4.1 E�n M = {(x, y) : −3x + 2y = 6}, parathroÔme oti ta dianÔsmata

(−2, 0) kai (0, −3) an koun sto M , all� to �jroism� touc (−2, 3) den an kei sto M .

OÔte to pollapl�sio 2(2, 0) an kei sto M .

Par�deigma 4.2 E�n V = {(x, y) : −3x + 2y = 0}, parathroÔme oti e�n ta dianÔsmata

(x, y) kai (u, v) an koun sto V , tìte to �jroism� touc (x+ u, y+ v) epÐshc an kei sto V :

−3(x+u)+2(y+v) = 0. Lème oti to sÔnolo V eÐnai kleistì wc proc thn prìsjesh

dianusm�twn en¸ to sÔnolo M den eÐnai. Parìmoia, gia k�je pragmatikì arijmì a to

pollapl�sio a(x, y) an kei sto V . Lème oti to sÔnolo V eÐnai kleistì wc proc ton

pollaplasiasmì dianusm�twn me arijmì en¸ to sÔnolo M den eÐnai.

Parìmoia sto q¸ro E3 me sÔsthma anafor�c (O, ~u, ~v, ~w), oi suntetagmènec twn shmeÐwn

enìc epipèdou Π apoteloÔn èna uposÔnolo tou R3 thc morf c K = {(x, y, z) : Ax+By +

Cz = D}.

Drasthriìthta 4.1 DeÐxte oti to uposÔnolo N tou R3, N = {(x, y, z) : 2x+

y + z = −2} den eÐnai kleistì wc proc thn prìsjesh dianusm�twn sto R3. DeÐxte

epÐshc oti den eÐnai kleistì wc proc ton pollaplasiasmì dianÔsmatoc tou R3 me

pragmatikì arijmì.

54
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Drasthriìthta 4.2 DeÐxte oti to uposÔnolo W tou R3, W = {(x, y, z) :

2x+y+z = 0} eÐnai kleistì wc proc thn prìsjesh dianusm�twn sto R3 kai wc proc

ton pollaplasiasmì dianÔsmatoc tou R3 me pragmatikì arijmì.

Orismìc 4.1. Ena uposÔnolo V tou dianusmatikoÔ q¸rou Rn onom�zetai dianusma-

tikìc upìqwroc (  grammikìc upìqwroc) tou Rn e�n

1. V den eÐnai kenì, V 6= ∅.

2. V eÐnai kleistì wc proc thn prìsjesh: e�n v, w ∈ V tìte v + w ∈ V .

3. V eÐnai kleistì wc proc ton pollaplasiasmì me arijmì: e�n v ∈ V kai a ∈ R, tìte
av ∈ V .

Ta 2 kai 3 mazÐ, shmaÐnoun oti oi grammikoÐ sunduasmoÐ twn stoiqeÐwn tou V paramènoun

mèsa sto V .

L mma 4.1 E�n V eÐnai upìqwroc tou Rn, tìte to mhdenikì di�nusma 0 = (0, . . . , 0) ∈ Rn

an kei sto V .

Pr�gmati, afoÔ V den eÐnai kenì, up�rqei k�poio v ∈ V kai 0 = v + (−1)v ∈ V .
To sÔnolo {(0, . . . , 0) ∈ Rn} eÐnai dianusmatikìc upìqwroc tou Rn.

Par�deigma 4.3 Sto R3, dianusmatikoÐ upìqwroi eÐnai

1. 'Oloc o q¸roc R3,

2. To monosÔnolo {0 ∈ R3},

3. To sÔnolo suntetagmènwn twn shmeÐwn enìc epipèdou pou perièqei to shmeÐo anafor�c

O, dhlad  k�je uposÔnolo thc morf c {(x, y, z) : Ax+By + Cz = 0},

4. To sÔnolo suntetagmènwn twn shmeÐwn mÐac eujeÐac pou perièqei to shmeÐo anafor�c

O, dhlad  k�je uposÔnolo thc morf c {(x, y, z) : A1x+B1y+C1z = 0, A2x+B2y+

C2z = 0}.

Drasthriìthta 4.3 Poi� uposÔnola eÐnai dianusmatikoÐ upìqwroi tou R?
Poi� uposÔnola eÐnai dianusmatikoÐ upìqwroi tou R2?

L mma 4.2 E�n A eÐnai m × n pÐnakac, to sÔnolo V = {x ∈ Rn : Ax = 0} eÐnai

dianusmatikìc upìqwroc.

E�n v1, . . . , vn eÐnai dianÔsmata tou Rm, to sÔnolo W ìlwn twn grammik¸n sunduasm¸n

twn v1, . . . , vn eÐnai dianusmatikìc upìqwroc tou Rm.
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Apìdeixh. To mhdenikì di�nusma an kei sto V , �ra to V den eÐnai kenì. E�n v, w ∈ V ,
tìte A(v+w) = Av+Aw = 0 kai gia k�je a ∈ R, A(av) = 0. Sunep¸c V eÐnai kleistì wc

proc thn prìsjesh kai ton pollaplasiasmì.

To mhdenikì di�nusma an kei stoW , �ra toW den eÐnai kenì. E�n y = a1v1+ · · ·+anvn,

z = b1v1 + · · ·+ bnvn kai c ∈ R, tìte y+ z kai cy ekfr�zontai wc grammikoÐ sunduasmoÐ twn

v1, . . . , vn, �ra W eÐnai kleistì wc proc thn prìsjesh kai ton pollaplasiasmì.

�

Drasthriìthta 4.4 Poi� apì ta akìlouja uposÔnola tou R3 eÐnai dianusmatikoÐ

upìqwroi? Poi� eÐnai Ðsa metaxÔ touc?

1. Oi grammikoÐ sunduasmoÐ twn dianusm�twn (1, 0, 0) kai (0, 0, 1).

2. Oi grammikoÐ sunduasmoÐ twn dianusm�twn (1, 0, 1) kai (0, 0, 1).

3. To sÔnolo {(x, y, z) : y = 0}.

Ti sumbaÐnei me epÐpeda pou den perièqoun to shmeÐo anafor�c O? Sth Drasthriìthta 4.1

eÐdame oti to sÔnolo twn suntetagmènwn twn shmeÐwn enìc tètoiou epipèdou den eÐnai dianu-

smatikìc upìqwroc. JewroÔme epÐpedo Π ston E3, tou opoÐou to sÔnolo suntetagmènwn wc

proc to sÔsthma anafor�c (O, ~u, ~v, ~w) eÐnai to uposÔnoloN = {(x, y, z) : 2x+y+z = −2}
tou R3. Epilègoume èna shmeÐo A tou Π, me suntetagmènec (x0, y0, z0). Tìte gia k�je shmeÐo

B : (x, y, z) tou Π, to di�nusma
−−→
OB−−→OA èqei suntetagmènec (x−x0, y−y0, z−z0), oi opoÐ-

ec an koun sto dianusmatikì upìqwro W . SumperaÐnoume oti k�je stoiqeÐo (x, y, z) ∈ N
gr�fetai wc �jroisma (x0, y0, z0) + (r, s, t), ìpou (r, s, t) ∈ W . Lème oti N eÐnai o afini-

kìc upìqwroc tou R3 pou perièqei to (x0, y0, z0) kai eÐnai par�llhloc proc to dianusmatikì

upìqwro W .

Orismìc 4.2. 'Ena uposÔnolo M tou dianusmatikoÔ q¸rou Rn onom�zetai afinikìc

upìqwroc tou Rn e�n up�rqei ènac dianusmatikìc upìqwroc W tou Rn kai èna di�nusma

v ∈M , tètoia ¸ste u ∈M e�n kai mìnon e�n u− v an kei sto W .

Par�deigma 4.4 Opoiod pote monosÔnolo {v} ⊆ Rn eÐnai afinikìc upìqwroc.

K�je dÔo stoiqeÐa v kai w tou Rn orÐzoun ènan afinikì upìqwro (mÐa eujeÐa sto Rn): to

uposÔnolo pou perièqei to v kai k�je di�nusma thc morf c v + t(w − v) gia t ∈ R.

Drasthriìthta 4.5 Poi� apì ta akìlouja uposÔnola tou R3 eÐnai afinikoÐ

upìqwroi? Poi� eÐnai Ðsa metaxÔ touc?

1. To sÔnolo {(x, y, z) : x+ z − 2 = 0}.

2. To sÔnolo {(x, y, z) = (1 + s, t, 1− s), s, t ∈ R}.

3. To sÔnolo {(x, y, z) = (1− s, 0, 1 + s), s ∈ R}.
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L mma 4.3 E�n A eÐnai m × n pÐnakac kai v ∈ Rn, tìte to sÔnolo M = {y ∈ Rn :

A(y − v) = 0} eÐnai afinikìc upìqwroc.

Apìdeixh. To di�nusma y an kei sto M e�n kai mìnon e�n y − v an kei sto sÔnolo

{x ∈ Rn : Ax = 0}, to opoÐo eÐnai dianusmatikìc upìqwroc tou Rn.
�

4.2 Q¸roc sthl¸n kai mhdenìqwroc

Ja melet soume orismènouc dianusmatikoÔc upìqwrouc tou Rm kai tou Rn pou sundèontai

me èna sÔsthma m exis¸sewn me n agn¸stouc,   me èna m× n pÐnaka.

Par�deigma 4.5 JewroÔme to sÔsthma Ax = b, 1 0

5 4

2 4

[ u

v

]
=

 b1

b2

b3

 .
Pìte èqei to sÔsthma lÔsh? E�n up�rqei lÔsh, èstw (u0, v0), tìte to di�nusma (b1, b2, b3)

gr�fetai wc grammikìc sunduasmìc twn sthl¸n tou A: b1

b2

b3

 = u0

 1

5

2

+ v0

 0

4

4

 .
AntÐstrofa, e�n to di�nusma mporeÐ na grafteÐ wc grammikìc sunduasmìc twn sthl¸n tou

A, tìte oi suntelestèc tou grammikoÔ sunduasmoÔ apoteloÔn mia lÔsh tou sust matoc.

Sunep¸c to sÔsthma èqei lÔsh e�n kai mìnon e�n to di�nusma b mporeÐ na grafteÐ wc

grammikìc sunduasmìc twn sthl¸n tou A. To sÔnolo twn grammik¸n sunduasm¸n twn

sthl¸n tou A eÐnai to sÔnolo V = {λ1(1, 5, 2) + λ2(0, 4, 4) : λ1, λ2 ∈ R}. Apì to L mma

4.2, to sÔnolo V eÐnai dianusmatikìc upìqwroc tou R3.

Drasthriìthta 4.6 Gr�yte to di�nusma (1, 0, 1) wc grammikì sunduasmì twn

dianusm�twn (1, 0, 0), (0, 1, 1) kai (0, 1, 0).

Orismìc 4.3. To sÔnolo ìlwn twn grammik¸n sunduasm¸n twn sthl¸n tou m × n

pÐnaka A onom�zetai q¸roc sthl¸n tou A, kai sumbolÐzetai R(A).

Apì to L mma 4.2, R(A) eÐnai dianusmatikìc upìqwroc tou Rm.
ParathroÔme oti b ∈ R(A) e�n kai mìnon e�n to sÔsthma Ax = b èqei lÔsh. Pr�gmati

oi sunist¸sec tou dianÔsmatoc x eÐnai akrib¸c oi suntelestèc tou grammikoÔ sunduasmoÔ

twn sthl¸n tou A pou dÐdei to b.
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Drasthriìthta 4.7 Gr�yte to grammikì sunduasmì pou br kate sth Drasth-

riìthta 4.6 sth morf  Ax =

 1

0

1

.
O mikrìteroc dunatìc q¸roc sthl¸n eÐnai o mhdenikìc upìqwroc, pou apoteleÐtai mìno

apì to mhdenikì di�nusma sto Rm: autìc eÐnai o q¸roc sthl¸n tou mhdenikoÔ pÐnaka A = 0.

Sto �llo �kro, o q¸roc sthl¸n tou tautotikoÔ m×m pÐnaka eÐnai ìloc o q¸roc Rm: k�je
di�nusma tou Rm gr�fetai wc grammikìc sunduasmìc twn sthl¸n e1, e2, . . . , em tou I:

(b1, b2, . . . , bm) = b1e1 + b2e2 + · · ·+ bmem .

To Ðdio isqÔei gia k�je mh idiìmorfo m×m pÐnaka A. O q¸roc sthl¸n tou A perièqei

ìla ta dianÔsmata tou Rm: h exÐswsh Ax = b èqei lÔsh gia k�je di�nusma b ∈ Rm.

Orismìc 4.4. E�n A eÐnai m× n pÐnakac, to sÔnolo twn lÔsewn thc exÐswshc Ax = 0

onom�zetai mhdenìqwroc tou A, kai sumbolÐzetai N (A).

Apì to L mma 4.2 gnwrÐzoume epÐshc oti o mhdenìqwroc N (A) = {x ∈ Rn : Ax = 0}
eÐnai dianusmatikìc upìqwroc tou Rn.

Sthn exÐswsh  1 0

5 4

2 4

[ u

v

]
=

 0

0

0

 .
h mình lÔsh eÐnai (u, v) = (0, 0). Ara N (A) = {0 ∈ R2}.

Ston pÐnaka B =

 1 0 1

5 4 9

2 4 6

, h trÐth st lh eÐnai to �jroisma twn �llwn dÔo. Ara gia

k�je λ ∈ R, o grammikìc sunduasmìc

λ

 1

5

2

+ λ

 0

4

4

− λ
 1

9

6

 = 0 .

Dhlad  k�je pollapl�sio tou (1, 1, −1) eÐnai lÔsh tou Bx = 0, kai o mhdenìqwroc N (B)

perièqei ton upìqwro {λ(1, 1, −1) : λ ∈ R}. Ja doÔme oti se autì to par�deigma oi dÔo

upìqwroi eÐnai Ðsoi.

'Askhsh 4.1 Elègxte e�n ta uposÔnola tou R2 pou ikanopoioÔn tic parak�tw

exis¸seic apoteloÔn dianusmatikoÔc upìqwrouc   ìqi.

aþ. 3x+ y = 0 bþ. 3(x+ 2) = 5y

gþ. 3(x+ 2)− 5y = 6 dþ. x2 + y2 = 0
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'Askhsh 4.2 E�n prosjèsoume mÐa epiplèon st lh b ston pÐnaka A, tìte o q¸roc

sthl¸n gÐnetai megalÔteroc, ektìc e�n . . . . . . . . . . D¸ste èna par�deigma sto opoÐo

o q¸roc sthl¸n megal¸nei kai èna sto opoÐo paramènei o Ðdioc. GiatÐ h exÐswsh

Ax = b èqei lÔsh akrib¸c ìtan o q¸roc sthl¸n den megal¸nei ìtan sumperil�boume

to di�nusma b?

'Askhsh 4.3 Oi st lec tou AB eÐnai grammikoÐ sunduasmoÐ twn sthl¸n tou A.

Autì shmaÐnei oti o q¸roc sthl¸n tou AB perièqetai ston (  eÐnai Ðsoc me ton)

q¸ro sthl¸n tou A. D¸ste èna par�deigma ìpou oi q¸roi sthl¸n tou A kai tou

AB den eÐnai Ðsoi.

'Askhsh 4.4 EÐnai ta akìlouja alhj    yeud ? D¸ste antipar�deigma e�n eÐnai

yeud  kai aitiolìghsh e�n eÐnai alhj .

1. Ta dianÔsmata b pou den perièqontai sto q¸ro sthl¸n R(A) apoteloÔn dia-

nusmatikì upìqwro.

2. E�nR(A) perièqei mìno to mhdenikì di�nusma, tìte A eÐnai o mhdenikìc pÐnakac.

3. O q¸roc sthl¸n tou pÐnaka 2A eÐnai Ðsoc me to q¸ro sthl¸n tou A.

4. O q¸roc sthl¸n twn A− I eÐnai Ðsoc me to q¸ro sthl¸n tou A.

'Askhsh 4.5 Gia poi� dianÔsmata (b1, b2, b3) èqoun ta akìlouja sust mata lÔsh? 1 1 1

0 1 1

0 0 1


 x1

x2

x3

 =

 b1

b2

b3

 ,
 1 1 1

0 1 1

0 0 0


 x1

x2

x3

 =

 b1

b2

b3

 .

'Askhsh 4.6 Kataskeu�ste ènan 3×3 pÐnaka tou opoÐou o q¸roc sthl¸n perièqei

ta dianÔsmata (1, 1, 0) kai (1, 0, 1), all� den perièqei to (1, 1, 1). Kataskeu�ste

ènan 3× 3 pÐnaka tou opoÐou o q¸roc sthl¸n eÐnai mÐa eujeÐa.

'Askhsh 4.7 E�n A eÐnai pÐnakac 9×12 kai to sÔsthma Ax = b èqei lÔsh gia k�je

b, tìte R(A) = . . . .

'Askhsh 4.8 BreÐte to q¸ro sthl¸n kai to mhdenìqwro tou pÐnaka

[
2 0

−1 0

]
.

'Askhsh 4.9 DeÐxte oti e�n A eÐnai antistrèyimoc n × n pÐnakac, tìte N (A) =

{0 ∈ Rn}.
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4.3 Apaloif  se sÔsthma m exis¸sewn me n agn¸-

stouc

H perÐptwsh susthm�twnm exis¸sewn me n agn¸stouc giam 6= n, lÔnetai p�li me apaloif ,

emfanÐzontai ìmwc perissìterec dunatìthtec. Sthn arq  exet�zoume, me èna sugkekrimèno

par�deigma, th diadikasÐa thc apaloif c se èna 3× 4 pÐnaka:

A =

 1 3 3 2

2 6 9 5

−1 −3 3 0

 . (4.1)

Sthn pr¸th gramm  èqoume mh mhdenikì stoiqeÐo sthn pr¸th st lh, to opoÐo qrhsimopoioÔme

wc odhgì. AfairoÔme dÔo forèc thn pr¸th gramm  apì th deÔterh, kai prosjètoume thn

pr¸th gramm  sthn trÐth: 1 3 3 2

2 6 9 5

−1 −3 3 0

→
 1 3 3 2

0 0 3 1

0 0 6 2


Sth deÔterh st lh den up�rqei mh mhdenikì stoiqeÐo k�tw apì thn pr¸th gramm , �ra den

mporoÔme na broÔme odhgì me enallag  gramm¸n. SuneqÐzoume sthn trÐth st lh, ìpou

up�rqei mh mhdenikì stoiqeÐo sth deÔterh gramm , o deÔteroc odhgìc. AfairoÔme dÔo forèc

th deÔterh gramm  apì thn trÐth: 1 3 3 2

0 0 3 1

0 0 6 2

→
 1 3 3 2

0 0 3 1

0 0 0 0

 .
Sthn tètarth st lh den up�rqei odhgìc. Sth genik  perÐptwsh mporeÐ na qrei�zetai na

k�noume enallag  gramm¸n gia na fèroume èna mh mhdenikì stoiqeÐo sth jèsh tou odhgoÔ.

Katal goume se èna pÐnaka sthn akìloujh morf , h opoÐa onom�zetai klimakwt .

• Oi grammèc pou èqoun k�poia m  mhdenik� stoiqeÐa (e�n up�rqoun) emfanÐzontai p�nw

apì tic grammèc pou èqoun mìno mhdenik� stoiqeÐa (e�n up�rqoun).

• To pr¸to m  mhdenikì stoiqeÐo k�je gramm c (e�n up�rqei) onom�zetai odhgìc. O

odhgìc k�je mh mhdenik c gramm c brÐsketai sta dexi� tou odhgoÔ thc prohgoÔmenhc

gramm c.

SumperaÐnoume oti sta arister� kai k�tw apì k�je odhgì up�rqoun mìno mhdenik�. E�n

katagr�youme ta antÐstrofa twn bhm�twn thc apaloif c, paÐrnoume ènan k�tw trigwnikì

m×m pÐnaka. Sto par�deigma èqoume, gia ton antÐstrofo tou pr¸tou b matoc thc apaloif c

E−1 =

 1 0 0

2 1 0

−1 0 1


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en¸ gia ton antÐstrofo tou deÔterou b matoc

F−1 =

 1 0 0

0 1 0

0 2 1

 .
Ara A = E−1F−1U = LU , ìpou

L =

 1 0 0

2 1 0

−1 2 1

 .
Aut  h perigraf  perilamb�nei kai thn perÐptwsh tetragwnikoÔ pÐnaka, kaj¸c h �nw trigw-

nik  morf  pou paÐrnoume apì thn apaloif  enìc tetragwnikoÔ pÐnaka eÐnai eidik  perÐptwsh

thc klimakwt c morf c. Sunep¸c to epìmeno Je¸rhma, tou opoÐou ja d¸soume piì prose-

ktik  apìdeixh, perilamb�nei kai ta prohgoÔmena apotelèsmata.

Je¸rhma 4.4 Se k�je m× n pÐnaka A antistoiqeÐ

1. ènac m×m pÐnakac metajèsewn P ,

2. ènac m×m k�tw trigwnikìc pÐnakac L, me 1 sth diag¸nio, kai

3. ènac m× n pÐnakac se klimakwt  morf  U

tètoioi ¸ste

PA = LU .

Drasthriìthta 4.8 DÐdetai o pÐnakac

A =

 0 0 0 0

0 1 0 0

0 −1 0 0

 .
1. Me poiìn pÐnaka enallag c P1 mporeÐte na pollaplasi�sete ton A ètsi ¸ste

o P1A na paragontopoieÐtai se L1U1?

2. Me poiìn �llo pÐnaka enallag c P2 mporeÐte na pollaplasi�sete ton A ètsi

¸ste o P2A na paragontopoieÐtai se L2U2?

3. EÐnai L1 = L2? EÐnai U1 = U2?

Prin d¸soume thn apìdeixh tou Jewr matoc prèpei na orÐsoume me kat�llhlo trìpo èna

genikì pÐnaka se klimakwt  morf . DÐnoume pr¸ta ènan orismì ìpou epikentr¸noume thn

prosoq  mac stic grammèc tou pÐnaka. Ston akìloujo orismì dÐnoume se parènjesh th

diaisjhtik  ermhneÐa twn arijm¸n r kai ji.
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Orismìc 4.5. Enac m× n pÐnakac U = [aij ] eÐnai se klimakwt  morf  e�n up�rqei

ènac akèraioc r (o arijmìc twn mh mhdenik¸n gramm¸n tou pÐnaka), me 0 ≤ r ≤ m, kai gia

k�je i = 1, . . . , r up�rqoun akèraioi ji ≤ n (h jèsh tou pr¸tou mh mhdenikoÔ stoiqeÐou

thc gramm c i) tètoioi ¸ste

1. aiji 6= 0, kai onom�zetai odhgìc sth gramm  i kai sth st lh ji.

2. j1 ≥ 1, kai gia k�je i = 1, . . . , r − 1, ji+1 > ji. (K�je odhgìc brÐsketai sta dexi�

tou prohgoÔmenou).

3. Gia k�je i = 1, . . . , r, aik = 0 gia k < ji. (O odhgìc eÐnai to pr¸to mh mhdenikì

stoiqeÐo thc gramm c).

4. Gia i > r, aik = 0 gia k�je k. (Up�rqoun mìnon r mh mhdenikèc grammèc).



0 · · · 0 a1j1 ∗ · · · · · · · · · · · · · · · · · · · · · · · · ∗
0 · · · · · · · · · · · · 0 a2j2 ∗ · · · · · · · · · · · · · · · ∗
...

...
...

...
...

...

0 · · · · · · · · · · · · · · · · · · · · · · · · 0 arjr ∗ · · · ∗
0 · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · 0
...

...
...

...
...

...

0 · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · 0


H diadikasÐa thc apaloif c proqwr� st lh�st lh, �ra qreiazìmaste mia perigraf  thc

klimakwt c morf c kat� st lec. Exet�ste prosektik� tic dÔo perigrafèc kai bebaiwjeÐte

oti se k�je perÐptwsh perigr�foun thn Ðdia morf .

E�n U = [aij ] eÐnai m × n pÐnakac se klimakwt  morf , tìte up�rqei r ≤ m kai gia

k�je j = 1, . . . , n up�rqoun akèraioi ij (h jèsh tou teleutaÐou mh mhdenikoÔ stoiqeÐou thc

st lhc j) me ij ≤ r, tètoioi ¸ste

1. 0 ≤ i1 ≤ 1 kai gia k�je j = 1, . . . , n− 1, ij ≤ ij+1 ≤ ij + 1.

2. aij = 0 gia i > ij , kai e�n ij > ij−1 tìte aijj 6= 0.

O arijmìc ij metr�ei pìsoi odhgoÐ up�rqoun stic st lec apì 1 èwc j.

Se pr¸th an�gnwsh mporeÐte na paraleÐyete aut  thn apìdeixh, kai na epanèljete se

aut n argìtera.

Apìdeixh. Pr¸ta perigr�foume anadromik� th diadikasÐa thc apaloif c, qrhsimopoi¸ntac

touc arijmoÔc ij . Jètoume i0 = 0, U0 = A kai upojètoume oti gia k me n > k ≥ 0 èqoume

pÐnaka Uk (ton pÐnaka pou prokÔptei apì ton A met� thn apaloif  stic k pr¸tec st lec) kai

akeraÐouc i0, . . . , ik oi opoÐoi ikanopoioÔn tic parap�nw sunj kec. JewroÔme th st lh k+1

tou pÐnaka Uk kai kataskeu�zoume ton pÐnaka Uk+1 kai ton akèraio ik+1 me ton akìloujo

trìpo.
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• E�n ai(k+1) = 0 gia k�je i me m ≥ i > ik, tìte den qrei�zetai na all�xoume th st lh

k + 1 gia na p�roume ton pÐnaka Uk+1. Jètoume ik+1 = ik kai Uk+1 = Uk.

• Diaforetik�, brÐskoume to mikrìtero i gia to opoÐo i > ik kai ai(k+1) 6= 0. Gia autì

to i, enall�ssoume tic grammèc ik + 1 kai i tou pÐnaka Uk, dhlad  pollaplasi�zoume

ton Uk apì ta arister� me ton pÐnaka P(ik+1)i. Me aut  thn enallag  fèrnoume èna

mh mhdenikì stoiqeÐo sth jèsh tou odhgoÔ sth st lh k + 1. ArijmoÔme xan� tic

grammèc tou nèou pÐnaka, kai sumbolÐzoume ta stoiqeÐa tou me aij . Gia k�je ` me

m ≥ ` > ik + 1, pollaplasi�zoume apì ta arister� me to stoiqei¸dh pÐnaka pou

afaireÐ
a`(k+1)

a(ik+1)(k+1)
forèc th gramm  ik + 1 apì th gramm  `. Me autìn ton trìpo

mhdenÐzoume ìla ta stoiqeÐa thc st lhc k + 1 pou brÐskontai k�tw apì ton odhgì

a(ik+1)(k+1). Tèloc jètoume ik+1 = ik + 1 kai Uk+1 Ðso me to telikì ginìmeno.

Otan exantl soume ìlec tic st lec, katal goume me ton pÐnaka U = Un, o opoÐoc eÐnai se

klimakwt  morf .

E�n sumbolÐsoume P1, . . . , Pr touc pÐnakec enallag c pou qrhsimopoioÔme sta r mh te-

trimmèna b mata thc diadikasÐac apaloif c, kai L1, . . . , Lr touc antÐstoiqouc k�tw trigw-

nikoÔc pÐnakec, èqoume

U = LrPrLr−1Pr−1 · · · L1P1A .

Gia na katal xoume sth paragontopoÐhsh LU = PA, ìpou L eÐnai k�tw trigwnikìc me 1 sth

diag¸nio kai P eÐnai pÐnakac metajèsewc, prèpei na per�soume ìlouc touc k�tw trigwnikoÔc

pÐnakec Li sta arister� twn pin�kwn enallag c Pi. GnwrÐzoume oti, en gènei,

LrPrLr−1Pr−1 · · · L1P1 6= LrLr−1 · · · L1PrPr−1 . . . P1 .

'Omwc ja deÐxoume oti up�rqei k�tw trigwnikìc pÐnakac K, me 1 sth diag¸nio, tètoioc ¸ste

LrPrLr−1Pr−1 · · · L1P1 = K Pr · · · P1 .

Jètoume Kr = Lr, kai gia k�je i = 1, . . . , r − 1 orÐzoume ton pÐnaka Ki apì th sqèsh

(PrPr−1 · · · Pi+1)Li = Ki(PrPr−1 · · · Pi+1) . (4.2)

Drasthriìthta 4.9 GiatÐ gnwrÐzete oti up�rqei antistrèyimoc pÐnakac Ki pou

ikanopoieÐ th sqèsh 4.2?

Ston akìloujo upologismì, èqoume shmei¸sei me agkÔlh touc ìrouc pou ja antikata-

st soume sto epìmeno b ma, kai èqoume upogrammÐsei touc ìrouc me touc opoÐouc touc

antikatast same qrhsimopoi¸ntac thn 4.2.

︷︸︸︷
Lr PrLr−1Pr−1 · · · L1P1 = Kr

︷ ︸︸ ︷
PrLr−1 Pr−1 · · · L1P1

= KrKr−1
︷ ︸︸ ︷
PrPr−1Lr−2 · · · L1P1

= . . .

= KrKr−1 · · ·K3K2

︷ ︸︸ ︷
PrPr−1 · · ·P3P2L1 P1

= KrKr−1 · · ·K2K1PrPr−1 · · ·P2P1 .



64 Eisagwg  sth Grammik  'Algebra

Apomènei na deÐxoume oti K = Kr · · · K1 eÐnai epÐshc k�tw trigwnikìc me 1 sth diag¸nio.

ParathroÔme oti o Li afaireÐ pollapl�sia thc i gramm c apì tic pio k�tw grammèc, dhlad 

eÐnai thc morf c

Li =


Ii

... 0

· · ·
... · · ·

B
... Im−i


en¸ Pr · · · Pi+1 eÐnai mia met�jesh R twn gramm¸n i+ 1, . . . , m, �ra

Pr · · · Pi+1 =


Ii

... 0

· · ·
... · · ·

0
... R


kai

(Pr · · · Pi+1)
−1 = Pi+1 · · · Pr =


Ii

... 0

· · ·
... · · ·

0
... R−1

 .
UpologÐzoume to ginìmeno Ki = (Pr · · · Pi+1)Li(Pr · · · Pi+1)

−1 pollaplasi�zontac touc

pÐnakec se mplok, kai èqoume

Ki =


Ii

... 0

· · ·
... · · ·

0
... R




Ii
... 0

· · ·
... · · ·

B
... Im−i




Ii
... 0

· · ·
... · · ·

0
... R−1



=


Ii

... 0

· · ·
... · · ·

RB
... Im−i

 ,

o opoÐoc eÐnai k�tw trigwnikìc pÐnakac, me 1 sth diag¸nio. SumperaÐnoume oti o pÐnakac

K = Kr · · · K1 eÐnai epÐshc k�tw trigwnikìc me 1 sth diag¸nio.

�

'Askhsh 4.10 DeÐxte oti e�n A kai B eÐnai antistrèyimoi pÐnakec, tìte o pÐnakac

C =

 A
... 0

· · · · · ·

0
... B−1


eÐnai antistrèyimoc.
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'Askhsh 4.11 DÐdontai oi pÐnakec

P1 =

 1 0 0

0 0 1

0 1 0

 , P2 =

 0 0 1

0 1 0

1 0 0

 , L =

 1 0 0

0 1 0

0 2 1


UpologÐste ta ginìmena P1LP

−1
1 kai P2LP

−1
2 . EÐnai aut� ta ginìmena k�tw trigwni-

koÐ pÐnakec? Exhg ste ta apotelèsmat� sac.

'Askhsh 4.12 BreÐte ton klimakwtì pÐnaka U , kai touc pÐnakec P kai L ètsi ¸ste

PA = LU , gia touc akìloujouc pÐnakec:

1.

A =

[
0 1 0 3

0 2 0 6

]

2.

A =

[
1 2 2

2 4 5

]

3.

A =

[
1 2 2

2 4 4

]

4.

A =

 1 2 0 1

0 1 1 0

1 2 0 1


5.

A =


0 0

1 2

0 0

3 6



4.4 Oi lÔseic thc omogenoÔc exÐswshc

Gia na broÔme tic lÔseic tou sust matoc m exis¸sewn me n agn¸stouc, exet�zoume pr¸ta

thn omogen  perÐptwsh: ìtan sth dexi� pleur� èqoume to mhdenikì di�nusma.

Ax = 0 .

Apì to Je¸rhma èqoume A = (P−1L)U , kai efìson P−1L eÐnai antistrèyimoc, Ax = 0 e�n

kai mìnon e�n Ux = (P−1L)−10, dhlad  e�n kai mìnon e�n

Ux = 0 .
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Autì to sÔsthma èqei p�nta mÐa toul�qiston lÔsh, thn x = 0. Mac endiafèrei na doÔme e�n

èqei kai �llec lÔseic.

Drasthriìthta 4.10 E�n A =

[
1 0 −1 0

0 1 0 −1

]
, breÐte mÐa mh mhdenik  lÔsh

thc exÐswshc Ax = 0, ìpou x = (u, v, w, y). BreÐte �llh mÐa mh mhdenik  lÔsh, pou

den eÐnai pollapl�sio thc pr¸thc.

Sto par�deigma 4.1, eÐqame thn exÐswsh

 1 3 3 2

0 0 3 1

0 0 0 0




u

v

w

y

 =

 0

0

0

 .
'Eqoume shmei¸sei me paqei� gr�mmata touc odhgoÔc kai tic metablhtèc u kai w pou anti-

stoiqoÔn se st lec me odhgoÔc. LÔnoume me an�dromh antikat�stash:

• apì th deÔterh gramm  3w + y = 0, kai sunep¸c w = −1
3y.

• antikajist¸ntac to w sthn pr¸th gramm  èqoume u + 3v − y + 2y = 0, kai sunep¸c

u = −3v − y.

Dhlad  mporoÔme na d¸soume opoiad pote tim  stic metablhtèc v kai y, oi opoÐec anti-

stoiqoÔn se st lec pou den èqoun odhgoÔc, kai na upologÐsoume tic antÐstoiqec timèc twn

metablht¸n u kai w. H genik  lÔsh eÐnai

(−3v − y, v, −1
3y, y) .

EÐnai qr simo, an kai k�pwc aujaÐreto, na diakrÐnoume tic metablhtèc se autèc pou anti-

stoiqoÔn se st lec me odhgoÔc, tic opoÐec onom�zoume basikèc metablhtèc, kai stic

upìloipec, pou antistoiqoÔn se st lec qwrÐc odhgoÔc, tic opoÐec onom�zoume eleÔjerec

metablhtèc.

Drasthriìthta 4.11 Poièc eÐnai oi basikèc kai poièc oi eleÔjerec metablhtèc

sthn exÐswsh Ax = 0, gia ton pÐnaka A thc Drasthriìthtac 4.10.

Sto par�deigma 4.1, oi eleÔjerec metablhtèc eÐnai oi v kai y, kai h lÔsh mporeÐ na grafeÐ

x =


u

v

w

y

 = v


−3

1

0

0

+ y


−1

0

−1
3

1

 . (4.3)

ParathroÔme oti k�je di�nusma pou gr�fetai wc grammikìc sunduasmìc twn (−3, 1, 0, 0)

kai (−1, 0, −1
3 , 1) an kei sto mhdenìqwro tou pÐnaka A.

Ja deÐxoume oti genikìtera, gia ènan m × n pÐnaka, up�rqei èna sÔnolo dianusm�twn

me pl joc Ðso me to pl joc twn eleÔjerwn metablht¸n, tètoio ¸ste k�je di�nusma tou
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mhdenìqwrou gr�fetai wc grammikìc sunduasmìc aut¸n twn dianusm�twn. Gia na broÔme

èna tètoio sÔnolo dianusm�twn, mporoÔme na efarmìsoume thn akìloujh diadikasÐa.

SÔmfwna me to sumbolismì tou OrismoÔ 4.5, oi basikèc metablhtèc eÐnai oi xj1 , . . . , xjr .

ArijmoÔme tic eleÔjerec metablhtèc me touc deÐktec q1, . . . , qn−r. 'Etsi sto par�deigma 4.1,

j1 = 1, j2 = 3 kai q1 = 2, q2 = 4 kai oi basikèc metablhtèc eÐnai x1 = u, x3 = w, en¸ oi

eleÔjerec metab tèc eÐnai x2 = v kai x4 = y.

JewroÔme to sÔsthma r exis¸sewn pou prokÔptei apì tic mh mhdenikèc grammèc tou

klimakwtoÔ pÐnaka U . Sthn teleutaÐa exÐswsh, pou antistoiqeÐ sth gramm  r tou klimakwtoÔ

pÐnaka U , emfanÐzetai mìno mÐa basik  metablht  me mh mhdenikì suntelest , h xjr . 'Ara

h tim  thc kajorÐzetai apì tic timèc twn eleÔjerwn metablht¸n. Sto par�deigma 4.1, h

teleutaÐa mh mhdenik  gramm 
[

0 0 3 1
]
antistoiqeÐ sthn exÐswsh 3x3 + x4 = 0, �ra

x3 = −1
3x4.

Sthn prohgoÔmenh exÐswsh, pou antistoiqeÐ sthn r − 1 gramm  tou klimakwtoÔ pÐnaka

U , emfanÐzetai akìmh mÐa basik  metablht  me mh mhdenikì suntelest , h xr−1. H tim  thc

kajorÐzetai apì tic timèc twn eleÔjerwn metablht¸n kai thn tim  thc xjr . Sto par�deigma

4.1, h prohgoÔmenh mh mhdenik  gramm 
[

1 3 3 2
]
antistoiqeÐ sthn exÐswsh x1+3x2+

3x3 + 2x4 = 0. 'Ara x1 = −3x2 − 3x3 − 2x4 = −3x2 − x4.
Genik�, se èna di�nusma tou mhdenìqwrou N (A), h tim  k�je basik c metablht c xji

kajorÐzetai me monadikì trìpo apì tic timèc twn eleÔjerwn metablht¸n xq1 , . . . , xqn−r . Gia

k�je eleÔjerh metablht  xqk orÐzoume èna di�nusma aqk ∈ Rn wc ex c:

• H sunist¸sa tou aqk sth jèsh qk eÐnai 1.

• Oi sunist¸sec tou aqk stic jèseic ql gia l = 1, . . . , n− r kai l 6= k, eÐnai 0.

• Oi sunist¸sec tou aqk stic basikèc metablhtèc kajorÐzontai me an�dromh antikat�-

stash stic exis¸seic pou antistoiqoÔn stic r mh mhdenikèc grammèc tou U .

Sto par�deigma 4.1,

aq1 = a2 =


−3

1

0

0

 kai aq2 = a4 =


−1

0

−1
3

1

 .
Ja deÐxoume oti k�je di�nusma tou mhdenìqwrou ekfr�zetai wc grammikìc sunduasmìc

twn dianusm�twn aq1 , . . . , aqn−r . JewroÔme èna opoiod pote di�nusma tou mhdenìqwrou,

c = (c1, . . . , cn) ∈ N (A). 'Eqoume Uc = Ac = 0. Ja deÐxoume oti to c gr�fetai wc

grammikìc sunduasmìc twn aq1 , . . . , aqn−r , me suntelestèc tic sunist¸sec cq1 , . . . , cqn−r

tou c, dhlad  oti

c = cq1aq1 + cq2aq2 + · · ·+ cqn−raqn−r .

To di�nusma a = c − (cq1aq1 + · · · + cqn−raqn−r) eÐnai èna di�nusma pou ikanopoieÐ thn

exÐswsh Ux = 0, afoÔ Uc = 0 kai Uaqi = 0 gia k�je i = 1, . . . , n− r. EpÐ plèon, se k�je
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eleÔjerh metablht  h sunist¸sa tou a eÐnai 0. Tìte ìmwc oi mh mhdenikèc grammèc tou U

prosdiorÐzoun me monadikì trìpo tic sunist¸sec tou a stic basikèc metablhtèc: autèc eÐnai

epÐshc 0. 'Ara

c− (cq1aq1 + · · ·+ cqn−raqn−r) = 0 .

Drasthriìthta 4.12 An kei to di�nusma (3, −2, 3, −2) sto mhdenìqwro tou

pÐnaka A thc Drasthriìthtac 4.10? E�n nai, gr�yte to wc grammikì sunduasmì twn

lÔsewn pou br kate.

'Askhsh 4.13 BreÐte thn paragontopoÐhsh LU se k�tw trigwnikì pÐnaka kai pÐ-

naka se klimakwt  morf , gia ton

A =

 1 2 0 1

0 1 1 0

1 2 0 1

 .
ProsdiorÐste tic basikèc kai tic eleÔjerec metablhtèc tou sust matoc Ax = 0.

BreÐte th genik  lÔsh tou omogenoÔc sust matoc.

'Askhsh 4.14 Gia touc pÐnakec A thc 'Askhshc 4.12, breÐte tic lÔseic thc omoge-

noÔc exÐswshc Ax = 0.

Oi lÔseic thc mh omogenoÔc exÐswshc

T¸ra exet�zoume th mh omogen  perÐptwsh:

Ax = b , b 6= 0 .

To ginìmeno Ax eÐnai grammikìc sunduasmìc twn sthl¸n tou pÐnaka A me suntelestèc tic

sunist¸sec tou dianÔsmatoc x. Sunep¸c to sÔsthma Ax = b èqei lÔseic e�n kai mìnon e�n

to b an kei sto q¸ro sthl¸n tou A. E�n b 6∈ R(A), tìte to sÔsthma den èqei lÔsh, kai

lème oti oi exis¸seic eÐnai asÔmbatec. E�n b ∈ R(A), tìte h apaloif  kai h an�dromh

antikat�stash dÐdei tic lÔseic.

Ac exet�soume to par�deigma 4.1. Efarmìzontac thn apaloif  kai sth dexi� pleur� thc

exÐswshc

Ax = b

 1 3 3 2

2 6 9 5

−1 −3 3 0



u

v

w

y

 =

 b1

b2

b3


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paÐrnoume thn exÐswsh

Ux = c

 1 3 3 2

0 0 3 1

0 0 0 0



u

v

w

y

 =

 b1

b2 − 2b1

b3 − 2b2 + 5b1

 .
Blèpoume oti e�n b3− 2b2 + 5b1 6= 0 den eÐnai dunatì na ikanopoihjeÐ h trÐth exÐswsh kai to

sÔsthma eÐnai asÔmbato. Sto par�deigma, o q¸roc sthl¸n tou pÐnaka A eÐnai akrib¸c to

epÐpedo twn dianusm�twn (b1, b2, b3) pou ikanopoioÔn 5b1 − 2b2 + b3 = 0.

JewroÔme to di�nusma b = (1, 5, 5). Autì an kei sto q¸ro sthl¸n kai to sÔsthma den

eÐnai asÔmbato. H apaloif  to metatrèpei se

 1 3 3 2

0 0 3 1

0 0 0 0



u

v

w

y

 =

 1

3

0

 . (4.4)

T¸ra mporoÔme eÔkola na broÔme tic lÔseic. H trÐth exÐswsh gÐnetai 0x = 0. Stic eleÔjerec

metablhtèc v kai y mporoÔme na d¸soume opoiad pote tim . Oi timèc twn basik¸n metablht¸n

prosdiorÐzontai me an�dromh antikat�stash stic �llec dÔo exis¸seic. H deÔterh exÐswsh

3w + y = 3 dÐdei w = 1− y
3 . Antikajist¸ntac sthn pr¸th exÐswsh èqoume u+ 3v + 3(1−

y
3 ) + 2y = 1, pou dÐdei u = 2− 3v − y. Dhlad  oi lÔseic tic exÐswshc eÐnai

x =


u

v

w

y

 =


−2− 3v − y

v

1− y
3

y

 .
EÐnai protimìtero na ekfr�soume th genik  lÔsh wc �jroisma mÐac eidik c lÔshc, kai

thc genik c lÔshc tou omogenoÔc sust matoc Ax = 0. Pr�gmati, e�n x1 kai x2 eÐnai dÔo

diaforetikèc lÔseic thc Ax = b, tìte A(x1 − x2) = 0, dhlad  h diafor� dÔo lÔsewn tou

sust matoc Ax = b eÐnai èna di�nusma tou mhdenìqwrou tou A.

Gia na broÔme mia eidik  lÔsh, mporoÔme na d¸soume se ìlec tic eleÔjerec metablhtèc

thn tim  0 kai na qrhsimopoi soume tic r mh mhdenikèc grammèc tou pÐnaka U gia na upo-

logÐsoume tic timèc twn basik¸n metablht¸n. Sto par�deigma 4.4, mÐa eidik  lÔsh eÐnai h

x = (−2, 0, 1, 0).

Gia na broÔme th genik  lÔsh tou sust matoc 4.4 prosjètoume sthn eidik  lÔsh opoia-

d pote lÔsh thc omogenoÔc exÐswshc, 4.3.

x =


u

v

w

y

 =


−2

0

1

0

+ v


−3

1

0

0

+ y


−1

0

−1
3

1

 .
Katagr�foume aut� ta apotelèsmata sto akìloujo Je¸rhma.
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Je¸rhma 4.5 H exÐswsh Ax = b èqei lÔseic e�n kai mìnon e�n b an kei sto q¸ro sthl¸n

tou A. E�n x1 eÐnai mÐa lÔsh, tìte h genik  lÔsh xgenik  eÐnai thc morf c

xgenik  = x1 + x0 ,

ìpou x0 eÐnai opoiad pote lÔsh thc omogenoÔc exÐswshc Ax = 0.

ParathroÔme oti to sÔnolo twn lÔsewn sthn perÐptwsh b 6= 0 den eÐnai dianusmatikìc

upìqwroc: eÐnai o afinikìc upìqwroc tou Rn pou eÐnai par�llhloc proc to mhdenìqwro tou

A kai perièqei thn eidik  lÔsh.

Onom�zoume t�xh tou pÐnaka A ton arijmì r twn odhg¸n pou emfanÐzontai sthn

apaloif . E�n up�rqoun r odhgoÐ, tìte up�rqoun r basikèc metablhtèc kai n− r eleÔjerec
metablhtèc. EÐnai profanèc oti o arijmìc twn odhg¸n eÐnai Ðsoc me ton arijmì twn mh

mhdenik¸n gramm¸n ston klimakwtì pÐnaka U .

E�n r = n, tìte den up�rqoun eleÔjerec metablhtèc, sunep¸c o mhdenìqwroc tou A eÐnai

{0 ∈ Rn}, kai e�n up�rqei k�poia lÔsh, aut  eÐnai monadik .

E�n r = m, tìte den eÐnai dÔskolo na doÔme oti ìla ta dianÔsmata tou Rm an koun sto

q¸ro sthl¸n tou A, kai sunep¸c h exÐswsh Ax = b èqei lÔsh gia k�je b.

E�n r = m = n, tìte èqoume tetragwnikì mh idiìmorfo pÐnaka: h exÐswsh èqei p�nta mÐa

kai monadik  lÔsh.

'Askhsh 4.15 Gia touc pÐnakec A thc 'Askhshc 4.12, breÐte thn t�xh tou pÐnaka,

kai tic sunj kec pou prèpei na ikanopoioÔn oi sunist¸sec bi tou dianÔsmatoc b, ¸ste

na èqei lÔsh h exÐswsh Ax = b. Se k�je perÐptwsh, epilèxte èna di�nusma b pou

ikanopoieÐ autèc tic sunj kec, kai breÐte ìlec tic lÔseic tou sust matoc.

'Askhsh 4.16 E�n A eÐnai 2× 3 kai C eÐnai 3× 2 pÐnakec, deÐxte oti CA den mporeÐ

na eÐnai o tautotikìc pÐnakac (exet�ste thn t�xh tou CA). BreÐte èna par�deigma

sto opoÐo AC = I.

'Askhsh 4.17 Efarmìste apaloif  ston epauxhmèno pÐnaka [A
... b] gia na breÐte

ton klimakwtì pÐnaka U kai tic sunj kec pou prèpei na ikanopoioÔn oi sunist¸sec

tou b gia na èqei lÔsh to sÔsthma Ax = b.

A =

 2 4 6 4

2 5 7 6

2 3 5 2

 b =

 b1

b2

b3

 .
BreÐte tic lÔseic thc omogenoÔc exÐswshc Ax = 0, kai th genik  lÔsh thc Ax = b

ìtan b = (4, 3, 5).
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Jewr ste ton klimakwtì pÐnaka

U =

 1 3 3 2

0 0 3 1

0 0 0 0

 .

MporoÔme na suneqÐsoume thn apaloif  proc ta p�nw, ¸ste na mhdenÐsoume ta stoiqeÐa

pou brÐskontai p�nw apì touc odhgoÔc, kai sth sunèqeia na diairèsoume k�je mh mhdenik 

gramm  me ton antÐstoiqo odhgì, ¸ste na èqoume 1 sth jèsh twn odhg¸n. Sto sugkekrimèno

par�deigma katal goume ston pÐnaka

R =

 1 3 0 1

0 0 1 1/3

0 0 0 0



Autìc o pÐnakac èqei anhgmènh klimakwt  morf , kai eÐnai o aploÔsteroc pÐnakac pou

prokÔptei me apaloif  apì ton A.

'Askhsh 4.18 BreÐte touc pÐnakec R se anhgmènh klimakwt  morf  pou antistoi-

qoÔn stouc pÐnakec

1. [
1 2

3 4

]

2. [
1 2

2 4

]

3.  1 2 3 5

2 4 8 12

3 6 7 13



'Askhsh 4.19 DeÐxte oti k�je m×n pÐnakac t�xewc r gr�fetai wc ginìmeno enìc

m× r kai enìc r × n pÐnaka:

A = (st lec tou A pou perièqoun odhgoÔc) ( mh mhdenikèc grammèc tou R).

'Askhsh 4.20 DeÐxte oti h exÐswsh Ax = b èqei lÔseic e�n kai mìnon e�n h t�xh

tou pÐnaka A eÐnai Ðsh me thn t�xh tou epauxhmènou pÐnaka [A
... b].
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'Askhsh 4.21 Poi� dianÔsmata (b1, b2, b3) brÐskontai sto q¸ro sthl¸n tou A?

PoioÐ grammikoÐ sunduasmoÐ twn gramm¸n tou A dÐdoun 0?

A =

 1 2 1

2 6 3

0 2 5

 , A =

 1 1 1

1 2 4

2 4 8


'Askhsh 4.22 Poièc sunj kec sta b1, b2, b3, b4 kajistoÔn to sÔsthma epilÔsimo?

BreÐte ìlec tic lÔseic.
1 2

2 4

2 5

3 9


[
x1

x2

]
=


b1

b2

b3

b4

 ,


1 2 3

2 4 6

2 5 7

3 9 12


 x1

x2

x3

 =


b1

b2

b3

b4

 .

'Askhsh 4.23 Poi� sunj kh sta b1, b2, b3 kajist� to sÔsthma epilÔsimo? Xeki-

n ste me ton epauxhmèno pÐnaka [A
... b], kai breÐte ìlec tic lÔseic ìtan ikanopoieÐtai

h sunj kh.

x + 2y − 2z = b1

2x + 5y − 4z = b2

4x + 9y − 8z = b3

'Askhsh 4.24 E�n h exÐswsh Ax = b èqei dÔo diaforetikèc lÔseic x1 kai x2, breÐte

dÔo diaforetikèc lÔseic thc Ax = 0. Sth sunèqeia breÐte �llh mÐa lÔsh thc Ax = b.

'Askhsh 4.25 Gr�yte ìlec tic sqèseic pou mporeÐte na sumper�nete gia ta r, m

kai n, e�n gnwrÐzete oti o m× n pÐnakac A èqei t�xh r, kai gia thn exÐswsh Ax = b

isqÔei:

1. up�rqoun k�poia b gia ta opoÐa den èqei lÔsh.

2. gia k�je b èqei �peirec lÔseic.

3. up�rqei akrib¸c mÐa lÔsh gia k�poia b, kamÐa lÔsh gia k�poia �lla b.

4. akrib¸c mÐa lÔsh gia k�je b.

'Askhsh 4.26 Epilèxte ton arijmì q, an eÐnai dunatìn, ètsi ¸ste h t�xh twn

pin�kwn A kai B na eÐnai aþ) 1, bþ) 2, gþ) 3.

A =

 6 4 2

−3 −2 −1

9 6 q

 , B =

[
3 2 3

q 2 q

]
.
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'Askhsh 4.27 O mhdenoq¸roc enìc 3 × 4 pÐnaka A eÐnai h eujeÐa pou perièqei to

(2, 3, 1, 0).

1. BreÐte thn t�xh tou pÐnaka A, kai th genik  lÔsh thc Ax = 0?

2. BreÐte thn anhgmènh klimakwt  morf  R tou A, (deÐte thn 'Askhsh 4.18).

'Askhsh 4.28 EÐnai ta akìlouja alhj    yeud ? D¸ste antipar�deigma e�n eÐnai

yeud  kai aitiolìghsh e�n eÐnai alhj .

1. 'Enac tetragwnikìc pÐnakac den èqei eleÔjerec metablhtèc.

2. 'Enac antistrèyimoc pÐnakac den èqei eleÔjerec metablhtèc.

3. 'Enac m× n pÐnakac den èqei perissìterec apì n basikèc metablhtèc.

4. 'Enac m× n pÐnakac den èqei perissìterec apì m basikèc metablhtèc.

'Askhsh 4.29 BreÐte ton pÐnaka A e�n gnwrÐzete oti h genik  lÔsh tou sust matoc

Ax =

[
1

0

]
eÐnai x =

[
1

0

]
+ c

[
0

1

]
.

'Askhsh 4.30 BreÐte ènan 2× 2 pÐnaka tou opoÐou o mhdenoq¸roc eÐnai Ðsoc me to

q¸ro sthl¸n.

'Askhsh 4.31 BreÐte ènan pÐnaka tou opoÐou o mhdenoq¸roc apoteleÐtai apì ìlouc

touc grammikoÔc sunduasmoÔc twn dianusm�twn (2, 2, 1, 0) kai (3, 1, 0, 1).

'Askhsh 4.32 BreÐte ènan pÐnaka tou opoÐou o q¸roc sthl¸n perièqei to (1, 1, 1)

kai o mhdenoq¸roc apoteleÐtai apì ta pollapl�sia tou (1, 1, 1, 1).

'Askhsh 4.33 BreÐte ènan pÐnaka tou opoÐou o q¸roc sthl¸n perièqei ta (1, 1, 0)

kai (0, 1, 1) kai o mhdenoq¸roc ta (1, 0, 1) kai (0, 0, 1)



Kef�laio 5

DianusmatikoÐ Q¸roi kai

Upìqwroi

Mèqri t¸ra èqoume dei dÔo eÐdh dianusm�twn, ta gewmetrik� dianÔsmata sto epÐpedo   sto

q¸ro me shmeÐo efarmog c sto O, TOE
k, kai ta arijmhtik� dianÔsmata sto Rn. Koinì

qarakthristikì aut¸n twn dÔo eid¸n dianusm�twn eÐnai oti orÐzontai oi pr�xeic thc prìsje-

shc dianusm�twn kai tou pollaplasiasmoÔ dianÔsmatoc me arijmì, oi opoÐec èqoun tic Ðdiec

idiìthtec stic dÔo peript¸seic, ìpwc eÐdame stic Prot�seic 1.1 kai 1.6.

Up�rqoun �lla majhmatik� antikeÐmena me ta opoÐa mporoÔme na k�noume autèc tic pr�-

xeic? EÔkola brÐskoume k�poia paradeÐgmata:

• polu¸numa me pragmatikoÔc suntelestèc: e�n p(x) kai q(x) eÐnai polu¸numa, kai c

eÐnai pragmatikìc arijmìc, tìte p(x) + q(x) kai cp(x) eÐnai epÐshc polu¸numa.

• akoloujÐec pragmatik¸n arijm¸n: e�n an kai bn eÐnai akoloujÐec, an+ bn kai can eÐnai

epÐshc akoloujÐa.

• sunart seic apì èna sÔnolo X stouc pragmatikoÔc arijmoÔc: e�n f : X −→ R kai

g : X −→ R eÐnai sunart seic, tìte f + g, pou orÐzetai wc (f + g)(x) = f(x) + g(x),

kai cf , pou orÐzetai wc (cf)(x) = cf(x), eÐnai epÐshc sunart seic apì to X sto R.

5.1 Axi¸mata DianusmatikoÔ Q¸rou

Ja orÐsoume èna dianusmatikì q¸ro p�nw apì touc pragmatikoÔc arijmoÔc, wc èna sÔnolo

me dÔo pr�xeic, pou ikanopoioÔn ta kat�llhla axi¸mata.

74
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Orismìc 5.1. JewroÔme èna sÔnolo V me dÔo pr�xeic, thn prìsjesh dianusm�twn,

α : V × V −→ V α(v, w) = v u w

kai ton pollaplasiasmì dianÔsmatoc me pragmatikì arijmì ,

µ : R× V −→ V µ(a, v) = a · v .

To sÔnolo V me tic pr�xeic α kai µ, onom�zetai dianusmatikìc q¸roc (p�nw apì

touc pragmatikoÔc arijmoÔc) e�n ikanopoioÔntai ta akìlouja axi¸mata.

DQ1. Gia k�je v, w ∈ V, v u w = w u v.

DQ2. Gia k�je v, w, u ∈ V, (v u w)u u = v u (w u u).

DQ3. Up�rqei stoiqeÐo 0̄ ∈ V tètoio ¸ste, gia k�je v ∈ V, v u 0̄ = v.

DQ4. Gia k�je v ∈ V up�rqei w ∈ V tètoio ¸ste uu w = 0̄.

DQ5. Gia k�je a, b ∈ R kai v ∈ V, a · (b · v) = (ab) · v.

DQ6. Gia k�je v ∈ V isqÔei 1 · v = v.

DQ7. Gia k�je a ∈ R kai v, w ∈ V, a · (v u w) = a · v u a · w.

DQ8. Gia k�je a, b ∈ R kai v, ∈ V, (a+ b) · v = a · v u b · v.

Ta stoiqeÐa enìc dianusmatikoÔ q¸rou onom�zontai dianÔsmata.

Parat rhsh: Sth diatÔpwsh twn axiwm�twn qrhsimopoioÔme to sÔmbolo + gia thn

prìsjesh pragmatik¸n arijm¸n, kai to sÔmbolo u gia thn prìsjesh dianusm�twn. Argì-

tera den ja k�noume aut  th di�krish, kaj¸c ja eÐnai safèc apì ta sumfrazìmena se poi�

pr�xh anaferìmaste. EpÐshc, e�n den up�rqei kÐndunoc sÔgqushc, ja qrhsimopoioÔme to Ðdio

sÔmbolo 0 eÐte gia ton arijmì mhdèn, eÐte gia to mhdenikì di�nusma tou V .

Par�deigma 5.1 Ta sÔnola Rn gia n = 1, 2, 3, . . . , me tic sunhjismènec pr�xeic, eÐnai

dianusmatikoÐ q¸roi p�nw apì touc pragmatikoÔc arijmoÔc.

Par�deigma 5.2 Sto sÔnolo TOE
k twn gewmetrik¸n dianusm�twn sto epÐpedo   sto

q¸ro, me shmeÐo efarmog c sto O orÐzetai to �jroisma gewmetrik¸n dianusm�twn, ~v + ~w,

kai to ginìmeno enìc gewmetrikoÔ dianÔsmatoc me ènan arijmì, c~v. Me autèc tic pr�xeic

TOE
k eÐnai dianusmatikìc q¸roc, kai onom�zetai efaptìmenoc q¸roc tou Ek sto shmeÐo O.

Par�deigma 5.3 To sÔnolo twn suneq¸n sunart sewn f : R −→ R sumbolÐzetai C0(R).

Se autì orÐzoume thn prìsjesh dÔo sunart sewn kat� shmeÐo, (fug)(x) = f(x)+g(x), kai

ton pollaplasiasmì mÐac sun�rthshc me ènan arijmì epÐshc kat� shmeÐo (c · f)(x) = cf(x).
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EÐnai gnwstì oti e�n f kai g eÐnai suneqeÐc, tìte f u g kai c · f eÐnai epÐshc suneqeÐc. To

sÔnolo C0(R) me autèc tic pr�xeic eÐnai dianusmatikìc q¸roc.

Par�deigma 5.4 Ac doÔme k�poia paradeÐgmata sunìlwn pou den eÐnai dianusmatikoÐ

q¸roi.

1. To hmiepÐpedo H = {(x, y) ∈ R2 : y > 0}. To �jroisma dÔo stoiqeÐwn tou H orÐzetai

kanonik�. 'Omwc den up�rqei to antÐjeto enìc stoiqeÐou: to (−x, −y) den an kei sto

H.

2. To sÔnolo twn shmeÐwn sto epÐpedo me akèraiec suntetagmènec, Z2 = {(m, n) ∈ R2 :

m, n ∈ Z}. Ed¸ orÐzetai h prìsjesh kai ikanopoioÔntai ta axi¸mata DQ1, . . . , DQ4.

'Omwc den orÐzetai o pollaplasiasmìc me m  akèraio arijmì: 1
2 · (3, 5) 6∈ Z2.

5.2 Pr¸ta apotelèsmata apì ta axi¸mata.

To mhdenikì di�nusma enìc q¸rou eÐnai monadikì, ìpwc blèpoume e�n upojèsoume oti 0̃ eÐnai

èna stoiqeÐo me thn idiìthta (DQ3). Tìte 0̃ = 0̄u 0̃ = 0̄.

L mma 5.1 JewroÔme èna dianusmatikì q¸ro V , me pr�xeic u kai ·.

1. To ginìmeno enìc arijmoÔ a ∈ R, kai enìc dianÔsmatoc v ∈ V , eÐnai to mhdenikì

di�nusma e�n kai mìnon e�n a = 0   v = 0.

Pio analutik�, gia k�je v ∈ V , 0 ·v = 0̄, kai gia k�je a ∈ R, a · 0̄ = 0̄, kai antÐstrofa,

gia k�je a ∈ R kai gia k�je v ∈ V , e�n a · v = 0̄, tìte eÐte a = 0   v = 0̄.

2. To antÐjeto enìc dianÔsmatoc v ∈ V eÐnai monadikì, kai Ðso me (−1) · v.

Apìdeixh. Gia to 1, jewroÔme èna di�nusma v ∈ V , kai ton arijmì 0. Ja deÐxoume oti

0 · v = 0̄. 'Eqoume

0 · v = (0 + 0) · v

= 0 · v u 0 · v

'Estw w èna antÐjeto tou dianÔsmatoc 0 · v, dhlad  0 · v u w = 0̄. Tìte

0̄ = 0 · v u w

= (0 · v u 0 · v)u w

= 0 · v u (0 · v u w)

= 0 · v u 0̄

= 0 · v
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T¸ra jewroÔme ènan arijmì a ∈ R, kai to mhdenikì di�nusma 0̄ ∈ V . Ja deÐxoume oti

a · 0̄ = 0̄. 'Eqoume

a · 0̄ = a · (0̄u 0̄)

= a · 0̄u a · 0̄

'Estw u èna antÐjeto tou dianÔsmatoc a · 0̄, dhlad  a · 0̄ + u = 0̄. Tìte

0̄ = a · 0̄u u

= (a · 0̄u a · 0̄)u u

= a · 0̄u (a · 0̄u u)

= a · 0̄u 0̄

= a · 0̄

AntÐstrofa, e�n a 6= 0 kai a · v = 0̄, tìte

v = 1 · v = (a−1a) · v = a−1 · (a · v) = a−1 · 0̄ = 0̄ .

Tèloc, upojètoume oti v 6= 0 kai a · v = 0̄. E�n a 6= 0, apì to prohgoÔmeno v = 0̄, antÐfash.

'Ara a = 0.

Gia to 2, upojètoume oti w kai w′ eÐnai antÐjeta tou v ∈ V , kai ja deÐxoume oti w = w′.

'Eqoume oti v u w = 0̄ = v u w′. Sunep¸c

w = w u 0̄

= w u (v u w′)

= (w u v)u w′

= (v u w)u w′

= 0̄u w′

= w′ u 0̄

= w′

T¸ra deÐqnoume oti to ginìmeno (−1) · v eÐnai antÐjeto tou v:

v u ((−1) · v) = (1 · v)u ((−1) · v)

= (1 + (−1)) · v

= 0 · v

= 0̄

To monadikì antÐjeto tou v sumbolÐzoume −v.
�

Wc efarmog  tou L mmatoc 5.1,1, èqoume touc kanìnec diagraf c gia ton polla-

plasiasmì dianÔsmatoc me arijmì.
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L mma 5.2 E�n a 6= 0 kai a · v = a · u tìte v = u.

E�n v 6= 0̄ kai a · v = b · v tìte a = b.

Drasthriìthta 5.1 Gr�yte thn apìdeixh twn dÔo kanìnwn diagraf c.

5.3 ParadeÐgmata dianusmatik¸n q¸rwn p�nw apì touc

pragmatikoÔc arijmoÔc.

Par�deigma 5.5 To sÔnolo ìlwn twn gewmetrik¸n dianusm�twn sto epÐpedo, me shmeÐo

efarmog c se opoiod pote shmeÐo tou epipèdou, den apoteleÐ dianusmatikì q¸ro to Ðdio, a-

foÔ h prìsjesh dÔo gewmetrik¸n dianusm�twn orÐzetai mìnon ìtan aut� èqoun to Ðdio shmeÐo

efarmog c. Sto ��EpÐpedo kai Q¸roc�� qrhsimopoi same thn ènnoia thc par�llhlhc metafo-

r�c gia na orÐsoume ta �eleÔjera dianÔsmata�, sta opoÐa eÐnai �kal� orismènh� h prìsjesh

kai o pollaplasiasmìc me arijmì. To sÔnolo twn eleÔjerwn dianusm�twn sto epÐpedo  

sto q¸ro apoteleÐ èna dianusmatikì q¸ro p�nw apì touc pragmatikoÔc arijmoÔc, ton opoÐo

ja sumbolÐzoume V Ek.

Par�deigma 5.6 E�n epilèxoume shmeÐo anafor�c O sto Ek, mporoÔme na orÐsoume tic

pr�xeic prìsjeshc kai pollaplasiasmoÔ me arijmì gia ta shmeÐa tou Ek mèsw twn antÐ-

stoiqwn pr�xewn twn dianusm�twn jèshc twn shmeÐwn: E�n A kai B eÐnai shmeÐa tou Ek,

orÐzoume A u B = C e�n
−−→
OC =

−→
OA +

−−→
OB, kai parìmoia gia ton pollaplasiasmì me arij-

mì. Me autèc tic pr�xeic to epÐpedo E2 kai o q¸roc E3 ikanopoioÔn ta axi¸mata kai eÐnai

dianusmatikoÐ q¸roi p�nw apì to R.

Par�deigma 5.7 Sto sÔnolo twn m × n pin�kwn èqoume orÐsei prìsjesh kai polla-

plasiasmì me arijmì. Me autèc tic pr�xeic to sÔnolo twn m × n pin�kwn me sunist¸sec

pragmatikoÔc arijmoÔc ikanopoieÐ ta axi¸mata kai eÐnai dianusmatikìc q¸roc, ton opoÐo ja

sumbolÐzoumeM(m, n, R).

Ja doÔme k�poia genik� paradeÐgmata dianusmatik¸n q¸rwn p�nw apì touc pragmatikoÔc

arijmoÔc.

Par�deigma 5.8 Diatetagmènec n−�dec stoiqeÐwn enìc dianusmatikoÔ q¸-
rou V .

JewroÔme èna dianusmatikì q¸ro V p�nw apì to R kai to sÔnolo twn diatetagmènwn

n-�dwn stoiqeÐwn tou V ,

V n = {(v1, . . . , vn) | vi ∈ V, i = 1, . . . n} .

Oi pr�xeic orÐzontai kat� sunist¸sa, qrhsimopoi¸ntac tic pr�xeic tou V : e�n v = (v1, . . . , vn)

kai u = (u1, . . . , un) an koun sto V n kai a ∈ R, tìte

v u u = (v1 + u1, . . . , vn + un)
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kai

a · v = (av1, . . . , avn) .

Mhdenikì di�nusma eÐnai to 0̄ = (0, . . . , 0) ∈ V n. H isqÔc twn axiwm�twn tou dianusmatikoÔ

q¸rou apodeiknÔetai eÔkola me qr sh twn antÐstoiqwn axiwm�twn sto V .

Par�deigma 5.9 AkoloujÐec me ìrouc sto R   se èna dianusmatikì q¸ro

V p�nw apì to R.
JewroÔme to sÔnolo twn akolouji¸n pragmatik¸n arijm¸n,

RN = {(x1, x2, . . .) : xi ∈ R, i ∈ N} .

Oi pr�xeic orÐzontai kat� sunist¸sa: e�n (x) = (x1, x2, . . .), (y) = (y1, y2, . . .), kai a ∈ R,
tìte

(x)u (y) = (x1 + y1, x2 + y2, . . .)

kai

a(x) = (ax1, ax2, . . .).

Mhdenikì di�nusma eÐnai h akoloujÐa 0̄ = (0, 0, . . .).

Parìmoia, e�n V eÐnai dianusmatikìc q¸roc, oi akoloujÐec me ìrouc sto V ,

V N = {(v1, v2, . . .) : vi ∈ V, i ∈ N} ,

me pr�xeic kat� sunist¸sa, eÐnai dianusmatikìc q¸roc p�nw apì to R.

Par�deigma 5.10 ApeikonÐseic apì èna sÔnolo A sto R,   se èna dianu-

smatikì q¸ro V p�nw apì to R.
To sÔnolo ìlwn twn apeikonÐsewn apì to A sto R sumbolÐzetai RA. E�n f, g ∈ RA kai

a ∈ R, orÐzoume tic apeikonÐseic f u g kai a · f oi opoÐec, gia k�je x ∈ A, ikanopoioÔn

(f u g)(x) = f(x) + g(x)

(a · f)(x) = af(x)

Me autèc tic pr�xeic, tic opoÐec onom�zoume prìsjesh kai pollaplasiasmì kat� shmeÐo,

to sÔnolo RA eÐnai dianusmatikìc q¸roc. Mhdenikì di�nusma eÐnai h stajer  apeikìnish

0̄ : A −→ R, gia thn opoÐa 0̄(x) = 0 gia k�je x ∈ A. An�loga orÐzetai h dom  dianusmatikoÔ
q¸rou sto sÔnolo V A ìlwn twn apeikonÐsewn apì to sÔnolo A sto dianusmatikì q¸ro V .

Par�deigma 5.11 Polu¸numa me suntelestèc sto R, me mÐa   perissìte-

rec metablhtèc.

'Ena polu¸numo mÐac metablht c x me suntelestèc sto R eÐnai èna tupikì �jroisma

p(x) = a0x
0 + a1x

1 + . . .+ anx
n, ai ∈ R, i = 1, . . . , n kai an 6= 0 .
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To sÔnolo ìlwn twn poluwnÔmwn mÐac metablht c x me suntelestèc sto R sumbolÐzetai

R [x]. Ja qrhsimopoi soume epÐshc to sumbolismì R [x]n gia ta polu¸numa mÐac metablht c

x bajmoÔ Ðsou   mikrìterou apì n.

H prìsjesh poluwnÔmwn kai o pollaplasiasmìc me arijmì orÐzontai ìpwc sun jwc.

'Otan melet�me to sÔnolo twn poluwnÔmwn wc dianusmatikì q¸ro, den mac apasqoleÐ o

pollaplasiasmìc poluwnÔmwn. To mhdenikì di�nusma tou R [x] eÐnai to polu¸numo 0̄, sto

opoÐo ìloi oi suntelestèc eÐnai 0.

An�loga orÐzontai q¸roi poluwnÔmwn me perissìterec metablhtèc. Gia par�deigma èna

polu¸numo dÔo metablht¸n, x kai y, eÐnai èna tupikì �jroisma

p(x, y) =
n∑
i=0

n−i∑
j=0

aijx
iyj .

Par�deigma 5.12 Tupikèc dunamoseirèc, me mÐa   perissìterec metablh-

tèc kai suntelestèc sto R.
MÐa dunamoseir� mÐac metablht c t, me suntelestèc sto R eÐnai èna tupikì �jroisma

∞∑
i=0

ait
i , ai ∈ R , i ∈ N0.

To sÔnolo ìlwn twn dunamoseir¸n mÐac metablht c t me suntelestèc sto R sumbolÐzetai

R(t).

H prìsjesh dunamoseir¸n kai o pollaplasiasmìc me arijmì c ∈ R, orÐzontai wc ex c( ∞∑
i=0

ait
i

)
u

 ∞∑
j=0

bjt
j

 =

∞∑
k=0

(ak + bk)t
k

c ·

( ∞∑
i=0

ait
i

)
=
∞∑
j=0

(caj)t
j .

Mhdenikì di�nusma eÐnai h dunamoseir�

∞∑
i=0

0ti.

Par�deigma 5.13 Tupik� ajroÐsmata stoiqeÐwn enìc sunìlou X me su-

ntelestèc sto R,   se èna dianusmatikì q¸ro V p�nw apì to R.
JewroÔme èna sÔnolo X kai ta tupik� ajroÐsmata∑

x∈X
axx , ax ∈ R
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H prìsjesh orÐzetai mèsw thc prìsjeshc twn suntelest¸n omoÐwn ìrwn :∑
x∈X

axxu
∑
x∈X

bxx =
∑
x∈X

(ax + bx)x,

en¸ o pollaplasiasmìc me ton arijmì c ∈ R, mèsw tou pollaplasiasmoÔ twn suntelest¸n:

c ·
∑
x∈X

axx =
∑
x∈X

(cax)x.

To mhdenikì di�nusma eÐnai to tupikì �jroisma me ìlouc touc suntelestèc Ðsouc me 0,

0̄ =
∑
x∈X

0x.

Par�deigma 5.14 JewroÔme apeikonÐseic oi opoÐec apeikonÐzoun k�je shmeÐo X tou e-

pipèdou E2 se èna gewmetrikì di�nusma
−−→
XA ∈ TXE

2, dhlad  apeikonÐseic thc morf c

f : E2 −→
⋃
X∈E2 TXE

2 gia tic opoÐec isqÔei f(X) ∈ TXE
2. Autèc tic sunart seic

mporoÔme na tic prosjèsoume metaxÔ touc (kai na tic pollaplasi�soume me arijmì) kat�

shmeÐo:

(f u g)(X) = f(X) + g(X) =
−−→
XA+

−−→
XB

ìpou to teleutaÐo �jroisma orÐzetai sto dianusmatikì q¸ro TXE
2. Tètoiec apeikonÐseic

onom�zontai dianusmatik� pedÐa sto E2 kai apoteloÔn shmantik� antikeÐmena tìso sta

Majhmatik� ìso kai sth Fusik . To sÔnolo twn dianusmatik¸n pedÐwn sto E2 apoteleÐ

dianusmatikì q¸ro p�nw apì touc pragmatikoÔc arijmoÔc.

5.4 DianusmatikoÐ upìqwroi

Orismìc 5.2. JewroÔme èna dianusmatikì q¸ro V p�nw apì touc pragmatikoÔc arij-

moÔc, kai èna uposÔnolo X tou V . To X lègetai dianusmatikìc upìqwroc tou V

e�n

1. To X den eÐnai kenì.

2. To X eÐnai kleistì wc prìc thn prìjesh dianusm�twn,

v, w ∈ X ⇒ v + w ∈ X .

3. To X eÐnai kleistì wc prìc ton pollaplasiasmì dianÔsmatoc me arijmì,

v ∈ X, a ∈ R⇒ av ∈ X .
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L mma 5.3 E�n X eÐnai dianusmatikìc upìqwroc tou V , tìte to X, me touc periorismoÔc

twn pr�xewn tou V ,

α|X×X : X ×X −→ X

µ|R×X : R×X −→ X

eÐnai dianusmatikìc q¸roc.

Apìdeixh. Elègqoume oti, e�n to uposÔnolo X eÐnai kleistì wc proc tic pr�xeic tou V ,

tìte ikanopoioÔntai ta axi¸mata tou dianusmatikoÔ q¸rou. Ta axi¸mata DQ1, DQ2, DQ5,

DQ7 kai DQ8 isqÔoun gia stoiqeÐa tou X, afoÔ isqÔoun gia ìla ta stoiqeÐa tou V . Gia na

deÐxoume oti to 0̄ an kei sto X, (DQ3), parathroÔme oti gia opoiod pote v ∈ X, 0 · v = 0̄,

�ra 0̄ ∈ X. Gia na deÐxoume oti to antÐjeto enìc stoiqeÐou tou X an kei sto X, parathroÔme

oti autì eÐnai Ðso me (−1) · v.
�

Par�deigma 5.15 'Eqoume dei oti o q¸roc sthl¸n kai o mhdenìqwroc enìc m×n pÐnaka

eÐnai dianusmatikoÐ upìqwroi tou Rm kai tou Rn antÐstoiqa. K�je dianusmatikìc upìqwroc

tou Rk mporeÐ na perigrafeÐ me autoÔc touc dÔo trìpouc: eÐte wc to sÔnolo ìlwn twn

grammik¸n sunduasm¸n enìc peperasmènou arijmoÔ dianusm�twn, eÐte wc to sÔnolo twn

dianusm�twn pou ikanopoioÔn mÐa exÐswsh thc morf c Ax = 0.

Par�deigma 5.16 Se èna dianusmatikì q¸ro V , gia k�je v ∈ V to sÔnolo {a v : a ∈ R}
eÐnai dianusmatikìc upìqwroc.

Par�deigma 5.17 Sto dianusmatikì q¸ro RN twn akolouji¸n stouc pragmatikoÔc a-

rijmoÔc, to uposÔnolo twn akolouji¸n pou eÐnai telik� Ðsec me mhdèn eÐnai dianusmatikìc

upìqwroc, (h akoloujÐa (x1, x2, . . .) eÐnai telik� Ðsh me mhdèn e�n up�rqei M ∈ N tètoio

¸ste n > M ⇒ xn = 0).

E�n X kai Y eÐnai dÔo dianusmatikoÐ upìqwroi tou dianusmatikoÔ q¸rou V , eÐnai ta

sÔnola X ∪ Y kai X ∩ Y dianusmatikoÐ upìqwroi? Ac exet�soume k�poia paradeÐgmata.

E�n V eÐnai o q¸roc R3, kai X, Y eÐnai dÔo diaforetikèc eujeÐec pou perièqoun to 0, eÐnai

h ènwsh X ∪ Y dianusmatikìc upìqwroc?

E�n X apoteleÐtai apì to di�nusma (1, 1, 2) kai ìla ta pollapl�si� tou kai Y apoteleÐtai

apì ìla ta pollapl�sia tou (1, 1, 0),

X = {a(1, 1, 2) : a ∈ R} kai Y = {a(1, 1, 0) : a ∈ R} ,

tìte (1, 1, 2) + (1, 1, 0) = (2, 2, 2). All� to di�nusma (2, 2, 2) den an kei oÔte sto X,

oÔte sto Y . SumperaÐnoume oti X ∪ Y den eÐnai upoqrewtik� dianusmatikìc upìqwroc.

E�n t¸ra U kai W eÐnai dÔo diaforetik� epÐpeda sto R3, ta opoÐa perièqoun to 0, eÐnai

h tom  U ∩W grammikìc upìqwroc?
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Upojètoume oti

U =
{

(x, y, z) ∈ R3 : x = 0
}
,

kai

W =
{

(x, y, z) ∈ R3 : 2x+ 3y = 0
}
.

Tìte h tom  twn dÔo epipèdwn U ∩ W =
{

(x, y, z) ∈ R3 : x = 0, 2x+ 3y = 0
}
eÐnai mÐa

eujeÐa. EÔkola blèpoume oti apoteleÐtai apì ta shmeÐa gia ta opoÐa x = 0 kai y = 0, dhlad 

apoteleÐtai apì ta pollapl�sia tou dianÔsmatoc (0, 0, 1), kai eÐnai upìqwroc tou V .

Genikìtera, e�n U = {x ∈ Rn : Ax = 0} kai W = {x ∈ Rn : Bx = 0}, tìte U ∩W
apoteleÐtai apì ta dianÔsmata pou ikanopoioÔn kai tic dÔo exis¸seic, dhlad  apì tic lÔseic

thc exÐswshc

[
A

B

]
x = 0.

L mma 5.4 E�n X, Y eÐnai dianusmatikoÐ upìqwroi tou V , tìte X∩Y eÐnai dianusmatikìc

upìqwroc.

Apìdeixh. E�n v, w ∈ X ∩ Y , tìte v, w ∈ X kai afoÔ X eÐnai dianusmatikìc upìqwroc,

v + w ∈ X, kai gia k�je a ∈ R, av ∈ X. Parìmoia, v, w ∈ Y kai sunep¸c v + w ∈ Y kai

av ∈ Y gia k�je a ∈ R. SumperaÐnoume oti v+w ∈ X ∩Y , kai av ∈ X ∩Y gia k�je a ∈ R,
dhlad  oti X ∩ Y eÐnai kleistì wc proc thn prìsjesh kai ton pollaplasiasmì me arijmì,

kai sunep¸c eÐnai dianusmatikìc upìqwroc tou V .

�

5.5 GrammikoÐ SunduasmoÐ

H ènnoia tou grammikoÔ sunduasmoÔ pou eÐdame gia gewmetrik� kai arijmhtik� dianÔsmata,

genikeÔetai se k�je dianusmatikì q¸ro.

Orismìc 5.3. E�n v1, . . . , vk eÐnai dianÔsmata tou V , ènac grammikìc sunduasmìc

twn v1, . . . , vk eÐnai èna �jroisma thc morf c a1v1 +a2v2 + · · ·+akvk, ìpou oi suntelestèc

a1, a2, . . . , ak eÐnai pragmatikoÐ arijmoÐ.

Genikìtera, e�n S eÐnai opoiod pote uposÔnolo (peperasmèno   �peiro) enìc dianusmati-

koÔ q¸rou V , ènac grammikìc sunduasmìc stoiqeÐwn tou S eÐnai èna peperasmèno

�jroisma: a1v1 + · · ·+ akvk, ìpou, gia i = 1, . . . , k, vi ∈ S kai ai ∈ R.

Par�deigma 5.18 K�je di�nusma (x, y, z) ∈ R3, ekfr�zetai wc grammikìc sunduasmìc

twn dianusm�twn e1 = (1, 0, 0), e2 = (0, 1, 0) kai e3 = (0, 0, 1):

(x, y, z) = x(1, 0, 0) + y(0, 1, 0) + z(0, 0, 1) .
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Par�deigma 5.19 E�n
−→
OA,

−−→
OB eÐnai dÔo mh suggrammik� gewmetrik� dianÔsmata sto

epÐpedo E2, k�je di�nusma me arq  sto O ekfr�zetai wc grammikìc sunduasmìc twn
−→
OA kai

−−→
OB: up�rqoun pragmatikoÐ arijmoÐ a kai b tètoioi ¸ste

−−→
OC = a

−→
OA+ b

−−→
OB .

Par�deigma 5.20 Gia k�je k ≥ 0 jewroÔme to mon¸numo pk(x) = xk, ìpou p0(x) =

x0 = 1. K�je polu¸numo ekfr�zetai wc grammikìc sunduasmìc stoiqeÐwn tou sunìlou S

ìlwn twn monwnÔmwn. E�n p(x) eÐnai polu¸numo bajmoÔ n sto R[x], tìte

p(x) = a0 + a1x
1 + . . .+ anx

n.

Grammik  j kh enìc sunìlou dianusm�twn.

E�n S = {v1, . . . , vk} eÐnai èna sÔnolo dianusm�twn tou dianusmatikoÔ q¸rou V , jèloume

na exet�soume to mikrìtero dianusmatikì upoq¸ro tou V pou perièqei ta stoiqeÐa tou S.

EÐnai profanèc oti o Ðdioc o q¸roc V perièqei ta stoiqeÐa tou S. GenikeÔontac to L mma

5.4, mporoÔme na deÐxoume oti gia k�je sullog  A dianusmatik¸n upìqwrwn tou V pou

perièqei toul�qiston ènan upìqwro X ⊆ V , h tom  ìlwn twn upoq¸rwn pou an koun sthn

A eÐnai dianusmatikìc upìqwroc tou V . JewroÔme to sÔnolo T ìlwn twn dianusmatik¸n

upìqwrwn tou V oi opoÐoi perièqoun ta stoiqeÐa tou S. Autì to sÔnolo perièqei to Ðdio to

V , kai sunep¸c den eÐnai kenì. H tom  ìlwn twn upoq¸rwn sto T , X =
⋂
Z∈T Z, perièqei ta

stoiqeÐa tou S, eÐnai dianusmatikìc upìqwroc tou V , kai eÐnai upìqwroc k�je dianusmatikoÔ

upìqwrou tou V pou perièqei ta stoiqeÐa tou S. Me aut  thn ènnoia X eÐnai o mikrìteroc

dianusmatikìc upìqwroc tou V o opoÐoc perièqei ta stoiqeÐa tou S.

Ja deÐxoume oti o dianusmatikìc upìqwroc X eÐnai Ðsoc me to sÔnolo Y ìlwn twn gram-

mik¸n sunduasm¸n stoiqeÐwn tou S. Pr¸ta parathroÔme oti afoÔ X eÐnai kleistì wc proc

tic pr�xeic tou dianusmatikoÔ q¸rou kai perièqei ta stoiqeÐa tou S, perièqei epÐshc k�je

grammikì sunduasmì twn stoiqeÐwn tou S, dhlad  Y ⊆ X.

Katìpin deÐqnoume oti Y eÐnai dianusmatikìc upìqwroc tou V . E�n x = a1v1 + · · ·+akvk

kai y = b1v1 + · · · + bkvk, gia ai, bi ∈ R, tìte x + y ekfr�zetai wc grammikìc sunduasmìc

stoiqeÐwn tou S,

x+ y = (a1 + b1)v1 + · · ·+ (ak + bk)vk ,

kai e�n c ∈ R, cx epÐshc ekfr�zetai wc grammikìc sunduasmìc stoiqeÐwn tou S,

cx = ca1v1 + · · ·+ cakvk .
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'Ara Y eÐnai kleistì wc proc tic pr�xeic tou V , kai sunep¸c eÐnai upìqwroc tou V .

Efìson Y eÐnai dianusmatikìc upìqwroc tou V , kai perièqei ta stoiqeÐa tou S, o X

eÐnai uposÔnolo tou Y , X ⊆ Y . SumperaÐnoume oti X = Y , dhlad  oti o mikrìteroc

dianusmatikìc upìqwroc tou V pou perièqei ta stoiqeÐa tou S eÐnai to sÔnolo ìlwn twn

grammik¸n sunduasm¸n stoiqeÐwn tou S.

To sÔnolo ìlwn twn grammik¸n sunduasm¸n twn dianusm�twn v1, . . . , vk to onom�zoume

grammik  j kh twn v1, . . . , vk kai to sumbolÐzoume 〈v1, . . . , vk〉. Lème oti o dianusma-

tikìc upìqwroc 〈v1, . . . , vk〉 par�getai apì ta v1, . . . , vk.

Genikìtera, e�n S eÐnai opoiod pote uposÔnolo tou V , to sÔnolo ìlwn twn grammik¸n

sunduasm¸n stoiqeÐwn tou S eÐnai o mikrìteroc dianusmatikìc upìqwroc tou V o opoÐoc

perièqei to S. Ton onom�zoume grammik  j kh (span) tou S kai to sumbolÐzoume 〈S〉.
Lème epÐshc oti o dianusmatikìc upìqwroc 〈S〉 par�getai apì to S, kai to S onom�zetai

par�gon sÔnolo tou 〈S〉.
E�n up�rqei peperasmèno sÔnolo {v1, . . . , vk} ⊆ V to opoÐo par�gei to dianusmatikì

q¸ro V , lème oti o V eÐnai peperasmèna paragìmenoc.

Par�deigma 5.21 O dianusmatikìc upìqwroc U = {(x, y) ∈ R2 : 2x + y = 0} eÐnai h
grammik  j kh tou dianÔsmatoc (1, −2). Pr�gmati, k�je stoiqeÐo tou U eÐnai pollapl�sio

tou (1, −2).

Par�deigma 5.22 To epÐpedo E = {(x, y, z) ∈ R3 : ax+ by+ cz = 0}, a 6= 0, par�getai

apì ta dianÔsmata (b, −a, 0) kai (c, 0, −a):

E = 〈(b, −a, 0), (c, 0, −a)〉

Pr�gmati, ìpwc elègqoume eÔkola, e�n antikatast soume to di�nusma (b, −a, 0)   to di�-

nusma (c, 0, −a) gia to (x, y, z) sthn exÐswsh ax+ by+ cz = 0 aut  ikanopoieÐtai. Sumpe-

raÐnoume oti 〈(b, −a, 0), (c, 0, −a)〉 ⊆ E.
AntÐstrofa, k�je lÔsh thc exÐswshc ax+ by + cz = 0, mporeÐ na ekfrasteÐ sth morf 

s(b, −a, 0) + t(c, 0, −a)

gia kat�llhla s, t ∈ R. Sunep¸c E ⊆ 〈(b, −a, 0), (c, 0, −a)〉.

Par�deigma 5.23 O mhdenikìc upìqwroc {0} par�getai apì to kenì sÔnolo, 〈∅〉 = {0}.
Pr�gmati, o mhdenikìc upìqwroc eÐnai h tom  ìlwn twn upoq¸rwn tou V pou perièqoun ta

stoiqeÐa tou kenoÔ sunìlou, dhlad  ìlwn twn upoq¸rwn tou V .

O q¸roc sthl¸n enìc pÐnaka eÐnai h grammik  j kh twn sthl¸n tou pÐnaka. E�n

v1, . . . , vn eÐnai n dianÔsmata tou Rm, èna di�nusma w ∈ Rm an kei sth grammik  j kh

twn v1, . . . , vn e�n kai mìnon e�n to w an kei sto q¸ro sthl¸n enìc pÐnaka A me st lec

ta dianÔsmata v1, . . . , vn. GnwrÐzoume oti èna di�nusma w an kei sto q¸ro sthl¸n tou

A e�n kai mìnon e�n h exÐswsh Ax = w èqei lÔseic. Sunep¸c gia na elègxoume e�n to

di�nusma w an kei sth grammik  j kh twn v1, . . . , vn, jewroÔme ton pÐnaka A me st lec
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ta v1, . . . , vn kai exet�zoume e�n to sÔsthma Ax = w èqei lÔseic, dhlad  e�n met� thn

apaloif  Gauss ston epauxhmèno pÐnaka [A
...w], paÐrnoume ènan pÐnaka [U

...w′] ston opoÐo

mhdenÐzontai oi sunist¸sec tou w′ pou antistoiqoÔn se mhdenikèc grammèc tou klimakwtoÔ

pÐnaka U .

Par�deigma 5.24 Ja broÔme ta dianÔsmata pou an koun sth grammik  j kh twn v1 =

(1, 3, 2, −1), v2 = (2, 4, 4, 3) kai v3 = (0, −2, 0, 5). Prèpei na broÔme ta dianÔsmata

w = (w1, w2, w3, w4) gia ta opoÐa èqei lÔseic to sÔsthma
1 2 0

3 4 −2

2 4 0

−1 3 5


 x

y

z

 =


w1

w2

w3

w4

 .
H apaloif  ston epauxhmèno pÐnaka dÐdei

1 2 0 w1

3 4 −2 w2

2 4 0 w3

−1 3 5 w4

→


1 2 0 w1

0 −2 −2 w2 − 3w1

0 0 0 w3 − 2w1

0 5 5 w4 + w1

→


1 2 0 w1

0 −2 −2 w2 − 3w1

0 0 0 w3 − 2w1

0 0 0 w4 + w1 + 5
2(w2 − 3w1)

 .
SumperaÐnoume oti ta dianÔsmata pou an koun sth grammik  j kh twn v1 = (1, 3, 2, −1),

v2 = (2, 4, 4, 3) kai v3 = (0, −2, 0, 5) eÐnai ta dianÔsmata pou ikanopoioÔn tic exis¸seic

−2w1 + w3 = 0 ,

13w1 − 5w2 − 2w4 = 0 .

JewroÔme touc upìqwrouc X kai Y tou V pou par�gontai apì ta stoiqeÐa x1, x2 kai

y1, y2 antÐstoiqa, X = 〈x1, x2〉, Y = 〈y1, y2〉. P¸c mporoÔme na prosdiorÐsoume ta stoiqeÐa
tou dianusmatikoÔ upìqwrou X ∩ Y ?

E�n u ∈ X∩Y , tìte u ∈ X kai mporeÐ na ekfrasteÐ wc grammikìc sunduasmìc twn x1, x2:

up�rqoun arijmoÐ a1, a2 ∈ R, tètoioi ¸ste u = a1x1 +a2x2. EpÐshc −u ∈ Y , kai ekfr�zetai
wc grammikìc sunduasmìc twn y1, y2, me suntelestèc b1, b2 ∈ R: −u = b1y1 + b2y2. All�

tìte

0 = u− u = a1x1 + a2x2 + b1y1 + b2y2 .

SumperaÐnoume oti h tom  X∩Y apoteleÐtai apì ta dianÔsmata thc morf c b1y1 +b2y2, ìpou

ta b1, b2 apoteloÔn mèroc miac lÔshc (a1, a2, b1, b2) thc dianusmatik c exÐswshc

a1x1 + a2x2 + b1y1 + b2y2 = 0 a1, a2, b1, b2 ∈ R .
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Par�deigma 5.25 JewroÔme touc upìqwrouc X kai Y tou R3, X = 〈x1, x2〉, Y =

〈y1, y2〉, ìpou x1 = (1, 1, 0), x2 = (−1, 0, 1), y1 = (1, −1, 1) kai y2 = (1, 0, 3). Gia na

broÔme ton upìqwro X ∩ Y , prosdiorÐzoume ta b1, b2 ta opoÐa apoteloÔn mèroc mÐac lÔshc

tou sust matoc

a1

 1

1

0

+ a2

 −1

0

1

+ b1

 1

−1

1

+ b2

 1

0

3

 = 0 ,

to opoÐo gr�foume se morf  pÐnaka

 1 −1 1 1

1 0 −1 0

0 1 1 3



a1

a2

b1

b2

 = 0

kai efarmìzoume apaloif  Gauss:

 1 −1 1 1

0 1 −2 −1

0 0 3 4



a1

a2

b1

b2

 = 0

dhlad  b1 = −4
3b2, kai o upìqwrocX∩Y apoteleÐtai apì dianÔsmata thc morf c b(−4

3y1+y2)

gia b ∈ R. Me �lla lìgia, par�getai apì to di�nusma −4(1, −1, 1)+3(1, 0, 3) = (−1, 4, 5),

X ∩ Y = 〈(−1, 4, 5)〉 .

AjroÐsmata dianusmatik¸n upìqwrwn

EÐdame oti, e�n X, Y eÐnai dianusmatikoÐ upìqwroi tou V , X ∩ Y eÐnai epÐshc dianusmatikìc

upìqwroc, all� X ∪ Y den eÐnai, en gènei, dianusmatikìc upìqwroc. Ja orÐsoume èna upo-

sÔnolo tou V , pou eÐnai dianusmatikìc upìqwroc, kai ja deÐxoume oti eÐnai o mikrìteroc

dianusmatikìc upìqwroc pou perièqei to X ∪ Y .

Orismìc 5.4. E�n V eÐnai dianusmatikìc q¸roc, kai X, Y eÐnai dianusmatikoÐ upìqwroi

tou V , to sÔnolo twn dianusm�twn pou gr�fontai wc �jroisma enìc dianÔsmatoc tou X

kai enìc dianÔsmatoc tou Y ,

X + Y = {v ∈ V : up�rqoun x ∈ X kai y ∈ Y tètoia ¸ste v = x+ y}

onom�zetai �jroisma twn X kai Y .
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L mma 5.5 To �jroisma twn dianusmatik¸n upìqwrwn X + Y eÐnai dianusmatikìc upì-

qwroc tou V , kai par�getai apì thn ènwsh X ∪ Y ,

X + Y = 〈X ∪ Y 〉.

Apìdeixh. Gia k�je x ∈ X, y ∈ Y isqÔei x+ y ∈ 〈X ∪ Y 〉. SumperaÐnoume oti X + Y ⊆
〈X ∪ Y 〉.

Gia thn antÐjeth kateÔjunsh, eÐnai profanèc oti X ⊆ X + Y , Y ⊆ X + Y , kai sunep¸c

X ∪ Y ⊆ X + Y . EÔkola elègqoume oti to sÔnolo X + Y eÐnai kleistì wc proc tic pr�xeic

tou dianusmatikoÔ q¸rou V , kai sunep¸c eÐnai dianusmatikìc upìqwroc. 'Ara

〈X ∪ Y 〉 ⊆ X + Y

�

Par�deigma 5.26 JewroÔme tou upoq¸rouc tou R3,

X = {(x, 0, 0) | x ∈ R}

kai

Y = {(0, y, 0) | y ∈ R} .

Tìte

X + Y = {(x, y, 0) | x, y ∈ R} .

JewroÔme ènan trÐto upìqwro tou R3, Z = {(z, z, 0) | z ∈ R}. EÐnai ta ajroÐsmata X +Y ,

X+Z diaforetik�   Ðsa? EÔkola elègqoume oti k�je stoiqeÐo tou X+Y an kei sto X+Z,

(x, y, 0) = ((x− y) + y, y, 0)

= (x− y, 0, 0) + (y, y, 0) ∈ X + Z .

Ex Ðsou eÔkola elègqoume oti, antÐstrofa, X + Z ⊆ X + Y . SumperaÐnoume oti ta dÔo

ajroÐsmata eÐnai Ðsa.

H gewmetrik  ermhneÐa tou sumper�smatoc eÐnai oti to epÐpedo pou orÐzoun oi eujeÐec

{(x, 0, 0) : x ∈ R} kai {(y, y, 0) : y ∈ R}, eÐnai to Ðdio me to epÐpedo pou perièqei touc x

kai y �xonec.

Par�deigma 5.27 Sto sÔnolo C0(R) ìlwn twn suneq¸n sunart sewn stouc pragmati-

koÔc arijmoÔc, onom�zoume mÐa sun�rthsh �rtia e�n f(−x) = f(x) gia k�je x ∈ R, kai
peritt  e�n f(−x) = −f(x) gia k�je x ∈ R. Elègxte oti ta sÔnola C0

+ twn �rtiwn

sunart sewn kai C0
− twn peritt¸n sunart sewn eÐnai dianusmatikoÐ upìqwroi tou C0(R).

Ja deÐxoume oti C0(R) = C0
+ + C0

−. JewroÔme mia sun�rthsh f ∈ C0, kai orÐzoume

f+(x) =
1

2
(f(x) + f(−x))

f−(x) =
1

2
(f(x)− f(−x))
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Elègqoume oti h f+ eÐnai �rtia, h f− peritt , kai oti f = f+ + f−.

Par�deigma 5.28 JewroÔme touc upìqwrouc tou R3, Y =
{

(x, y, z) ∈ R3 : z = 0
}
kai

Z =
{

(u, v, w) ∈ R3 : u+ v + w = 0
}
. To �jroisma Y + Z eÐnai ìloc o q¸roc R3. Gia

opoiod pote di�nusma (a, b, c) ∈ R3, èqoume:

(a, b, c) = (a, (b+ c)− c, c)

= (a, b+ c, 0) + (0, −c, c)

me (a, b+ c, 0) ∈ Y , (0, −c, c) ∈ Z, kai epÐshc

(a, b, c) = ((a+ c)− c, b, c)

= (a+ c, b, 0) + (−c, 0, c)

me (a + c, b, 0)) ∈ Y , (−c, 0 c) ∈ Z. ParathroÔme oti k�je stoiqeÐo tou R3 gr�fetai me

perissìterouc apì èna diaforetikoÔc trìpouc wc �jroisma stoiqeÐwn twn Y kai Z.

Upojètoume oti èqoume dianusmatikoÔc upìqwrouc Y kai Z tou dianusmatikoÔ q¸rou V ,

kai oti sto �jroisma X = Y + Z, to stoiqeÐo x ∈ X gr�fetai wc x = y1 + z1 kai wc

x = y2 + z2, me y1, y2 ∈ Y , z1, z2 ∈ Z. Tìte

0 = x− x = (y1 + z1)− (y2 + z2)

= (y1 − y2) + (z1 − z2) .

SumperaÐnoume oti

y1 − y2 = z2 − z1 .

All� to y1 − y2 an kei sto Y en¸ to z2 − z1 an kei sto Z, kai ef� ìson eÐnai Ðsa, an koun

sthn tom  Y ∩Z. Blèpoume oti e�n up�rqoun dÔo diaforetikoÐ trìpoi na ekfrasteÐ to x wc

�jroisma stoiqeÐwn twn Y kai Z, tìte Y ∩ Z 6= {0}.
SumperaÐnoume oti e�n Y ∩Z = {0}, tìte k�je stoiqeÐo tou Y +Z ekfr�zetai me monadikì

trìpo wc �jroisma stoiqeÐwn tou Y kai tou Z.

Orismìc 5.5. JewroÔme dianusmatikì q¸ro V kai dianusmatikoÔc upìqwrouc Y, Z. E�n

Y ∩ Z = {0}, tìte to �jroisma Y + Z onom�zetai (eswterikì) eujÔ �jroisma, kai

sumbolÐzetai Y ⊕ Z.

L mma 5.6 E�n Y kai Z eÐnai upìqwroi tou V me Y ∩ Z = {0} kai x ∈ Y ⊕ Z, tìte
up�rqoun monadik� dianÔsmata y ∈ Y kai z ∈ Z tètoia ¸ste x = y + z.

Par�deigma 5.29 E�n mÐa sun�rthsh f ∈ C0(R) eÐnai �rtia kai peritt , tìte f(x) =

f(−x) = −f(x). SumperaÐnoume oti h f eÐnai h stajer  mhdenik  sun�rthsh, kai oti C0
+(R)∩

C0
−(R) = {0}. Sunep¸c k�je sun�rthsh gr�fetai me monadikì trìpo wc �jroisma mÐac �rtiac
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kai mÐac peritt c sun�rthshc, kai to sÔnolo C0(R) eÐnai to eujÔ �jroisma twn C0
+(R) kai

C0
−(R),

C0(R) = C0
+(R)⊕ C0

−(R) .

'Askhsh 5.1 Se poi� apì ta akìlouja sÔnola mporeÐte na orÐsete me ��fusio-

logikì�� trìpo tic pr�xeic thc prìsjeshc kai tou pollaplasiasmoÔ me arijmì (gia

par�deigma, kat� shmeÐo se èna q¸ro sunart sewn), ¸ste na eÐnai dianusmatikoÐ q¸-

roi p�nw apì to R? Se k�je perÐptwsh na orÐsete tic pr�xeic, na breÐte to mhdenikì

di�nusma kai na elègxete e�n to sÔnolo eÐnai kleistì wc proc tic pr�xeic.

aþ. To sÔnolo twn migadik¸n arijm¸n, C.

bþ. To sÔnolo twn rht¸n arijm¸n, Q.

gþ. To sÔnolo twn akolouji¸n pragmatik¸n arijm¸n.

dþ. To sÔnolo ìlwn twn fjinous¸n akolouji¸n

eþ. To sÔnolo ìlwn twn akolouji¸n pou sugklÐnoun sto 0.

�þ. To sÔnolo ìlwn twn sunart sewn apì touc fusikoÔc arijmoÔc stouc pragma-

tikoÔc arijmoÔc.

zþ. To sÔnolo ìlwn twn sunart sewn apì to sÔnolo A sto R, gia opoiod pote

A.

hþ. To sÔnolo ìlwn twn sunart sewn apì to R sto sÔnolo A, gia opoiod pote

A.

jþ. To sÔnolo ìlwn twn sunart sewn apì to R sto Z.

iþ. To sÔnolo ìlwn twn sunart sewn apì to A sto Rn, gia opoiod pote A.

'Askhsh 5.2 Otan h prìsjesh kai o pollaplasiasmìc orÐzontai kat� shmeÐo, poi�

apì ta akìlouja sÔnola sunart sewn apoteloÔn dianusmatikoÔc q¸rouc p�nw apì

to R? Se k�je perÐptwsh na elègxete e�n to sÔnolo eÐnai kleistì wc proc tic kat�

shmeÐo pr�xeic.

aþ. SuneqeÐc sunart seic apì to [0, 1] sto R.

bþ. Sunart seic f : R −→ R, oi opoÐec ikanopoioÔn f(1) = 0.

gþ. Sunart seic g : R −→ R, oi opoÐec ikanopoioÔn g(0) = 1.

dþ. Sunart seic apì to R sto [−1, 1].
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'Askhsh 5.3 JewroÔme to sÔnolo R2 me tic pr�xeic (x, y)u(x′, y′) = (x+x′, y+

y′) kai λ · (x, y) = (λx, 0), gia λ ∈ R. Exet�ste e�n autèc oi pr�xeic orÐzoun sto

R2 dom  dianusmatikoÔ q¸rou p�nw apì to R.

'Askhsh 5.4 JewroÔme dianusmatikì q¸ro U , kai uposÔnolo X ⊆ U . DeÐxte oti

X eÐnai dianusmatikìc upìqwroc tou U e�n kai mìnon e�n, gia k�je x, y ∈ X kai

k�je a ∈ R, isqÔei
ax+ y ∈ X .

'Askhsh 5.5 Perigr�yte ton upìqwro tou R2 pou par�getai apì ta dianÔsmata:

aþ) (0, 1), (1, 1)

bþ) (1, 1), (−1, −1)

gþ) (1, 1), (0, 1), (1, 0)

'Askhsh 5.6 Perigr�yte ton upìqwro tou R3 pou par�getai apì ta dianÔsmata

aþ. (1, 1, −1) kai (−1, −1, 1).

bþ. (0, 1, 1), (1, 1, 0) kai (0, 0, 0).

gþ. tic st lec enìc 3× 5 klimakwtoÔ pÐnaka me 2 odhgoÔc.

dþ. ìla ta dianÔsmata me jetikèc suntetagmènec.

'Askhsh 5.7 DÐdontai ta dianÔsmata u = (1, 1, 0), v = (1, 2, 1), x =

(−2, −3, −2) kai y = (0, 1, −3) tou R3, kai oi dianusmatikoÐ upìqwroi U = 〈u, v〉
kai V = 〈x, y〉. ProsdiorÐste to dianusmatikì upìqwro U ∩ V .

'Askhsh 5.8 Sto dianusmatikì q¸ro R[x] ìlwn twn poluwnÔmwn p(x) = a0+a1x+

a2x
2 + · · ·+ anx

n, an 6= 0, ìpou n eÐnai o bajmìc tou p(x), jewroÔme to uposÔnolo

Qk twn poluwnÔmwn bajmoÔ Ðsou me k, kai to uposÔnolo R[x]k twn poluwnÔmwn

bajmoÔ mikrìterou   Ðsou me k. Exet�ste e�n k�je èna apì aut� ta sÔnola apoteleÐ

dianusmatikì upìqwro tou R[x].

'Askhsh 5.9 JewroÔme to sÔnolo Q twn poluwnÔmwn p ∈ R[x] me thn idiìthta:

h par�gwgoc p′ diaireÐ to p. EÐnai to Q dianusmatikìc q¸roc p�nw apì to R?
EÐnai to sÔnolo twn poluwnÔmwn me suntelestèc ak = 0 gia k ≤ 3 dianusmatikìc

upìqwroc?
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'Askhsh 5.10 Jewr ste to dianusmatikì q¸ro twn sunart sewn f : R −→ R, me
pr�xeic kat� shmeÐo.

EÐnai to uposÔnolo twn suneq¸n sunart sewn dianusmatikìc upìqwroc?

EÐnai to uposÔnolo twn sunart sewn pou ikanopoioÔn, gia k�je x, |f(x)| ≤ 1 dianu-

smatikìc upìqwroc?

'Askhsh 5.11 Gr�yte thn poluwnumik  sun�rthsh f(x) = a0 +a1x+a2x
2 + · · ·+

anx
n wc �jroisma mÐac �rtiac kai mÐac peritt c sun�rthshc.

'Askhsh 5.12 DeÐxte oti e�n X kai Y eÐnai dianusmatikoÐ upìqwroi tou V , tìte

X ∪ Y eÐnai dianusmatikìc upìqwroc e�n kai mìnon e�n X ⊆ Y   Y ⊆ X.

'Askhsh 5.13 JewroÔme upoq¸rouc X, Y, Z tou dianusmatikoÔ q¸rou V . DeÐxte

oti e�n X ⊆ Z kai Y ⊆ Z, tìte X + Y ⊆ Z.



Kef�laio 6

Grammik  anexarthsÐa, b�seic,

di�stash

6.1 Grammik  ex�rthsh

Sto q¸ro TOE
2 twn gewmetrik¸n dianusm�twn sto epÐpedo me shmeÐo efarmog c sto O,

jewroÔme dÔo mh suggrammik� dianÔsmata, ~u kai ~v. E�n ~w eÐnai opoiod pote �llo di�nusma

tou TOE
2, gnwrÐzoume oti mporoÔme na ekfr�soume to ~w wc grammikì sunduasmì twn ~u kai

~v,

~w = a~u+ b~v . (6.1)

SumperaÐnoume oti o q¸roc TOE
2 par�getai apì ta ~u kai ~v,

TOE
2 = 〈~u, ~v〉 .

Poio sÔnolo par�goun ta dianÔsmata ~u, ~v kai ~w? 'Ena di�nusma ~z ∈ 〈~u, ~v, ~w〉, ekfr�zetai
wc grammikìc sunduasmìc

~z = c~u+ d~v + f ~w, gia c, d, f ∈ R

all�, antikajist¸ntac to ~w apì thn 6.1, èqoume

~z = c~u+ d~v + f(a~u+ b~v)

= (c+ fa)~u+ (d+ fb)~v,

dhlad  ~z ∈ 〈~u, ~v〉. Sunep¸c o q¸roc pou par�getai apì ta ~u, ~v kai ~w eÐnai o Ðdioc me autìn

pou par�getai apì ta ~u kai ~v. To ~w den prosfèrei k�ti perissìtero. Me aut  thn ènnoia

eÐnai perittì.

'Otan jèlame na broÔme tic lÔseic thc omogenoÔc exÐswshc Ax = 0, gia ton pÐnaka 4.1,

d¸same se mÐa eleÔjerh metablht  thn tim  1, kai sthn �llh thn tim  0, gia na broÔme mÐa

93
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lÔsh. Katìpin, d¸same sthn pr¸th eleÔjerh metablht  thn tim  0 kai sthn �llh thn tim 

1, gia na broÔme mÐa deÔterh lÔsh. Den qrei�sthke na upologÐsoume tic lÔseic gia �llouc

sunduasmoÔc, gia par�deigma na d¸soume thn tim  1 kai stic dÔo eleÔjerec metablhtèc, giatÐ

ìlec oi �llec lÔseic prokÔptoun wc grammikoÐ sunduasmoÐ aut¸n twn dÔo. MÐa trÐth lÔsh

den prosfèrei k�ti perissìtero sto mhdenoq¸ro tou pÐnaka A. Me aut  thn ènnoia eÐnai

peritt .

JewroÔme to sÔsthma grammik¸n exis¸sewn,

3x + 5y + 2z = 0

2x + y − z = 0

x + 4y + 3z = 0

to opoÐo mporoÔme na lÔsoume, kai na broÔme to sÔnolo twn lÔsewn

U = {(t, −t, t) | t ∈ R}

E�n t¸ra jewr soume mìno tic dÔo pr¸tec exis¸seic, ja doÔme oti kai autì to sÔsthma

èqei wc sÔnolo lÔsewn to U . H trÐth exÐswsh eÐnai h diafor� thc deÔterhc apì thn pr¸th,

kai ètsi den b�zei k�poion epÐ plèon periorismì sto sÔnolo lÔsewn. Me aut  thn ènnoia, h

trÐth exÐswsh eÐnai peritt .

Aut  h ènnoia tou perittoÔ, dianusm�twn ta opoÐa den prosfèroun perissìterec dunatì-

thtec paragwg c,   exis¸sewn oi opoÐec den jètoun perissìterouc periorismoÔc, apoteleÐ

mÐa basik  ènnoia thc Grammik c 'Algebrac, thn opoÐa onom�zoume grammik  ex�rthsh. Mia

sullog  dianusm�twn eÐnai grammik� exarthmènh ìtan perièqei peritt� dianÔsmata. 'Ena

sÔsthma exis¸sewn eÐnai grammik� exarthmèno ìtan perièqei perittèc exis¸seic.

Orismìc 6.1. H peperasmènh sullog 1 dianusm�twn v1, v2, . . . , vn, n ≥ 2, eÐnai gram-

mik� exarthmènh e�n k�poio apì ta vi mporeÐ na ekfrasteÐ wc grammikìc sunduasmìc

twn upoloÐpwn. Dhlad  up�rqei k�poio j, 1 ≤ j ≤ n, kai arijmoÐ ai ∈ R gia k�je i, me

1 ≤ i ≤ n, i 6= j, tètoioi ¸ste

vj = a1v1 + · · ·+ aj−1vj−1 + aj+1vj+1 + · · ·+ anvn .

Par�deigma 6.1 Ena sÔnolo k dianusm�twn tou Rn pou perièqei to 0, eÐnai aparait twc

grammik� exarthmèno: e�n v1 = 0 tìte v1 = 0v2 + · · ·+ 0vk.

1QrhsimopoioÔme ton ìro ��sullog �� se antidiastol  me to sÔnolo, gia na sumperil�boume peript¸seic

pou èna stoiqeÐo emfanÐzetai perissìterec apì mÐa forèc se mÐa sullog . Ta sÔnola {1, 1, 2, 3} kai {1, 2, 3}
eÐnai Ðsa, all� h sullog  arijm¸n 1, 1, 2, 3 eÐnai grammik� exarthmènh, en¸ h sullog  arijm¸n 1, 2, 3 den

eÐnai grammik� exarthmènh.
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Par�deigma 6.2 Sto R2, ta dianÔsmata (1, 0), (0, 1) kai (a, b) eÐnai grammik� exarthmèna,

afoÔ

(a, b) = a (1, 0) + b (0, 1) .

Par�deigma 6.3 Ta polu¸numa p(x) = 1 − x, q(x) = x(1 − x) kai r(x) = 1 − x2, eÐnai
grammik� exarthmèna, afoÔ

r(x) = p(x) + q(x) .

Par�deigma 6.4 JewroÔme ta dianÔsmata x1 = (2, 0, 1), x2 = (0, 2, −1) kai x3 =

(0, −4, 2) sto R3. EÐnai profanèc oti den up�rqoun arijmoÐ a2 kai a3 tètoioi ¸ste

(2, 0, 1) = a2(0, 2, −1) + a3(0, −4, 2),

giatÐ a20 + a30 = 0 6= 2. 'Omwc

(0, 2, −1) = 0 · (2, 0, 1)− 1

2
(0, −4, 2)

kai sunep¸c h sullog  x1, x2, x3 eÐnai grammik� exarthmènh.

Sta prohgoÔmena paradeÐgmata  tan eÔkolo na broÔme k�poio di�nusma thc sullog c to

opoÐo mporoÔsame na ekfr�soume wc grammikì sunduasmì twn upoloÐpwn. E�n ìmwc eÐqame

mÐa megalÔterh sullog  den ja  tan praktikì na exet�soume k�je di�nusma, mèqri na broÔme

k�poio to opoÐo na mporeÐ na ekfrasteÐ wc grammikìc sunduasmìc twn upoloÐpwn.

Gi� autì to lìgo eÐnai qr simo na èqoume èna qarakthrismì thc grammik c ex�rthshc pou

den diakrÐnei k�poio apì ta stoiqeÐa. ParathroÔme oti e�n

vj = a1v1 + · · ·+ aj−1vj−1 + aj+1vj+1 + · · ·+ anvn

tìte

a1v1 + · · ·+ aj−1vj−1 − vj + aj+1vj+1 + · · ·+ anvn = 0 .

Dhlad , e�n h sullog  v1, . . . , vn eÐnai grammik� exarthmènh, tìte to mhdenikì di�nusma mpo-

reÐ na ekfr�stei wc grammikìc sunduasmìc twn v1, . . . , vn, me toul�qiston èna suntelest 

diaforetikì apì 0 (sthn parap�nw perÐptwsh autìn tou vj , o opoÐoc eÐnai −1). Ja deÐxoume

oti isqÔei kai to antÐstrofo, dhlad  e�n up�rqei grammikìc sunduasmìc twn v1, . . . , vn o

opoÐoc na eÐnai Ðsoc me to mhdenikì di�nusma, en¸ toul�qiston ènac suntelest c eÐnai dia-

foretikìc apì to 0, tìte k�poio apì ta vi mporeÐ na ekfrasteÐ wc grammikìc sunduasmìc

twn upoloÐpwn.

L mma 6.1 H sullog  dianusm�twn v1, . . . vn, n ≥ 2, eÐnai grammik� exarthmènh e�n

kai mìnon e�n to mhdenikì di�nusma mporeÐ na ekfrasteÐ wc grammikìc sunduasmìc twn

v1, . . . , vn, me toul�qiston èna suntelest  diaforetikì apì to 0.
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Apìdeixh. 'Eqoume  dh deÐxei th mÐa kateÔjunsh. AntÐstrofa, e�n up�rqei ènac grammikìc

sunduasmìc

a1v1 + · · ·+ anvn = 0

kai aj 6= 0, tìte

vj =
−a1
aj

v1 + · · ·+ −aj−1
aj

+
−aj+1

aj
vj+1 + · · ·+ −an

aj
vn .

�

Sto akìloujo apotèlesma diatup¸noume me pio sugkekrimèno trìpo thn ènnoia upo thn

opoÐa èna grammik� exarthmèno sÔnolo perièqei peritt� stoiqeÐa.

L mma 6.2 (L mma Grammik c Ex�rthshc) JewroÔme th grammik� exarthmènh

sullog  dianusm�twn v1, . . . , vn. E�n up�rqei mÐa sqèsh

a1v1 + · · ·+ anvn = 0

sthn opoÐa o suntelest c tou vj den eÐnai Ðsoc me 0, tìte o upìqwroc pou par�ge-

tai apì to sÔnolo {v1, . . . , vn} eÐnai Ðsoc me ton upìqwro pou par�getai apì to sÔnolo

{v1, . . . , vj−1, vj+1, . . . , vn}.

Apìdeixh. Apì thn apìdeixh tou L mmatoc 6.1 gnwrÐzoume oti mporoÔme na ekfr�soume

to vj wc grammikì sunduasmì twn upoloÐpwn dianusm�twn, èstw

vj =
∑
i 6=j

bivi .

E�n w = a1v1 + · · ·+ anvn, mporoÔme na antikatast soume to vj , kai na p�roume

w =
∑
i 6=j

(ai + ajbi)vi ,

pou shmaÐnei oti to w brÐsketai ston upìqwro pou par�getai apì to

{v1, . . . , vn} \ {vj} .

�

EpekteÐnoume ton orismì thc grammik c ex�rthshc se aujaÐretec sullogèc dianusm�twn

me ton akìloujo trìpo. H ken  sullog  dianusm�twn, dhlad  h sullog  pou den perièqei

kanèna di�nusma, den eÐnai grammik� exarthmènh. H sullog  pou perièqei mìnon èna di�-

nusma eÐnai grammik� exarthmènh mìnon e�n autì eÐnai to mhdenikì di�nusma. Mia �peirh

sullog  dianusm�twn eÐnai grammik� exarthmènh e�n perièqei k�poia peperasmènh sullog 

dianusm�twn h opoÐa eÐnai grammik� exarthmènh.
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6.2 Grammik  anexarthsÐa

MÐa sullog  dianusm�twn eÐnai grammik� anex�rthth e�n den eÐnai grammik� exarthmè-

nh. Gia mÐa peperasmènh sullog  v1, . . . , vn, n ≥ 2, autì shmaÐnei oti kanèna stoiqeÐo thc

sullog c den mporeÐ na ekfrasteÐ wc grammikìc sunduasmìc twn upoloÐpwn.

Par�deigma 6.5 DÔo mh suggrammik� gewmetrik� dianÔsmata tou epipèdou, ~u, ~v ∈ TOE2,

eÐnai grammik� anex�rthta. Ef� ìson ta ~u, ~v den eÐnai suggrammik�, to èna den eÐnai polla-

pl�sio tou �llou.

Par�deigma 6.6 Sto R2, ta dianÔsmata (1, 0), (0, 1) eÐnai grammik� anex�rthta. Den

up�rqei stoiqeÐo a tou R tètoio ¸ste (1, 0) = a(0, 1)   (0, 1) = a(1, 0), giatÐ a0 = 0.

Par�deigma 6.7 Ta polu¸numa p(x) = 1 − x, q(x) = x(1 − x) kai s(x) = x3 − 1 eÐnai

grammik� anex�rthta. E�n oi arijmoÐ a, b, c ikanopoioÔn th sqèsh

a (1− x) + b x(1− x) + c (x3 − 1) = 0

tìte

c x3 − b x2 + (b− a)x+ (a− c)

eÐnai to mhdenikì polu¸numo, kai sunep¸c c = 0, b = 0, b− a = 0, kai �ra a = 0. SumperaÐ-

noume oti o mìnoc trìpoc na ekfrasteÐ to mhdenikì polu¸numo wc grammikìc sunduasmìc

twn p(x), q(x) kai s(x), eÐnai o tetrimmènoc,

0 p(x) + 0 q(x) + 0 s(x) = 0 .

'Ara ta polu¸numa p(x), q(x), s(x) den eÐnai grammik� exarthmèna.

SÔmfwna me thn epèktash thc ènnoiac thc grammik c ex�rthshc se aujaÐretec sullogèc,

h ken  sullog  dianusm�twn eÐnai grammik� anex�rthth, en¸ h sullog  me èna di�nusma

eÐnai grammik� anex�rthth ektìc e�n autì eÐnai to mhdenikì di�nusma. MÐa �peirh sullog 

dianusm�twn eÐnai grammik� anex�rthth e�n k�je peperasmènh sullog  dianusm�twn pou

perièqetai se aut n eÐnai grammik� anex�rthth.

O summetrikìc qarakthrismìc thc grammik c ex�rthshc sto L mma 6.1 epitrèpei na qa-

rakthrÐsoume kai th grammik  anexarthsÐa me summetrikì trìpo.

L mma 6.3 H sullog  dianusm�twn v1, . . . , vn, n ≥ 1, eÐnai grammik� anex�rthth e�n kai

mìnon e�n o monadikìc trìpoc na ekfrasteÐ to mhdenikì di�nusma wc grammikìc sunduasmìc

twn v1, . . . , vn eÐnai o tetrimmènoc grammikìc sunduasmìc, me ìlouc touc suntelestèc Ðsouc

me 0.

Apìdeixh. H prìtash eÐnai antistrofoantÐjeth, kai sunep¸c logik� isodÔnamh, me to

L mma 6.1.
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�

Gia na elègxoume e�n ta dianÔsmata v1, . . . , vn ∈ Rm eÐnai grammik� anex�rthta, sqh-

matÐzoume ton m × n pÐnaka me st lec v1, . . . , vn. E�n up�rqei èna mh mhdenikì di�nusma

c = (c1, . . . , cn) tètoio ¸ste Ac = 0, tìte oi st lec tou pÐnaka A eÐnai grammik� exarthmè-

nec. E�n h monadik  lÔsh thc Ax = 0 eÐnai h tetrimmènh, x = 0 ∈ Rn, tìte oi st lec tou

pÐnaka A eÐnai grammik� anex�rthtec.

Eidikìtera, oi st lec enìc trigwnikoÔ pÐnaka eÐnai grammik� anex�rthtec e�n kai mìnon

e�n ìla ta stoiqeÐa sth diag¸nio eÐnai diaforetik� apì to 0.

Prìtash 6.4 Se èna pÐnaka se klimakwt  morf , oi mh mhdenikèc grammèc eÐnai gram-

mik� anex�rthtec. To Ðdio isqÔei gia tic st lec pou perièqoun odhgoÔc.

Apìdeixh. JewroÔme èna m× n pÐnaka se klimakwt  morf , me r mh mhdenikèc grammèc,

kai odhgoÔc stic st lec j1, j2, . . . , jr. SumbolÐzoume U ton r × n pÐnaka pou apoteleÐtai

apì tic mh mhdenikèc grammèc, kai c = (c1, . . . , cr) èna di�nusma tètoio ¸ste cTU = 0.

Jèloume na deÐxoume oti c = 0.

Exet�zoume th st lh j1. To stoiqeÐo a1j1 6= 0, en¸ ìla ta upìloipa eÐnai 0. Ara

c1a1j1 = 0 kai sunep¸c c1 = 0.

Upojètoume t¸ra oti c1 = c2 = . . . = ck = 0, gia k < r, kai ja deÐxoume oti ck+1 = 0.

Exet�zoume th st lh jk+1. To stoiqeÐo a(k+1)jk+1
6= 0, en¸ gia p > k + 1, apjk+1

= 0.

Ara ck+1a(k+1)jk+1
= 0 kai sunep¸c ck+1 = 0.

Gia na apodeÐxoume oti oi st lec pou perièqoun odhgoÔc eÐnai grammik� anex�rthtec,

exet�zoume lÔseic thc exÐswshc Ux = 0 gia tic opoÐec ìlec oi eleÔjerec metablhtèc eÐnai 0.

H an�dromh antikat�stash tìte dÐdei th monadik  lÔsh x = 0.

�

Pìrisma 6.5 E�n n > m èna sÔnolo n dianusm�twn sto q¸ro Rm eÐnai grammik� exar-

thmèno.

Par�deigma 6.8 Sto q¸ro C0(R), jewroÔme tic sunart seic sin kai cos. E�n h mhdenik 

sun�rthsh ekfr�zetai wc grammikìc sunduasmìc

a(sin) + b(cos) = 0

tìte gia k�je x ∈ R isqÔei h isìthta

a sinx+ b cosx = 0 .

Eidikìtera e�n x = 0 èqoume a sin 0+b cos 0 = 0, dhlad  b = 0 kai e�n x = π
2 èqoume a sin π

2 +

b cos π2 = 0, dhlad  a = 0. SumperaÐnoume oti o mìnoc trìpoc na ekfrasteÐ h mhdenik 

sun�rthsh wc grammikìc sunduasmìc twn sin kai cos eÐnai me ìlouc touc suntelestèc Ðsouc

me 0. Sunep¸c oi sunart seic sin kai cos eÐnai grammik� anex�rthtec.
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Prìtash 6.6 E�n mÐa sullog  dianusm�twn eÐnai grammik� exarthmènh, tìte k�je sul-

log  pou thn perièqei eÐnai epÐshc grammik� exarthmènh. E�n mÐa sullog  dianusm�twn

eÐnai grammik� anex�rthth, tìte k�je sullog  pou perièqetai se aut n eÐnai epÐshc gram-

mik� anex�rthth.

Apìdeixh. JewroÔme th sullog  dianusm�twn v1, . . . , vn, w1, . . . , wm. E�n ta dianÔsmata

v1, . . . , vn eÐnai grammik� exarthmèna, up�rqoun arijmoÐ, a1, . . . , an, oi opoÐoi den eÐnai ìloi

Ðsoi me 0, tètoioi ¸ste

a1v1 + · · ·+ anvn = 0 .

SqhmatÐzoume to grammikì sunduasmì

a1v1 + · · ·+ anvn + 0w1 + · · ·+ 0wm

o opoÐoc eÐnai Ðsoc me to mhdenikì di�nusma, all� toul�qiston ènac apì touc suntelestèc

den eÐnai 0. 'Ara h sullog  v1, . . . , vn, w1, . . . , wm eÐnai grammik� exarthmènh.

JewroÔme mia grammik� anex�rthth sullog  dianusm�twn v1, . . . , vn, kai th sullog 

vi1 , . . . , vik , ìpou k ≤ n kai ij eÐnai diaforetikoÐ fusikoÐ arijmoÐ metaxÔ 1 kai n. Jèloume

na deÐxoume oti h sullog  vi1 , . . . , vik eÐnai grammik� anex�rthth. 'Estw ènac grammikìc

sunduasmìc twn vi1 , . . . , vik , o opoÐoc eÐnai Ðsoc me to mhdenikì di�nusma,

a1vi1 + · · ·+ akvik = 0 .

SqhmatÐzoume to grammikì sunduasmì

b1v1 + · · ·+ bnvn

ìpou bij = aj gia j = 1, . . . k, kai bi = 0 e�n i den eÐnai Ðso me k�poio ij , 1 ≤ j ≤ k. Tìte

b1v1 + · · ·+ bnvn = a1vi1 + · · ·+ akvik = 0

AfoÔ h sullog  v1, . . . , vn eÐnai grammik� anex�rthth, ìloi oi suntelestèc bi, 1 ≤ i ≤ n

eÐnai Ðsoi me 0. Sunep¸c kai oi aj = bij eÐnai Ðsoi me 0. 'Ara h sullog  vi1 , . . . , vik eÐnai

grammik� anex�rthth.

�

Par�deigma 6.9Sto q¸ro R[x] twn poluwnÔmwn mÐac metablht c me pragmatikoÔc su-

ntelestèc to sÔnolo

B =
{
pk(x) = xk : k ∈ N0

}
= {p0(x), p1(x), p2(x), . . .}

eÐnai grammik� anex�rthto.

Prèpei na deÐxoume oti k�je peperasmèno uposÔnolo tou B eÐnai grammik� anex�rthto.

Apì thn Prìtash 6.6, k�je uposÔnolo enìc grammik� anex�rthtou sunìlou eÐnai grammik�

anex�rthto. AfoÔ k�je peperasmèno uposÔnolo tou B perièqetai se èna uposÔnolo thc
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morf c {p0(x), p1(x), p2(x), . . . , pn(x)} gia k�poio n ∈ N, arkeÐ na apodeÐxoume oti sÔno-

la aut c thc morf c eÐnai grammik� anex�rthta. JewroÔme èna grammikì sunduasmì pou

ekfr�zei to mhdenikì polu¸numo:

a0 p0(x) + a1 p1(x) + a2 p2(x) + · · ·+ anpn(x) = 0

dhlad  a0 + a1x + a2x
2 + · · · + anx

n eÐnai to mhdenikì polu¸numo kai sunep¸c a0 = a1 =

· · · = an = 0.

'Ena grammik� anex�rthto sÔnolo qarakthrÐzetai apì thn idiìthta oti to mhdenikì di�nu-

sma ekfr�zetai me monadikì trìpo wc grammikìc sunduasmìc twn stoiqeÐwn tou sunìlou.

Ja doÔme oti to Ðdio isqÔei kai gia k�je �llo di�nusma pou brÐsketai sto q¸ro pou par�gei

to sÔnolo.

Prìtash 6.7 To sÔnolo dianusm�twn {v1, . . . , vn} eÐnai grammik� anex�rthto e�n kai

mìnon e�n k�je di�nusma w ∈ 〈v1, . . . , vn〉 ekfr�zetai kat� èna kai mìno trìpo wc grammikìc
sunduasmìc twn v1, . . . , vn.

Apìdeixh. Upojètoume oti to sÔnolo {v1, . . . , vn} eÐnai grammik� anex�rthto. JewroÔme

di�nusma w ∈ 〈v1, . . . , vn〉, kai grammikoÔc sunduasmoÔc pou ekfr�zoun to w,

w = a1v1 + · · ·+ anvn kai w = b1v1 + · · ·+ bnvn

Tìte a1v1 + · · · anvn − (b1v1 + · · ·+ bnvn) = 0, kai sunep¸c

(a1 − b1)v1 + · · ·+ (an − bn)vn = 0 .

AfoÔ to sÔnolo {v1, . . . , vn} eÐnai grammik� anex�rthto,

a1 − b1 = 0, a2 − b2 = 0, . . . , an − bn = 0 ,

kai sunep¸c a1 = b1, a2 = b2, . . . , an = bn. SumperaÐnoume oti to w ekfr�zetai me monadikì

trìpo wc grammikìc sunduasmìc twn stoiqeÐwn tou {v1, . . . , vn}.
Antistrìfwc, upojètoume oti k�je di�nusma w ∈ 〈v1, . . . , vn〉 ekfr�zetai me monadikì trì-

po wc grammikìc sunduasmìc twn v1, . . . , vn. To mhdenikì di�nusma an kei sto 〈v1, . . . , vn〉,
kai profan¸c 0 = 0 v1 + · · ·+ 0 vn. Apì thn upìjesh thc monadikìthtac den up�rqei gram-

mikìc sunduasmìc me toul�qiston èna suntelest  diaforetikì apì 0 pou na ekfr�zei to

mhdenikì di�nusma, kai sunep¸c to sÔnolo {v1, . . . , vn} eÐnai grammik� anex�rthto.

�

To epìmeno L mma eÐnai qr simo se apodeÐxeic: e�n b�loume ta stoiqeÐa enìc grammik� e-

xarthmènou sunìlou se mÐa di�taxh, mporoÔme na diakrÐnoume to pr¸to stoiqeÐo pou gr�fetai

wc grammikìc sunduasmìc twn prohgoumènwn tou.

L mma 6.8 E�n to sÔnolo {v1, . . . , vn} eÐnai grammik� exarthmèno kai v1 6= 0, tìte

up�rqei k, me 1 ≤ k < n, tètoio ¸ste to sÔnolo {v1, . . . , vk} eÐnai grammik� anex�rthto

kai up�rqoun arijmoÐ a1, . . . , ak ∈ R tètoioi ¸ste vk+1 = a1v1 + · · ·+ akvk.
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Apìdeixh. To sÔnolo {v1} eÐnai grammik� anex�rthto. AfoÔ to {v1, . . . , vn} eÐnai gram-
mik� exarthmèno, up�rqei k�poio el�qisto k tètoio ¸ste {v1, . . . , vk+1} eÐnai grammik� e-

xarthmèno. AfoÔ to k eÐnai to el�qisto me aut  thn idiìthta, to sÔnolo {v1, . . . , vk}
eÐnai grammik� anex�rthto. Up�rqoun b1, . . . , bk+1 ∈ R, ìqi ìla Ðsa me mhdèn, tètoia ¸ste

b1v1 + · · · + bk+1vk+1 = 0. E�n bk+1 = 0, tìte b1v1 + · · · + bkvk = 0 kai apì grammik 

anexarthsÐa b1 = · · · = bk = 0. 'Ara bk+1 6= 0, kai sunep¸c

vk+1 = − b1
bk+1

v1 − · · · −
bk
bk+1

vk .

�

To epìmeno apotèlesma eÐnai k�pwc teqnikì, all� jemeli¸dec gia th jewrÐa twn pepe-

rasmèna paragìmenwn dianusmatik¸n q¸rwn. Lèei oti èna grammik� anex�rthto sÔnolo den

mporeÐ na èqei perissìtera stoiqeÐa apì èna sÔnolo pou par�gei to q¸ro, kai oti mporoÔme

na antikatast soume k�poia apì ta stoiqeÐa tou par�gontoc sunìlou me ta stoiqeÐa tou

grammik� anex�rthtou sunìlou ¸ste na èqoume èna nèo par�gon sÔnolo pou perièqei to

grammik� anex�rthto sÔnolo.

Je¸rhma 6.9 (Je¸rhma Antikat�stashc). E�n to peperasmèno sÔnolo {v1, . . . , vn}
par�gei to dianusmatikì q¸ro V , kai {w1, . . . , wk} eÐnai grammik� anex�rthto uposÔnolo

tou V , tìte k ≤ n kai up�rqoun n− k stoiqeÐa vij , gia j = 1, . . . , n− k tètoia ¸ste

{w1, . . . , wk, vi1 , · · · , vin−k
}

par�goun to V .

Apìdeixh. AfoÔ to sÔnolo {v1, . . . , vn} par�gei to dianusmatikì q¸ro V , to w1 gr�fetai

wc grammikìc sunduasmìc

w1 = a1v1 + . . .+ anvn ,

kai efìson w1 6= 0, up�rqei k�poio j ∈ {1, . . . , n} gia to opoÐo aj 6= 0. AntikajistoÔme to

vj me to w1, kai èqoume to sÔnolo

S1 = ({v1, . . . , vn} \ {vj}) ∪ {w1} .

Apì to L mma Grammik c Ex�rthshc, L mma 6.2, to S1 par�gei to q¸ro V . An qrei�zetai

all�zoume thn arÐjmhsh twn stoiqeÐwn tou S1 ¸ste na èqoume

S1 = {w1, v2, . . . , vn} .

Katìpin jewroÔme to di�nusma w2. AfoÔ to S1 par�gei to V , to w2 gr�fetai wc gram-

mikìc sunduasmìc twn stoiqeÐwn tou S1,

w2 = a1w1 + a2v2 + . . .+ anvn .



102 Eisagwg  sth Grammik  'Algebra

AfoÔ ta w1, w2 eÐnai grammik� anex�rthta, w2 − a1w1 6= 0, kai sunep¸c up�rqei k�poio

j ∈ {2, . . . , n} gia to opoÐo aj 6= 0. Jètoume S2 = (S1 \ {vj}) ∪ {w2}, kai all�zoume thn

arÐjmhsh ¸ste na èqoume

S2 = {w1, w2, v3, . . . , vn} .

SuneqÐzontac me autìn ton trìpo upojètoume oti, gia m < k, èqoume kataskeu�sei to

sÔnolo Sm = {w1, . . . , wm, vm+1, . . . , vn}, to opoÐo par�gei to V . JewroÔme to di�nusma

wm+1 wc grammikì sunduasmì twn stoiqeÐwn tou Sm, kai èqoume

wm+1 − (a1w1 + . . .+ amwm) = am+1vm+1 + . . .+ anvn .

AfoÔ ta w1, . . . , wm+1 eÐnai grammik� anex�rthta, h dexi� pleur� den eÐnai Ðsh me to mh-

denikì di�nusma. Sunep¸c m < n kai up�rqei j ∈ {m + 1, . . . , n} tètoio ¸ste aj 6= 0.

SumperaÐnoume oti to sÔnolo Sm+1 = (Sm \ {vj}) ∪ {wm+1} par�gei to V .

Aut  h diadikasÐa mporeÐ na suneqisteÐ mèqri na exantl soume ta stoiqeÐa tou sunìlou

{w1, . . . , wk} kai na kataskeu�soume to sÔnolo

Sk = {w1, . . . , wk, vk+1, . . . , vn} ,

to opoÐo par�gei to dianusmatikì q¸ro V .

�

Pìrisma 6.10 'Ena grammik� anex�rthto sÔnolo se èna dianusmatikì q¸ro den mporeÐ

na èqei perissìtera stoiqeÐa apì èna sÔnolo pou par�gei to q¸ro.

�

'Askhsh 6.1 DeÐxte oti e�n a = 0   d = 0   f = 0, tìte oi st lec tou U eÐnai

grammik� exarthmènec:

U =

 a b c

0 d e

0 0 f


'Askhsh 6.2 E�n ta a, d, f sthn 'Askhsh 6.1 eÐnai ìla diaforetik� apì to 0, tìte

h mình lÔsh thc exÐswshc Ux = 0 eÐnai x = 0. Oi st lec tou U eÐnai grammik�

anex�rthtec.

'Askhsh 6.3 Exet�ste e�n eÐnai grammik� anex�rthta ta dianÔsmata:

aþ) (0, 1), (1, 1)

bþ) (1, 1), (0, 1), (1, 0)

gþ) (1, 0, 0), (1, 1, 1), (0, 1, 1)
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'Askhsh 6.4 DeÐxte oti ta dianÔsmata u1, u2, u3 eÐnai grammik� anex�rthta, all�

oti ta u1, u2, u3, u4 eÐnai grammik� exarthmèna:

u1 =

 1

0

0

 , u2 =

 1

1

0

 , u3 =

 1

1

1

 , u4 =

 2

3

4

 .

'Askhsh 6.5 aþ) ApofasÐste e�n ta akìlouja dianÔsmata eÐnai grammik� anex�r-

thta   ìqi, lÔnontac èna kat�llhlo sÔsthma Ax = 0.

(1, 1, 0, 0) , (1, 0, 1, 0) , (0, 0, 1, 1) , (0, 1, 0, 1) .

bþ) Elègxte e�n to di�nusma (0, 0, 0, 1) brÐsketai sto q¸ro pou par�goun ta para-

p�nw dianÔsmata.

'Askhsh 6.6 E�n w1, w2, w3 eÐnai grammik� anex�rthta dianÔsmata, deÐxte oti oi

diaforèc u1 = w2 −w3, u2 = w1 −w3 kai u3 = w1 −w2 eÐnai grammik� exarthmènec.

BreÐte èna grammikì sunduasmì twn u1, u2, u3 pou dÐdei 0.

'Askhsh 6.7 E�n w1, w2, w3 eÐnai grammik� anex�rthta dianÔsmata, deÐxte oti ta

ajroÐsmata v1 = w2 +w3, v2 = w1 +w3 kai v3 = w1 +w2 eÐnai grammik� anex�rthta.

Ekfr�ste th sqèsh c1v1 + c2v2 + c3v3 = 0 wc proc ta wi, kai breÐte exis¸seic gia

ta ci.

'Askhsh 6.8 Upojèste oti topojetoÔme ta dianÔsmata twn opoÐwn jèloume na

elègxoume th grammik  anexarthsÐa, stic grammèc kai ìqi stic st lec enìc pÐnaka.

Pwc mporoÔme na sumper�noume e�n eÐnai grammik� anex�rthta kat� th di�rkeia thc

apaloif c apì ton A ston U ?

'Askhsh 6.9 Jewr ste dianusmatikì q¸roX kai dianÔsmata x1, x2, . . . , xm ∈ X.

DeÐxte oti e�n xi = 0 gia k�poio i, tìte ta x1, x2, . . . , xm eÐnai grammik� exarthmèna.

DeÐxte oti e�n xi = xj gia k�poio i kai j, me i 6= j, tìte ta x1, x2, . . . , xm eÐnai

grammik� exarthmèna.

'Askhsh 6.10 DeÐxte oti e�n to sÔnolo {v1, v2, . . . , vn} eÐnai grammik� anex�r-

thto, tìte to Ðdio isqÔei kai gia to {v1 − v2, v2 − v3, . . . , vn−1 − vn, vn}.

'Askhsh 6.11 DÐdontai trÐa dianÔsmata u1, u2, u3 ∈ V . DeÐxte oti e�n 〈u1, u2〉 =

〈u2, u3〉, tìte ta u1, u2, u3 eÐnai grammik� exarthmèna.

IsqÔei to antÐstrofo?
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'Askhsh 6.12 DeÐxte oti sto q¸ro R[x] twn poluwnÔmwn miac metablht c me

pragmatikoÔc suntelestèc, gia k�je n ∈ N up�rqei grammik� anex�rthto sÔnolo me

n stoiqeÐa.

'Askhsh 6.13 Jewr ste to dianusmatikì q¸ro C0(R) twn suneq¸n sunart sewn

f : R −→ R, me pr�xeic kat� shmeÐo.

DeÐxte oti ta stoiqeÐa f1, f2, . . . , fn eÐnai grammik� anex�rthta, ìpou fk(x) =

sin(kx).

B�seic

E�n èna uposÔnolo S tou dianusmatikoÔ q¸rou V par�gei to V , tìte k�je stoiqeÐo tou V

ekfr�zetai wc grammikìc sunduasmìc twn stoiqeÐwn tou S. E�n epÐ plèon to sÔnolo S eÐnai

grammik� anex�rthto, tìte autìc o grammikìc sunduasmìc eÐnai monadikìc gia k�je stoiqeÐo

tou V . Gi� autì to lìgo èna grammik� anex�rthto sÔnolo pou par�gei èna q¸ro V èqei

idiaÐtero endiafèron. 'Ena tètoio sÔnolo onom�zetai b�sh tou V .

Orismìc 6.2. 'Ena uposÔnolo B tou dianusmatikoÔ q¸rou V lègetai b�sh tou V e�n

to B eÐnai grammik� anex�rthto kai par�gei to dianusmatikì q¸ro V .

Par�deigma 6.10 Sto R2, ta dianÔsmata (1, 0) kai (0, 1) apoteloÔn mÐa b�sh tou q¸rou,

giatÐ eÐnai grammik� anex�rthta kai par�goun to q¸ro R2: e�n (a, b) ∈ R2, tìte (a, b) =

a (1, 0) + b (0, 1) .

Par�deigma 6.11 H kanonik  b�sh tou Rn eÐnai h b�sh e1, . . . , en, h opoÐa apoteleÐtai

apì tic st lec tou monadiaÐou pÐnaka. 'Omwc h b�sh aut  den eÐnai kat� kanèna trìpo

monadik . Oi st lec k�je antistrèyimou n× n pÐnaka apoteloÔn mÐa b�sh tou Rn.

Par�deigma 6.12 Oi st lec enìc klimakwtoÔ pÐnaka den eÐnai p�nta grammik� anex�rth-

tec, all� par�goun to q¸ro sthl¸n. O st lec pou perièqoun touc odhgoÔc apoteloÔn mÐa

b�sh tou q¸rou sthl¸n tou pÐnaka. Ja to doÔme autì sto epìmeno par�deigma.

Par�deigma 6.13 JewroÔme ton klimakwtì pÐnaka

U =

 1 3 3 2

0 0 3 1

0 0 0 0


Oi st lec pou perièqoun odhgoÔc eÐnai oi (1, 0, 0) kai (3, 3, 0). Elègqoume oti eÐnai grammik�

anex�rthtec: apì thn exÐswsh  1 3

0 3

0 0

 [ c1

c2

]
= 0
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èqoume c1 + 3c2 = 0 kai 3c2 = 0, kai sunep¸c c2 = 0, c1 = 0.

Gia na deÐxoume oti oi st lec me odhgoÔc par�goun to q¸ro sthl¸n, arkeÐ na elègxoume

oti oi upìloipec st lec ekfr�zontai wc grammikìc sunduasmìc twn sthl¸n pou perièqoun

odhgoÔc.

Ston pÐnaka U tou paradeÐgmatoc, e�n v1, . . . , v4 eÐnai oi st lec tou U , parathroÔme oti

oi st lec v2 kai v4 ekfr�zontai wc grammikìc sunduasmìc twn v1 kai v3:

v2 = 3v1 kai v4 =
1

3
v3 + v1.

Par�deigma 6.14 To sÔnolo

B = {pk(x) = xk : k ∈ N0}

apoteleÐ b�sh tou q¸rou poluwnÔmwn R[x]. EÐdame sto Par�deigma 6.9 oti eÐnai grammik�

anex�rthto. K�je mh mhdenikì polu¸numo gr�fetai sth morf  p(x) = a0 + a1x + a2x
2 +

. . .+ anx
n, me an 6= 0, kai sunep¸c ekfr�zetai wc grammikìc sunduasmìc stoiqeÐwn tou B:

p(x) = a0p0(x) + a1p1(x) + . . .+ anpn(x) .

MÐa b�sh enìc dianusmatikoÔ q¸rou V qarakthrÐzetai wc èna mègisto grammik� anex�r-

thto uposÔnolo tou V , kai epÐshc wc èna el�qisto par�gon sÔnolo tou V .

Prìtash 6.11 JewroÔme to dianusmatikì q¸ro V , kai èna sÔnolo {v1, . . . vn} ⊆ V .

Tìte ta akìlouja eÐnai isodÔnama.

1. {v1, . . . , vn} eÐnai b�sh tou V , dhlad  eÐnai grammik� anex�rthto par�gon sÔnolo tou

V .

2. K�je di�nusma w ∈ V ekfr�zetai me monadikì trìpo wc grammikìc sunduasmìc twn

v1, . . . , vn.

3. {v1, . . . , vn} eÐnai grammik� anex�rthto, all� gia k�je w ∈ V \{v1, . . . , vn}, to sÔnolo
{v1, . . . , vn} ∪ {w} eÐnai grammik� exarthmèno.

4. {v1, . . . , vn} eÐnai par�gon sÔnolo V , en¸ gia k�je i = 1, . . . , n, to sÔnolo

{v1, . . . , vn} \ {vi} den par�gei to V .

Apìdeixh. H isodunamÐa twn 1 kai 2 eÐnai sunèpeia thc Prìtashc 6.7.

Gia na deÐxoume oti to 1 sunep�getai to 3, parathroÔme oti e�n {v1, . . . , vn} eÐnai b�sh
kai w ∈ V \ {v1, . . . , vn}, tìte to w ekfr�zetai wc grammikìc sunduasmìc twn v1, . . . , vn,

kai sunep¸c {v1, . . . , vn} ∪ {w} eÐnai grammik� exarthmèno. Antistrìfwc, e�n isqÔei to 3,

tìte k�je stoiqeÐo w ∈ V ekfr�zetai wc grammikìc sunduasmìc twn v1, . . . , vn, kai sunep¸c

{v1, . . . , vn} eÐnai grammik� anex�rthto par�gon sÔnolo.
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Gia na deÐxoume oti to 1 sunep�getai to 4, parathroÔme oti e�n gia k�poio j = 1, . . . , n,

to sÔnolo {v1, . . . , vn}\{vj} par�gei to V , tìte to vj ekfr�zetai wc grammikìc sunduasmìc
twn upoloÐpwn stoiqeÐwn tou {v1, . . . , vn}, to opoÐo sunep¸c den eÐnai grammik� anex�rthto.

Antistrìfwc, e�n to sÔnolo {v1, . . . , vn} par�gei to V , all� den eÐnai grammik� anex�r-

thto, tìte, apì to L mma Grammik c Ex�rthshc, L mma 6.2, up�rqei gn sio uposÔnolo tou

{v1, . . . , vn} to opoÐo par�gei to V .

�

Sthn epìmenh Prìtash deÐqnoume oti se ènan peperasmèna paragìmeno dianusmatikì q¸-

ro, ìlec oi b�seic èqoun to Ðdio pl joc stoiqeÐwn.

Prìtash 6.12 E�n B kai B′ eÐnai b�seic enìc peperasmèna paragìmenou dianusmatikoÔ

q¸rou, tìte B kai B′ èqoun ton Ðdio arijmì stoiqeÐwn.

Apìdeixh. Apì to Je¸rhma Antikat�stashc, Je¸rhma 6.9, kai oi dÔo b�seic èqoun

peperasmèno pl joc stoiqeÐwn. Upojètoume oti B èqei n stoiqeÐa kai h B′ èqei n′ stoiqeÐa.
AfoÔ to sÔnolo B′ par�gei to dianusmatikì q¸ro, kai B eÐnai grammik� anex�rthto, n ≤ n′.
Parìmoia to B par�gei to q¸ro kai to B′ eÐnai grammik� anex�rthto, �ra n′ ≤ n. Sunep¸c

n = n′.

�

6.3 Di�stash

Orismìc 6.3. 'Estw dianusmatikìc q¸roc V . H di�stash tou V sumbolÐzetai dimV

kai orÐzetai wc ex c:

dimV =


0 e�n V = {0}
n e�n up�rqei b�sh tou V me n stoiqeÐa

∞
e�n gia k�je m ∈ N, up�rqei grammik�
anex�rthto uposÔnolo tou V me m stoiqeÐa

Lème oti o dianusmatikìc q¸roc V èqei peperasmènh di�stash e�n dimV ∈ N0, en¸

onom�zoume apeirodi�stato èna q¸ro gia ton opoÐo dimV =∞.

Par�deigma 6.15 Gia k�je n ∈ N, orÐzoume sto dianusmatikì q¸ro Rn ta dianÔsma-

ta ej gia j = 1, 2, . . . , n, ta opoÐa èqoun 1 sth jèsh j kai 0 se ìlec tic �llec jèseic.

Qrhsimopoi¸ntac to sumbolismì δi j tou Kronecker, ìpou

δi j =

{
1 e�n i = j

0 e�n i 6= j

èqoume ej = (δ1 j , δ2 j , . . . , δn j). To sÔnolo {e1, e2, . . . , en} apoteleÐ b�sh tou Rn, h opoÐa

onom�zetai kanonik  b�sh tou Rn.
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AfoÔ mÐa b�sh eÐnai mègisto grammik� anex�rthto sÔnolo kai el�qisto par�gon sÔnolo,

�mesh sunèpeia tou orismoÔ thc di�stashc eÐnai h akìloujh Prìtash.

Prìtash 6.13 'Estw dianusmatikìc q¸roc V di�stashc n. Tìte

1. Kanèna sÔnolo me perissìtera apì n stoiqeÐa den eÐnai grammik� anex�rthto sto V .

2. Kanèna sÔnolo me ligìtera apì n stoiqeÐa den par�gei to V .

�

Je¸rhma 6.14 'Estw dianusmatikìc q¸roc V di�stashc n, kai S uposÔnolo tou V me

n stoiqeÐa. Tìte ta akìlouja eÐnai isodÔnama:

1. S eÐnai grammik� anex�rthto sto V .

2. S par�gei to dianusmatikì q¸ro V .

3. S eÐnai b�sh tou V .

Apìdeixh. Se èna dianusmatikì q¸ro di�stashc n, èna grammik� anex�rthto sÔnolo me

n stoiqeÐa eÐnai mègisto, kai sunep¸c eÐnai mÐa b�sh, en¸ èna par�gon sÔnolo me n stoiqeÐa

eÐnai el�qisto, kai sunep¸c eÐnai mÐa b�sh.

�

Prìtash 6.15 'Estw dianusmatikìc q¸roc V di�stashc n, kai {v1, . . . , vn} b�sh tou

V . E�n {w1, . . . , wk} eÐnai grammik� anex�rthto uposÔnolo tou V , tìte up�rqoun n − k
stoiqeÐa vij , gia j = 1, . . . , n− k, tètoia ¸ste

{w1, . . . , wk, vi1 , . . . , vin−k
}

eÐnai b�sh tou V .

Apìdeixh. Apo to Je¸rhma Antikat�stashc, Je¸rhma 6.9, up�rqoun vij tètoia ¸ste

{w1, . . . , wk, vi1 , . . . , vin−k
} par�gei to V . Apì to Je¸rhma 6.14, èna par�gon sÔnolo tou

V me n stoiqeÐa eÐnai b�sh tou V .

�

'Askhsh 6.14 BreÐte dÔo b�seic tou R4, pou den perièqoun koin� dianÔsmata,

tètoiec ¸ste h mÐa na perièqei ta dianÔsmata (1, 0, 0, 0), (1, 1, 0, 0) kai h �llh ta

dianÔsmata (1, 1, 1, 0), (1, 1, 1, 1).

'Askhsh 6.15 DeÐxte oti ta dianÔsmata u1 = (0, 1, 1, 1), u2 = (1, 0, 1, 1), u3 =

(1, 1, 0, 1) kai u4 = (1, 1, 1, 0) apoteloÔn b�sh tou R4. Ekfr�ste to di�nusma

u = (1, 1, 1, 1) wc grammikì sunduasmì twn u1, u2, u3, u4.

To Ðdio gia to w = (1, 0, 0, 0).
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'Askhsh 6.16 Sto dianusmatikì q¸ro C4 jewroÔme touc upìqwrouc

U = {(z1, z2, z3, z4) | z1 = z2, z4 = 0}

W = 〈(1, 0, 0, 0), (i, 1, 0, 0), (0, i, 1, 0)〉 .

1. DeÐxte oti U ⊆W .

2. BreÐte mÐa b�sh tou W h opoÐa na perièqei mÐa b�sh tou U . (Upìdeixh: Qrhsi-

mopoi ste to Je¸rhma Antikat�stashc. Sth dojeÐsa b�sh w1, w2, w3 tou W

mporeÐte na prosjèsete èna stoiqeÐo thc b�shc tou U , kai katìpin na afairè-

sete èna stoiqeÐo to opoÐo gr�fetai wc grammikìc sunduasmìc twn upoloÐpwn,

èstw w1 = a u1+bw2+cw3. Epanalamb�nontac paÐrnoume th zhtoÔmenh b�sh,

u1, u2, w3.)

'Askhsh 6.17 Sto q¸ro R[x] twn poluwnÔmwn me suntelestèc sto R, jewroÔme
ton upìqwro R[x]k twn poluwnÔmwn bajmoÔ mikrìterou   Ðsou me k. DeÐxte oti e�n

deg p = k, tìte h sullog  p, p′, p′′, . . . , p(k) apoteleÐ b�sh tou R[x]k. E�n a ∈ R,
ekfr�ste to polu¸numo q(x) = p(x+a) wc grammikì sunduasmì twn stoiqeÐwn aut c

thc b�shc.

'Askhsh 6.18 Upojèste oti X eÐnai dianusmatikìc q¸roc peperasmènhc di�sta-

shc, kai Y eÐnai upìqwroc tou X. DeÐxte oti e�n dimY = dimX, tìte Y = X.

BreÐte èna par�deigma gia na deÐxete oti to sumpèrasma den isqÔei e�n o q¸roc X

eÐnai apeirodi�statoc.

'Askhsh 6.19 . DÐdontai oi upìqwroi tou R4,

U = {(x1, x2, x3, x4) |x1 = 2x4, x2 = x3}

kai

V = {(x1, x2, x3, x4) |x1 = x4 = 0} .

BreÐte mÐa b�sh tou q¸rou U + V .

'Askhsh 6.20 BreÐte mÐa b�sh tou dianusmatikoÔ upìqwrou tou R5,

V = {(x1, . . . , x5) ∈ R5 |x1 = 3x2, x3 = 7x4} .

'Askhsh 6.21 DeÐxte oti to C, jewroÔmeno wc dianusmatikìc q¸roc p�nw apì to

R, èqei di�stash 2. Gia poi� z ∈ C apoteleÐ to sÔnolo {z, z̄} b�sh tou C p�nw apì

to R?
Gia èna tètoio z = a+ ib, ekfr�ste to x+ iy wc grammikì sunduasmì twn z, z̄.
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'Askhsh 6.22 'Estw dianusmatikìc q¸roc V p�nw apì to R, kai b�sh tou V ,

{u1, u2, u3, u4}. JewroÔme ta dianÔsmata

v1 = u1 + 2u2 + au3 + u4

v2 = au1 + u2 + 2u3 + 3u4

v3 = u2 + bu3 .

1. ProsdiorÐste touc arijmoÔc a kai b ètsi ¸ste ta dianÔsmata v1, v2, v3 na eÐnai

grammik� exarthmèna.

2. BreÐte th di�stash tou upìqwrou 〈v1, v2, v3〉 pou par�getai apì ta v1, v2 kai

v3 kai prosdiorÐste mÐa b�sh tou.

'Askhsh 6.23 DeÐxte oti e�n ta dianÔsmata x1, x2, . . . , xn eÐnai grammik� anex�r-

thta, kai y 6∈ 〈x1, x2, . . . , xn〉, tìte ta dianÔsmata x1, x2, . . . , xn, y eÐnai grammik�

anex�rthta.

'Askhsh 6.24 'Estw V ènac dianusmatikìc q¸roc p�nw apì to R, kai B =

{v1, v2, . . . , vn} mÐa b�sh tou V . Exet�ste e�n to sÔnolo

B′ = {v1, v1 + v2, . . . , v1 + v2 + · · ·+ vn}

eÐnai b�sh tou V .

'Idio er¸thma gia to

B′′ = {v1 + v2, v2 + v3, . . . , vn−1 + vn, vn + v1} .

'Askhsh 6.25 Polu¸numa Tchebychev onom�zontai ta polu¸numa Tn, gia n =

0, 1, 2, . . ., ta opoÐa ekfr�zoun to cosnϑ wc polu¸numo tou x = cosϑ.

1. DeÐxte oti ikanopoieÐtai h epagwgik  sqèsh

Tn+1(x) = 2xTn(x)− Tn−1(x) .

kai sumper�nete oti Tn eÐnai polu¸numo bajmoÔ n.

2. DeÐxte oti T0, T1, . . . , Tn apoteloÔn b�sh tou dianusmatikoÔ q¸rou Pn twn

poluwnÔmwn bajmoÔ mikrìterou   Ðsou me n.

6.4 Oi tèssereic Jemeli¸deic Upìqwroi enìc pÐnaka.

Mèqri t¸ra èqoume deÐ paradeÐgmata b�sewn, all� den èqoume èna trìpo na upologÐsoume

ta stoiqeÐa mÐac b�shc gia opoiod pote dianusmatikì q¸ro. Sth sunèqeia ja doÔme p¸c na

upologÐsoume b�seic gia dianusmatikoÔc upoq¸rouc tou Rn.
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'Eqoume deÐ dÔo trìpouc na perigr�youme èna dianusmatikì upìqwro. MporeÐ na gnw-

rÐzoume èna sÔnolo dianusm�twn pou par�goun ton upìqwro, ìpwc o q¸roc sthl¸n, pou

par�getai apì tic st lec enìc pÐnaka. Diaforetik�, mporeÐ na gnwrÐzoume sunj kec tic

opoÐec prèpei na ikanopoioÔn ta dianÔsmata tou upoq¸rou, ìpwc o mhdenoq¸roc enìc pÐnaka

A, pou apoteleÐtai apì ta dianÔsmata pou ikanopoioÔn tic sunj kec Ax = 0.

Sthn pr¸th perÐptwsh, mporeÐ na perièqontai peritt� dianÔsmata sto sÔnolo pou par�gei

ton upìqwro. Sth deÔterh perÐptwsh mporeÐ na perilamb�nontai perittèc exis¸seic stic

sunj kec pou prosdiorÐzoun ton upìqwro.

Ja organ¸soume th suz thsh gÔrw apì touc tèssereic jemeli¸deic upoq¸rouc pou sqe-

tÐzontai me ènan m× n pÐnaka.

'Eqoume  dh deÐ to mhdenìqwro kai to q¸ro sthl¸n enìc pÐnaka A. Ja orÐsoume �llouc

dÔo q¸rouc, oi opoÐoi prokÔptoun apì ton A, ètsi ¸ste gia k�je m×n pÐnaka A na èqoume

tèsseric upìqwrouc:

• O q¸roc sthl¸n tou A eÐnai upìqwroc tou Rm o opoÐoc par�getai apì tic st lec

tou A, kai sumbolÐzetai

R(A) ⊆ Rm .

• O mhdenìqwroc tou A eÐnai o upìqwroc tou Rn o opoÐoc apoteleÐtai apì tic lÔseic

thc omogenoÔc exÐswshc Ax = 0, kai sumbolÐzetai

N (A) ⊆ Rn .

• O q¸roc gramm¸n tou A eÐnai upìqwroc tou Rn o opoÐoc par�getai apì tic grammèc
tou A. Profan¸c sumpÐptei me to q¸ro sthl¸n tou an�strofou pÐnaka AT , kai

sumbolÐzetai

R(AT ) ⊆ Rn .

• O aristerìc mhdenìqwroc tou A eÐnai o upìqwroc tou Rm o opoÐoc apoteleÐtai

apì tic lÔseic thc exÐswshc yTA = 0. SumpÐptei me to mhdenìqwro tou an�strofou

pÐnaka AT , afoÔ yTA = (AT y)T , kai sumbolÐzetai

N (AT ) ⊆ Rm .

Ja melet soume kajèna apì autoÔc touc q¸rouc: ja broÔme th di�stash touc, kai

ja perigr�youme b�seic, qrhsimopoi¸ntac ton pÐnaka A kai ton klimakwtì pÐnaka U pou

prokÔptei met� thn apaloif .

Epistrèfoume sto par�deigma 4.1 kai jewroÔme tautoqrìnwc touc pÐnakec A kai U :

A =

 1 3 3 2

2 6 9 5

−1 −3 3 0

 , U =

 1 3 3 2

0 0 3 1

0 0 0 0


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O q¸roc gramm¸n tou A, R(AT )

Gia èna klimakwtì pÐnaka U eÔkola blèpoume oti o q¸roc gramm¸n èqei wc b�sh tic mh

mhdenikèc grammèc tou U : sthn Prìtash 6.4 deÐxame oti eÐnai grammik� anex�rthtec, kai

par�goun ìlo to q¸ro afoÔ oi mhdenikèc grammèc den suneisfèroun tÐpota perissìtero. H

shmantik  parat rhsh eÐnai oti o q¸roc gramm¸n tou A eÐnai Ðdioc me to q¸ro gramm¸n tou

U .

L mma 6.16 E�n A eÐnai m × n pÐnakac kai U eÐnai o antÐstoiqoc klimakwtìc pÐnakac,

ìpwc sto Je¸rhma 4.4, tìte oi pÐnakec A kai U èqoun ton Ðdio q¸ro gramm¸n:

R(AT ) = R(UT ) .

Apìdeixh. K�je gramm  tou U prokÔptei apì grammikoÔc sunduasmoÔc twn gramm¸n tou

A. (Sto par�deigma, h 2h gramm  tou U eÐnai h 2h gramm  tou A meÐon to dipl�sio thc

1hc gramm c tou A.) 'Ara kai opoiosd pote grammikìc sunduasmìc gramm¸n tou U mporeÐ

na ekfrasteÐ wc grammikìc sunduasmìc gramm¸n tou A. 'Ara o q¸roc gramm¸n tou U

perièqetai sto q¸ro gramm¸n tou A:

R(UT ) ⊆ R(AT ) .

All� afoÔ h diadikasÐa thc apaloif c eÐnai antistrèyimh k�je gramm  tou A mporeÐ na

ekfrasteÐ wc grammikìc sunduasmìc twn gramm¸n tou U . (Sto par�deigma, h 2h gramm 

tou A eÐnai h 2h gramm  tou U sun to dipl�sio thc 1hc gramm c tou U .) 'Ara o q¸roc

gramm¸n tou A perièqetai sto q¸ro gramm¸n tou U :

R(AT ) ⊆ R(UT ) .

SumperaÐnoume oti

R(AT ) = R(UT ) .

�

Wc b�sh tou R(AT ) mporoÔme na qrhsimopoi soume tic mh mhdenikèc grammèc tou U . To

pl joc aut¸n eÐnai Ðso me thn t�xh r tou pÐnaka. SumperaÐnoume oti h di�stash tou q¸rou

gramm¸n eÐnai Ðsh me thn t�xh tou pÐnaka:

dimR(AT ) = r .

MporoÔme na broÔme mÐa b�sh tou q¸rou gramm¸n pou na apoteleÐtai apì grammèc tou A.

E�n ìmwc èqoun up�rxei enallagèc gramm¸n sthn apaloif  Gauss, oi r pr¸tec grammèc tou

pÐnaka A mporeÐ na mhn eÐnai grammik� anex�rthtec.

Katagr�foume tic prohgoÔmenec parathr seic sthn akìloujh Prìtash.
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Prìtash 6.17 O q¸roc gramm¸n tou m × n pÐnaka A eÐnai upìqwroc tou Rn, kai èqei
di�stash Ðsh me thn t�xh tou pÐnaka,

R(AT ) ⊆ Rn , dimR(AT ) = r

MÐa b�sh tou R(AT ) apoteleÐtai apì tic mh mhdenikèc grammèc tou antÐstoiqou klimakwtoÔ

pÐnaka U .

O mhdenìqwroc tou A, N (A).

'Eqoume dei oti o mhdenìqwroc tou A eÐnai Ðsoc me to mhdenìqwro tou U . Gi� autì akrib¸c

mporoÔme na qrhsimopoi soume thn apaloif  Gauss gia na lÔsoume to sÔsthma Ax = 0.

'Eqoume dei epÐshc oti gia k�je eleÔjerh metablht  xi1 , . . . , xik mporoÔme na broÔme dia-

nÔsmata vi1 , . . . , vik tètoia ¸ste N (A) = 〈vi1 , . . . , vik〉. To di�nusma vij èqei thn tim  1

sthn eleÔjerh metablht  xij , kai thn tim  0 stic upìloipec eleÔjerec metablhtèc. Sunep¸c

kanèna apì ta dianÔsmata vij den mporeÐ na ekfrasteÐ wc grammikìc sunduasmìc twn upo-

loÐpwn. SumperaÐnoume oti ta dianÔsmata vi1 , . . . , vik eÐnai grammik� anex�rthta kai sunep¸c

oti apoteloÔn b�sh tou mhdenìqwrou N (A). H di�stash tou mhdenìqwrou eÐnai Ðsh me to

pl joc twn eleÔjerwn metablht¸n, k = n− r.

Prìtash 6.18 O mhdenìqwroc tou m × n pÐnaka A eÐnai upìqwroc tou Rn, kai èqei
di�stash Ðsh me to pl joc twn eleÔjerwn metablht¸n,

N (A) ⊆ Rn , dimN (A) = n− r .

O q¸roc sthl¸n tou A, R(A).

O q¸roc sthl¸n tou A eÐnai Ðsoc me to q¸ro gramm¸n tou an�strofou pÐnaka AT , afoÔ

R(A) = R((AT )T ). 'Ara mporoÔme na broÔme mÐa b�sh tou R(A) pou apoteleÐtai apì tic

grammèc tou klimakwtoÔ pÐnaka Ũ pou prokÔptei apì thn apaloif  Gauss ston AT . Pro-

sèxte oti Ũ 6= UT . To meionèkthma aut c thc prosèggishc eÐnai oti prèpei na epanal�boume

thn diadikasÐa thc apaloif c gia ton an�strofo pÐnaka AT .

Sth sunèqeia ja exet�soume th sqèsh tou R(A) me ton R(U) h opoÐa den eÐnai tìso apl 

ìso h sqèsh metaxÔ twn R(AT ) kai R(UT ).. Apì to par�deigma eÐnai profanèc oti o R(A)

den eÐnai o Ðdioc me ton R(U).

Drasthriìthta 6.1 BreÐte èna di�nusma tou R(A) tou paradeÐgmatoc 4.1 pou

den an kei ston R(U).

To akìloujo L mma perigr�fei th sqèsh metaxÔ twn sthl¸n tou A kai twn sthl¸n tou

U .

L mma 6.19 'Ena sÔnolo sthl¸n tou pÐnaka A eÐnai grammik� anex�rthto e�n kai mìnon

e�n to antÐstoiqo sÔnolo sthl¸n tou U eÐnai grammik� anex�rthto.
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Apìdeixh. E�n A′ eÐnai o pÐnakac pou paÐrnoume apì èna uposÔnolo twn sthl¸n tou A,

kai U ′ o pÐnakac apì tic antÐstoiqec st lec tou U , tìte

A′ = P−1 LU ′

kai, afoÔ o pÐnakac P−1 L eÐnai antistrèyimoc, èna di�nusma x ikanopoieÐ thn exÐswsh A′x =

0 e�n kai mìnon e�n ikanopoieÐ thn exÐswsh U ′x = 0.

E�n oi st lec tou U ′ eÐnai grammik� anex�rthtec, tìte h monadik  lÔsh tou U ′x = 0 eÐnai

h x = 0, kai sunep¸c h monadik  lÔsh tou A′x = 0 eÐnai h x = 0. Sunep¸c oi st lec tou A′

eÐnai grammik� anex�rthtec.

Oi sunepagwgèc isqÔoun kai antÐstrofa: e�n oi st lec tou A′ eÐnai grammik� anex�rthtec,

to Ðdio isqÔei gia tic st lec tou U ′.

�

GnwrÐzoume oti oi r st lec pou perièqoun odhgoÔc apoteloÔn b�sh tou R(U). Sunep¸c

oi antÐstoiqec r st lec j1, . . . , jr tou pÐnaka A eÐnai grammik� anex�rthtec. E�n h di�stash

tou R(A)  tan megalÔterh apì r, tìte ja up rqe k�poia �llh st lh tou A h opoÐa, mazÐ me

tic j1, . . . , jr ja apoteloÔse grammik� anex�rthto sÔnolo. All� tìte oi antÐstoiqec r + 1

st lec tou U ja  tan grammik� anex�rthtec, pou den mporeÐ na sumbeÐ, afoÔ h di�stash

tou R(U) eÐnai r. Sunep¸c oi st lec j1, . . . , jr par�goun to R(A) kai apoteloÔn b�sh tou.

'Eqoume apodeÐxei thn akìloujh Prìtash.

Prìtash 6.20 O q¸roc sthl¸n tou m × n pÐnaka A eÐnai upìqwroc tou Rm, kai èqei
di�stash Ðsh me thn t�xh r tou pÐnaka,

R(A) ⊆ Rm , dimR(A) = r .

MÐa b�sh tou R(A) apoteleÐtai apì tic st lec pou antistoiqoÔn stic st lec tou klimakwtoÔ

pÐnaka U pou perièqoun odhgoÔc.

Sunèpeia twn Prot�sewn 6.17 kai 6.20 eÐnai to akìloujo jemeli¸dec apotèlesma.

Je¸rhma 6.21 Se k�je m×n pÐnaka A, to pl joc twn grammik� anex�rthtwn gramm¸n

tou A eÐnai Ðso me thn t�xh tou pÐnaka, dhlad  to pl joc twn grammik� anex�rthtwn sthl¸n

tou A.

O aristerìc mhdenìqwroc tou A, N (AT ).

O aristerìc mhdenìqwroc tou A eÐnai o mhdenìqwroc tou an�strofou pÐnaka AT . Gnw-

rÐzoume oti h di�stash tou mhdenìqwrou enìc pÐnaka eÐnai to pl joc twn eleÔjerwn me-

tablht¸n, pou eÐnai Ðso me to pl joc ìlwn twn metablht¸n meÐon to pl joc twn basik¸n

metablht¸n. Gia ton pÐnaka AT , to pl joc ìlwn twn metablht¸n eÐnai m (ìsec eÐnai oi

st lec tou AT , dhlad  ìsec eÐnai oi grammèc tou A). To pl joc twn basik¸n metablht¸n

tou AT eÐnai Ðso me thn t�xh tou ,kai apì to Je¸rhma 6.21 aut  eÐnai Ðsh me thn t�xh tou



114 Eisagwg  sth Grammik  'Algebra

A, dhlad  r. Sunep¸c to pl joc twn eleÔjerwn metablht¸n tou AT eÐnai m− r, kai

dimN (AT ) = m− r .

Gia na perigr�youme ta dianÔsmata y pou ikanopoioÔn yTA = 0, exet�zoume thn paragonto-

poÐhsh

P A = LU .

O L eÐnai antistrèyimoc, kai èqoume

L−1 P A = U .

H i gramm  tou U eÐnai to ginìmeno thc i gramm c tou L−1P me ton pÐnaka A. Oi m − r
teleutaÐec grammèc tou U eÐnai Ðsec me to mhdèn. 'Ara e�n jewr soume tic m− r teleutaÐec
grammèc tou L−1P wc dianÔsmata tou Rm, aut� an koun ston aristerì mhdenìqwro tou A.

AfoÔ o pÐnakac L−1P eÐnai antistrèyimoc, oi grammèc tou eÐnai grammik� anex�rthtec. 'Ara

oi m − r teleutaÐec grammèc tou L−1P eÐnai grammik� anex�rthta dianÔsmata tou q¸rou

N (AT ), o opoÐoc èqei di�stash m− r, kai sunep¸c apoteloÔn mÐa b�sh tou q¸rou.

Prìtash 6.22 O aristerìc mhdenìqwroc tou m × n pÐnaka A eÐnai upìqwroc tou Rm,
kai èqei di�stash m− r,

N (AT ) ⊆ Rm , dimN (AT ) = m− r .

MÐa b�sh tou N (AT ) apoteleÐtai apì tic m − r teleutaÐec grammèc tou pÐnaka L−1P thc

apaloif c Gauss.

'Askhsh 6.26 Perigr�yte touc tèssereic upoq¸rouc tou R3 pou sqetÐzontai me

ton pÐnaka

A =

 0 1 0

0 0 1

0 0 0


'Askhsh 6.27 BreÐte mia b�sh tou q¸rou sthl¸n tou

U =


0 1 4 3

0 0 2 2

0 0 0 0

0 0 0 0


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'Askhsh 6.28 BreÐte th di�stash kai mÐa b�sh gia touc tèssereic jemeli¸deic

upìqwrouc twn pin�kwn.

1.

A =

 1 2 0 1

0 1 1 0

1 2 0 1

 kai U =

 1 2 0 1

0 1 1 0

0 0 0 0

 .
2.

A =

[
0 1 4 0

0 2 8 0

]
kai U =

[
0 1 4 0

0 0 0 0

]
.

'Askhsh 6.29 E�n to ginìmeno AB eÐnai o mhdenikìc pÐnakac, AB = 0, deÐxte oti

o q¸roc sthl¸n tou pÐnaka B perièqetai sto mhdenoq¸ro tou A. DeÐxte epÐshc oti

o q¸roc gramm¸n tou A perièqetai ston aristerì mhdenoq¸ro tou B

'Askhsh 6.30 BreÐte ènan pÐnaka A o opoÐoc èqei ton q¸ro V wc q¸ro sthl¸n,

kai èna pÐnaka B o opoÐoc èqei ton q¸ro V wc mhdenoq¸ro: V eÐnai o upìqwroc pou

par�getai apì ta dianÔsmata  1

1

0

 ,
 1

2

0

 ,
 1

5

0

 .

'Askhsh 6.31 GiatÐ den up�rqei pÐnakac A tètoioc ¸ste to di�nusma (1, 1, 1) na

perièqetai sto q¸ro gramm¸n kai sto mhdenoq¸ro tou A?

'Askhsh 6.32 E�n h exÐswsh Ax = 0 èqei mÐa mh mhdenik  lÔsh, deÐxte oti up�r-

qoun dianÔsmata w gia ta opoÐa AT y = w den èqei lÔsh. Kataskeu�ste èna tètoio

A kai w.

'Askhsh 6.33 QwrÐc na pollaplasi�sete gia na upologÐsete to A, breÐte b�seic

twn tess�rwn jemeliwd¸n upoq¸rwn tou A:

A =

 1 0 0

6 1 0

9 8 1


 1 2 3 4

0 1 2 3

0 0 1 8

 .

'Askhsh 6.34 E�n enall�xete tic dÔo pr¸tec grammèc tou pÐnaka A, poioÐ apì touc

tèssereic upìqwrouc den all�zoun? E�n y = (1, 2, 3, 4) eÐnai stoiqeÐo ston aristerì

mhdenoq¸ro tou A, breÐte èna di�nusma ston aristerì mhdenoq¸ro tou nèou pÐnaka.
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6.5 Di�stash upìqwrou kai ajroÐsmatoc

Prìtash 6.23 K�je dianusmatikìc upìqwroc X enìc dianusmatikoÔ q¸rou V pepera-

smènhc di�stashc èqei peperasmènh di�stash kai dimX ≤ dimV . E�n dimX = dimV ,

tìte X = V .

Apìdeixh. Ja kataskeu�soume mÐa b�sh tou X epagwgik�, wc èna mègisto grammik�

anex�rthto uposÔnolo, basizìmenoi sthn idiìthta oti k�je grammik� anex�rthto uposÔnolo

tou X eÐnai epÐshc grammik� anex�rthto uposÔnolo tou V , kai sunep¸c èqei to polÔ dimV

stoiqeÐa.

E�n X = {0}, tìte dimX = 0 ≤ dimV .

E�n X 6= {0}, jewroÔme mh mhdenikì di�nusma x1 ∈ X kai jètoume Y1 = 〈x1〉.
Sth sunèqeia upojètoume oti èqoume kataskeu�sei èna grammik� anex�rthto uposÔnolo

tou X me k ≤ dimV stoiqeÐa, {x1, . . . , xk} tou X, kai jètoume Yk = 〈x1, . . . , xk〉. E�n

X = Yk, tìte dimX = k ≤ dimV . Diaforetik�, jewroÔme di�nusma xk+1 ∈ X \ Yk. Ja

deÐxoume oti {x1, . . . , xk+1} eÐnai grammik� anex�rthto.

JewroÔme grammikì sunduasmì twn x1, . . . , xk+1 pou ekfr�zei to mhdenikì di�nusma,

a1x1 + . . .+ ak+1xk+1 = 0 .

E�n ak+1 6= 0, tìte xk+1 ∈ Yk, pou antif�skei proc tic upojèseic mac. 'Ara ak+1 = 0,

kai a1x1 + . . . + akxk = 0. All� {x1, . . . , xk} eÐnai grammik� anex�rthto, kai sunep¸c

a1 = · · · = ak = 0.

Me autì ton trìpo mporoÔme na kataskeu�soume diadoqik� megalÔtera grammik� ane-

x�rthta uposÔnola tou X. AfoÔ den up�rqoun grammik� anex�rthta uposÔnola tou V me

perissìtera apì dimV stoiqeÐa, h diadikasÐa termatÐzetai, kai X = 〈x1, . . . , xn〉 gia k�poio
n ≤ dimV . Sunep¸c dimX = n ≤ dimV .

E�n dimX = dimV , tìte mÐa b�sh tou X eÐnai grammik� anex�rthto uposÔnolo tou V

me dimV stoiqeÐa, kai sunep¸c par�gei to V .

�

Prìtash 6.24 JewroÔme dianusmatikì q¸ro V peperasmènhc di�stashc, kai dianusma-

tikoÔc upìqwrouc X kai Y . Tìte isqÔei h sqèsh

dim(X + Y ) = dimX + dimY − dim(X ∩ Y ).

Apìdeixh. JewroÔme pr¸ta thn perÐptwsh ìpou X ∩ Y 6= {0}. Dialègoume mÐa b�-

sh {z1, . . . , zn} tou X ∩ Y . Tìte up�rqoun x1, . . . , x` ∈ X tètoia ¸ste to sÔnolo

{z1, . . . , zn, x1, . . . , x`} na apoteleÐ b�sh tou X. Up�rqoun epÐshc y1, . . . , ym ∈ Y tè-

toia ¸ste to sÔnolo {z1, . . . , zn, y1, . . . , ym} na apoteleÐ b�sh tou Y .

Ja apodeÐxoume oti to sÔnolo

B = {z1, . . . , zn, x1, . . . , x`, y1, . . . , ym}
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eÐnai b�sh tou X + Y .

AfoÔ k�je v ∈ X + Y eÐnai �jroisma v = x + y gia x ∈ X kai y ∈ Y , to B par�gei

to X + Y . Gia na deÐxoume oti to B eÐnai grammik� anex�rthto, jewroÔme èna grammikì

sunduasmì

a1z1 + · · ·+ anzn + b1x1 + · · ·+ b`x` + c1y1 + · · · cmym = 0.

Jètoume v = a1z1+· · ·+anzn+b1x1+· · ·+b`x` ∈ X, kai èqoume v = −(c1y1+· · ·+cmym) ∈
Y . SumperaÐnoume oti to v ∈ X ∩ Y kai sunep¸c up�rqoun d1, . . . , dn ∈ R, tètoia ¸ste

v = d1z1 + · · ·+ dnzn.

Apì th grammik  anexarthsÐa twn z1, . . . , zn, x1, . . . , x`, h èkfrash tou v wc grammikoÔ

sunduasmoÔ eÐnai monadik , kai h isìthta

a1z1 + · · ·+ anzn + b1x1 + · · ·+ blxl = d1z1 + · · ·+ dnzn

sunep�getai oti ai = di gia k�je i = 1, . . . , n, kai bj = 0 gia k�je j = 1, . . . , `.

Parìmoia, h grammik  anexarthsÐa twn z1, . . . , zn, y1, . . . , ym kai h isìthta

d1z1 + · · ·+ dnzn = −(c1y1 + · · ·+ cmym)

sunep�getai oti di = 0 gia k�je i = 1, . . . , n, kai cj = 0 gia k�je j = 1, . . . ,m. Katal goume

oti ìloi oi suntelestèc eÐnai 0, sunep¸c to sÔnolo B eÐnai grammik� anex�rthto.

H perÐptwsh X ∩ Y = {0} apodeiknÔetai me an�logo trìpo.

�

Pìrisma 6.25 To �jroisma twn dianusmatik¸n upìqwrwnX+Y eÐnai eujÔ e�n kai mìnon

e�n

dim(X + Y ) = dimX + dimY .

�

Prìtash 6.26 'Estw dianusmatikìc q¸roc V peperasmènhc di�stashc. E�n X eÐnai

upìqwroc tou V , up�rqei upìqwroc Y tou V , tètoioc ¸ste

V = X ⊕ Y .

Apìdeixh. Upojètoume oti dimV = n, dimX = m, m ≤ n, kai jewroÔme b�sh tou X,

{x1, . . . , xm}. E�nm = n, V = X = X⊕{0}. E�nm < n, apì thn Prìtash 6.15 up�rqoun

dianÔsmata y1, . . . , yn−m tou V tètoia ¸ste {x1, . . . , xm, y1, . . . , yn−m} eÐnai b�sh tou V .

Jètoume Y = 〈y1, . . . , yn−m〉. Profan¸c X + Y = 〈x1, . . . , xm, y1, . . . , yn−m〉, dhlad 
X+Y = V . AfoÔ dim(X+Y ) = dimX+ dimY , X ∩Y = {0} kai to �jroisma eÐnai eujÔ.

�

'Otan X kai Y eÐnai upìqwroi tou V , kai V = X ⊕ Y , lème oti o Y eÐnai sumplhrw-

matikìc upìqwroc tou X ston V .

Par�deigma 6.16 'Ena epÐpedo kai mÐa eujeÐa sto R3 pou den keÐtai sto epÐpedo, apo-
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teloÔn sumplhrwmatikoÔc upìqwrouc: h tom  touc eÐnai {0} kai to �jroism� touc ìloc o

q¸roc R3.

Ja deÐxoume oti oi tèssereic jemeli¸deic upìqwroi enìc pÐnaka apoteloÔn dÔo zeÔgh

sumplhrwmatik¸n upoq¸rwn sto Rn kai sto Rm.

L mma 6.27 H tom  tou q¸rou gramm¸n kai tou mhdenìqwrou enìc m × n pÐnaka eÐnai

o mhdenikìc upìqwroc tou Rn.
H tom  tou q¸rou sthl¸n kai tou aristeroÔ mhdenìqwrou enìc m × n pÐnaka eÐnai o

mhdenikìc upìqwroc tou Rm.

Apìdeixh. JewroÔme èna di�nusma x = (x1, . . . , xn) ∈ N (A) ∩ R(AT ). AfoÔ x an kei

sto q¸ro gramm¸n, up�rqei di�nusma c = (c1, . . . , cm) ∈ Rm tètoio ¸ste[
x1 · · · xn

]
=
[
c1 · · · cm

]
A .

'Ara

x21 + · · ·+ x2n =
[
x1 · · · xn

]
x1
...

xn

 =
[
c1 · · · cm

]
A


x1
...

xn

 ,
dhlad  x21 + · · · + x2n = cTAx. All� afoÔ x an kei sto mhdenìqwro, Ax = 0. 'Ara

x21 + · · ·+ x2n = 0 kai sunep¸c x = 0.

Jewr¸ntac ton an�strofo pÐnaka AT èqoume to antÐstoiqo apotèlesma gia to q¸ro

sthl¸n kai ton aristerì mhdenìqwro.

�

Prìtash 6.28 JewroÔme m × n pÐnaka A. O q¸roc gramm¸n eÐnai sumpl rwma tou

mhdenìqwrou sto Rn, kai o q¸roc sthl¸n eÐnai sumpl rwma tou aristeroÔ mhdenìqwrou

sto Rm:
Rn = R(AT )⊕N (A) kai Rm = R(A)⊕N (AT ) .

Apìdeixh. AfoÔR(AT )∩N (A) = {0}, dim(R(AT )⊕N (A)) = dimR(AT )+dimN (A) =

n. 'Ara R(AT ) ⊕ N (A) eÐnai upìqwroc tou Rn di�stashc n, dhlad  eÐnai Ðso me to Rn.
An�loga, R(A)⊕N (AT ) = Rm.

�

6.6 'Uparxh b�shc

Prìtash 6.29 E�n o dianusmatikìc q¸roc V par�getai apì to peperasmèno sÔnolo S,

kai F eÐnai grammik� anex�rthto uposÔnolo tou S, tìte up�rqei mÐa b�sh B tou V tètoia

¸ste

F ⊆ B ⊆ S .
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Apìdeixh. 'Estw {v1, . . . , vk} to grammik� anex�rthto sÔnolo F , kai

S = {v1, . . . , vk, w1, . . . , wm} .

E�n to S eÐnai grammik� anex�rthto, tìte S eÐnai b�sh tou V , kai jètoume B = S. E�n

to S den eÐnai grammik� anex�rthto, tìte mporoÔme na ekfr�soume to mhdenikì di�nusma wc

grammikì sunduasmì twn stoiqeÐwn tou S, me toul�qiston èna suntelest  diaforetikì apì

to 0:

a1v1 + · · ·+ akvk + b1w1 + · · ·+ bmwm = 0 .

E�n ai = 0 gia ìla ta i = 1, . . . , k, tìte up�rqei k�poio j = 1, . . . ,m gia to opoÐo bj 6= 0.

E�n ai 6= 0 gia k�poio i = 1, . . . , k, tìte, apì thn grammik  anexarthsÐa twn v1, . . . , vn,

sumperaÐnoume oti a1v1 + . . . + akvk 6= 0, kai sunep¸c p�li up�rqei k�poio j = 1, . . . ,m

gia to opoÐo bj 6= 0. Se k�je perÐptwsh, up�rqei k�poio j = 1, . . . ,m tètoio ¸ste wj èqei

mh mhdenikì suntelest , kai apì to L mma Grammik c Ex�rthshc, L mma 6.2, to sÔnolo

S1 = S \ {wj} par�gei ìlo to q¸ro V . E�n S1 eÐnai grammik� anex�rthto, jètoume B = S1.

Diaforetik�, epanalamb�noume th diadikasÐa kai diagr�foume k�poio �llo apì ta peritt� wj .

H diadikasÐa aut  mporeÐ na epanalhfjeÐ to polÔ m forèc, kai katal gei se èna grammik�

anex�rthto sÔnolo pou par�gei to V , dhlad  th zhtoÔmenh b�sh B.
�

To epìmeno apotèlesma isqÔei se k�je dianusmatikì q¸ro, all� ed¸ ja to apodeÐxoume

mìno gia peperasmèna paragìmenouc dianusmatikoÔc q¸rouc. Sthn perÐptwsh mh pepera-

smèna paragìmenwn q¸rwn, h Ôparxh b�shc eÐnai sunèpeia tou Axi¸matoc Epilog c (dec

Jemèlia twn Majhmatik¸n, EpÐlogoc).

Je¸rhma 6.30 K�je dianusmatikìc q¸roc V perièqei mÐa b�sh. Eidikìtera, k�je gram-

mik� anex�rthto sÔnolo tou V mporeÐ na epektajeÐ se mÐa b�sh tou q¸rou V , kai k�je

sÔnolo pou par�gei to dianusmatikì q¸ro V perièqei mÐa b�sh tou V .

Apìdeixh. Upojètoume oti o dianusmatikìc q¸roc V par�getai apì to peperasmèno

sÔnolo S.

JewroÔme èna grammik� anex�rthto sÔnolo F sto V (to opoÐo mporeÐ na eÐnai kai to kenì

sÔnolo) kai efarmìzoume thn Prìtash 6.29 sto peperasmèno par�gon sÔnolo S∪F kai sto

grammik� anex�rthto sÔnolo F , gia na kataskeu�soume mÐa b�sh B tou V , me F ⊆ B.
�

AfoÔ ènac peperasmèna paragomenoc q¸roc èqei mÐa peperasmènh b�sh, eÐnai fanerì oti

ènac q¸roc eÐnai peperasmèna paragìmenoc e�n kai mìnon e�n èqei peperasmènh di�stash.

Gi� autì to lìgo, o ìroc peperasmèna paragìmenoc den qrhsimopoieÐtai gia dianusmatikoÔc

q¸rouc, kai antikajÐstatai apì ton ìro q¸roc peperasmènhc di�stashc.

'Askhsh 6.35 Upojètoume oti Y kai Z eÐnai dianusmatikoÐ upìqwroi tou dianu-

smatikoÔ q¸rou peperasmènhc di�stashc V . DeÐxte oti to �jroisma Y +Z eÐnai eujÔ

e�n kai mìnon e�n dim(Y + Z) = dimY + dimZ.
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'Askhsh 6.36 Jewr ste dianusmatikì q¸ro V p�nw apì to R, grammik� anex�rth-
ta dianÔsmata v1, v2, . . . , v5 sto V , kai di�nusma w =

√
2 v1− 1

3 v2+v3+3v4−
√

3 v5.

1. Up�rqoun dÔo trisdi�statoi upìqwroi W1 kai W2 tou V , tètoioi ¸ste W1 ∩
W2 = 〈w〉?

2. Up�rqoun dÔo didi�statoi upìqwroi U1 kai U2 tou V , oi opoÐoi den perièqoun

to w, kai tètoioi ¸ste w ∈ U1 + U2?

'Askhsh 6.37 JewroÔme ton upìqwro tou R5,

X =
{

(x1, . . . , x5) ∈ R5 | 3x1 = 2x2 + x3, x4 = x5
}

1. BreÐte upìqwro Y ⊆ R5, tètoio ¸ste R5 = X ⊕ Y .

2. BreÐte upìqwro U ⊆ R5, tètoio ¸ste (0, 1, −2, 1, 1) ∈ U kai R5 = X + U .

'Askhsh 6.38 Sto dianusmatikì q¸ro C0([0, 1]) twn suneq¸n sunart sewn sto

di�sthma [0, 1], jewroÔme touc upoq¸rouc X twn stajer¸n sunart sewn kai Y twn

sunart sewn g gia tic opoÐec
∫ 1
0 g(t)dt = 0. DeÐxte oti X kai Y eÐnai sumplhrwma-

tikoÐ upìqwroi tou C0([0, 1]), dhlad  oti C0([0, 1]) = X ⊕ Y .



Kef�laio 7

Grammikèc ApeikonÐseic

7.1 Grammikèc apeikonÐseic

Otan pollaplasi�zoume èna di�nusma x me èna pÐnaka A paÐrnoume èna kainoÔrgio di�nusma

Ax. E�n A eÐnai m× n pÐnakac, gia k�je x ∈ Rn paÐrnoume èna di�nusma sto Rm. Dhlad 

o pÐnakac A orÐzei mia apeikìnish TA apì to q¸ro Rn sto q¸ro Rm:

TA : Rn −→ Rm : x 7→ Ax .

Par�deigma 7.1 JewroÔme ton pÐnaka

A =

[
c 0

0 c

]
.

Gia k�je di�nusma x ∈ R2, Ax = cx. K�je di�nusma diastèlletai me to suntelest  c. E�n

c > 1, to di�nusma gÐnetai megalÔtero, e�n 0 < c < 1, to di�nusma gÐnetai mikrìtero. Tèloc

e�n c < 0, to di�nusma all�zei for�.

Par�deigma 7.2 JewroÔme ton pÐnaka

A =

[
0 −1

1 0

]
.

Gia k�je di�nusma x = (u, v) ∈ R2, Ax = (−v, u). Pollaplasiasmìc me autìn ton pÐnaka

peristrèfei to epÐpedo gÔrw apì to 0, kat� mia orj  gwnÐa.

Par�deigma 7.3 JewroÔme ton pÐnaka

A =

[
0 1

1 0

]
.

Gia k�je di�nusma x = (u, v) ∈ R2, Ax = (v, u). Pollaplasiasmìc me autìn ton pÐnaka

anakl� to epÐpedo wc proc thn eujeÐa u = v.

121
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Par�deigma 7.4 JewroÔme ton pÐnaka

A =

[
1 0

0 0

]
.

Gia k�je di�nusma x = (u, v) ∈ R2, Ax = (u, 0). Pollaplasiasmìc me autìn ton pÐnaka

prob�llei to epÐpedo ston u-�xona.

TÐ eÐdouc apeikonÐseic mporoÔn na prokÔyoun apì pollaplasiasmì me èna pÐnaka? EÔkola

mporoÔme na broÔme k�poiec idiìthtec.

1. To 0 prèpei na apeikonÐzetai sto 0: ef� ìson A0 = 0,

TA(0) = 0 .

2. Pollapl�sia enìc dianÔsmatoc prèpei na apeikonÐzontai sta antÐstoiqa pollapl�sia

thc eikìnac tou dianÔsmatoc: ef� ìson A(cx) = c(Ax),

TA(cx) = c TA(x) .

3. To �jroisma dÔo dianusm�twn apeikonÐzetai sto �jroisma twn eikìnwn twn dÔo dianu-

sm�twn: ef� ìson A(x+ y) = Ax+Ay,

TA(x+ y) = TA(x) + TA(y) .

ApeikonÐseic pou èqoun autèc tic idiìthtec onom�zontai grammikèc apeikonÐseic   grammikoÐ

metasqhmatismoÐ.

Orismìc 7.1. JewroÔme dianusmatikoÔc q¸rouc V kai W p�nw apì touc pragmatikoÔc

arijmoÔc. MÐa apeikìnish L : V −→ W eÐnai grammik  apeikìnish e�n gia k�je

x, y ∈ V kai k�je c ∈ R,

1. L(x+ y) = L(x) + L(y) kai

2. L(cx) = cL(x).

Par�deigma 7.5 SumbolÐzoume C1(R) to q¸ro twn sunart sewn miac pragmatik c meta-

blht c pou eÐnai paragwgÐsimec se ìlo to R kai èqoun suneq  par�gwgo. E�n f ∈ C1(R),

h parag¸gish D, pou apeikonÐzei thn f sthn par�gwgì thc D(f) = f ′, eÐnai apeikìnish apì

to C1(R) sto C0(R), kai èqei tic idiìthtec, gia f , g ∈ C1(R) kai a ∈ R,

D(f + g) = Df +Dg

D(af) = aDf
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To epìmeno apotèlesma lèei oti mporoÔme na sundu�soume ton èlegqo twn dÔo sunjhk¸n

se mÐa. H apìdeixh tou basÐzetai sthn epilog  kat�llhlwn tim¸n tou a kai tou w.

L mma 7.1 H apeikìnish L eÐnai grammik  e�n kai mìnon e�n gia k�je v, w ∈ V kai

a ∈ R,
L(av + w) = aL(v) + L(w) .

Drasthriìthta 7.1 Gr�yte thn apìdeixh tou L mmatoc.

EÐdame oti h apeikìnish TA, pou pollaplasi�zei k�je di�nusma sto Rn me ton m × n
pÐnaka A kai dÐdei èna di�nusma sto Rm, eÐnai grammik . Ja deÐxoume oti kai antÐstrofa,

k�je grammik  apeikìnish apì to Rn sto Rm prokÔptei me autìn ton trìpo.

Prìtash 7.2 K�je grammik  apeikìnish L : Rn −→ Rm antistoiqeÐ se èna m×n pÐnaka

A, tètoio ¸ste, gia k�je b ∈ Rn, L(b) = Ab,

L(b1, . . . , bn) =


a11 · · · a1n
...

. . .
...

am1 · · · amn



b1
...

bn


Apìdeixh. JewroÔme thn kanonik  b�sh {e1, . . . , en} tou Rn,

e1 = (1, 0, . . . , 0), . . . , ej = (δ1j , . . . , δnj), . . . , en = (0, . . . , 0, 1)

kai ta dianÔsmata L(e1), . . . , L(en) ∈ Rm.
OrÐzoume ton pÐnaka A na èqei sth j st lh, gia j = 1, . . . , n, to di�nusma L(ej) ∈ Rm.

Dhlad 

A =


a11 · · · a1n
...

. . .
...

am1 · · · amn

 ,
ìpou (a1j , . . . , amj) = L(ej).

E�n b = (b1, . . . , bn) ∈ Rn èqoume b = b1e1 + · · ·+ bnen, kai sunep¸c

L(b) = b1L(e1) + · · ·+ bnL(en)

= b1


a11
...

am1

+ · · ·+ bn


a1n
...

amn

 .
UpenjumÐzoume thn par�stash tou ginomènou pÐnaka me di�nusma wc grammikì sunduasmì
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twn sthl¸n tou pÐnaka, kai èqoume

L(b) =


a11 · · · a1n
...

. . .
...

am1 · · · amn



b1
...

bn


= Ab .

�

Par�deigma 7.6 H mhdenik  apeikìnish 0 : V −→W , h opoÐa apeikonÐzei k�je di�nu-

sma tou V sto mhdenikì di�nusma tou W , 0(v) = 0, eÐnai grammik .

Par�deigma 7.7 H tautotik  apeikìnish IV : V −→ V , h opoÐa apeikonÐzei k�je

di�nusma tou V ston eautì tou, IV (v) = v, eÐnai grammik .

Par�deigma 7.8 Gia k�je a ∈ R, h apeikìnish Ta : V −→ V , h opoÐa pollaplasi�zei

k�je di�nusma me ton arijmì a, Ta(v) = a v, eÐnai grammik . ParathroÔme oti h apeikìnish

0 : V −→ V eÐnai Ðsh me thn T0 : V −→ V , en¸ h I : V −→ V eÐnai Ðsh me thn T1 : V −→ V .

Par�deigma 7.9 H olokl rwsh, I : C0 ([0, 1]) −→ R, h opoÐa apeikonÐzei k�je suneq 

apeikìnish sto di�sthma [0, 1], sto olokl rwm� thc sto [0, 1],

I(f) =

∫ 1

0
f(t)dt ,

eÐnai grammik  apeikìnish. Pr�gmati, gia k�je f, g ∈ C0[0, 1] kai k�je a ∈ R,

I(af + g) =

∫ 1

0
(af(t) + g(t)) dt

= a

∫ 1

0
f(t)dt+

∫ 1

0
g(t)dt

= aI(f) + I(g)

Par�deigma 7.10 Sto q¸ro twn poluwnÔmwn, o pollaplasiasmìc me èna stajerì mo-

n¸numo eÐnai grammik  apeikìnish. JewroÔme to mon¸numo bxm, kai orÐzoume thn apeikìnish

Tbxm : R[x] −→ R[x] me

Tbxm (q(x)) = bxm q(x)

E�n q(x) = a0 + a1x+ . . .+ anx
n, tìte

Tbxm (q(x)) = ba0x
m + · · ·+ banx

m+n ,
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kai mporeÐte eÔkola na elègxete oti Tbxm eÐnai grammik  apeikìnish.

Par�deigma 7.11 Sto q¸ro RN twn pragmatik¸n akolouji¸n, orÐzoume thn apeikìnish

shift, s : RN −→ RN, me

(a1, a2, a3, . . .) 7→ (a2, a3, a4, . . .) ,

 , pio austhr�, s ((an)) = (bn), ìpou bn = an+1. H apeikìnish shift eÐnai grammik .

Ja exet�soume paradeÐgmata apeikonÐsewn pou den eÐnai grammikèc.

Par�deigma 7.12 H apeikìnish f : R −→ R : x 7→ ax+ b den eÐnai grammik  e�n b 6= 0,

par� ìlo pou to gr�fhma thc eÐnai mÐa eujeÐa. Genikìtera, oi mìnec poluwnumikèc sunart seic

f : R −→ R oi opoÐec eÐnai grammikèc eÐnai ta mon¸numa bajmoÔ 1. 'Etsi h f(x) = 3x eÐnai

grammik , all� oi g(x) = 3x+ 2 kai h(x) = 2x2, den eÐnai grammikèc.

Par�deigma 7.13 E�n A eÐnai m × n pÐnakac, kai b ∈ Rm, h apeikìnish Rn −→ Rm :

x 7→ Ax+ b den eÐnai grammik  e�n b 6= 0.

MporoÔme na broÔme sunart seic pou ikanopoioÔn th mÐa apì tic dÔo sunj kec all� ìqi

thn �llh.

Par�deigma 7.14 Sto R2 orÐzoume

f(x1, x2) =

{
x1
x2

(x1, x2) e�n x2 6= 0

(0, 0) e�n x2 = 0.

H f : R2 −→ R2 ikanopoieÐ th idiìthta f(ax) = af(x) gia k�je x ∈ R2, a ∈ R, all� den

ikanopoieÐ thn prosjetik  idiìthta.

Sta epìmena apotelèsmata apodeiknÔoume orismènec basikèc idiìthtec twn grammik¸n

apeikonÐsewn. Eidikìtera sto L mma 7.3, 2 kai 3 deÐqnoume oti mia grammik  apeikìnish

mporeÐ na qal�sei th grammik  anexarthsÐa miac sullog c dianusm�twn, all� den mporeÐ mia

grammik� exarthmènh sullog  na thn k�nei grammik� anex�rthth.

L mma 7.3 JewroÔme dianusmatikoÔc q¸rouc V kai W , kai grammik  apeikìnish L :

V −→W .

1. L(0) = 0.

2. E�n ta dianÔsmata v1, . . . , vn eÐnai grammik� exarthmèna, tìte ta L(v1), . . . , L(vn)

eÐnai grammik� exarthmèna.

3. E�n L(v1), . . . , L(vn) eÐnai grammik� anex�rthta, tìte ta v1, . . . , vn eÐnai grammik�

anex�rthta.

Apìdeixh. E�n v ∈ V , tìte 0v = 0 kai L(0) = L(0v) = 0L(v) = 0.
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JewroÔme to grammikì sunduasmì a1v1 + . . .+anvn. E�n autìc eÐnai Ðsoc me to mhdenikì

di�nusma, tìte

a1L(v1) + · · ·+ anL(vn) = L(a1v1 + · · ·+ anvn) = L(0) = 0 .

Sunep¸c e�n up�rqei mh tetrimmènoc grammikìc sunduasmìc twn v1, . . . , vn pou ekfr�zei to

0, tìte to Ðdio isqÔei kai gia ta L(v1), . . . , L(vn).

Antijètwc, e�n to mhdenikì di�nusma den ekfr�zetai wc mh tetrimmènoc grammikìc sun-

duasmìc twn L(v1), . . . , L(vn), tìte to Ðdio isqÔei kai gia ta v1, . . . , vn.

�

Orismìc 7.2. JewroÔme grammik  apeikìnish L : V −→W .

1. To sÔnolo {y ∈ W : y = L(x) gia k�poio x ∈ V } ⊆ W onom�zetai eikìna thc L,

kai sumbolÐzetai imL.

2. To sÔnolo {x ∈ V : L(x) = 0} ⊆ V onom�zetai pur nac thc L, kai sumbolÐzetai

kerL.

L mma 7.4 O pur nac kerL mÐac grammik c apeikìnishc L : V −→ W eÐnai dianusma-

tikìc upìqwroc tou V . H eikìna imL thc L eÐnai dianusmatikìc upìqwroc tou W kai

dim imL ≤ dimV .

Apìdeixh. E�n x1, x2 ∈ kerL, tìte x1 + x2 ∈ kerL afoÔ L(x1 + x2) = L(x1) +L(x2) =

0 ∈ W . E�n a ∈ R, tìte ax1 ∈ kerL afoÔ L(ax1) = aL(x1) = 0 ∈ W . SumperaÐnoume

oti kerL eÐnai kleistì wc proc tic pr�xeic tou dianusmatikoÔ q¸rou V , kai sunep¸c eÐnai

dianusmatikìc upìqwroc.

E�n y1, y2 ∈ imL, up�rqoun dianÔsmata x1, x2 ∈ V tètoia ¸ste L(x1) = y1 kai L(x2) =

y2. Apì th grammikìthta thc L, y1 + y2 = L(x1 + x2) ∈ imL kai ay1 = L(ax1) ∈ imL.

SumperaÐnoume oti imL eÐnai kleistì wc proc tic pr�xeic tou dianusmatikoÔ q¸rou W , kai

sunep¸c eÐnai dianusmatikìc upìqwroc.

E�n V = {0}, tìte imL = {0}, kai dim imL = 0 = dimX. Katìpin upojètoume oti

0 < dimV < ∞. JewroÔme èna grammik� anex�rthto sÔnolo {y1, . . . , yn} sto imL, kai

dianÔsmata x1, . . . , xn sto V tètoia ¸ste L(xi) = yi, gia i = 1, . . . , n. Apì to L mma

7.3, 3, ta x1, . . . , xn eÐnai grammik� anex�rthta, kai sunep¸c n ≤ dimV . Autì isqÔei gia

k�je grammik� anex�rthto sÔnolo sto imL, �ra to imL èqei peperasmènh di�stash kai

dim imL ≤ dimV .

�

Orismìc 7.3. H di�stash dim imL thc eikìnac thc grammik c apeikìnishc L onom�zetai

t�xh thc L kai sumbolÐzetai rankL.
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Par�deigma 7.15 JewroÔme tonm×n pÐnaka A, kai th grammik  apeikìnish TA : Rn −→
Rm, TA(x) = Ax. O pur nac thc TA eÐnai to sÔnolo twn dianusm�twn x tou Rn gia ta opoÐa

Ax = 0, dhlad  o mhdenìqwroc tou pÐnaka A,

kerTA = N (A) .

H eikìna thc TA eÐnai o q¸roc ìlwn twn dianusm�twn y ∈ Rm gia ta opoÐa up�rqei x ∈ Rn

tètoio ¸ste Ax = y, dhlad  o q¸roc sthl¸n tou A,

imTA = R(A) .

Par�deigma 7.16 O pur nac thc mhdenik c apeikìnishc 0 : V −→ W eÐnai ìlo to pedÐo

orismoÔ, ker0 = V . H eikìna thc eÐnai o mhdenikìc upìqwroc tou W , im0 = {0} ⊆W .

Par�deigma 7.17 O pur nac thc apeikìnishc parag¸gishc D : C1(R) −→ C0(R) eÐnai

to sÔnolo ìlwn twn stajer¸n sunart sewn,

kerD = {f ∈ C1(R) : up�rqei c ∈ R tètoio ¸ste f(t) = c gia k�je t ∈ R} .

H eikìna thc eÐnai ìlo to sÔnolo C0(R), afoÔ gia k�je sun�rthsh f pou eÐnai suneq c sto

R, up�rqei antipar�gwgoc

F (x) =

∫ x

0
f(t)dt .

Sunep¸c imD = C0(R).

Par�deigma 7.18 O pur nac thc apeikìnishc shift, s : RN −→ RN eÐnai o upìqwroc ìlwn

twn akolouji¸n (an) gia tic opoÐec an = 0 gia n ≥ 2. H eikìna thc eÐnai ìloc o q¸roc RN.

GnwrÐzoume oti h di�stash tou mhdenìqwrou kai h di�stash tou q¸rou sthl¸n enìc

m× n pÐnaka ikanopoioÔn th sqèsh

n = dimN (A) + dimR(A) .

Sunep¸c gia thn apeikìnish TA : Rn −→ Rm, isqÔei

dimRn = dim kerTA + dim imTA .

Ja deÐxoume oti h an�logh sqèsh isqÔei gia k�je grammik  apeikìnish me pedÐo orismoÔ

peperasmènhc di�stashc.

Je¸rhma 7.5 E�n L : V −→W , eÐnai grammik  apeikìnish, kai dimV <∞, tìte isqÔei

h sqèsh

dimV = dim kerL+ dim imL .
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Apìdeixh. O pur nac kerL eÐnai upìqwroc tou V , kai apì thn Prìtash 6.23, dim kerL <

∞. 'Eqoume  dh deÐxei, sto L mma 7.4, oti dim imL ≤ dimV , sunep¸c dim imL < ∞.

JewroÔme b�sh {w1, . . . , wm} thc eikìnac imL, kai b�sh {v1, . . . , vn} tou pur na kerL,

kai dianÔsmata vn+1, . . . , vn+m tètoia ¸ste, gia k�je i = 1, . . . , m, L(vn+i) = wi. Ja

deÐxoume oti to sÔnolo

B = {v1, . . . , vn, vn+1, . . . , vn+m}

eÐnai b�sh tou V .

Pr¸ta deÐqnoume oti to B par�gei to V . 'Estw v ∈ V . Tìte L(v) ∈ imL, kai sunep¸c

ekfr�zetai wc grammikìc sunduasmìc twn w1, . . . , wm.

L(v) = a1w1 + · · ·+ amwm

= a1L1(vn+1) + · · ·+ amLm(vn+m)

= L(a1vn+1 + · · ·+ amvn+m) .

SumperaÐnoume oti v−(a1vn+1+· · ·+amvn+m) ∈ kerL, kai sunep¸c ekfr�zetai wc grammikìc

sunduasmìc twn v1, . . . , vn,

v − (a1vn+1 + · · ·+ amvn+m) = b1v1 + · · ·+ bnvn .

'Ara v = b1v1 + · · · + bnvn + a1vn+1 + · · · + amvn+m, kai v ∈ 〈v1, . . . , vn+m〉. Sunep¸c

V = 〈v1, . . . , vn+m〉.
Gia na deÐxoume oti B eÐnai grammik� anex�rthto, upojètoume oti a1v1+· · ·+an+mvn+m =

0. All� tìte

an+1vn+1 + · · ·+ an+mvn+m = −(a1v1 + · · ·+ anvn) .

Efarmìzontac thn apeikìnish L stic dÔo pleurèc èqoume

an+1w1 + · · ·+ an+mwm = 0 .

'Omwc {w1, . . . , wm} eÐnai grammik� anex�rthto, kai sunep¸c an+1 = · · · = an+m = 0.

All� tìte a1v1 + · · ·+ anvn = 0, kai apì th grammik  anexarthsÐa tou {v1, . . . , vn} èqoume
a1 = · · · = an = 0.

SumperaÐnoume oti to sÔnolo B eÐnai b�sh tou V , kai sunep¸c

dimV = n+m = dim kerL+ dim imL .
�

Prìtash 7.6 E�n L : V −→ W kai M : W −→ U eÐnai grammikèc apeikonÐseic, tìte h

sÔnjesh M ◦ L eÐnai epÐshc grammik  apeikìnish.

Apìdeixh. Gia k�je v1, v2 ∈ V kai a ∈ R, èqoume

M ◦ L(a v1 + v2) = M (aL(v1) + L(v2))

= aM (L(v1)) +M (L(v2))

= aM ◦ L(v1) +M ◦ L(v2) .
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SumperaÐnoume oti M ◦ L eÐnai grammik  apeikìnish.

�

GnwrÐzoume oti ta ginìmena enìc m× n pÐnaka A me ta dianÔsmata thc kanonik c b�shc

tou Rn, en1, . . . , enn, eÐnai akrib¸c oi st lec tou pÐnaka A. SumperaÐnoume oti e�n pros-

diorÐsoume tic timèc pou ja l�bei h grammik  apeikìnish TA sta dianÔsmata en1, . . . , enn,

mporoÔme na broÔme ton pÐnaka A, kai sunep¸c tic timèc thc sun�rthshc TA se k�je di�nu-

sma. Ja deÐxoume oti to an�logo isqÔei gia k�je b�sh enìc dianusmatikoÔ q¸rou V , eÐte

autìc èqei peperasmènh di�stash eÐte ìqi: mporoÔme na prosdiorÐsoume aujaÐreta timèc sto

W gia k�je di�nusma mÐac b�shc, kai up�rqei monadik  grammik  apeikìnish apì to V sto

W pou paÐrnei autèc tic timèc.

Par�deigma 7.19 E�n L : R3 −→ R2 eÐnai grammik  apeikìnish, kai L(1, 0, 0) = (1, 2),

L(0, 1, 0) = (3, −1) kai L(0, 0, 1) = (−1, 2), tìte h apeikìnish L prokÔptei apì pollapla-

siasmì me ton pÐnaka A =

[
1 3 −1

2 −1 2

]
.

Prìtash 7.7 JewroÔme dianusmatikoÔc q¸rouc V kai W p�nw apì to s¸ma R. E�n B
eÐnai b�sh tou V kai f : B −→ W eÐnai apeikìnish, tìte up�rqei akrib¸c mÐa grammik 

apeikìnish L : V −→W tètoia ¸ste gia k�je v ∈ B, isqÔei L(v) = f(v).

H eikìna thc grammik c apeikìnishc L : V −→ W eÐnai o upìqwroc tou W pou par�getai

apì to sÔnolo f(B)

Apìdeixh. AfoÔ B eÐnai b�sh tou V , k�je di�nusma u ∈ V ekfr�zetai me monadikì trìpo

wc grammikìc sunduasmìc stoiqeÐwn thc B,

u = a1v1 + · · ·+ anvn . (7.1)

UpenjumÐzoume oti ènac grammikìc sunduasmìc eÐnai peperasmèno �jroisma, akìmh kai ìtan h

b�sh B eÐnai �peiro sÔnolo. OrÐzoume L(u) = a1f(v1)+ · · ·+anf(vn). Apì th monadikìthta

tou grammikoÔ sunduasmoÔ 7.1, h L orÐzetai me monadikì trìpo gia k�je u ∈ V , kai sunep¸c
eÐnai apeikìnish. EÔkola elègqoume oti eÐnai grammik .

Gia na deÐxoume oti eÐnai monadik , jewroÔme mÐa grammik  apeikìnish M : V −→ W

tètoia ¸ste M(v) = f(v) gia k�je v ∈ B. Gia k�je u ∈ V , u = a1v1 + · · · + anvn gia

vi ∈ B, kai èqoume

M(u) = M(a1v1 + · · ·+ anvn)

= a1M(v1) + · · ·+ anM(vn)

= a1f(v1) + · · ·+ anf(vn)

= L(u) .

Sunep¸c M = L.

AfoÔ gia k�je u ∈ V , to di�nusma L(u) eÐnai grammikìc sunduasmìc twn f(vi), eÐnai

profanèc oti imL ⊆ 〈f(B)〉. AntÐjeta, e�n w ∈ 〈f(B)〉, tìte w = a1f(v1) + · · ·+ anf(vn),
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gia kat�llhla vi ∈ B kai ai ∈ R, kai sunep¸c

w = a1L(v1) + · · ·+ anL(vn) = L(a1v1 + · · ·+ anvn) ∈ imL .

�

Par�deigma 7.20 Sto dianusmatikì q¸ro twn poluwnÔmwn R[x] èqoume dei thn kanonik 

b�sh B = {1, x, x2, . . . , xn, . . .}. OrÐzoume

AxÐzei na diatup¸soume tic parap�nw Prot�seic sth eidikìterh perÐptwsh pou ja mac

apasqol sei sth sunèqeia, aut  twn q¸rwn peperasmènhc di�stashc. Tìte mÐa b�sh tou

V eÐnai peperasmèno sÔnolo {v1, . . . , vn} kai h Prìtash 7.7 lèei oti mporoÔme na epilè-

xoume opoiad pote sullog  dianusm�twn w1, . . . , wn, kai tìte up�rqei monadik  grammik 

apeikìnish gia thn opoÐa L(vi) = wi gia k�je i = 1, . . . , n.

7.2 Grammikèc apeikonÐseic tou epipèdou

Sta paradeÐgmata pou d¸same sthn arq  tou kefalaÐou jewr same thn peristrof  tou

epipèdou kat� mÐa orj  gwnÐa, thn an�klash sthn eujeÐa x = y, kai thn probol  ston

x-�xona. 'Omwc mporoÔme na èqoume peristrofèc kat� aujaÐretec gwnÐec, kai probolèc

  anakl�seic se opoiad pote eujeÐa pou perièqei to 0. 'Olec autèc oi apeikonÐseic eÐnai

grammikèc. Ja broÔme touc pÐnakec pou tic anaparistoÔn, qrhsimopoi¸ntac thn kanonik 

b�sh

{[
1

0

]
,

[
0

1

]}
tou R2.

H peristrof  kat� gwnÐa θ apeikonÐzei to di�nusma

[
1

0

]
sto di�nusma

[
cosϑ

sinϑ

]
,

kai to di�nusma

[
0

1

]
sto di�nusma

[
− sinϑ

cosϑ

]
, (dec Kef�laio 1, selÐda ??).

'Ara o pÐnakac Qϑ pou parist�nei thn peristrof  tou epipèdou kat� gwnÐa ϑ, eÐnai o

Qϑ =

[
cosϑ − sinϑ

sinϑ cosϑ

]
.

H gewmetrik  diaÐsjhsh mac lèei oti h peristrof  kat� gwnÐa ϑ eÐnai antistrèyimh, kai

èqei antÐstrofo thn peristrof  kat� gwnÐa −ϑ.
ParathroÔme oti

Q−ϑ =

[
cos(−ϑ) − sin(−ϑ)

sin(−ϑ) cos(−ϑ)

]
=

[
cosϑ sinϑ

− sinϑ cosϑ

]
,

kai pr�gmati

QϑQ−ϑ =

[
cos2 ϑ+ sin2 ϑ cosϑ sinϑ− sinϑ cosϑ

sinϑ cosϑ− cosϑ sinϑ sin2 ϑ+ cos2 ϑ

]
=

[
1 0

0 1

]
.
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'Askhsh 7.1 EpalhjeÔsate oti dÔo peristrofèc kat� gwnÐa ϑ isodunamoÔn me mÐa

peristrof  kat� gwnÐa 2ϑ, dhlad  th

Q2
ϑ = Q2ϑ ,

kai oti h peristrof  kata gwnÐa ϑ kai met� kat� gwnÐa ϕ, isodunameÐ me thn peri-

strof  kat� gwnÐa ϑ+ ϕ, dhlad  oti

QϕQϑ = Q(ϑ+ϕ).

H probol  tou dianÔsmatoc (1, 0) sthn eujeÐa pou sqhmatÐzei gwnÐa ϑ me ton x-

�xona (ac onom�soume aut  thn eujeÐa ton ϑ-�xona) dÐdei èna di�nusma suggrammikì me to

(cosϑ, sinϑ), all� me m koc cos θ. Dhlad  to (1, 0) prob�lletai sto di�nusma (cos2 θ, cos θ sin θ).

Parìmoia, to di�nusma (0, 1) prob�lletai sto di�nusma (sinϑ cosϑ, sin2 ϑ).

O pÐnakac pou parist�nei thn probol  ston ϑ-�xona eÐnai loipìn o

Pϑ =

[
cos2 ϑ cosϑ sinϑ

cosϑ sinϑ sin2 ϑ

]
.

Autìc o pÐnakac den eÐnai antistrèyimoc. Ta shmeÐa tou
(
ϑ+

π

2

)
-�xona prob�llontai sto

0. O mhdenoq¸roc tou pÐnaka apoteleÐtai apì ta pollapl�sia tou dianÔsmatoc(
cos
(
ϑ+

π

2

)
, sin

(
ϑ+

π

2

))
= (− sinϑ, cosϑ) .

H gewmetrik  diaÐsjhsh mac lèei oti e�n prob�lloume dÔo forèc, to apotèlesma eÐnai to

Ðdio me to na prob�lloume mÐa for�:

(Pϑ)2 =

[
c2 cs

cs s2

]2
=

[
c2(c2 + s2) cs(c2 + s2)

cs(c2 + s2) s2(c2 + s2)

]
= Pϑ.

H an�klash ston ϑ-�xona, af nei amet�blhta ta shmeÐa tou ϑ-�xona, kai sunep¸c to

di�nusma (cosϑ, sinϑ) apeikonÐzetai ston eautì tou. 'Ena di�nusma k�jeto ston ϑ-�xona a-

peikonÐzetai sto antÐjeto tou, sunep¸c to (− sinϑ, cosϑ) apeikonÐzetai sto (sinϑ, − cosϑ).

'Ara o pÐnakac Hϑ pou parist�nei thn an�klash ikanopoieÐ

Hϑ

[
c −s
s c

]
=

[
c s

s −c

]

kai sunep¸c

Hϑ =

[
c s

s −c

] [
c −s
s c

]−1

=

[
2c2 − 1 2cs

2cs 2s2 − 1

]
.
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'Askhsh 7.2 EpalhjeÔsate ton parap�nw upologismì tou pÐnaka Hϑ.

H gewmetrik  diaÐsjhsh mac lèei oti dÔo anakl�seic ston Ðdio �xona epanafèroun thn

arqik  eikìna, dhlad  (Hϑ)2 = I. MporoÔme na epalhjeÔsoume aut  thn idiìthta me ap�

eujeÐac upologismì.

Enallaktik�, parathroÔme oti Hϑ = 2Pϑ− I, kai sunep¸c èqoume (Hϑ)2 = (2Pϑ− I)2 =

4P 2
ϑ − 4Pϑ + I = I afoÔ P 2

ϑ = Pϑ.

'Askhsh 7.3 O pÐnakac A =

[
2 0

0 1

]
parist�nei mÐa diastol  (stretching) sth

dieÔjunsh tou x−�xona. Sqedi�ste ton kÔklo x2 + y2 = 1, kai gÔrw tou shmeÐa

(2x, y) pou prokÔptoun apì pollaplasiasmì me ton pÐnaka A. Ti sq ma èqei h

kampÔlh pou prokÔptei?

'Askhsh 7.4 PoÐoc pÐnakac parist�nei thn apeikìnish pou peristrèfei k�je di�nu-

sma tou R2 kat� mÐa orj , kai sth sunèqeia prob�llei p�nw ston x−�xona? Poiìc

pÐnakac parist�nei thn apeikìnish pou prob�llei ston x−�xona kai sth sunèqeia

prob�llei p�nw ston y−�xona?

'Askhsh 7.5 O pÐnakac A =

[
1 0

3 1

]
parist�nei mÐa apeikìnish strèblwshc

(shearing), h opoÐa af nei ton y−�xona amet�blhto. Sqedi�ste to apotèlesma aut c

thc apeikìnishc ston x−�xona, shmei¸nontac thn eikìna twn shmeÐwn (1, 0), (2, 0)

kai (−1, 0), kaj¸c kai thn eikìna ìlou tou x−�xona.

'Askhsh 7.6 PoioÐ 3× 3 pÐnakec parist�noun tic akìloujec apeikonÐseic?

1. probol  sto (x, y)-epÐpedo.

2. an�klash sto (x, y)-epÐpedo.

3. thn apeikìnish pou peristrèfei to (x, y)-epÐpedo kat� mÐa orj  gwnÐa, kai a-

f nei ta shmeÐa tou z-�xona amet�blhta.

4. thn apeikìnish pou peristrèfei to (x, y)-epÐpedo, katìpin to (x, z)-epÐpedo kai

katìpin to (y, z)-epÐpedo, ìla kat� mÐa orj  gwnÐa.

5. thn apeikìnish pou k�nei tic Ðdiec treÐc peristrofèc, all� kat� gwnÐa Ðsh me

dÔo orjèc.

'Askhsh 7.7 Peristrofèc sto q¸ro prosdiorizontai apì ton �xona, tou opoÐou ta

shmeÐa paramènoun amet�blhta, kai th gwnÐa peristrof c. BreÐte ton �xona kai th

gwnÐa peristrof c thc apeikìnishc pou apeikonÐzei to (x1, x2, x3) sto (x2, x3, x1).



Kef�laio 7 Grammikèc apeikonÐseic 133

'Askhsh 7.8 Jewr ste thn ��kuklik �� apeikìnish g(v1, v2, v3) = (v3, v1, v2).

BreÐte to g(g(g(v))) kai to g100(v).

'Askhsh 7.9 Poioc pÐnakac parist�nei thn apeikìnish pou stèlnei to (1, 0) sto

(2, 5) kai to (0, 1) sto (1, 3)? Poioc pÐnakac stèlnei to (2, 5) sto (1, 0) kai to

(1, 3) sto (0, 1)? GiatÐ den up�rqei pÐnakac pou na apeikonÐzei to (2, 6) sto (1, 0)

kai to (1, 3) sto (0, 1)?

'Askhsh 7.10 Jewr ste ìla ta dianÔsmata x sto tetr�gwno {(x1, x2) : 0 ≤ x1 ≤
1, 0 ≤ x2 ≤ 1} kai èna 2× 2 pÐnaka A.

1. Ti sq ma èqei h eikìna tou tetrag¸nou apì thn x 7→ Ax?

2. Gia poioÔc pÐnakec A eÐnai h eikìna tetr�gwno?

3. Gia poioÔc pÐnakec A eÐnai h eikìna èna eujÔgrammo tm ma?

4. Gia poioÔc pÐnakec A èqei h eikìna embadìn Ðso me 1?

7.3 IsomorfismoÐ

Orismìc 7.4. Mia grammik  apeikìnish L : V −→ W onom�zetai isomorfismìc

e�n h L eÐnai antistrèyimh, kai h antÐstrofh apeikìnish eÐnai epÐshc grammik . Dhlad  e�n

up�rqei L−1 : W −→ V tètoia ¸ste L◦L−1 = IW , L−1◦L = IV , kai gia k�je w1, w2 ∈W
kai a ∈ R,

L−1(aw1 + w2) = aL−1(w1) + L−1(w2) .

E�n up�rqei isomorfismìc metaxÔ twn dianusmatik¸n q¸rwn V kai W , lème oti oi q¸roi V

kai W eÐnai isomorfikoÐ, kai to sumbolÐzoume V ∼= W .

To akìloujo apotèlesma deÐqnei oti h upìjesh na eÐnai h L−1 grammik  eÐnai peritt . H

antÐstrofh sun�rthsh k�je grammik c sun�rthshc eÐnai grammik .

L mma 7.8 H grammik  apeikìnish L : V −→ W eÐnai isomorfismìc e�n kai mìnon e�n

eÐnai antistrèyimh.

Apìdeixh. Upojètoume oti up�rqei h antÐstrofh apeikìnish L−1, kai L ◦ L−1 = IW .

JewroÔme w1, w2 ∈W kai a ∈ R. Tìte

L ◦ L−1(aw1 + w2) = IW (aw1 + w2) = aw1 + w2 .

EpÐshc, afoÔ h L eÐnai grammik ,

L
(
aL−1(w1) + L−1(w2)

)
= aL

(
L−1(w1)

)
+ L

(
L−1(w2)

)
= aw1 + w2 .
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Sunep¸c

L
(
L−1(aw1 + w2)

)
= L

(
aL−1(w1) + L−1(w2)

)
kai afoÔ h L eÐnai antistrèyimh,

L−1(aw1 + w2) = aL−1(w1) + L−1(w2) .

�

Apì thn �poyh thc Grammik c 'Algebrac, dÔo isomorfikoÐ q¸roi eÐnai panomoiìtupoi. O-

poiad pote idiìthta èqei èna uposÔnolo X tou V h opoÐa ekfr�zetai apokleistik� mèsw

grammik¸n sunduasm¸n twn stoiqeÐwn tou, thn Ðdia idiìthta èqei kai h eikìna Y tou uposu-

nìlou X sto W mèsw tou isomorfismoÔ L. Eidikìtera dÔo isomorfikoÐ dianusmatikoÐ q¸roi

èqoun thn Ðdia di�stash.

Prìtash 7.9 E�n up�rqei isomorfismìc L : V −→W , tìte dimV = dimW .

Apìdeixh. AfoÔ L eÐnai isomorfismìc, imL = W kai imL−1 = V , �ra dimW =

dim imL kai dimV = dim imL−1. Apì to L mma 7.4, dim imL ≤ dimV kai dim imL−1 ≤
dimW . Sunep¸c dimV ≤ dimW kai dimW ≤ dimV , dhlad  dimV = dimW .

�

7.4 Suntetagmènec wc proc b�sh

Sto ��EpÐpedo kai Q¸ros�� èqoume dei oti, apì th stigm  pou ja epilèxoume èna sÔsth-

ma anafor�c (O, ~u, ~v) sto epÐpedo, k�je di�nusma ~w ∈ TOE
2 antistoiqeÐ sto monadikì

diatetagmèno zeÔgoc pragmatik¸n arijm¸n (a, b) gia to opoÐo ~w = a~u + b~v. Oi arijmoÐ

a, b) onom�zontai suntetagmènec tou dianÔsmatoc ~w. K�ti an�logo mporoÔme na k�noume se

opoiod pote dianusmatikì q¸ro peperasmènhc di�stashc.

Sq ma 7.1: Suntetagmènec dianÔsmatoc wc proc sÔsthma anafor�c sto epÐpedo.

JewroÔme èna dianusmatikì q¸ro peperasmènhc di�stashc V p�nw apì to s¸ma R,
dimV = n, kai mÐa b�sh B = {v1, . . . , vn} tou V . K�je stoiqeÐo w ∈ V ekfr�zetai
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me monadikì trìpo wc grammikìc sunduasmìc twn dianusm�twn thc b�shc B,

w = a1v1 + · · ·+ anvn .

E�n t¸ra jewr soume to B wc èna diatetagmèno sÔnolo, me th di�taxh pou prokÔptei apì

touc deÐktec 1, 2, . . . , n, se k�je di�nusma w ∈ V antistoiqeÐ to diatetagmèno sÔnolo twn

n pragmatik¸n arijm¸n, (a1, . . . , an).

To arijmhtikì di�nusma (a1, . . . , an) ∈ Rn onom�zetai di�nusma suntetagmènwn

tou w wc proc th diatetagmènh b�sh B kai ja to sumbolÐzoume wB. H antistoiqÐa w 7→
(a1, . . . , an) eÐnai amfimonos manth: se k�je di�nusma tou V antistoiqeÐ monadikì di�nusma

suntetagmènwn sto Rn, kai se k�je arijmhtikì di�nusma sto Rn antistoiqeÐ monadikì di�-

nusma sto V . Aut  h antistoiqÐa eÐnai polÔ shmantik , giatÐ mac epitrèpei, afoÔ epilèxoume

mÐa diatetagmènh b�sh se èna dianusmatikì q¸ro peperasmènhc di�stashc V , na metafèroume

erwt mata sqetik� me ta dianÔsmata tou V , se erwt mata sqetik� me arijmhtik� dianÔsma-

ta tou Rn, ìpou mporoÔme na qrhsimopoi soume tic upologistikèc mejìdouc thc �lgebrac

pin�kwn.

Sto R3 èqoume thn kanonik  b�sh E3 = {e31, e32, e33}, ìpou e1 = (1, 0, 0), e2 =

(0, 1, 0), e3 = (0, 0, 1). Wc proc th b�sh E3, k�je di�nusma (x, y, z) èqei ton eautì tou wc

di�nusma suntetagmènwn: x

y

z

 = x

 1

0

0

+ y

 0

1

0

+ z

 0

0

1

 ,
all� èqei diaforetikèc suntetagmènec wc proc k�poia �llh b�sh.

Par�deigma 7.21 To di�nusma w = (2, 5, −3) èqei di�nusma suntetagmènwn (2, 5, −3)

wc proc thn kanonik  b�sh, afoÔ 5

2

−3

 = 5

 1

0

0

+ 2

 0

1

0

− 3

 0

0

1

 .
All� wc proc th b�sh B = {(2, 1, 0), (1, 2, −1), (2, 0, 1)}, èqoume 2

5

−3

 = 1

 2

1

0

+ 2

 1

2

−1

− 1

 2

0

1

 ,
�ra to di�nusma suntetagmènwn tou w(2, 5, −3) wc proc th b�sh B eÐnai wB = (1, 2, −1).

Gia na broÔme to di�nusma suntetagmènwn (a, b, c) tou dianÔsmatoc (2, 5, −3) wc proc

th b�sh B lÔsame thn exÐswsh 2 1 2

1 2 0

0 −1 1


 a

b

c

 =

 5

2

−3

 .
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ParathroÔme oti e�n B eÐnai b�sh, o pÐnakac pou èqei wc st lec ta dianÔsmata tou B eÐnai

mh idiìmorfoc, kai h exÐswsh Ax = b èqei monadik  lÔsh gia k�je b.

Drasthriìthta 7.2 BreÐte to di�nusma suntetagmènwn tou u = (4, 5) ∈ R2 wc

proc th b�sh B = {(′, ∞), (∈, ′)} tou R2.

BreÐte to di�nusma suntetagmènwn tou u = (4, 5) ∈ R2 wc proc th b�sh B =

{(∈, ∞), (−∞, ∞)} tou R2.

Par�deigma 7.22 Sto dianusmatikì q¸ro R[x]3 twn poluwnÔmwn bajmoÔ mikrìterou

  Ðsou me 3, èqoume th b�sh C = {1, x, x2, x3}. Wc proc aut  th b�sh, to di�nusma

suntetagmènwn tou poluwnÔmou eÐnai to sÔnolo twn suntelest¸n tou poluwnÔmou, me thn

kat�llhlh di�taxh. To polu¸numo p(x) = −5x2 + x + 4 èqei di�nusma suntetagmènwn wc

proc th b�sh C
p(x)C = (4, 1, −5, 0) .

JewroÔme to sÔnolo B = {1, x−1, x2−x, x3−x2}. Ta polu¸numa tou sunìlou B èqoun

dianÔsmata suntetagmènwn wc proc th b�sh C ta (1, 0, 0, 0), (−1, 1, 0, 0), (0, −1, 1, 0) kai

(0, 0, −1, 1) antÐstoiqa. AfoÔ ta dianÔsmata suntetagmènwn twn stoiqeÐwn tou B eÐnai

grammik� anex�rthta (elègxte oti o antÐstoiqoc pÐnakac eÐnai mh idiìmorfoc) sumperaÐnoume

oti ta stoiqeÐa tou B eÐnai grammika anex�rthta, kai B eÐnai b�sh tou R[x]3.

To di�nusma suntetagmènwn (a, b, c, d) tou p(x)4 wc proc th b�sh B, ikanopoieÐ th sqèsh

a1 + b(x− 1) + c(x2 − x) + c(x3 − x2) = −5x2 + x+ 4 .

MporoÔme na to broÔme upologÐsoume lÔnwntac thn exÐswsh
1 −1 0 0

0 1 −1 0

0 0 1 −1

0 0 0 1



a

b

c

d

 =


4

1

−5

0

 .

L mma 7.10 H apeikìnish ιB : V −→ Rn pou apeikonÐzei k�je di�nusma v ∈ V sto

di�nusma suntetagmènwn vB eÐnai isomorfismìc.

Apìdeixh. JewroÔme thn kanonik  b�sh {e1, . . . , en} tou Rn. Ja deÐxoume oti h apei-

kìnish ιB : V −→ Rn eÐnai h monadik  grammik  apeikìnish pou orÐzetai sÔmfwna me thn

Prìtash 7.7 kai apeikonÐzei, gia k�je i = 1, . . . , n, to di�nusma vi thc b�shc B sto di�nusma

ei ∈ Rn. Pr�gmati, e�n v = a1v1 + · · ·+ anvn,

ιB(v) = (a1, . . . , an) = a1e1 + · · ·+ anen .

Gia na deÐxoume oti h apeikìnish ιB èqei antÐstrofo, orÐzoume thn apeikìnish ρB : Rn −→
V , ρ(x1, . . . , xn) = x1v1 + · · ·+ xnvn. Elègqoume oti ρB ◦ ιB = IV kai ιB ◦ ρB = IRn .
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�

To epìmeno apotèlesma eÐnai �mesh sunèpeia twn prohgoumènwn. To diatup¸noume wc èna

Je¸rhma Dom c, dhlad  èna je¸rhma pou taxinomeÐ mÐa kathgorÐa majhmatik¸n antikeimènwn

sugkrÐnontac ta me sugkekrimèna antikeÐmena, th dom  twn opoÐwn katalabaÐnoume arket�

ikanopoihtik�.

Je¸rhma 7.11 'Estw V dianusmatikìc q¸roc peperasmènhc di�stashc p�nw apì to s¸-

ma R, kai dimV = n. Tìte o V eÐnai isomorfikìc me to q¸ro Rn,

V ∼= Rn .

�

'Askhsh 7.11 JewroÔme to R wc dianusmatikì q¸ro p�nw apì ton eautì tou.

DeÐxte oti k�je grammik  apeikìnish L : R −→ R eÐnai pollaplasiasmìc me èna

stoiqeÐo tou R, dhlad  oti up�rqei a ∈ R tètoio ¸ste Lx = ax, gi� k�je x ∈ R.

'Askhsh 7.12 DeÐxte oti o pollaplasiasmìc me polu¸numo p(x),

Tp(x) : R[x] −→ R[x] : q(x) 7→ p(x)q(x) ,

eÐnai grammik  apeikìnish.

'Askhsh 7.13 Exet�ste poièc apì tic parak�tw apeikonÐseic eÐnai grammikèc, kai

breÐte ton pur na kai thn eikìna touc.

1. L : R2 −→ R2, L(x, y) = (2x+ 3y, x)

2. L : R2 −→ R2, L(x, y) = (y, x+ y + 1)

3. L : C0(a, b) −→ C0(a, b), L(f)(x) = (x2 + 1)f(x)

4. L : C0(a, b) −→ C0(a, b), L(f) = |f |.

'Askhsh 7.14 DeÐxte oti den up�rqei grammik  apeikìnish L : R5 −→ R2, tètoia

¸ste

kerL = {(x1, x2, x3, x4, x5) ∈ R5 |x1 = x2, x3 = x4 = x5} .
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'Askhsh 7.15 JewroÔme thn apeikìnish

L : C2 −→ C

h opoÐa orÐzetai me L(z, w) = 3z − w.

aþ. DeÐxte oti h L eÐnai grammik .

bþ. BreÐte ton upìqwro kerL.

gþ. BreÐte ènan upìqwro U tètoio ¸ste U ⊕ kerL = C2.

'Askhsh 7.16 JewroÔme to C wc dianusmatikì q¸ro p�nw apo to R. Poièc

apo tic akìloujec apeikonÐseic R2 −→ C eÐnai grammikèc? Poièc eÐnai isomorfismoÐ?

Aitiolog ste tic apant seic sac.

aþ. (x, y) 7→ x+ iy gþ. (x, y) 7→ i(x+ y)

bþ. (x, y) 7→ y + ix dþ. (x, y) 7→ x+ i

'Askhsh 7.17 Upojètoume oti X eÐnai dianusmatikìc q¸roc peperasmènhc di�sta-

shc, kai oti V eÐnai upìqwroc. DeÐxte oti k�je grammik  apeikìnish L : V −→ Y ,

mporeÐ na epektajeÐ se grammik  apeikìnish L̃ : X −→ Y , dhlad  up�rqei grammik 

apeikìnish L̃ tètoia ¸ste L̃u = Lu gia k�je u ∈ V .

'Askhsh 7.18 JewroÔme thn apeikìnish L : R4 −→ R3,

L(x, y, z, t) = (x+ y, y − z, x+ z) .

DeÐxte oti h L eÐnai grammik , breÐte b�seic gia ton pur na kerL kai thn eikìna imL,

kai upologÐste thn t�xh rank (L).

'Askhsh 7.19 JewroÔme thn apeikìnish L : R5 −→ R4

L(x1, x2, x3, x4, x5) = (x1+x3, −2x1+x2+x5, x1+x3+x4+2x5, −2x1+x2+x4+3x5)

1. BreÐte 4× 5 pÐnaka A tètoio ¸ste L(x) = Ax.

2. BreÐte b�seic twn upoq¸rwn kerL ⊆ R5 kai imL ⊆ R4.

3. BreÐte upìqwro V tou R5 tètoio ¸ste V ⊕ kerL = R5.

4. DeÐxte oti L|V : V −→ imL eÐnai isomorfismìc.
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'Askhsh 7.20 Ston dianusmatikì q¸ro C0(R) jewroÔme thn apeikìnish L : f 7→
F , ìpou

F (x) =

∫ x

0
f(t)e−t

2
dt .

DeÐxte oti L eÐnai grammik  apeikìnish apì to C0(R) sto C0(R). EÐnai h L epeikonik ?

'Askhsh 7.21 JewroÔme èna dianusmatikì q¸ro V peperasmènhc di�stashc n, kai

grammikèc apeikonÐseic L kai M apì ton V ston eautì tou, me tic idiìthtec

1. L ◦M = 0

2. L+M eÐnai isomorfismìc

DeÐxte oti rank (L) + rank (M) = n.

'Askhsh 7.22 JewroÔme dianusmatikoÔc q¸rouc U, V, W kai grammikèc apeiko-

nÐseic L ∈ L(U, W ),M ∈ L(U, V ), tètoiec ¸ste kerM ⊆ kerL. DeÐxte oti tìte

up�rqei grammik  apeikìnish N ∈ L(V, W ), tètoia ¸ste L = N ◦M .

'Askhsh 7.23 JewroÔme dianusmatikì q¸ro V peperasmènhc di�stashc, kai gram-

mikèc apeikonÐseic L, M ∈ L(V ). DeÐxte ìti

|rank (L)− rank (M)| ≤ rank (L+M) ≤ rank (L) + rank (M).

'Askhsh 7.24 Sto q¸ro R[x] ìlwn twn poluwnÔmwn me pragmatikoÔc suntelestèc

jewroÔme thn apeikìnish par�gwgo D : p 7→ p′. DeÐxte oti h D eÐnai grammik 

epeikìnish, all� den eÐnai eneikìnish. Ti sumpèrasma bg�zete gia th di�stash tou

R[x]?

'Askhsh 7.25 JewroÔme dianusmatikoÔc q¸rouc U, V, W kai grammikèc apeikonÐ-

seic L ∈ L(U, V ), M ∈ L(V, W ).

1. DeÐxte oti

ker(M ◦ L) ⊆ L−1(kerM ∩ imL) .

E�n epi plèon oi U, V, W èqoun peperasmènh di�stash, deÐxte oti

dim(kerM ∩ imL) = r(L)− r(M ◦ L) .

2. E�n U = V = W kai L ◦ M = M ◦ L, deÐxte oti L(kerM) ⊆ kerM kai

L(imM) ⊆ imM .

'Askhsh 7.26 BreÐte to di�nusma suntetagmènwn tou u = (6, −3, 1) ∈ R3 wc

proc th b�sh B = {(1, −1, 0), (2, 1, −1), (2, 0, 0)}.
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'Askhsh 7.27 BreÐte to di�nusma suntetagmènwn tou poluwnÔmou p(x) = 3x2 −
6x− 2 wc proc th b�sh B = {x2, x− 1, 2x} tou P2.

'Askhsh 7.28 JewroÔme dianusmatikì q¸ro V kai dÔo sumplhrwmatikoÔc upì-

qwrouc X kai Y tou V . An v ∈ V kai v = x + y, me x ∈ X, y ∈ Y , orÐzoume

P : V −→ V me P (v) = x. DeÐxte oti P eÐnai kal� orismènh grammik  apeikìnish,

kai oti P 2 = P . Aut  h apeikìnish onom�zetai probol  tou V ston X par�llhla

proc ton Y .

'Askhsh 7.29 Upojètoume oti P : V −→ V eÐnai grammik  apeikìnish tètoia ¸ste

P 2 = P . MÐa tètoia apeikìnish onom�zetai probol . DeÐxte oti kerP kai imP eÐnai

sumplhrwmatikoÐ upìqwroi tou V , kai oti P eÐnai h probol  tou V ston upìqwro

imP par�llhla proc ton upìqwro kerP .

D¸ste èna par�deigma apeikìnishc L : R2 −→ R2 tètoiac ¸ste kerL kai imL na

eÐnai sumplhrwmatikoÐ upìqwroi, all� h L na mhn eÐnai probol .

'Askhsh 7.30 JewroÔme èna di�nusma v = (v1, v2, v3) ∈ R3 tètoio ¸ste v1 +

v2 + v3 = 1. DeÐxte oti h apeikìnish

P : (x1, x2, x3) 7→ x− (x1 + x2 + x3)v

eÐnai mÐa probol . BreÐte touc upìqwrouc kerP kai imP .
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'Askhsh 7.31 Sto q¸ro R[x]n twn poluwnÔmwn bajmoÔ mikrìterou   Ðsou me n,

jewroÔme thn apeikìnish L : R[x]n −→ R,

L : p 7→
∫ 1

0
p(t)dt .

JewroÔme epÐshc thn apeikìnish Q : R[x]n −→ R[x]n+1 h opoÐa apeikonÐzei to po-

lu¸numo p(x) sto polu¸numo

q(x) =

∫ x

0
p(t)dt .

1. EpalhjeÔste oti h L eÐnai grammik  apeikìnish, kai breÐte ton pur na kai thn

eikìna thc.

2. EpalhjeÔste oti h Q eÐnai grammik  apeikìnish, kai deÐxte oti

imQ = 〈x, x2, . . . , xn+1〉 .

3. ApodeÐxte oti gia k�je p ∈ R[x]n, isqÔei L(p) = 0 e�n kai mìnon e�n

Q(p) ∈ 〈x(x− 1), x2(x− 1), . . . , xn(x− 1)〉 .

4. BreÐte mÐa b�sh tou kerL.

'Askhsh 7.32 EpalhjeÔste oti to sÔnolo V twn 2 × 2 pin�kwn thc morf c[
a b

b c

]
gia a, b, c ∈ R eÐnai dianusmatikìc q¸roc.

DeÐxte oti h apeikìnish M :

[
a b

b c

]
7→

[
a+ c b

b a+ b+ c

]
eÐnai grammik , kai

breÐte b�seic twn upìqwrwn kerM kai imM .



Kef�laio 8

Grammikèc ApeikonÐseic, B�seic,

PÐnakec

Sthn Prìtash 7.2 eÐdame oti k�je grammik  apeikìnish L : Rn −→ Rm antistoiqeÐ se

pollaplasiasmì me èna pÐnaka A, L = TA. Oi st lec tou pÐnaka A eÐnai ta dianÔsmata

L(ej), ìpou ej eÐnai ta dianÔsmata thc kanonik c b�shc tou Rn. Ja doÔme oti e�n epilèxoume
b�seic twn dianusmatik¸n q¸rwn V kaiW , mporoÔme na parast soume opoiad pote grammik 

apeikìnish L : V −→W me èna pÐnaka.

8.1 Grammikèc apeikonÐseic kai pÐnakec

JewroÔme dianusmatikoÔc q¸rouc peperasmènhc di�stashc V kai W , kai grammik  apeikì-

nish L : V −→W .

E�n epilèxoume mÐa b�sh B = {v1, . . . , vn} tou V , gnwrÐzoume apì to L mma 7.10 oti

orÐzetai isomorfismìc

ιB : V −→ Rn

o opoÐoc apeikonÐzei k�je di�nusma v ∈ V sto di�nusma suntetagmènwn tou v wc proc th

b�sh B: e�n v = b1v1 + · · ·+ bnvn, tìte

ιB(v) = vB = (b1, . . . , bn) .

E�n epilèxoume mÐa b�sh C = {w1, . . . , wm} tou W , èqoume epÐshc ton isomorfismì

ιC : W −→ Rm ,

o opoÐoc apeikonÐzei to di�nusma w = c1w1 + · · ·+ cmwm sto di�nusma suntetagmènwn tou

w wc proc th b�sh C,
ιC(w) = wC = (c1, . . . , cm) .

E�n sunjèsoume th grammik  apeikìnish L : V −→ W apì ta dexi� me ton isomorfismì

ι−1B : Rn −→ V kai apì ta arister� me ton isomorfismì ιC : W −→ Rm, èqoume thn

142
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apeikìnish

ιC ◦ L ◦ ι−1B : Rn −→ Rm (8.1)

SÔmfwna me thn Prìtash 7.2, aut  h apeikìnish antistoiqeÐ se pollaplasiasmì me ènam×n
pÐnaka A, o opoÐoc qarakthrÐzetai apì thn idiìthta: gia k�je di�nusma (b1, . . . , bn) ∈ Rn,

A


b1
...

bn

 =


c1
...

cm


e�n kai mìnon e�n

L(b1v1 + · · ·+ bnvn) = c1w1 + . . .+ cmwm .

Pio analutik�, gia k�je di�nusma vj thc b�shc B tou V , to di�nusma L(vj) ∈ W gr�fetai

wc grammikìc sunduasmìc twn stoiqeÐwn thc b�shc C tou W . Gr�foume (a1j , . . . , amj) gia

to di�nusma suntetagmènwn tou L(vj) wc proc th b�sh C:

L(vj) = a1jw1 + · · ·+ amjwm

=

m∑
i=1

aijwi .

O m× n pÐnakac

A = (aij) i=1,...,m
j=1,..., n

onom�zetai pÐnakac thc apeikìnishc L : V −→ W wc proc tic b�seic B tou V

kai C tou W kai ja ton sumbolÐzoume CLB. O pÐnakac A èqei sth j st lh to di�nusma

suntetagmènwn tou L(vj) wc proc th b�sh C, kai ta (c1, . . . , cm) ikanopoioÔn th sqèsh

A


b1
...

bn

 =


c1
...

cm


e�n kai mìnon e�n

L(b1v1 + · · ·+ bnvn) = c1w1 + · · ·+ cmwm .

Parat rhsh: Prosèxte th seir� twn deikt¸n, pou den eÐnai aut  pou èqoume sunhjÐsei,

p.q. se pollaplasiasmì pÐnaka epÐ di�nusma: (Ab)i =
∑
aijbj . H di�taxh pou qrhsimopoi-

 same epib�lletai gia na tairi�zei o pollaplasiasmìc pin�kwn me th sÔnjesh apeikonÐsewn,

ìpwc ja doÔme sto Je¸rhma 8.3. H di�taxh twn deikt¸n antistrèfetai ìtan pern�me apì

di�nusma thc b�shc se di�nusma suntetagmènwn wc proc th b�sh.

AntÐstrofa, e�n A = (aij) eÐnai ènac m × n pÐnakac, gnwrÐzoume apì thn Prìtash 7.7

oti up�rqei mÐa monadik  grammik  apeikìnish

LA : V −→W

tètoia ¸ste

LA(vj) =
m∑
i=1

aijwi gia j = 1, . . . , n . (8.2)
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Je¸rhma 8.1 JewroÔme V kai W dianusmatikoÔc q¸rouc peperasmènhc di�stashc, B =

{v1, . . . , vn} b�sh tou V , C = {w1, . . . , wm} b�sh tou W . H antistoiqÐa A 7→ LA, ìpou LA

eÐnai h apeikìnish thc (8.2), orÐzei ènan isomorfismì apì to q¸ro M(m, n, R) sto q¸ro

L(V, W ).

Apìdeixh. 'Eqoume dei oti h antistoiqÐa eÐnai amfimonos manth. ArkeÐ na elègxoume oti

eÐnai grammik . E�n A, B ∈M(m, n, R) kai c ∈ R,

LcA+B(vj) =
m∑
i=1

(caij + bij)wi = c
∑

aijwi +
∑

bijwi

= cLA(vj) + LB(vj) .

�

Par�deigma 8.1 JewroÔme thn apeikìnish L : R3 −→ R2, L(u, v, w) = (u+v−w, 2u+

w), kai tic kanonikèc b�seic

E3 = {e31, e32, e33} , ìpou e31 = (1, 0, 0), e32 = (0, 1, 0), e33 = (0, 0, 1) ,

tou R3 kai

E2 = {e21, e22} , ìpou e21 = (1, 0, ), e22 = (0, 1) ,

tou R2.

O pÐnakac thc L wc proc tic b�seic E3 kai E2 dÐdetai apì tic sqèseic

L(e3j) =
∑

aije2i j = 1, 2, 3 .

Gia j = 1

L(1, 0, 0) = (1, 2) = a11(1, 0) + a21(0, 1)

�ra a11 = 1 kai a21 = 2.

Gia j = 2

L(0, 1, 0) = (1, 0) = a12(1, 0) + a22(0, 1)

�ra a12 = 1 kai a22 = 0.

Gia j = 3

L(0, 0, 1) = (−1, 1) = a13(1, 0) + a23(0, 1)

�ra a13 = −1 kai a23 = 1.

Sunep¸c

A = (aij) =

[
1 1 −1

2 0 1

]
.

ParathroÔme oti gia to genikì di�nusma x = (u, v, w) ∈ R3, isqÔei

L(x) =

[
u+ v − w

2u+ w

]
=

[
1 1 −1

2 0 1

]  u

v

w

 = Ax .
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Dhlad  o pÐnakac pou antistoiqeÐ sthn apeikìnish L : Rn −→ Rm wc proc tic kanonikèc

b�seic, eÐnai akrib¸c o m× n pÐnakac pou dÐdei thn apeikìnish L me pollaplasiasmì apì

ta arister�.

T¸ra jèloume na upologÐsoume ton pÐnaka thc L wc proc k�poiec �llec b�seic, èstw th

b�sh

B = {v1, v2, v3} , ìpou v1 = (1, 0, −1), v2 = (1, 1, 1), v3 = (1, 0, 0) ,

tou R3, kai th b�sh

C = {w1, w2} , ìpou w1 = (1, 1), w2 = (0, 1) ,

tou R2. Jètoume

CLB = B =

[
b11 b12 b13

b21 b22 b23

]
.

Gia to pr¸to di�nusma thc B èqoume

L(v1) = L(1, 0, −1) = (2, 1) = 2(1, 1)− (0, 1) = 2w1 − w2 ,

�ra b11 = 2, b21 = −1. Gia to deÔtero

L(v2) = L(1, 1, 1) = (1, 3) = (1, 1) + 2(0, 1) = w1 + 2w2 ,

�ra b12 = 1, b22 = 2, kai gia to trÐto

L(v3) = L(1, 0, 0) = (1, 2) = (1, 1) + (0, 1) = w1 + w2 ,

�ra b13 = 1, b23 = 1.

O pÐnakac CLB thc apeikìnishc L : R3 −→ R2 wc proc th b�sh B tou R3 kai th b�sh C
tou R2 eÐnai o pÐnakac pou èqei sth st lh j tic suntetagmènec tou dianÔsmatoc L(vj) wc

proc th b�sh C

CLB =

[
2 1 1

−1 2 1

]
.

ParathroÔme oti gia na upologÐsoume th st lh j tou pÐnaka CLB lÔnoume thn exÐswsh

Cx = L(vj) ,

ìpou C eÐnai o pÐnakac me st lec ta dianÔsmata thc b�shc C.
Kat�llhlh epilog  twn b�sewn stouc dianusmatikoÔc q¸rouc V kai W mporeÐ na aplo-

poi sei th morf  tou pÐnaka CLB, kai na bohj sei sthn epÐlush sugkekrimènwn problhm�twn.

Gia par�deigma, mporeÐ o pÐnakac na èqei k�poiec grammèc   k�poiec st lec Ðsec me mhdèn,   e-

�n m = n o pÐnakac mporeÐ na eÐnai trigwnikìc   diag¸nioc. Tètoia zht mata ja melet soume

sto m�jhma ��Grammik  'Algebra I��.
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T¸ra ja qrhsimopoi soume aut  thn antistoiqÐa metaxÔ grammik¸n apeikonÐsewn kai pi-

n�kwn, gia na broÔme genikèc mejìdouc upologismoÔ mÐac b�shc tou pur na   thc eikìnac

mÐac grammik c apeikìnishc metaxÔ q¸rwn peperasmènhc di�stashc.

JewroÔme dianusmatikoÔc q¸rouc V me b�sh B = {v1, . . . , vn} kai W me b�sh C =

{w1, . . . , wm} kaj¸c kai grammik  apeikìnish L : V −→ W . 'Estw A = CLB o pÐnakac thc

L wc proc tic b�seic B kai C.
UpenjumÐzoume oti gia thn apeikìnish TA : Rn −→ Rm : x 7→ Ax, èqoume:

• h eikìna imTA eÐnai o q¸roc sthl¸n tou A, R(A), kai mÐa b�sh tou imTA dÐdetai

apì tic st lec tou A pou antistoiqoÔn se st lec tou klimakwtoÔ pÐnaka U oi opoÐec

perièqoun odhgoÔc.

• o pur nac kerTA eÐnai o mhdenoq¸roc tou A, N (A), kai mÐa b�sh tou kerTA dÐdetai apì

èna pl rec sÔsthma grammik� anex�rthtwn lÔsewn thc omogenoÔc exÐswshc Ax = 0.

Pwc sqetÐzontai aut� me thn eikìna kai ton pur na thc L?

JewroÔme touc isomorfismoÔc

ιB : V −→ Rn : a1v1 + · · ·+ anvn 7→ (a1, . . . , an)

kai

ιC : W −→ Rm : b1w1 + . . .+ bmwn 7→ (b1, . . . , bm) .

Apì thn 8.1 èqoume TA = ιC ◦ L ◦ ι−1B , kai sunep¸c

L = ι−1C ◦ TA ◦ ιB .

Pìrisma 8.2 1. kerL = ι−1B (kerTA) = ι−1B (N (A)). Dhlad  to di�nusma a1v1 + · · ·+
anvn an kei ston pur na thc L e�n kai mìnon e�n (a1, . . . , an) an kei sto mhdenìqwro

tou pÐnaka A.

2. imL = ι−1C (imTA) = ι−1C (R(A)). Dhlad  b1w1 + · · ·+ bmwm an kei sthn eikìna thc

L e�n kai mìnon e�n (b1, . . . , bm) an kei sto q¸ro sthl¸n tou pÐnaka A.

�

Par�deigma 8.2 JewroÔme thn probol  P tou epipèdou sthn eujeÐa ε : 3x−2y = 0. Ja

qrhsimopoi soume kat�llhlh b�sh gia na broÔme mÐa idiaÐtera apl  morf  tou pÐnaka thc

probol c. 'Ena di�nusma dieÔjunshc thc eujeÐac ε eÐnai to (2, 3), kai B = {(2, 3), (−3, 2)}
eÐnai mÐa b�sh tou R2. ParathroÔme oti P (2, 3) = (2, 3) kai P (−3, 2) = (0, 0). 'Ara o

pÐnakac thc P wc proc th b�sh B sto pedÐo orismoÔ kai sto pedÐo tim¸n eÐnai

BPB = A =

[
1 0

0 0

]
.
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8.2 SÔnjesh apeikonÐsewn

Je¸rhma 8.3 JewroÔme dianusmatikoÔc q¸rouc V, W, Z peperasmènhc di�stashc, kai

b�seic B = {v1, . . . , vn}, C = {w1, . . . , wm} kai D = {z1, . . . , z`} antÐstoiqa. E�n L : V −→
W kai M : W −→ Z eÐnai grammikèc apeikonÐseic tìte

D(M ◦ L)B =D MC CLB .

Pio analutik�, oi pÐnakec A, B kai C,

A = (ajk) k=1,...,n
j=1,...,m

= CLB

B = (bij)j=1,...,m

i=1,...,`
= DMC

kai

C = (cik)k=1,...,n

i=1,...,`
= D(M ◦ L)B,

ikanopoioÔn th sqèsh

C = BA .

Dhlad 

cik =

m∑
j=1

bij ajk

gia k�je i = 1, . . . , ` kai k�je k = 1, . . . , n, kai

M ◦ L(vk) =
∑̀
i=1

 m∑
j=1

bij ajk

 zi .

Apìdeixh. Apì ton orismì twn A, B, C èqoume

L(vk) =

m∑
j=1

ajkwj k = 1, . . . , n

M(wj) =
∑̀
i=1

bijzi j = 1, . . . ,m

kai

M ◦ L(vk) =
∑̀
i=1

cik zi k = 1, . . . , n

All�

M ◦ L(vk) = M (L(vk))

= M

 m∑
j=1

ajk wj


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=
m∑
j=1

ajkM(wj)

=
m∑
j=1

ajk

(∑̀
i=1

bij zi

)

=
m∑
j=1

∑̀
i=1

ajk bij zi

=
∑̀
i=1

 m∑
j=1

bij ajk

 zi .

Apì th monadikìthta twn suntelest¸n èqoume

cik =
m∑
j=1

bij ajk ,

kai sunep¸c C = BA.

�

Pìrisma 8.4 E�n L : V −→ W eÐnai isomorfismìc, kai A = CLB, tìte o pÐnakac thc

L−1, wc proc tic Ðdiec b�seic, eÐnai o A−1,

B(L−1)C = ( CLB)−1 .

Apìdeixh. E�n B = B(L−1)C , tìte BA eÐnai o pÐnakac thc apeikìnishc L−1 ◦ L = IV ,

�ra BA = I, kai B = A−1.

�

8.3 Allag  b�shc

'Opwc eÐdame sthn Par�grafo 8.1, o pÐnakac thc apeikìnishc L : V −→ W exart�tai apì

thn epilog  thc b�shc twn dianusmatik¸n q¸rwn V kai W . T¸ra ja exet�soume p¸c

metab�llontai oi suntetagmènec twn dianusm�twn kai o pÐnakac thc L ìtan all�xoume tic

b�seic twn q¸rwn V kai W .

JewroÔme to dianusmatikì q¸ro peperasmènhc di�stashc V , kai dÔo diaforetikèc b�seic

tou V ,

B = {v1, . . . , vn}

kai

B′ = {x1, . . . , xn} .

Jèloume na prosdiorÐsoume th sqèsh an�mesa stic suntetagmènec enìc dianÔsmatoc w ∈ V
wc proc th b�sh B kai tic suntetagmènec tou w wc proc th b�sh B′. MporoÔme na gr�youme

to w wc grammikì sunduasmì twn stoiqeÐwn thc b�shc B

w = a1v1 + · · ·+ anvn ,
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all� kai wc grammikì sunduasmì twn stoiqeÐwn thc b�shc B′

w = c1x1 + · · ·+ cnxn .

To di�nusma suntetagmènwn tou w wc proc th b�sh B eÐnai

wB = (a1, . . . , an)

en¸ to di�nusma suntetagmènwn tou w wc proc th b�sh B′ eÐnai

wB′ = (c1, . . . , cn) .

JewroÔme ton pÐnaka B pou parist�nei thn tautotik  apeikìnish IV wc proc tic b�seic

B′ sto pedÐo orismoÔ kai B sto pedÐo tim¸n:

B = (bij) i=1,...,n
j=1,...,n

= B(IV )B′ .

Oi ìroi bij prosdiorÐzontai apì tic sqèseic, gia k�je j = 1, . . . , n

xj = IV (xj) = b1j v1 + · · ·+ bnj vn . (8.3)

Dhlad  o pÐnakac B èqei sth j st lh to di�nusma suntetagmènwn tou xj ∈ B′ wc proc th

b�sh B.
Jèloume na upologÐsoume ta cj sunart sei twn ai kai twn bij . 'Eqoume

w =
n∑
j=1

cj xj

=
n∑
j=1

cj

(
n∑
i=1

bij vi

)

=

n∑
i=1

 n∑
j=1

bij cj

 vi .

All� apì th monadikìthta twn suntetagmènwn èqoume

ai =

n∑
j=1

bij cj , (8.4)

dhlad  
a1
...

an

 =


b11 · · · b1n
...

. . .
...

bn1 · · · bnn



c1
...

cn

 .
'Ara to di�nusma suntetagmènwn c tou w wc proc th b�sh B′ = {x1, . . . , xn} eÐnai lÔsh thc

exÐswshc

Bc = a (8.5)
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ìpou a eÐnai to di�nusma suntetagmènwn tou w wc proc th b�sh B = {v1, . . . , vn}. Qrhsi-

mopoi¸ntac to sumbolismì thc prohgoÔmenhc paragr�fou h 8.5 gÐnetai

B(IV )B′ wB′ = wB

Ja onom�soume ton pÐnaka B = B(IV )B′ , oi sunist¸sec tou opoÐou dÐdontai apì thn 8.3,

pÐnaka met�bashc apì th b�sh B′ sth b�sh B, orologÐa pou sumfwneÐ me aut n

pou qrhsimopoi same sto m�jhma EpÐpedo kai Q¸roc.

O pÐnakac B eÐnai antistrèyimoc, kai o antÐstrofoc

B−1 = B′(IV )B

eÐnai o pÐnakac met�bashc apì th b�sh B sth b�sh B′.
Apì thn 8.5 blèpoume oti to di�nusma suntetagmènwn tou v wc proc th b�sh B′ eÐnai

c = B−1a .

Sun jwc eÐnai upologistik� protimìtero na broÔme to c lÔnontac thn exÐswsh 8.5 qrhsimo-

poi¸ntac apaloif  Gauss, par� na upologÐsoume ton antÐstrofo pÐnaka B−1.

Par�deigma 8.3

To epìmeno prìblhma pou ja exet�soume eÐnai h epÐptwsh allag c b�sewn ston pÐnaka

pou parist�nei mÐa grammik  apeikìnish metaxÔ dianusmatik¸n q¸rwn peperasmènhc di�sta-

shc.

JewroÔme dianusmatikoÔc q¸rouc V kai W , kai b�seic B = {v1, . . . , vn} kai B′ =

{x1, . . . , xn} tou V , kai C = {w1, . . . , wm} kai C′ = {y1, . . . , ym} tou W .

O pÐnakac met�bashc apì th b�sh B′ sth b�sh B tou V eÐnai

B = B(IV )B′ = (bij)

kai o pÐnakac met�bashc apì th b�sh C′ sth b�sh C tou W eÐnai

C = C(IW )C′ = (ck`) .

Gia k�je j = 1, . . . , n èqoume

xj =

n∑
i=1

bij vi (8.6)

kai gia k�je ` = 1, . . . ,m èqoume

y` =

m∑
k=1

ck`wk . (8.7)

JewroÔme grammik  apeikìnish L : V −→ W , ton pÐnaka A thc apeikìnishc L wc proc

tic b�seic B kai C,
A = CLB = (aki)k=1,...,m

i=1,...,n
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kai ton pÐnaka D thc apeikìnishc L wc proc tic b�seic B′ kai C′,

D = C′LB′ = (d`j)`=1,...,m
j=1,...,n

.

Apì ton orismì twn A kai C, gia k�je i = 1, . . . , n isqÔei

L(vi) =

m∑
k=1

akiwk (8.8)

kai gia k�je j = 1, . . . , n isqÔei

L(xj) =

m∑
`=1

d`j y` . (8.9)

Jèloume na ekfr�soume ton D sunart sei twn A, B kai C.

Efarmìzoume thn apeikìnish L sthn (8.6)kai antikajistoÔme to L(vj) apì thn (8.8):

L(xj) = L

(
n∑
i=1

bij vj

)

=

n∑
i=1

bij L(vj)

=
n∑
i=1

bij

(
m∑
k=1

akiwk

)

=
m∑
k=1

(
n∑
i=1

aki bij

)
wk . (8.10)

Ex �llou, sthn (8.9) antikajistoÔme to yl apì thn (8.7):

L(xj) =
m∑
`=1

d`j y`

=

m∑
`=1

d`j

(
m∑
k=1

ck`wk

)

=

m∑
k=1

(
m∑
`=1

ck` d`j

)
wk . (8.11)

SugkrÐnontac tic 8.10 kai 8.11 èqoume, apì th monadikìthta twn suntetagmènwn, gia k�je

j = 1, . . . , n kai k = 1, . . . ,m,

n∑
i=1

aki bij =

m∑
`=1

ck` d`j ,

dhlad 

AB = CD .
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SumperaÐnoume oti

D = C−1AB , (8.12)

 , me to sumbolismì thc prohgoÔmenhc paragr�fou,

C′LB′ = C′(IW )C CLB B(IV )B′ . (8.13)

Par�deigma 8.4

Par�deigma 8.5

'Askhsh 8.1 Jewr ste to sÔnoloM(m, n, R) twn m× n pin�kwn me ìrouc sto

s¸ma R.

1. DeÐxte otiM(m, n, R) eÐnai dianusmatikìc q¸roc p�nw apì to R.

2. E�n A ∈ M(n, `, R) deÐxte oti h apeikìnish M(m, n, R) −→ M(m, `, R) :

B 7→ BA eÐnai grammik .

'Askhsh 8.2 Jewr ste ton pÐnaka me stoiqeÐa sto Z3 = {0, 1, 2},

A =

[
1 0 1

2 1 1

]
.

Fèrete to pÐnaka A se klimakwt  morf , kai breÐte tic lÔseic (sto (Z3)
3) tou su-

st matoc

Au =

[
2

0

]
.

'Askhsh 8.3 BreÐte ton pÐnaka thc apeikìnishc L(x, y, z) = (x+y, 3y, x+2y−4z)

wc proc thn kanonik  b�sh tou R3. EpalhjeÔste ton pÐnaka pou br kate upologÐ-

zontac to di�nusma L(−1, 5, 2).

'Askhsh 8.4 DÐdetai h grammik  apeikìnish L : R3 −→ R4 ,

L(x1, x2, x3) = (x1, x1 + x2 − x3, 3x1 − 5x2, 4x2 − 2x3)

ProsdiorÐste ton pÐnaka A thc L wc proc tic kanonikèc b�seic twn R3, R4. BreÐte

thn t�xh tou A, kai mia b�sh thc eikìnac thc L.

'Askhsh 8.5 BreÐte ton pÐnaka tou telest  parag¸gishc D, pou apeikonÐzei to

polu¸numo p(x) sthn par�gwgì tou Dp(x), wc proc th b�sh {2x2, x, −1} tou R[x]2.

EpalhjeÔste ton pÐnaka pou br kate upologÐzontac to polu¸numo D(3x2− 2x+ 4).
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'Askhsh 8.6 JewroÔme dianusmatikoÔc q¸rouc U kai V , peperasmènhc di�stashc,

kai upìqwro X tou U, dimX < dimU . Kataskeu�ste mÐa grammik  apeikìnish

L : U −→ V , me kerL = X.

'Askhsh 8.7 BreÐte èna omogenèc sÔsthma tri¸n exis¸sewn me treÐc agn¸stouc,

kai pragmatikoÔc suntelestèc, tou opoÐou oi lÔseic eÐnai dianÔsmata thc morf c

(λ, λ, λ), λ ∈ R.

'Askhsh 8.8 Sto dianusmatikì q¸ro V = R[x]3, jewroÔme tic grammikèc apeiko-

nÐseic L : p(x) 7→ q(x) = p(x+ 1) kai M : p(x) 7→ r(x) = p(x− 1). Gia k�je λ ∈ R,
orÐzoume Qλ : V −→ V me Qλ = L+λM . Melet ste thn t�xh tou Qλ wc sun�rthsh

tou λ ∈ R.

'Askhsh 8.9 Jewr ste to dianusmatikì q¸ro ìlwn twn 2 × 2 pin�kwn, kai th

grammik  apeikìnish L : M(2, C) −→ M(2, C) pou orÐzetai L(X) = PX, ìpou

P =

[
1 1

1 1

]
. BreÐte ton 4 × 4 pÐnaka thc L wc proc thn akìloujh b�sh tou

M(2, C) {[
1 0

0 0

]
,

[
0 1

0 0

]
,

[
0 0

1 0

]
,

[
0 0

0 1

]}
.

'Askhsh 8.10 JewroÔme thn apeikìnish L :M(2, R) −→M(2, R)

L :

[
a b

c d

]
7→

[
a− d −b− c
b+ c d− a

]
.

1. DeÐxte oti h L eÐnai grammik  apeikìnish, kai breÐte ton pÐnaka thc L wc proc

thn b�sh

E2, 2 =

{[
1 0

0 0

]
,

[
0 1

0 0

]
,

[
0 0

1 0

]
,

[
0 0

0 1

]}

2. BreÐte b�seic twn kerL, imL kai kerL ∩ imL.
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'Askhsh 8.11 E�n σ eÐnai mia met�jesh tou sunìlou {1, 2, . . . , n}, (dhlad  mÐa

amfimonos manth apeikìnish apì to sÔnolo ston eautì tou) orÐzoume ton n × n

pÐnaka Aσ = (aij) me

aij =

{
1 e�n i = σ(j)

0 e�n i 6= σ(j).

1. BreÐte touc 3× 3 pÐnakec pou antistoiqoÔn stic 6 diaforetikèc metajèseic tou

{1, 2, 3}

2. DeÐxte oti e�n τ eÐnai epÐshc met�jesh tou {1, 2, . . . , n}, tìte

Aσ◦τ = AσAτ .

'Askhsh 8.12 O pÐnakac mÐac grammik c apeikìnishc wc proc k�poia b�sh, exart�-

tai apì th di�taxh twn stoiqeÐwn thc b�shc. TÐ sumbaÐnei ston pÐnaka mÐac grammik c

apeikìnishc L : V −→ V , wc proc th b�sh B, ìtan metatejoÔn ta stoiqeÐa thc B?
Elègxte paradeÐgmata dÔo   tri¸n diast�sewn, kai katìpin diatup¸ste mÐa eikasÐa,

kai apodeÐxte thn.

'Askhsh 8.13 JewroÔme touc dianusmatikoÔc q¸rouc R3 kai R4 me tic kanonikèc

b�seic E3 = {e31, e32, e33} kai E4 = {e41, e42, e43, e44}.

1. E�n L : R3 −→ R4 eÐnai h grammik  apeikìnish me pÐnaka wc proc tic kanonikèc

b�seic

A =


1 2 3

2 4 6

−1 4 1

2 −8 −2

 ,
breÐte ton pur na kai thn eikìna thc L.

2. DeÐxte oti to sÔnolo B = {v1, v2, v3}, me

v1 = e31 + e32 − 2e33 , v2 = e31 + e32 + 2e33 , v3 = −e31 + e32

apoteleÐ b�sh tou R3. E�n M : R3 −→ R4 eÐnai h grammik  apeikìnish me

pÐnaka wc proc tic b�seic B kai E4 ton A, breÐte ton pur na kai thn eikìna thc

M , kai epalhjeÔsate oti L 6= M .
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'Askhsh 8.14 R[x]k eÐnai o q¸roc twn poluwnÔmwn bajmoÔ mikrìterou   Ðsou me

k, kai L : R[x]2 −→ R[x]1 eÐnai h grammik  apeikìnish

L(ax2 + bx+ c) = ax+ c

1. BreÐte ton pÐnaka thc L wc proc tic kanonikèc b�seic B2 = {1, x, x2} tou R[x]2

kai B1 = {1, x} tou R[x]1.

2. BreÐte touc pÐnakec met�bashc gia tic b�seic B′2 = {1, x, x2 +x} tou R[x]2 kai

B′1 = {1, x − 1} tou R[x]1, kai qrhsimopoi ste touc gia na upologÐsete ton

pÐnaka thc L wc proc tic b�seic B′2 kai B′1.

'Askhsh 8.15 ApodeÐxte oti to sÔnolo {1 + x, x + x2, . . . , xn−1 + xn, xn} eÐnai
mÐa b�sh tou dianusmatikoÔ q¸rou R[x]n twn poluwnÔmwn bajmoÔ mikrìterou   Ðsou

me n.

E�n L : R[x]2 −→ R[x]3 eÐnai h apeikìnish L(p) = xp′(x) + x2p′(x) (ìpou p′(x) eÐnai

h par�gwgoc tou polu¸numou p(x)) breÐte ton pÐnaka thc L wc proc tic b�seic

1. B1 = {1, x, x2} , C1 = {1, x, x2, x3},

2. B2 = {1 + x, x+ x2, x2} , C2 = {1 + x, x+ x2, x2 + x3, x3}.

'Askhsh 8.16 DÐdetai h grammik  apeikìnish L : R2 −→ R2,

L(x, y) =

(
23

10
x+

18

5
y,

18

5
x+

1

5
y

)
kai h b�sh B = {v1, v2}, v1 = (4, 3), v2 =

(
−3

2 , 2
)
.

1. BreÐte ton pÐnaka thc L wc proc thn kanonik  b�sh tou R2.

2. Qrhsimopoi ste ton pÐnaka met�bashc apì thn kanonik  b�sh sth B, kai ton
antÐstrofo tou, gia na breÐte ton pÐnaka thc L wc proc th b�sh B.

'Askhsh 8.17 JewroÔme m× n pÐnaka A me suntelestèc sto s¸ma R, t�xewc r,
kai th grammik  apeikìnish L : Rn −→ Rm me pÐnaka A wc proc tic kanonikèc b�seic

tou Rn kai tou Rm. ApodeÐxte oti up�rqoun b�seic B tou Rn kai C tou Rm tètoiec

¸ste o pÐnakac thc L wc proc tic b�seic B kai C na eÐnai o[
Ir 01

02 03

]
,

ìpou Ir eÐnai o tautotikìc r × r pÐnakac, kai 01, 02, 03 eÐnai antÐstoiqa oi mhdenikoÐ

r × (n− r), (m− r)× r kai (m− r)× (n− r) pÐnakec.
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'Askhsh 8.18 Lème oti dÔom×n pÐnakec A kai B eÐnai isodÔnamoi e�n up�rqoun

antistrèyimoi pÐnakec P kai Q, megèjouc n× n kai m×m antÐstoiqa, tètoioi ¸ste

B = Q−1AP .

DeÐxte oti dÔo pÐnakec eÐnai isodÔnamoi e�n kai mìnon e�n èqoun thn Ðdia t�xh.

'Askhsh 8.19 DÐdontai oi dianusmatikoÐ q¸roi p�nw apì to R pou par�gontai apì

tic akmèc kai tic korufèc enìc �polug¸nou�: C1 me b�sh {α, β, γ, δ, ε} kai C0 me

b�sh {A, B, C, D}.
JewroÔme thn apeikìnish ∂ : C1 −→ C0 h opoÐa orÐzetai

∂(b1α+ b2β + b3γ + b4δ + b5ε) =

= (b4 − b1)A+ (b1 − b2 + b5)B + (b2 − b3)C + (b3 − b4 − b5)D .

Gia ton upologismì thc omologÐac eÐnai protimìtero na ekfr�soume thn ∂ wc proc

b�seic tou C1 kai tou C0 oi opoÐec na perièqoun ta dianÔsmata β + γ + ε, α+ δ − ε
kai B −A, C −B, D − C, antÐstoiqa.

1. BreÐte tic kat�llhlec b�seic gia to C1 kai to C0, kataskeu�zontac tautìqrona

touc pÐnakec met�bashc.

2. BreÐte ton pÐnaka ∂ wc proc tic arqikèc b�seic, kai lÔste to sÔsthma me touc

pÐnakec met�bashc gia na upologÐsete ton pÐnaka thc apeikìnishc ∂ wc proc tic

nèec b�seic.


