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Eisagwg 

'Ena gewmetrikì sq ma sto epÐpedo eÐnai èna sÔnolo apì shmeÐa tou epipèdou. Ta pio apl�

sq mata eÐnai ta shmeÐa kai oi eujeÐec. Ta shmeÐa kai oi eujeÐec tou eukleÐdeiou epipèdou

ikanopoioÔn k�poiec idiìthtec, ta axi¸mata tou eukleÐdeiou epipèdou, ta opoÐa diatup¸jhkan

apì ton EukleÐdh, kai se sÔgqronh majhmatik  gl¸ssa apì ton Hilbert, dec Par�rthma 1.

'Ola ta jewr mata thc eukleÐdeiac gewmetrÐac aporrèoun apì aut� ta axi¸mata.

Se autì to m�jhma ja melet soume th gewmetrÐa sqhm�twn tou epipèdou kai tou q¸rou

qrhsimopoi¸ntac tic mejìdouc thc Analutik c GewmetrÐac. Ja antistoiqÐsoume ta shmeÐa

tou epipèdou se sÔnola arijm¸n, kai ja qrhsimopoi soume algebrikèc sqèseic metaxÔ aut¸n

twn arijm¸n gia na perigr�youme ta sq mata. Arqik  ènnoia se aut  th diadikasÐa ja eÐnai

h ènnoia tou gewmetrikoÔ dianÔsmatoc.

Sta dÔo pr¸ta kef�laia twn shmei¸sewn ja exet�soume ta dianÔsmata sto epÐpedo kai

sto q¸ro, kai ja ta qrhsimopoi soume gia na melet soume eujeÐec sto epÐpedo kai epÐpeda

  eujeÐec sto q¸ro. Sta teleutaÐa kef�laia twn shmei¸sewn ja epanèljoume gia na me-

let soume kampÔlec sto epÐpedo kai epif�neiec sto q¸ro. Endi�mesa, sto kef�laio 3, ja

eisag�goume touc migadikoÔc arijmoÔc, pou apoteloÔn èna isqurì ergaleÐo gia th melèth thc

gewmetrÐac tou epipèdou. Ja exet�soume tic basikèc idiìthtec twn migadik¸n arijm¸n kai

ja touc qrhsimopoi soume gia na melet soume sq mata kai metasqhmatismoÔc tou epipèdou.

Autèc oi shmei¸seic apoteloÔn aparaÐthto sumpl rwma twn dialèxewn tou maj matoc

MEM100 Analutik  GewmetrÐa kai MigadikoÐ ArijmoÐ pou did�sketai sto Tm ma Majhma-

tik¸n kai Efarmosmènwn Majhmatik¸n tou PanepisthmÐou Kr thc.

Oi shmei¸seic k�je di�lexhc perilamb�noun Drasthriìthtec, oi opoÐec stoqeÔoun sthn

kalÔterh katanìhsh twn ennoi¸n kai twn teqnik¸n pou anafèrontai sth di�lexh. Gi� autì

eÐnai aparaÐthto o foitht c   h foit tria na afier¸nei lÐgo qrìno, to suntomìtero dunatì

met� apì k�je di�lexh, gia na diab�sei tic shmei¸seic thc di�lexhc kai na ektelèsei tic

antÐstoiqec drasthriìthtec.

Oi shmei¸seic sumplhr¸nontai apì ask seic met� tic dialèxeic kai sto tèloc k�je ke-

falaÐou. Autèc dÐdoun thn eukairÐa gia kalÔterh katanìhsh kai peraitèrw diereÔnhsh tou

perieqomènou twn dialèxewn, kaj¸c kai gia epan�lhyh prin thn perÐodo twn exet�sewn.
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Kef�laio 1

Gewmetrik� dianÔsmata sto

epÐpedo

Se autì to kef�lio orÐzoume ta gewmetrik� dianÔsmata sto epÐpedo kai tic pr�xeic metaxÔ

touc. Exet�zoume mÐa jemeli¸dh idiìthta thc eukleÐdeiac gewmetrÐac, th dunatìthta par�l-

lhlhc metafor�c, pou mac epitrèpei na orÐsoume eleÔjera dianÔsmata, anex�rthta apì k�poio

shmeÐo efarmog c. Sth sunèqeia perigr�foume p¸c h epilog  enìc sust matoc anafor�c

orÐzei mÐa amfimonos manth antistoiqÐa metaxÔ twn shmeÐwn tou epipèdou kai diatetagmènwn

zeug¸n pragmatik¸n arijm¸n. 'Etsi mporoÔme na perigr�youme gewmetrik� sq mata mèsw

sunìlwn tètoiwn zeug¸n, kai na melet soume tic idiìthtèc touc qrhsimopoi¸ntac algebrikèc

mejìdouc. Efarmìzoume aut  th diadikasÐa sth melèth eujei¸n kai �llwn sqhm�twn sto

epÐpedo.
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Di�lexh 1

Parallhlìgramma sto eukleÐdeio epÐpedo

Apì thn EukleÐdeia GewmetrÐa tou LukeÐou gnwrÐzoume oti èna parallhlìgrammo ABCD

eÐnai èna sq ma pou apoteleÐtai apì tèssera shmeÐa A, B, C, D kai ta diadoqik� eujÔgramma

tm mata AB, BC, CD kai DA, tètoia ¸ste h eujeÐa AB eÐnai par�llhlh proc thn eujeÐa

DC kai h eujeÐa BC eÐnai par�llhlh proc thn eujeÐa AD. GnwrÐzoume epÐshc oti ABCD

eÐnai parallhlìgrammo e�n kai mìnon e�n oi diag¸niec AC kai BD diqotomoÔntai.

Se autì to m�jhma ja qrhsimopoi soume wc orismì enìc parallhlogr�mmou aut  thn

idiìthta. Me autìn ton trìpo mporoÔme na jewr soume tautìqrona thn perÐptwsh pou ta

eujÔgramma tm mata AB, BC, CD kai DA brÐskontai se diaforetikèc par�llhlec eujeÐec

(gn sio parallhlìgrammo) kaj¸c kai tic ekfulismènec peript¸seic ìpou ta tèssera shmeÐa

brÐskontai sthn Ðdia eujeÐa.

Orismìc 1.1. 'Ena sq ma pou apoteleÐtai apì tèssera shmeÐa A, B, C, D kai ta tm mata

twn eujei¸n AB, BC, CD kai DA pou ta sundèoun, onom�zetai parallhlìgrammo e�n

to mèso M tou diast matoc AC sumpÐptei me to mèso tou BD, (Sq ma 1.1). Autì to

parallhlìgrammo to sumbolÐzoume ABCD. Ta eujÔgramma tm mata AB, BC, CD kai

DA eÐnai oi pleurèc tou parallhlogr�mmou ABCD, en¸ ta shmeÐa A, B, C, D eÐnai oi

korufèc tou parallhlogr�mmou ABCD.

Sq ma 1.1: Parallhlìgramma.

Ta sÔmbola ABCD, BCDA, CDAB, DABC, ADCB, DCBA, CBAD kai BADC

dhl¸noun ìla to Ðdio parallhlìgrammo, me diagwnÐouc AC kai BD. Parathr ste oti to

ABCD kai to ABDC eÐnai kai ta dÔo parallhlìgramma mìnon ìtan A = B kai C = D.
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Drasthriìthta 1.1 Shmei¸ste trÐa shmeÐa sto epÐpedo, A, B, C pou na mhn brÐ-

skontai sthn Ðdia eujeÐa. Pìsa diaforetik� parallhlìgramma mporeÐte na sqedi�sete

pou na èqoun ta shmeÐa A, B, C wc treic apì tic korufèc touc (ìqi upoqrewtik� me

aut  th seir�)? Prospaj ste na aitiolog sete thn ap�nths  sac qrhsimopoi¸ntac

ton parap�nw orismì.

Apì autìn ton orismì mporoÔme na apodeÐxoume ìlec tic gnwstèc idiìthtec twn parallh-

logr�mmwn. Ja qrhsimopoi soume qwrÐc apìdeixh to akìloujo apotèlesma.

Prìtash 1.1 E�n ta sq mata ABCD kai CDEF eÐnai parallhlìgramma, tìte paral-

lhlìgrammo eÐnai kai to sq ma ABFE.

Sq ma 1.2: Prìtash 1.1.

Ja orÐsoume epÐshc to orjog¸nio parallhlìgrammo. Autì ja mac epitrèpei na mil soume

gia eujeÐec pou tèmnontai k�jeta, prin d¸soume to genikì orismì thc gwnÐac metaxÔ dÔo

eujei¸n.

Orismìc 1.2. 'Ena parallhlìgrammo ABCD onom�zetai orjog¸nio parallhlì-

grammo e�n to m koc thc diagwnÐou AC eÐnai Ðso me to m koc thc diagwnÐou BD. Se èna

mh ekfulismèno orjog¸nio parallhlìgrammo, oi eujeÐec pou perièqoun tic pleurèc AB kai

AD lème oti eÐnai k�jetec   oti sqhmatÐzoun orj  gwnÐa.

Drasthriìthta 1.2 Pìte eÐnai èna ekfulismèno parallhlìgrammo ��orjog¸nio��

sÔmfwna me ton parap�nw orismì? MporoÔme se aut  thn perÐptwsh na mil soume

gia k�jetec eujeÐec?

Drasthriìthta 1.3 Sqedi�ste èna orjog¸nio parallhlìgrammo ABCD. EÐnai

k�poio apì ta �lla paralhllìgramma me korufèc A, B, C (ìpwc sth Drasthriìthta

1.1) orjog¸nio?
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Sq ma 1.3: Orjog¸nio parallhlìgrammo

Gewmetrik� dianÔsmata sto epÐpedo.

'Ena gewmetrikì di�nusma eÐnai èna bèloc, èna prosanatolismèno eujÔgrammo tm ma,

dhlad  èna eujÔgrammo tm ma p�nw sto opoÐo diakrÐnoume ta dÔo �kra, kai onom�zoume to

èna arq  kai to �llo pèrac, (Sq ma 1.4). JewroÔme epÐshc mhdenik� dianÔsmata, sta

opoÐa h arq  kai to pèrac sumpÐptoun. QrhsimopoioÔme gr�mmata tou latinikoÔ alfab tou

epigrammismèna me bèloc gia na sumbolÐsoume dianÔsmata: ~u, ~v, . . .

Sq ma 1.4: DianÔsmata.

Arqik� ja exet�soume gewmetrik� dianÔsmata sto epÐpedo, dhlad  bèlh pou ef�ptontai

sthn epif�neia enìc epipèdou. To shmeÐo tou epipèdou sto opoÐo brÐsketai h arq  tou dianÔ-

smatoc to onom�zoume shmeÐo efarmog c tou dianÔsmatoc. (Ta gewmetrik� dianÔsmata

onom�zontai epÐshc efarmost� dianÔsmata,   efaptìmena dianÔsmata).

E�n h arq  tou gewmetrikoÔ dianÔsmatoc ~u brÐsketai sto shmeÐo A kai to pèrac tou

brÐsketai sto shmeÐo B tou epipèdou, sumbolÐzoume enallaktik� to di�nusma me
−−→
AB. To

mhdenikì di�nusma me shmeÐo efarmog c to A, to sumbolÐzoume
−→
AA. Prosèxte oti èqoume

èna diaforetikì mhdenikì gewmetrikì di�nusma se k�je shmeÐo tou epipèdou.

E�n ~u =
−−→
AB onom�zoume mètro (  m koc) tou dianÔsmatoc ~u thn apìstash metaxÔ
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twn �krwn tou eujÔgrammou tm matoc AB. To mètro tou ~u sumbolÐzetai |~u|:

|~u| = |AB|
= apìstash apì to A sto B.

Sq ma 1.5: Forèac dianÔsmatoc.

E�n ~u den eÐnai mhdenikì di�nusma, tìte up�rqei monadik  eujeÐa p�nw sthn opoÐa brÐ-

sketai to ~u, h opoÐa onom�zetai forèac tou ~u, (Sq ma 1.5). Wc forèa enìc mhdenikoÔ

dianÔsmatoc jewroÔme opoiad pote apì tic eujeÐec pou dièrqontai apì to shmeÐo efarmog c

tou.

Sq ma 1.6: Par�llhla   suggrammik� dianÔsmata.

DÔo dianÔsmata pou èqoun to Ðdio forèa   par�llhlouc foreÐc, onom�zontai par�llhla

  suggrammik�, (Sq ma 1.6). Prosèxte oti den diakrÐnoume tic dÔo peript¸seic, kai

o ìroc suggrammik� qrhsimopoieÐtai tìso ìtan ta dianÔsmata brÐskontai sthn Ðdia eujeÐa

ìso kai ìtan brÐskontai se par�llhlec eujeÐec. ParathroÔme oti èna mhdenikì di�nusma

eÐnai par�llhlo proc opoiod pote di�nusma tou epipèdou. 'Otan dÔo dianÔsmata ~u, ~v eÐnai

par�llhla lème oti èqoun thn Ðdia dieÔjunsh kai gr�foume ~u ‖ ~v.
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Par�llhlh metafor�

MÐa shmantik  idiìthta twn gewmetrik¸n dianusm�twn sto epÐpedo eÐnai oti mporoÔme na ta

metafèroume par�llhla. H diaisjhtik  ènnoia eÐnai oti metakinoÔme to di�nusma se èna �llo

shmeÐo efarmog c, qwrÐc na to peristrèyoume.

Orismìc 1.3. JewroÔme to di�nusma ~u =
−−→
AB, kai èna shmeÐo A′ tou epipèdou, (Sq ma

1.7). Lème oti to di�nusma
−−→
A′B′ prokÔptei me par�llhlh metafor� tou

−−→
AB sto A′,

e�n to shmeÐo B′ eÐnai tètoio ¸ste ABB′A′ eÐnai parallhlìgrammo.

E�n to di�nusma
−−→
CD prokÔptei apì to di�nusma

−−→
AB me par�llhlh metafor�, lème oti ta

dianÔsmata
−−→
AB kai

−−→
CD eÐnai isodÔnama, kai gr�foume

−−→
AB ∼ −−→CD. 'Ola ta mhdenik�

dianÔsmata eÐnai isodÔnama metaxÔ touc.

Sq ma 1.7: Par�llhlh metafor� dianusm�twn.

Parathr ste oti e�n to A′ brÐsketai sto forèa tou
−−→
AB, tìte to parallhlìgrammo

ABB′A′ eÐnai ekfulismèno kai ta dianÔsmata
−−→
AB kai

−−→
A′B′ èqoun ton Ðdio forèa.

MÐa apl  all� shmantik  sunèpeia thc Prìtashc 1.1 eÐnai oti e�n dÔo dianÔsmata eÐnai

isodÔnama me èna trÐto, tìte eÐnai kai metaxÔ touc isodÔnama. Pio sugkekrimèna:

L mma 1.2 E�n to di�nusma ~u prokÔptei me par�llhlh metafor� apì to ~v, kai to ~w

prokÔptei me par�llhlh metafor� apì to ~u, tìte to ~w prokÔptei me par�llhlh metafor�

apì to ~v,

~v ∼ ~u kai ~u ∼ ~w =⇒ ~v ∼ ~w .



8 EpÐpedo kai Q¸roc

Drasthriìthta 1.4 Shmei¸ste tèssera tuqaÐa shmeÐa A, B, C, D sto epÐpedo

(lègontac �tuqaÐa� ed¸ ennooÔme oti eÐnai ìla diaforetik�, kai ta dianÔsmata pou

sqhmatÐzontai me arq  se èna apì ta 4 shmeÐa kai pèrac se èna �llo apì aut� den

eÐnai par�llhla kai èqoun ìla diaforetik� mètra).

aþ. Katagr�yte ìla (ta 16) diaforetik� dianÔsmata me �kra sta shmeÐa A, B, C,

D.

bþ. Sqedi�ste to di�nusma
−−→
AB kai to di�nusma

−−→
CE pou eÐnai isodÔnamo me to

−−→
AB.

Sqedi�ste kai to
−−→
DF ∼ −→AC.

Omìrropa dianÔsmata

'Ena mh mhdenikì di�nusma kajorÐzei mÐa for�, ènan prosanatolismì, p�nw sto forèa tou.

Sq ma 1.8: Omìrropa kai antÐrropa dianÔsmata.

Orismìc 1.4. JewroÔme dÔo mh mhdenik� par�llhla dianÔsmata, ~u =
−−→
AB, ~v =

−−→
CD kai

metafèroume par�llhla to
−−→
CD sto

−−→
AD′, (Sq ma 1.8).

aþ. E�n to shmeÐo D′ brÐsketai sthn hmieujeÐa apì to A pou perièqei to B, lème oti ta ~u

kai ~v eÐnai omìrropa,   oti èqoun thn Ðdia for�

bþ. E�n to shmeÐo D′ den brÐsketai sthn hmieujeÐa apì to A pou perièqei to B, lème oti

ta ~u kai ~v eÐnai antÐrropa,   oti èqoun antÐjeth for�

Drasthriìthta 1.5 Sqedi�ste èna (gn sio) parallhlìgrammo ABCD kai kata-

gr�yte ta 12 mh mhdenik� dianÔsmata me �kra stic korufèc tou parallhlogr�mmou.

BreÐte dÔo zeÔgh tètoiwn dianusm�twn pou eÐnai par�llhla kai omìrropa. BreÐte dÔo

zeÔgh tètoiwn dianusm�twn pou eÐnai par�llhla kai antÐrropa.
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Pr�xeic me dianÔsmata

Se aut n kai tic epìmenec paragr�fouc ja doÔme p¸c mporoÔme na orÐsoume pr�xeic me

dianÔsmata. O kanìnac tou parallhlìgrammou gia th sÔnjesh dÔo kin sewn   dÔo dun�mewn

eÐnai gnwstìc apì thn arqaiìthta. DÐdei mia qr simh pr�xh sto sÔnolo twn gewmetrik¸n

dianusm�twn me to Ðdio shmeÐo efarmog c.

Arqik� ja orÐsoume tic pr�xeic mìno gia dianÔsmata me to Ðdio shmeÐo efarmog c, (pro-

sjètoume �omoeid � antikeÐmena), en¸ argìtera ja doÔme p¸c na apotin�xoume autìn ton

periorismì. JewroÔme loipìn èna shmeÐo O tou epipèdou, kai periorizìmaste se gewmetrik�

dianÔsmata me shmeÐo efarmog c to O.

Sq ma 1.9: 'Ajroisma dianusm�twn.

Orismìc 1.5. E�n ~u =
−→
OA kai ~v =

−−→
OB eÐnai dianÔsmata me shmeÐo efarmog c to O,

orÐzoume to �jroisma ~u + ~v na eÐnai to gewmetrikì di�nusma me arq  sto O kai pèrac

sto shmeÐo C gia to opoÐo OACB eÐnai parallhlìgrammo, (Sq ma 1.9).

E�n ~u =
−→
OA kai ~v =

−−→
OB eÐnai suggrammik�, tìte to shmeÐo C gia to opoÐo ~u+~v =

−−→
OC,

prosdiorÐzetai kai apì tic sqèseic |AC| = |OB| kai |BC| = |OA|.
Drasthriìthta 1.6 Sqedi�ste trÐa shmeÐa A, B, C pou den brÐskontai sthn Ðdia

eujeÐa, kai jewr ste D, D′, . . . tic korufèc twn parallhlogr�mmwn pou br kate

sth Drasthriìthta 1.1. Gia k�je èna apì aut� ta parallhlìgramma gr�yte to

�jroisma twn dÔo dianusm�twn pou antistoiqoÔn stic pleurèc tou parallhlogr�mmou

pou èqoun koin  arq  sto shmeÐo A. Gia par�deigma, e�n ABCD eÐnai èna apì ta

parallhlìgramma, to antÐstoiqo �jroisma eÐnai
−−→
AB +

−−→
AD =

−→
AC.

ParathroÔme oti to �jroisma ~u+ ~u èqei to Ðdio shmeÐo efarmog c kai thn Ðdia for� me to

~u, all� dipl�sio m koc. MporoÔme na genikeÔsoume aut  thn ènnoia tou pollaplasÐou, me

trìpo pou na eÐnai sumbatìc me thn pr�xh thc prìsjeshc.
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Orismìc 1.6. E�n ~u =
−→
OA kai a eÐnai pragmatikìc arijmìc, a ∈ R, orÐzoume to

pollapl�sio a~u na eÐnai to di�nusma me shmeÐo efarmog c O, m koc |a| |~u| kai ton Ðdio

forèa me to ~u, (|a| eÐnai h apìluth tim  tou a). H for� tou a~u eÐnai h Ðdia me aut n tou ~u

e�n a > 0, kai h antÐjeth e�n a < 0.

Drasthriìthta 1.7 Shmei¸ste trÐa shmeÐa A, B, C pou den brÐskontai sthn

Ðdia eujeÐa, kai sqedi�ste ta dianÔsmata

aþ)
−−→
AB +

−→
AC, bþ) 2

−−→
AB, gþ)

−−→
AB + (−−→AC),

dþ)
−→
AC + (−−−→AB), eþ) 2

−−→
AB +

−→
AC, �þ) 2

−→
AC + (−1

−−→
AB) .

H akìloujh prìtash sunoyÐzei tic basikèc idiìthtec twn pr�xewn pou orÐsame.

Prìtash 1.3 JewroÔme ta gewmetrik� dianÔsmata ~u, ~v, ~w me shmeÐo efarmog c to O,

kai touc arijmoÔc a, b ∈ R. Tìte isqÔoun ta akìlouja:

aþ. ~u+ ~v = ~v + ~u

bþ. (~u+ ~v) + ~w = ~u+ (~v + ~w)

gþ. ~u+
−−→
OO = ~u

dþ. 1 ~u = ~u kai 0 ~u =
−−→
OO

eþ. (ab) ~u = a (b ~u)

�þ. (a+ b) ~u = a~u+ b ~u

zþ. a (~u+ ~v) = a~u+ a~v

Apìdeixh. H apìdeixh twn perissotèrwn idiot twn eÐnai apl . Ja d¸soume mìno thn

apìdeixh thc prosetairistik c idiìthtac. E�n ~u =
−→
OA, ~v =

−−→
OB kai ~w =

−−→
OC, tìte D, E,

Z1 kai Z2 eÐnai ta shmeÐa pou prosdiorÐzontai apì tic akìloujec isìthtec, (Sq ma 1.10):

−→
OA+

−−→
OB =

−−→
OD

−−→
OD +

−−→
OC =

−→
OZ1

−−→
OB +

−−→
OC =

−−→
OE

−→
OA+

−−→
OE =

−→
OZ2

kai èqoume

(~u+ ~v) + ~w =
−→
OZ1, kai ~u+ (~v + ~w) =

−→
OZ2 .

To shmeÐo Z2 qarakthrÐzetai apì thn idiìthta oti to tetr�pleuro OAZ2E eÐnai parallh-

lìgrammo. Sunep¸c gia na deÐxoume oti
−→
OZ1 =

−→
OZ2, arkeÐ na deÐxoume oti OAZ1E eÐnai

epÐshc parallhlìgrammo, dhlad  na deÐxoume oti to mèso tou OZ1 sumpÐptei me to mèso tou

AE. All� ODZ1C eÐnai parallhlìgrammo, apì ton orismì tou Z1, �ra to mèso tou OZ1

sumpÐptei me to mèso tou CD. 'ArkeÐ loipìn na deÐxoume oti to mèso tou CD sumpÐptei me

to mèso tou AE, dhlad  oti ACED eÐnai parallhlìgrammo. All� OCEB kai OBDA eÐnai

parallhlìgramma, apì ton orismì twn E kai D antÐstoiqa. Sunep¸c, apì thn Prìtash 1.1,
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Sq ma 1.10: H prosetairistik  idiìthta.

ACED eÐnai epÐshc parallhlìgrammo.

�

To di�nusma (−1)~u ikanopoieÐ th sqèsh ~u+ (−1)~u =
−−→
OO. Onom�zetai antÐjeto tou ~u,

kai sumbolÐzetai −~u. QrhsimopoioÔme epÐshc to sumbolismì thc afaÐreshc, ~v−~u = ~v+(−~u).

Drasthriìthta 1.8 Shmei¸ste trÐa shmeÐa A, B, C pou den brÐskontai sthn

Ðdia eujeÐa, kai sqedi�ste ta dianÔsmata

aþ)
−−→
AB − 2

−→
AC, bþ)

−→
AC + (2

−−→
AB −−→AC), gþ) 3

−→
AC − 2

−−→
AB .

E�n metafèroume par�llhla dÔo gewmetrik� dianÔsmata me koin  arq , tìte to paral-

lhlìgrammo pou sqhmatÐzoun metafèretai sto nèo shmeÐo efarmog c, kai to �jroism� touc,

pou prokÔptei apì ton kanìna tou parallhlogr�mmou, metafèretai epÐshc par�llhla, ìpwc

elègqoume sthn akìloujh Drasthriìthta.

Drasthriìthta 1.9 Shmei¸ste 4 shmeÐa O, A, B, C kai sqedi�ste ta dianÔsma-

ta
−−→
AB,

−→
AC kai to �jroisma

−−→
AD =

−−→
AB+

−→
AC. Metafèrete par�llhla ta dianÔsmata

−−→
AB kai

−→
AC sto shmeÐo O, dhlad  sqedi�ste ta dianÔsmata

−−→
OB′ kai

−−→
OC ′ ta opoÐa

eÐnai isodÔnama proc ta
−−→
AB kai

−→
AC antÐstoiqa, (ja prèpei na sqhmatÐzontai paral-

lhlìgramma ABB′O kai ACC ′O). Sqedi�ste to �jroisma
−−→
OD′ =

−−→
OB′ +

−−→
OC ′ kai

elègxte oti autì eÐnai isodÔnamo me to
−−→
AD.

Ja diatup¸soume aut  thn parat rhsh sto epìmeno L mma.
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L mma 1.4 H par�llhlh metafor� eÐnai sumbat  me tic pr�xeic thc prìsjeshc dianusm�-

twn, kai tou pollaplasiasmoÔ dianÔsmatoc me arijmì. Pio sugkekrimèna, e�n
−−→
AB ∼

−−→
A′B′

kai
−→
AC ∼

−−→
A′C ′, tìte

−−→
A′B′ +

−−→
A′C ′ ∼ −−→AB +

−→
AC

kai gia k�je a ∈ R,
a
−−→
A′B′ ∼ a−−→AB.

Sq ma 1.11: Prìsjesh kai par�llhlh metafor�

Apìdeixh. Gia thn prìsjesh, (Sq ma 1.11), arkeÐ na deÐxoume oti e�n ABB′A′, ACC ′A′,

ABDC kai A′B′D′C ′ eÐnai parallhlìgramma, tìte ADD′A′ eÐnai epÐshc parallhlìgrammo.

Efarmìzoume thn Prìtash 1.1, pr¸ta sta parallhlìgramma ABDC kai ACC ′A′, gia na

deÐxoume oti BDC ′A′ eÐnai parallhlìgrammo, katìpin sta BDC ′A′ kai A′B′D′C ′ gia na

deÐxoume oti BDD′B′ eÐnai parallhlìgrammo, kai tèloc sta BDD′B′ kai ABB′A′ gia na

deÐxoume oti ADD′A′ eÐnai parallhlìgrammo. H apìdeixh gia ton pollaplasiasmì eÐnai

an�logh.

�

Aut  h idiìthta ja mac epitrèyei na epekteÐnoume ton orismì twn pr�xewn kai metaxÔ

dianusm�twn me diaforetikì shmeÐo efarmog c, ìpwc ja doÔme sth sunèqeia.

Drasthriìthta 1.10 Shmei¸ste trÐa shmeÐa sto epÐpedo, A, B, C, kai sqedi�ste

ta dianÔsmata
−−→
AB kai

−−→
BC. Sqedi�ste to di�nusma

−−→
AC ′ pou prokÔptei me par�llhlh

metafor� tou dianÔsmatoc
−−→
BC sto A. Efarmìste ton kanìna tou parallhlogr�mmou

gia na breÐte to �jroisma
−−→
AB+

−−→
AC ′. Ti parathreÐte? MporoÔme na qrhsimopoi soume

aut  th diadikasÐa gia na orÐsoume to �jroisma dÔo dianusm�twn akìma kai ìtan den

èqoun thn Ðdia arq ?
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Di�lexh 2

EleÔjera dianÔsmata

Sthrizìmenoi sthn arq  oti ��prosjètoume omoeid  antikeÐmena��, mèqri t¸ra periorist kame

na orÐsoume tic pr�xeic se dianÔsmata me èna koinì shmeÐo efarmog c, to O. An ìmwc stic

pr¸tec t�xeic tou DhmotikoÔ problhmatÐzei h prìsjesh 2 m la + 3 portok�lia, argìtera

to prìblhma xeper�sthke, b�zontac ��m la�� kai ��portok�lia�� sthn koin  kathgorÐa ��froÔ-

ta��. K�ti an�logo ja k�noume t¸ra, ¸ste na mporoÔme na prosjètoume dianÔsmata me

diaforetik� shmeÐa efarmog c.

Ac doÔme pr¸ta k�poia fusik� probl mata sta opoÐa qrei�zetai na sunjèsoume dianÔ-

smata me diaforetik� shmeÐa efarmog c.

Par�deigma 1.1 MÐa fusik  ermhneÐa twn dianusm�twn eÐnai h metatìpish, Sq ma 1.12.

Sq ma 1.12: SÔnjesh metatopÐsewn.

To di�nusma
−−→
AB perigr�fei th metatìpish enìc antikeimènou apì to shmeÐo A sto shmeÐo

B. E�n katìpin to antikeÐmeno metatopisjeÐ apì to B sto C, ja jèlame na mporoÔme na

ekfr�soume th sunolik  metatìpish wc sÔnjesh twn metatopÐsewn
−−→
AB kai

−→
AC, dhlad  wc

to ���jroisma��
−−→
AB +

−−→
BC, all� ta dÔo dianÔsmata den èqoun koinì shmeÐo efarmog c.

Par�deigma 1.2 MÐa �llh fusik  ermhneÐa twn dianusm�twn eÐnai h taqÔthta. To di�-

Sq ma 1.13: Sqetik  taqÔthta tou A wc proc to B.
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nusma ~v me shmeÐo efarmog c A parist�nei thn taqÔthta enìc antikeimènou th stigm  pou

brÐsketai sto shmeÐo A. E�n èna �llo antikeÐmeno thn Ðdia stigm  brÐsketai sto shmeÐo B

kai kineÐtai me taqÔthta ~u, h sqetik  taqÔthta tou A wc proc to B fusiologik� dÐdetai apì

th diafor� twn taqut twn, ~v − ~u, Sq ma 1.13. P�li, qrei�zetai na sunjèsoume dianÔsmata

me diaforetik� shmeÐa efarmog c.

Par�deigma 1.3 MÐa trÐth fusik  ènnoia pou parist�netai me dianÔsmata eÐnai h dÔnamh.

H dÔnamh ~F1 dr� se èna stereì s¸ma sto shmeÐo A, en¸ h dÔnamh ~F2 dr� sto shmeÐo B.

Poiì ja eÐnai to sunolikì apotèlesma, h sunistamènh dÔnamh? Ja jèlame autì na ekfr�zetai

me k�poio trìpo apì to �jroisma twn dÔo dianusm�twn ~F1 + ~F2.

Se autèc tic peript¸seic jèloume na exet�soume dianÔsmata qwrÐc na lamb�noume up� ìyin

to akribèc shmeÐo sto opoÐo efarmìzontai. Gia na petÔqoume autì orÐzoume mÐa kainoÔrgia

ènnoia, to eleÔjero di�nusma.

Orismìc 1.7. To eleÔjero di�nusma pou antistoiqeÐ sto efarmostì gewmetrikì

di�nusma ~u =
−−→
AB eÐnai to sÔnolo ìlwn twn dianusm�twn pou eÐnai isodÔnama me to ~u,

dhlad  pou prokÔptoun apì to ~u me par�llhlh metafor�.

Proc to parìn ja sumbolÐzoume to eleÔjero di�nusma pou antistoiqeÐ sto ~u me [~u],

dhlad 

[~u] = {~z dianÔsma sto epÐpedo, tètoio ¸ste ~z ∼ ~u}.

'Etsi, to eleÔjero di�nusma pou antistoiqeÐ sto ~u eÐnai Ðso me to eleÔjero di�nusma pou

antistoiqeÐ sto ~v e�n kai mìnon e�n to ~u prokÔptei apì to ~v me par�llhlh metafor�,

[~u] = [~v] e�n kai mìnon e�n ~u ∼ ~v .

Apì to L mma 1.2 gnwrÐzoume oti e�n dÔo dianÔsmata eÐnai isodÔnama me èna trÐto, tìte eÐnai

kai metaxÔ touc isodÔnama, kai sunep¸c e�n [~u] = [~v] kai [~v] = [~w], tìte [~u] = [~w], ìpwc ja

perimèname.

Drasthriìthta 1.11 Sqedi�ste èna parallhlìgrammo ABCD. Poièc apì tic

akìloujec sqèseic eÐnai alhjeÐc gia efarmost� dianÔsmata? EÐnai h isìthta (bþ)

alhj c gia eleÔjera dianÔsmata?

aþ.
−−→
AB ∼ −−→CD , bþ.

−−→
AB =

−−→
DC , gþ.

−−→
AB ‖ −−→CD .

Pr�xeic me eleÔjera dianÔsmata

Gia na prosjèsoume eleÔjera dianÔsmata qrhsimopoioÔme antipros¸pouc twn sunìlwn,

me koinì shmeÐo efarmog c. Aut  h idèa den eÐnai tìso par�xenh ìso Ðswc faÐnetai arqik�.

To Ðdio pr�gma k�noume ìtan prosjètoume kl�smata: 'Enac rhtìc arijmìc antistoiqeÐ se èna

sÔnolo klasm�twn pou ton parist�noun, gia par�deigma ta kl�smata 1
2 ,

2
4 ,

5
10 ,

342
684 ìla pa-

rist�noun ton Ðdio rhtì arijmì. Gia na prosjèsoume 1
2 kai 1

3 qrhsimopoioÔme antipros¸pouc
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pou tairi�zoun kalÔtera, se aut  thn perÐptwsh autoÔc pou èqoun ton Ðdio paronomast ,

kai gr�foume 1
2 + 1

3 = 3
6 + 2

6 = 5
6 .

An�loga, gia na prosjèsoume ta eleÔjera dianÔsmata [~u] kai [~v] qrhsimopoioÔme anti-

pros¸pouc pou tairi�zoun kalÔtera, dhlad  pou èqoun koinì shmeÐo efarmog c.

JewroÔme ta eleÔjera dianÔsmata [~u] kai [~v]. Sto shmeÐo O èqoume
−→
OA ∼ ~u kai

−−→
OB ∼ ~v.

Prosjètoume ta efarmost� dianÔsmata,
−→
OA +

−−→
OB =

−−→
OC. OrÐzoume to �jroisma twn

eleÔjerwn dianusm�twn [~u] kai [~v] na eÐnai to eleÔjero di�nusma pou antistoiqeÐ sto
−−→
OC,

[~u] + [~v] =
[−−→
OC
]

= [~w] .

OrÐzoume to pollapl�sio tou eleÔjerou dianÔsmatoc [~u] me ton pragmatikì arijmì a na eÐnai

to eleÔjero di�nusma
[
a
−→
OA
]
,

a [~u] =
[
a
−→
OA
]

= [a~u] .

'Otan qrhsimopoioÔme antipros¸pouc gia na orÐsoume mÐa pr�xh prèpei na eÐmaste lÐgo

prosektikoÐ. Ac doÔme xan� to �jroisma twn rht¸n arijm¸n 1
2 + 1

3 . Ja mporoÔsame antÐ

gia touc antipros¸pouc 3
6 kai 2

6 na qrhsimopoi soume touc antipros¸pouc 342
684 kai 228

684 , kai

na upologÐsoume 1
2 + 1

3 = 342
684 + 228

684 = 570
684 . Gia na eÐnai logikì na orÐsoume thn prìsjesh

rht¸n arijm¸n me autì ton trìpo prèpei to telikì apotèlesma na mhn exart�tai apì touc

antipros¸pouc pou qrhsimopoi¸ gia na upologÐsw to sugkekrimèno kl�sma, dhlad  ja prèpei

na isqÔei 5
6 = 570

684 . Autì mporoÔme eÔkola na to elègxoume. Kai genikìtera, e�n ta kl�smata
p
q = p′

q′ kai
s
q = s′

q′ , tìte isqÔei
p+s
q = p′+s′

q′ . Lème oti h prìsjesh rht¸n arijm¸n eÐnai kal�

orismènh mèsw thc prìsjeshc klasm�twn me koinì paronomast .

Se pollèc peript¸seic sta Majhmatik� qrhsimopoioÔme aut  th mèjodo: orÐzoume nèa

majhmatik� antikeÐmena wc sÔnola ��isodÔnamwn�� antikeimènwn, kai orÐzoume tic pr�xeic me-

taxÔ twn nèwn antikeimènwn qrhsimopoi¸ntac antipros¸pouc apì aut� ta sÔnola. Se k�je

tètoia perÐptwsh prèpei na elègxoume oti h pr�xh pou prospajoÔme na orÐsoume eÐnai kal�

orismènh, dhlad  to telikì apotèlesma den exart�tai apì touc antipros¸pouc pou epilè-

goume. Perissìtera gia autì to z thma ja deÐte sto m�jhma ��Jemèlia twn Majhmatik¸n��.

Kai sthn perÐptwsh twn pr�xewn me eleÔjera dianÔsmata, prèpei na elègxoume oti eÐnai

kal� orismènec, dhlad  oti to eleÔjero di�nusma pou paÐrnoume wc apotèlesma den exar-

t�tai apì touc sugkekrimènouc antipros¸pouc pou epilèxame,
−→
OA kai

−−→
OB. Autì isqÔei, kai

h epal jeush basÐzetai stic idiìthtec thc par�llhlhc metafor�c. Ac doÔme thn perÐptwsh

tou ajroÐsmatoc.

E�n epilèxoume antipros¸pouc me èna �llo shmeÐo efarmog c,
−−→
O′A′ kai

−−−→
O′B′, tìte

−→
OA ∼

−−→
O′A′ kai

−−→
OB ∼

−−−→
O′B′, kai apì to L mma 1.4,

−→
OA +

−−→
OB ∼

−−→
O′A′ +

−−−→
O′B′. 'Ara to

eleÔjero di�nusma [~u] + [~v] den exart�tai apì thn epilog  tou shmeÐou efarmog c. An�loga

apodeiknÔoume oti o pollaplasiasmìc me arijmì eÐnai kal� orismènoc.
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Sth sunèqeia ja jewroÔme ìla ta dianÔsmata pou qrhsimopoioÔme wc eleÔjera dianÔ-

smata, ektìc e�n anafèretai rht� to antÐjeto. Gia na aplopoi soume to sumbolismì, kai na

akolouj soume th sun jh majhmatik  praktik , ja paraleÐpoume tic agkÔlec [ ], kai ja

sumbolÐzoume me ~u  
−−→
AB to eleÔjero di�nusma   opoiod pote gewmetrikì di�nusma isodÔ-

namo me to ~u   to
−−→
AB.

Par�deigma 1.4 Sqedi�zoume trÐa shmeÐa A, B, C kai ta dianÔsmata
−−→
AB,

−→
AC,

−−→
BC,

Sq ma 1.14. H diafor�
−→
AC −−−→AB =

−→
AC +

−−→
AB′ eÐnai to di�nusma

−−→
AD. All� afoÔ CDB′A

eÐnai parallhlìgrammo kai B′ABA eÐnai (ekfulismèno) parallhìgrammo, apì thn Prìtash

1.1, CDAB eÐnai epÐshc parallhlìgrammo. 'Ara ta dianÔsmata
−−→
BC kai

−−→
AD eÐnai isodÔnama.

SumperaÐnoume oti, wc eleÔjera dianÔsmata,

−−→
BC =

−→
AC −−−→AB .

Aut  h sqèsh mac epitrèpei na ekfr�zoume opoiod pote di�nusma ~u wc diafor� dÔo dianu-

sm�twn me koin  arq , kai pèrata to pèrac kai thn arq  tou ~u antÐstoiqa.

Sq ma 1.14: To di�nusma ~BC wc diafor� twn ~AC kai ~AB.

Drasthriìthta 1.12 Shmei¸ste ta shmeÐa A, B, C, D stic korufèc enìc tetra-

g¸nou, kai to O sto kèntro tou tetrag¸nou. E�n ~u =
−→
OA kai ~w =

−−→
OB, ekfr�ste

ta
−−→
OC,

−−→
OD,

−−→
AB,

−−→
BC kai

−−→
BD wc ajroÐsmata   diaforèc twn ~u kai ~w.

GrammikoÐ sunduasmoÐ, grammik  anexarthsÐa

EÐnai endiafèron na doÔme poia dianÔsmata mporoÔme na p�roume ìtan efarmìsoume tic pr�-

xeic pou èqoume orÐsei se èna dedomèno sÔnolo dianusm�twn.

E�n èqoume èna di�nusma, efarmìzontac ton pollaplasiasmì me arijmì paÐrnoume upo-

qrewtik� dianÔsmata suggrammik� me to dojèn. To epìmeno apotèlesma deÐqnei oti me autìn

ton trìpo paÐrnoume ìla ta suggrammik� dianÔsmata.
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Prìtash 1.5 E�n ~u =
−→
OA kai ~v =

−−→
OB eÐnai suggrammik� dianÔsmata, kai ~u den eÐnai

mhdenikì di�nusma, tìte up�rqei pragmatikìc arijmìc a ∈ R tètoioc ¸ste

~v = a~u .

Apìdeixh. AfoÔ ta dianÔsmata ~u, ~v eÐnai suggrammik�, ta shmeÐa O, A, B brÐskontai

sthn Ðdia eujeÐa, kai afoÔ ~u den eÐnai mhdenikì, |OA| 6= 0. 'Estw a o lìgoc twn mhk¸n twn ~v

kai ~u, a = |OB|
|OA| . Tìte, e�n ~u kai ~v eÐnai omìrropa, ~v = a~u, en¸ e�n ~u kai ~v eÐnai antÐrropa,

~v = −a~u.
�

E�n èqoume dÔo suggrammik� dianÔsmata ~u kai ~v, apì thn Prìtash 1.5, ~v = a~u kai

~u+ ~v = (1 + a) ~u. Sunep¸c ìla ta dianÔsmata pou paÐrnoume efarmìzontac tic pr�xeic thc

prìsjeshc kai tou pollaplasiasmoÔ me arijmì eÐnai epÐshc suggrammik�.

E�n èqoume dÔo dianÔsmata ~u kai ~v ta opoÐa den eÐnai suggrammik�, tìte èqoume perissì-

terec dunatìthtec, (Sq ma 1.15). Ja deÐxoume oti mporoÔme na p�roume k�je di�nusma tou

epipèdou efarmìzontac tic pr�xeic sta ~u kai ~v.

Sq ma 1.15: GrammikoÐ sunduasmoÐ dianusm�twn.

Prìtash 1.6 E�n ta dianÔsmata ~u =
−→
OA kai ~v =

−−→
OB den eÐnai suggrammik�, tìte gia

k�je di�nusma ~w tou epipèdou, me arq  sto O, ~w =
−−→
OC, up�rqoun pragmatikoÐ arijmoÐ

a, b ∈ R tètoioi ¸ste

~w = a~u+ b~v .

Apìdeixh. AfoÔ ta dianÔsmata ~u, ~v den eÐnai suggrammik�, ta shmeÐa O, A, B den

brÐskontai sthn Ðdia eujeÐa. Apì to �kro C tou ~w, fèroume par�llhlo proc thn OB,

(Sq ma 1.16), kai aut  tèmnei thn eujeÐa OA sto A′. To di�nusma
−−→
OA′ eÐnai suggrammikì
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Sq ma 1.16: An�lush dianÔsmatoc se grammikì sunduasmì.

me to ~u, kai apì thn Prìtash 1.5,
−−→
OA′ = a~u gia k�poio a ∈ R. Parìmoia, fèroume apì to

C par�llhlo proc thn OA, h opoÐa tèmnei thn OB sto B′, kai
−−→
OB′ = b~v gia k�poio b ∈ R.

Apì thn kataskeu , to tetr�pleuro OA′CB′ eÐnai parallhlìgrammo, kai sunep¸c

~w =
−−→
OC =

−−→
OA′ +

−−→
OB′

= a~u+ b~v .

�

Orismìc 1.8. E�n ~u1, ~u2, . . . , ~un eÐnai dianÔsmata, me arq  sto O, onom�zoume gram-

mikì sunduasmì twn ~u1, ~u2, . . . , ~un k�je èkfrash thc morf c

a1~u1 + a2~u2 + . . .+ an~un

ìpou a1, a2, . . . , an eÐnai pragmatikoÐ arijmoÐ.

'Ena di�nusma ekfr�zetai wc grammikìc sunduasmìc twn ~u1, ~u2, . . . , ~un e�n mporoÔme

na to kataskeu�soume efarmìzontac tic pr�xeic thc prìsjeshc kai tou pollaplasiasmoÔ

me arijmì sta dianÔsmata ~u1, ~u2, . . . , ~un. Sthn Prìtash 1.6 deÐxame oti k�je di�nusma tou

epipèdou ekfr�zetai wc grammikìc sunduasmìc dÔo dojèntwn mh suggrammik¸n dianusm�twn.

'Otan exet�zoume mia sullog  dianusm�twn, suqn� mac endiafèrei na gnwrÐzoume e�n

k�poio apì ta dianÔsmata mporeÐ na ekfrasteÐ wc grammikìc sunduasmìc twn upoloÐpwn.

E�n sumbaÐnei autì, jewroÔme oti h sullog  perièqei, me k�poia ènnoia, peritt� stoiqeÐa.

Aut  thn ènnoia apotup¸nei o akìloujoc orismìc.
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Orismìc 1.9. Lème oti ta dianÔsmata ~u1, ~u2, . . . , ~un, eÐnai grammik� exarthmèna

e�n k�poio apì aut� mporeÐ na ekfrasteÐ wc grammikìc sunduasmìc twn upoloÐpwn, dhlad 

e�n up�rqei k�poio i, 1 ≤ i ≤ n, kai pragmatikoÐ arijmoÐ a1, . . . , ai−1, ai+1, . . . , an tètoioi

¸ste

~ui = ai~u1 + . . .+ ai−1~ui−1 + ai+1~ui+1 + . . .+ an~un

E�n ta dianÔsmata ~u1, ~u2, . . . , ~un den eÐnai grammik� exarthmèna, lème oti eÐnai grammik�

anex�rthta.

Oi parap�nw orismoÐ èqoun nìhma mìnon ìtan èqoume perissìtera apì èna dianÔsmata sth

sullog . Sumplhr¸noume ton orismì gia thn perÐptwsh enìc dianÔsmatoc, lègontac oti to

di�nusma ~u1 eÐnai grammik� exarthmèno e�n eÐnai mhdenikì, kai grammik� anex�rthto e�n den

eÐnai mhdenikì.

Oi Prot�seic 1.5 kai 1.6 deÐqnoun oti k�je sullog  pou perièqei dÔo suggrammik� dia-

nÔsmata eÐnai grammik� exarthmènh, kai k�je sullog  pou perièqei perissìtera apì dÔo

dianÔsmata sto epÐpedo eÐnai grammik� exarthmènh.

ParathroÔme oti dÔo mh suggrammik� dianÔsmata sto epÐpedo eÐnai grammik� anex�rthta,

kai k�je �llo di�nusma tou epipèdou mporeÐ na ekfrasteÐ wc grammikìc sunduasmìc twn

dÔo dianusm�twn. 'Ena zeÔgoc dianusm�twn me autèc tic idiìthtec onom�zetai b�sh twn

dianusm�twn tou epipèdou.

Drasthriìthta 1.13 Shmei¸ste ta shmeÐa A, B, C, D, E, F stic korufèc enìc

kanonikoÔ exag¸nou, kai to O sto kèntro tou exag¸nou. Ekfr�ste ta
−−→
OC,

−−→
OD,

−−→
OE,

−−→
OF wc grammikoÔc sunduasmoÔc twn

−→
OA kai

−−→
OB.

'Axonac, proshmasmèno mètro dianÔsmatoc

Orismìc 1.10. 'Axona onom�zoume mÐa eujeÐa ε sthn opoÐa èqoume epilèxei èna mh

mhdenikì di�nusma ~v me forèa ε. H epilog  tou ~v kajorÐzei ènan prosanatolismì p�nw

sthn ε kai sta dianÔsmata pou èqoun forèa ε: ta dianÔsmata pou eÐnai omìrropa me to

~v èqoun jetikì prosanatolismì, en¸ ta dianÔsmata pou eÐnai antÐrropa proc to ~v èqoun

arnhtikì prosanatolismì.

E�n ~w eÐnai di�nusma suggrammikì me to ~v, onom�zoume proshmasmèno mètro (  al-

gebrik  tim ) tou ~u wc proc ton �xona (ε,~v) ton pragmatikì arijmì a ∈ R o opoÐoc

ikanopoieÐ th sqèsh

~w =
a

|~v|
~v .

ParathroÔme oti |a| = |~w|, kai e�n ~u den eÐnai mhdenikì, tìte a > 0 e�n ~w eÐnai omìrropo

me to ~v, en¸ a < 0 e�n ~w eÐnai antÐrropo prìc to ~v. To proshmasmèno mètro tou dianÔ-

smatoc
−−→
OB sumbolÐzoume (OB). Den ja qrhsimopoioÔme suqn� to sumbolismì (~u) gia to

proshmasmèno mètro tou ~u, kaj¸c autìc o sumbolismìc mporeÐ na parermhneuteÐ.
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L mma 1.7 (Kanìnac tou Chasles) E�n A, B, C eÐnai suggrammik� shmeÐa p�nw se

�xona (ε, ~v), tìte

(AB) + (BC) = (AC) .

Drasthriìthta 1.14 Shmei¸ste trÐa shmeÐa A, C, B p�nw se mÐa eujeÐa ε, ètsi

¸ste to C na brÐsketai metaxÔ tou A kai tou B. Epilèxte èna di�nusma ~v me forèa

thn ε, kai qrhsimopoi ste to gia na orÐsete prosanatolismì. Metr ste to m koc twn

dianusm�twn, upologÐste ta proshmasmèna mètra (AB), (BC), (AC) kai elègxte oti

(AB) + (BC) = (AC).

E�n qrhsimopoi sete ton antÐjeto prosanatolismì, ìla ta mètra all�zoun prìshmo,

�ra h isìthta diathreÐtai.

Aplìc lìgoc tri¸n shmeÐwn

O aplìc lìgoc eÐnai ènac pragmatikìc arijmìc µ 6= −1, o opoÐoc perigr�fei th sqetik  jèsh

tri¸n diaforetik¸n shmeÐwn p�nw se mÐa eujeÐa.

Orismìc 1.11. JewroÔme trÐa shmeÐa P1, P2, P p�nw se mÐa eujeÐa. Ta dianÔsmata
−−→
P1P kai

−−→
PP2 eÐnai suggrammik�, kai e�n P 6= P2 up�rqei ènac arijmìc µ tètoioc ¸ste

−−→
P1P = µ

−−→
PP2.

O arijmìc µ onom�zetai aplìc lìgoc twn tri¸n shmeÐwn, kai sumbolÐzetai (P1 P2 P ).

ParathroÔme oti (P1 P2 P ) =
(P1P )

(PP2)
, kai oti h allag  tou prosanatolismoÔ thc eujeÐac

den ephre�zei ton aplì lìgo. E�n jewr soume ta P1, P2 stajer�, kai to P na kineÐtai p�nw

sthn eujeÐa, h tim  tou aploÔ lìgou metab�lletai ìpwc sto Sq ma 1.17.

Sq ma 1.17: H tim  tou aploÔ lìgou kaj¸c to shmeÐo P kineÐtai p�nw sthn eujeÐa P1P2.

Drasthriìthta 1.15 Gia ta shmeÐa A, B, C thc Drasthriìthtac 1.14 upologÐ-

ste touc aploÔc lìgouc (ABC), (BC A) kai (C AB).



Kef�laio 1 Gewmetrik� dianÔsmata sto epÐpedo 21

Drasthriìthta 1.16 Shmei¸ste dÔo shmeÐa P1 kai P2 p�nw se mÐa eujeÐa ε.

BreÐte shmeÐa R, S, T p�nw sthn ε tètoia ¸ste (P1 P2R) = 2, (P1 P2 S) = −1
4 kai

(P2 P1 T ) = −1
4 .
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Ask seic 1

'Askhsh 1.1 'Estw ABCD parallhlìgrammo, E shmeÐo sthn pleur� AB kai F

shmeÐo sthn pleur� CD tètoia ¸ste
−→
AE =

−−→
FC. 'Estw, epÐshc shmeÐo G sthn

pleur� AD kai H shmeÐo sthn pleur� BC, tètoia ¸ste
−→
AG =

−−→
HC. ApodeÐxte oti

to EGFH eÐnai parallhlìgrammo.

Upìdeixh: MporeÐte na proseggÐsete aut  thn �skhsh me polloÔc trìpouc. Pro-

spaj ste arqik� na qrhsimopoi sete ton orismì tou parallhlogr�mmou pou d¸same

sto m�jhma.

'Askhsh 1.2 Sqedi�ste trÐa shmeÐa A, B, C, pou den brÐskontai ìla sthn Ðdia

eujeÐa, tètoia ¸ste |−−→AB + 2
−→
AC| = |−−→AB|.

'Askhsh 1.3 ApodeÐxte me qr sh dianusm�twn oti h eujeÐa pou en¸nei ta mèsa

M,N twn pleur¸n AB kai AC enìc trig¸nou ABC eÐnai par�llhlh proc thn pleur�

BC kai èqei m koc to misì thc BC.

'Askhsh 1.4 Sqedi�ste to trapèzio ABCD me b�seic AD kai BC. 'Estw M, N

ta mèsa twn plagÐwn pleur¸n AB kai CD. ApodeÐxte oti

−−→
MN =

1

2

(−−→
AD +

−−→
BC

)
.

'Askhsh 1.5 Shmei¸ste trÐa shmeÐa O, A, B pou den brÐskontai sthn Ðdia eujeÐa.

GnwrÐzoume oti gia k�je shmeÐo X tou epipèdou to di�nusma
−−→
OX gr�fetai wc grammi-

kìc sunduasmìc
−−→
OX = a

−→
OA+ b

−−→
OB. DeÐxte oti to shmeÐo X brÐsketai sthn eujeÐa

pou pern�ei apì ta A kai B e�n kai mìnon e�n a+ b = 1.

PoÔ nomÐzete oti brÐsketai to X e�n a+ b = 3?
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Di�lexh 3

Probol  dianÔsmatoc, eswterikì ginìmeno

Sthn Analutik  GewmetrÐa qrhsimopoioÔme to eswterikì ginìmeno gia na prosdiorÐsoume th

gwnÐa metaxÔ dÔo dianusm�twn. Apì to sqoleÐo gnwrÐzoume ton orismì tou hmitìnou kai tou

sunhmitìnou gwnÐac sto plaÐsio enìc orjogwnÐou trig¸nou, Sq ma 1.18.

cos γ =
|CA|
|CB|

, sin γ =
|AB|
|CB|

.

Sq ma 1.18: HmÐtono kai sunhmÐtono gwnÐac.

To pr¸to b ma gia na orÐsoume to eswterikì ginìmeno dÔo gewmetrik¸n dianusm�twn eÐnai

na prosdiorÐsoume èna orjog¸nio trÐgwno. Autì gÐnetai mèsw thc ��orjog¸niac probol c��.

JewroÔme dÔo mh mhdenik� dianÔsmata me koin  arq  sto O, ~v =
−→
OA kai ~w =

−−→
OB. 'Estw

ε o forèac tou ~v. Apì to pèrac tou ~w fèroume k�jeto proc thn ε, kai shmei¸noume P to

shmeÐo ìpou aut  tèmnei thn ε, ètsi ¸ste h OA kai h BP na tèmnontai se orj  gwnÐa, Sq ma

1.19. To di�nusma
−−→
OP eÐnai h probol  tou dianÔsmatoc ~w sto di�nusma ~v.

Sq ma 1.19: Orjog¸nia probol  dianÔsmatoc se �xona.

An�loga orÐzoume thn probol  tou ~v sto ~w. Apì to pèrac tou ~v fèroume k�jeto proc

ton forèa tou ~w kai shmei¸noume Q to shmeÐo tom c. To di�nusma
−−→
OQ eÐnai h probol  tou

dianÔsmatoc ~v sto di�nusma ~w.
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Orismìc 1.12. JewroÔme mh mhdenikì di�nusma ~v =
−→
OA kai di�nusma ~w =

−−→
OB. Onom�-

zoume (orjog¸nia) probol  tou ~w sto ~v, kai sumbolÐzoume pr~v ~w, to di�nusma
−−→
OP ,

ìpou P eÐnai to shmeÐo tom c thc kajètou apì to B proc thn OA.

Shmei¸noume oti orismènoi suggrafeÐc onom�zoun probol  to proshmasmèno m koc tou

dianÔsmatoc
−−→
OP wc proc ton �xona (ε, ~v), kai ìqi to Ðdio to di�nusma. Apì ta sumfrazìmena

eÐnai sun jwc safèc poia sÔmbash qrhsimopoieÐtai.

ParathroÔme oti e�n ta dianÔsmata ~v kai ~w eÐnai k�jeta metaxÔ touc, tìte to shmeÐo P

sumpÐptei me to O kai h orjog¸nia probol  tou ~w sto ~v eÐnai to mhdenikì di�nusma.

Gia na efarmìsoume autì ton orismì se eleÔjera dianÔsmata, arkeÐ na deÐxoume oti h

kataskeu  thc probol c eÐnai sumbat  me thn par�llhlh metafor�: e�n
−−→
O′A′ kai

−−−→
O′B′

prokÔptoun me par�llhlh metafor� tou
−→
OA kai tou

−−→
OB sto O′, kai

−−→
O′Q eÐnai h probol 

tou
−−→
O′A′ sto

−−−→
O′B′, Sq ma 1.20, jèloume na deÐxoume oti

−−→
O′Q sumpÐptei me thn par�llhlh

metafor�
−−→
O′P ′ tou

−−→
OP . All� oi k�jetec eujeÐec OP kai AP metafèrontai se k�jetec

eujeÐec O′P ′ kai A′P ′, kai sunep¸c P ′ = Q. 'Ara to eleÔjero di�nusma pr~v ~w den exart�tai

apì touc antipros¸pouc twn ~v kai ~w pou qrhsimopoioÔme sthn kataskeu . Katal goume

oti h probol  eÐnai kal� orismènh se eleÔjera dianÔsmata.

Sq ma 1.20: Orjog¸nia probol  kai par�llhlh metafor�.

Drasthriìthta 1.17 Shmei¸ste ta shmeÐa A, B, C stic korufèc enìc isìpleu-

rou trig¸nou, kai jewr ste ta dianÔsmata ~v =
−−→
AB, ~w =

−→
AC kai ~u =

−−→
CB. Kata-

skeu�ste thn probol  pr~w~v. Metafèrate par�llhla to ~u sto A kai kataskeu�ste

thn probol  pr~w~u. Poi� eÐnai h sqèsh twn dÔo probol¸n? (Den eÐnai Ðsec!) BreÐte

ta proshmasmèna mètra twn dÔo probol¸n, e�n to m koc thc pleur�c tou trig¸nou

eÐnai 1.

ParathroÔme oti e�n ta ~v, ~w eÐnai kai ta dÔo mh mhdenik�, Sq ma 1.21

aþ. to di�nusma pr~v ~w eÐnai suggrammikì me to ~v, kai mporeÐ na eÐnai omìrropo   antÐrropo

me to ~v,
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bþ. to di�nusma pr~w~v eÐnai suggrammikì me to ~w, kai mporeÐ na eÐnai omìrropo   antÐrropo

me to ~w,

gþ. to di�nusma pr~v ~w eÐnai omìrropo me to ~v akrib¸c ìtan to di�nusma pr~w~v eÐnai omìrropo

me to ~w,

dþ. to di�nusma pr~v ~w eÐnai antÐrropo proc to ~v akrib¸c ìtan to di�nusma pr~w~v eÐnai

antÐrropo proc to ~w.

Pr�gmati h probol  pr~v ~w eÐnai omìrroph me to ~v mìnon ìtan to ~w kai to ~v brÐskontai sto

Ðdio hmiepÐpedo wc proc thn k�jeto apì to O sto forèa tou ~v, Sq ma 1.21. 'Omwc se aut n

thn perÐptwsh ta ~w kai ~v brÐskontai epÐshc sto Ðdio hmiepÐpedo wc proc thn k�jeto apì to

O sto forèa tou ~w, kai sunep¸c pr~w~v eÐnai omìrroph me to ~w.

Sq ma 1.21: Proshmasmèno m koc orjog¸niac probol c.

T¸ra jèloume na melet soume th sqèsh metaxÔ twn probol¸n pr~v ~w kai pr~w~v. Autèc

eÐnai en gènei diaforetikèc. ParathroÔme ìmwc oti ta trÐgwna OBP kai OAQ sto Sq ma

1.19 eÐnai ìmoia, kai sunep¸c |OA| |OP | = |OB| |OQ|, dhlad 

|~v| |pr~v ~w| = |~w| |pr~w~v| .

E�n jewr soume antÐ twn mètrwn |pr~v ~w| kai |pr~w~v| ta proshmasmèna mètra (pr~v ~w) kai (pr~w~v)

wc proc ton prosanatolismì pou orÐzoun ston forèa touc ta mh mhdenik� dianÔsmata ~v kai

~w èqoume p�li isìthta: to prìshmo eÐnai to Ðdio, afoÔ ta pr~w~v kai ~w eÐnai antÐrropa akrib¸c

ìtan kai ta pr~v ~w kai ~v eÐnai antÐrropa. SumperaÐnoume oti h probol  tou ~w sto ~v kai h

probol  tou ~v sto ~w ikanopoioÔn th sqèsh

|~v| (pr~v ~w) = |~w| (pr~w~v) . (1.1)

Autìc o arijmìc, pou den exart�tai apì to e�n prob�lloume to ~w sto ~v   to ~v sto ~w, eÐnai

to eswterikì ginìmeno twn gewmetrik¸n dianusm�twn ~v kai ~w.



26 EpÐpedo kai Q¸roc

Orismìc 1.13. E�n ~v kai ~w eÐnai mh mhdenik� dianÔsmata, onom�zoume ton pragmatikì

arijmì |~v| (pr~v ~w) eswterikì ginìmeno tou ~v kai tou ~w, kai to sumbolÐzoume

~v · ~w = |~v| (pr~v ~w).

E�n èna apì ta dianÔsmata ~v, ~w eÐnai mhdenikì, orÐzoume ~v · ~w = 0.

ParathroÔme oti to eswterikì ginìmeno eÐnai kal� orismèno se eleÔjera dianÔsmata, afoÔ

autì isqÔei gia to mètro kai thn probol .

Sth sunèqeia ja exet�soume th sqèsh thc probol c kai tou eswterikoÔ ginomènou me tic

pr�xeic thc prìsjeshc dianusm�twn kai tou pollaplasiasmoÔ me arijmì.

L mma 1.8 H probol  eÐnai sumbat  me tic pr�xeic thc prìsjeshc kai tou pollaplasia-

smoÔ me arijmì. Sugkekrimèna, e�n ~v eÐnai mh mhdenikì di�nusma, ~u, ~w eÐnai dianÔsmata

kai a ∈ R, isqÔoun oi isìthtec

aþ. pr~v(~u+ ~w) = pr~v~u+ pr~v ~w

bþ. pr~v(a ~w) = apr~v ~w

Sq ma 1.22: Probol  ajroÐsmatoc.

Apìdeixh. Parapèmpoume sto Sq ma 1.22. ApodeiknÔoume to aþ. Jètoume pr~v~u =
−−→
OQ,

pr~v ~w =
−−→
OP kai pr~v(~u + ~w) =

−−→
OR. H par�llhloc proc thn ε apo to B tèmnei thn k�jeto

proc thn ε apo to C sto shmeÐo D. Ta trÐgwna OAQ kai BCD eÐnai Ðsa. 'Ara (OQ) =

(BD) = (PR). Apì ton kanìna tou Chasles (OR) = (OP ) + (PR), kai sunep¸c (OR) =

(OP ) + (OQ). 'Ara
−−→
OR =

−−→
OQ+

−−→
OP.

To bþ apodeiknÔetai an�loga.
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�
Drasthriìthta 1.18 Ta dianÔsmata ~v, ~w kai ~u thc Drasthriìthtac 1.17 ikano-

poioÔn th sqèsh ~u = ~v − ~w. Qrhsimopoi ste aut  th sqèsh gia na upologÐsete thn

probol  pr~w~u. BrÐskete thn Ðdia sqèsh pou br kate sth Drasthriìthta 1.17?

Oi kuriìterec idiìthtec tou eswterikoÔ ginomènou sunoyÐzontai sthn akìloujh prìtash

Prìtash 1.9 E�n ~u, ~v, ~w eÐnai dianÔsmata kai a ∈ R, isqÔoun ta akìlouja:

aþ. ~u · ~v = ~v · ~u,

bþ. (a~u) · ~v = a (~u · ~v),

gþ. ~u · (~v + ~w) = ~u · ~v + ~u · ~w,

dþ. ~u · ~u ≥ 0 kai |~u| =
√
~u · ~u.

eþ. E�n ta dianÔsmata ~u kai ~v den eÐnai mhdenik�, tìte ~u · ~v = 0 e�n kai mìno e�n ta

dianÔsmata ~u kai ~v eÐnai k�jeta metaxÔ touc.

Apìdeixh. To (aþ) eÐnai sunèpeia thc (1.1).

Ta (bþ) kai (gþ) prokÔptoun apì to L mma 1.8.

Gia to (dþ), parathroÔme oti pr~u~u = ~u, kai pwc e�n to ~u den eÐnai mhdenikì, to proshmasmèno

mètro tou ~u wc proc ton �xona pou orÐzei to Ðdio eÐnai Ðso me to mètro tou. 'Ara

~u · ~u = |~u| (pr~u~u) = |~u| |~u| = |~u|2 ≥ 0.

Gia to (eþ) parathroÔme oti e�n ta dianÔsmata eÐnai k�jeta, tìte h orjog¸nia probol  eÐnai

to mhdenikì di�nusma, kai sunep¸c ~u·~v = 0. AntÐstrofa, e�n ta dianÔsmata den eÐnai k�jeta,

tìte h k�jetoc apì to pèrac tou ~v tèmnei ton forèa tou ~u se shmeÐo diaforetikì apì to O,

kai sunep¸c h probol  pr~u~v eÐnai mh mhdenikì di�nusma. 'Ara ~u · ~v 6= 0.

�

ParathroÔme oti gia to eswterikì ginìmeno den isqÔei o kanìnac thc diagraf c,

pou isqÔei ston pollaplasiasmì arijm¸n. E�n ~u 6= 0 kai ~u · ~v = ~u · ~w, den mporoÔme na

sumper�noume oti ~v = ~w. To mìno sumpèrasma pou mporoÔme na bg�loume eÐnai oti ~v − ~w

eÐnai eÐte 0 eÐte k�jeto proc to ~u.

Drasthriìthta 1.19 Gia ta dianÔsmata ~v, ~w kai ~u thc Drasthriìthtac 1.17

upologÐsete ta eswterik� ginìmena ~v · ~w kai ~u · ~w, e�n to m koc thc pleur�c tou

trig¸nou eÐnai 1.

GwnÐa metaxÔ dÔo dianusm�twn

DÔo mh mhdenik� dianÔsmata me thn Ðdia arq  sqhmatÐzoun mÐa gwnÐa. Ja qrhsimopoi soume

dÔo trìpouc na metr soume aut  th gwnÐa. EÐte wc thn kurt  gwnÐa metaxÔ twn dÔo dianu-

sm�twn, pou paÐrnei timèc apì 0 èwc π, eÐte wc proshmasmènh gwnÐa se prosanatolismèno
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epÐpedo, pou paÐrnei timèc sto di�sthma (−π, π].

Orismìc 1.14. H gwnÐa metaxÔ dÔo mh mhdenik¸n dianusm�twn ~u = ~OA kai ~v = ~OB

orÐzetai wc h kurt  gwnÐa ÂOB = ϑ, h opoÐa paÐrnei timèc sto di�sthma 0 ≤ ϑ ≤ π. Ja

th sumbolÐzoume ∠(~u, ~v).

E�n èqoume prosanatolÐsei to epÐpedo, epilègontac mÐa for� peristrof c wc jetik 1,

tìte h gwnÐa mporeÐ na eÐnai jetik    arnhtik .

Sq ma 1.23: Proshmasmènh gwnÐa metaxÔ dÔo dianusm�twn.

Orismìc 1.15. H proshmasmènh gwnÐa ](~u, ~v) orÐzetai wc h gwnÐa peristrof c

ϑ, me timèc sto di�sthma −π < ϑ ≤ π, pou diagr�fei to di�nusma ~u ìtan strèfetai sto

epÐpedo gia na sumpèsei me to ~v, Sq ma 1.23.

ParathroÔme oti ∠(~u, ~v) = ∠(~v, ~u). Gia thn proshmasmènh gwnÐa, e�n ](~u, ~v) 6= π, tìte

](~v, ~u) = −](~u, ~v).

MporoÔme na elègxoume oti h gwnÐa metaxÔ dÔo dianusm�twn kai o prosanatolismìc tou

epipèdou eÐnai amet�blhta apì par�llhlh metafor�. Sunep¸c h gwnÐa kai h proshmasmènh

gwnÐa metaxÔ dÔo eleÔjerwn dianusm�twn eÐnai kal� orismènec.

Drasthriìthta 1.20 Shmei¸ste ta shmeÐa A, B, C stic korufèc enìc isìpleu-

rou trig¸nou, kai upologÐste tic gwnÐec ∠(
−−→
AB,

−→
AC), ∠(

−−→
BC,

−→
AC) kai ∠(

−−→
BA,

−→
AC).

UpologÐste epÐshc tic proshmasmènec gwnÐec ](
−−→
AB,

−→
AC), ](

−−→
BC,

−→
AC) kai

](
−−→
BA,

−→
AC).

To sunhmÐtono thc gwnÐac metaxÔ dÔo dianusm�twn upologÐzetai sunart sei thc probol c

tou enìc sto �llo,

cos∠(~v, ~w) =
pr~v ~w

|~w|
=

pr~w~v

|~v|
,

  sunart sei tou eswterikoÔ ginomènou

cos∠(~v, ~w) =
~u · ~v
|~u| |~v|

.

1Sun jwc jewroÔme jetik  for� peristrof c thn antÐjeth proc thn kÐnhsh twn deikt¸n tou rologioÔ.
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SÔsthma anafor�c

H mèjodoc thc Analutik c GewmetrÐac basÐzetai sthn antistoÐqish twn shmeÐwn tou epipè-

dou, twn dianusm�twn kai �llwn gewmetrik¸n antikeimènwn me sÔnola arijm¸n, ètsi ¸ste

na mporoÔme na qrhsimopoi soume algebrikèc mejìdouc sth melèth touc. H antistoÐqish

aut  proôpojètei thn epilog  enìc sust matoc anafor�c.

Orismìc 1.16. Epilègoume sto epÐpedo E2, èna stajerì shmeÐo O kai dÔo mh sug-

grammik� dianÔsmata me shmeÐo efarmog c to O, ~u =
−→
OA kai ~v =

−−→
OB. Ta dianÔsmata ~u

kai ~v prosdiorÐzoun dÔo �xonec, (ε, ~u) kai (ζ, ~v), oi opoÐoi tèmnontai sto shmeÐo O. To

diatetagmèno zeÔgoc axìnwn (ε, ~u), (δ, ~v) onom�zetai sÔsthma anafor�c kai ja to

sumbolÐzoume me (O, ~u, ~v), Sq ma 1.24. Lème oti to shmeÐo O eÐnai h arq  twn axìnwn

tou sust matoc anafor�c.

Sq ma 1.24: Suntetagmènec dianÔsmatoc kai shmeÐou se (mh orjog¸nio) sÔsthma anafor�c.

E�n ~w eÐnai opoiod pote di�nusma tou epipèdou E2, èqoume deÐ oti mporoÔme na ekfr�-

soume to ~w wc grammikì sunduasmì

~w = a~u+ b~v.

Orismìc 1.17. Oi arijmoÐ tou diatetagmènou zeÔgouc (a, b) onom�zontai suntetagmè-

nec tou dianÔsmatoc ~w wc proc to sÔsthma anafor�c (O, ~u, ~v). Ta dianÔsmata a~u, b~v

onom�zontai sunist¸sec tou dianÔsmatoc ~w wc proc to sÔsthma anafor�c (O, ~u, ~v).

Gia k�je shmeÐo C tou epipèdou, jewroÔme to di�nusma
−−→
OC, to opoÐo ekfr�zetai wc

grammikìc sunduasmìc twn ~u kai ~v,
−−→
OC = c1~u+ c2~v.
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Orismìc 1.18. To di�nusma
−−→
OC onom�zetai di�nusma jèshc (  dianusmatik 

aktÐna) tou shmeÐou C wc proc to sÔsthma anafor�c (O, ~u, ~v).

Oi suntetagmènec (c1, c2) tou dianÔsmatoc
−−→
OC onom�zontai suntetagmènec tou sh-

meÐou C sto sÔsthma anafor�c (O, ~u, ~v).

Drasthriìthta 1.21 Shmei¸ste ta shmeÐa A, B, C, D, E, F stic korufèc enìc

kanonikoÔ exag¸nou, kai to O sto kèntro tou exag¸nou. Jewr ste to sÔsthma

anafor�c (O, ~u, ~v), me ~u =
−→
OA, ~v =

−−→
OB. BreÐte tic suntetagmènec twn shmeÐwn C,

D, E, F wc proc to sÔsthma anafor�c (O, ~u, ~v).

H epilog  enìc shmeÐou anafor�c O sto epÐpedo dÐdei mÐa antistoiqÐa metaxÔ tou sunìlou

twn shmeÐwn tou epipèdou E2 kai tou sunìlou TOE
2 twn dianusm�twn me arq  sto O,

E2 ←→ TOE
2 ,

pou apeikonÐzei to shmeÐo C sto di�nusma jèshc
−−→
OC.

H epilog  enìc sust matoc anafor�c sto epÐpedo mac dÐdei epiplèon mÐa antistoiqÐa meta-

xÔ tou sunìlou TOE
2 twn dianusm�twn me arq  sto O kai tou sunìlou twn diatetagmènwn

zeug¸n pragmatik¸n arijm¸n, R2 = {(x, y) : x, y ∈ R},

T0E
2 ←→ R2 ,

pou apeikonÐzei k�je di�nusma me arq  sto O stic suntetagmènec tou wc proc to sÔsthma

anafor�c.

Tèloc, h epilog  enìc sust matoc anafor�c sto epÐpedo dÐdei mÐa antistoiqÐa metaxÔ

tou sunìlou twn shmeÐwn tou epipèdou E2 kai tou sunìlou twn diatetagmènwn zeug¸n

pragmatik¸n arijm¸n, R2,

E2 ←→ R2 ,

pou apeikonÐzei k�je shmeÐo tou epipèdou stic suntetagmènec tou wc proc to sÔsthma ana-

for�c.

Drasthriìthta 1.22 Gia to sÔsthma anafor�c (O, ~u, ~v) thc Drasthriìthtac

1.21, sqedi�ste ta shmeÐa me suntetagmènec (2, 2), (2, −1) kai (−2, 1).

E�n oi suntetagmènec tou dianÔsmatoc ~w wc proc to (O, ~u, ~v) eÐnai (−1, 3), breÐte

tic suntetagmènec twn dianusm�twn ~u + ~w, ~w − ~v, 2~w + ~u, kai sqedi�ste ta shmeÐa

pou èqoun aut� ta dianÔsmata wc dianÔsmata jèshc.

Sth sunèqeia ja perioristoÔme se orjog¸nia sust mata anafor�c, dhlad  aut� sta

opoÐa oi dÔo �xonec tèmnontai se orj  gwnÐa. MporoÔme na antikatast soume ta dianÔsmata

~u, ~v me ta antÐstoiqa monadiaÐa dianÔsmata, dhlad  dianÔsmata m kouc 1,

~i =
1

|~u|
~u , ~j =

1

|~v|
~v .
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Sq ma 1.25: Orjokanonikì sÔsthma anafor�c.

'Ena sÔsthma anafor�c me orjog¸niouc �xonec kai monadiaÐa dianÔsmata onom�zetai orjo-

kanonikì, Sq ma 1.25.

Drasthriìthta 1.23 Sqedi�ste ta shmeÐa A, B, C stic korufèc enìc orjo-

gwnÐou trig¸nou me m kh pleur¸n |AB| = 3, |BC| = 4 kai |AC| = 5. Jewr ste

to sÔsthma anafor�c (B, ~u, ~v) me ~u =
−−→
BA, ~v =

−−→
BC. Shmei¸ste to shmeÐo D me

suntetagmènec (1, 1) wc proc to (B, ~u, ~v).

Jewr ste to orjokanonikì sÔsthma anafor�c (B, ~i, ~j), ìpou ~i kai ~j eÐnai ta mona-

diaÐa dianÔsmata pou prokÔptoun apì ta ~u kai ~v antÐstoiqa. Shmei¸ste to shmeÐo E

me suntetagmènec (1, 1) wc proc to sÔsthma anafor�c (B, ~i, ~j). BreÐte tic sunte-

tagmènec tou D wc proc to sÔsthma anafor�c (B, ~i, ~j).

To akìloujo L mma deÐqnei oti oi suntetagmènec enìc dianÔsmatoc wc proc èna orjoka-

nonikì sÔsthma anafor�c sqetÐzontai me to eswterikì ginìmeno.

L mma 1.10 'Estw (O, ~i, ~j) orjokanonikì sÔsthma anafor�c. Tìte oi suntetagmènec

(a, b) enìc dianÔsmatoc ~w = a~i + b~j dÐdontai apì to eswterikì ginìmeno tou ~w me ta

antÐstoiqa dianÔsmata tou sust matoc anafor�c:

a = ~w ·~i , b = ~w ·~j

Apìdeixh. Se èna orjokanonikì sÔsthma~i ·~i = ~j ·~j = 1 kai~i ·~j = ~j ·~i = 0. UpologÐzoume

ta eswterik� ginìmena, Sq ma 1.26,

~w ·~i = (a~i+ b~j) ·~i

= a~i ·~i+ b~j ·~i

= a

kai parìmoia,

~w ·~j = b .

�
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Sq ma 1.26: Suntetagmènec wc proc orjokanonikì sÔsthma anafor�c.

JewroÔme orjokanonikì sÔsthma anafor�c (O, ~i, ~j), kai dianÔsmata ~u, ~v me shmeÐo e-

farmog c sto O kai suntetagmènec (u1, u2), (v1, v2) antÐstoiqa (dhlad  ~u = u1~i+u2~j kai

~v = v1~i+ v2~j). Tìte to �jroisma ~u+ ~v èqei suntetagmènec (u1 + v1, u2 + v2), dhlad 

~u+ ~v = (u1 + v1)~i+ (u2 + v2)~j,

kai e�n a ∈ R, to ginìmeno a~u èqei suntetagmènec (au1, au2), dhlad 

a~u = au1~i+ au2~j.

UpologÐzoume to eswterikì ginìmeno twn dianusm�twn ~u kai ~v:

~u · ~v = (u1~i+ u2~j) · (v1~i+ v2~j)

= u1v1~i ·~i+ u1v2~i ·~j + u2v1~j ·~i+ u2v2~j ·~j .

All� ~i ·~i = ~j ·~j = 1 kai ~i ·~j = ~j ·~i = 0, �ra

~u · ~v = u1v1 + u2v2 .

To mètro tou dianÔsmatoc ~u eÐnai

|~u| =
√
~u · ~u

=

√
(u1~i+ u2~j) · (u1~i+ u2~j)

=

√
u12~i ·~i+ u1u2~i ·~j + u2u1~j ·~i+ u22~j ·~j

=
√
u12 + u22.

Drasthriìthta 1.24 Gia ta dianÔsmata ~u, ~v, ta shmeÐa D, E kai to orjokano-

nikì sÔsthma anafor�c (B, ~i, ~j) thc Drasthriìthtac 1.23, upologÐste:

aþ. tic suntetagmènec twn dianusm�twn ~u, ~v, 2~u+ ~v,
−−→
BD,

−−→
BD −−−→BE,

bþ. to eswterikì ginìmeno
−−→
BE · −−→BD,

gþ. to mètro tou dianÔsmatoc
−−→
BD.
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Suntetagmènec eleÔjerou dianÔsmatoc

JewroÔme orjokanonikì sÔsthma anafor�c (O, ~i, ~j), kai shmeÐa A, B, C, D me suntetag-

mènec (a1, a2), (b1, b2), (c1, c2) kai (d1, d2) antÐstoiqa, Sq ma 1.27. E�n
−−→
AB ∼ −−→CD, tìte,

apì ta Ðsa trÐgwna ABM kai CDN prokÔptei oti

b1 − a1 = d1 − c1 kai b2 − a2 = d2 − c2 (1.2)

SumperaÐnoume oti oi arijmoÐ v1 = b1−a1 kai v2 = b2−a2 den exart¸ntai apì to sugkekrimèno
antiprìswpo

−−→
AB, all� qarakthrÐzoun to eleÔjero di�nusma ~v =

−−→
AB.

Sq ma 1.27: Oi suntetagmènec tou eleÔjerou dianÔsmatoc den exart¸ntai apì ton antiprì-

swpo.

Orismìc 1.19. Suntetagmènec tou eleÔjerou dianÔsmatoc ~v wc proc to orjokano-

nikì sÔsthma anafor�c (O, ~i, ~j), eÐnai oi arijmoÐ

v1 = b1 − a1 kai v2 = b2 − a2,

ìpou (a1, a2) eÐnai oi suntetagmènec thc arq c A kai (b1, b2) eÐnai oi suntetagmènec tou

pèratoc B k�poiou antipros¸pou
−−→
AB tou ~v.

E�n v1 6= 0, onom�zoume suntelest  dieÔjunshc tou ~v ton arijmì λ =
v2
v1
.

Apì tic exis¸seic (1.2) blèpoume oti dÔo eleÔjera dianÔsmata eÐnai Ðsa e�n kai mìnon e�n

oi suntetagmènec touc eÐnai mÐa proc mÐa Ðsec.

Drasthriìthta 1.25 Gia to orjokanonikì sÔsthma anafor�c (B, ~i, ~j) thc Dra-

sthriìthtac 1.23, breÐte tic suntetagmènec twn dianusm�twn
−−→
EC,

−−→
CD,

−−→
DC. Shmei¸-

ste to shmeÐo F gia to opoÐo
−−→
EF èqei suntetagmènec (2, 3).
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Di�lexh 4

GewmetrikoÐ Tìpoi

'Eqontac epilèxei èna orjokanonikì sÔsthma anafor�c sto epÐpedo, mporoÔme na perigr�-

youme gewmetrik� antikeÐmena tou epipèdou mèsw twn sunìlwn twn diatetagmènwn zeug¸n

pragmatik¸n arijm¸n pou antistoiqoÔn sta shmeÐa touc. Up�rqoun dÔo basik� diaforetikoÐ

trìpoi perigraf c enìc sunìlou pou apoteleÐtai apì diatetagmèna zeÔgh arijm¸n: me analu-

tikèc exis¸seic   se parametrik  morf . Autèc oi dÔo diaforetikèc proseggÐseic odhgoÔn,

se pio proqwrhmèno epÐpedo, se dÔo diaforetikoÔc kl�douc twn sÔgqronwn majhmatik¸n,

thn Algebrik  GewmetrÐa kai th Diaforik  GewmetrÐa.

Analutikèc exis¸seic

JewroÔme to epÐpedo me dedomèno orjokanonikì sÔsthma anafor�c (O, ~i, ~j), ètsi ¸ste

k�je shmeÐo tou epipèdou antistoiqeÐ se èna diatetagmèno zeÔgoc (x, y). MÐa sun�rthsh

f : R2 → R pou gia k�je zeÔgoc pragmatik¸n arijm¸n dÐdei ènan arijmì, prosdiorÐzei

èna sÔnolo sto epÐpedo me ton akìloujo trìpo. JewroÔme ìla ta shmeÐa P (p1, p2) tou

epipèdou, gia tic suntetagmènec twn opoÐwn isqÔei f(p1, p2) = 0; dhlad  ta shmeÐa tou

epipèdou me suntetagmènec sto sÔnolo {(x, y) ∈ R2 : f(x, y) = 0}. Autì to uposÔnolo G

tou epipèdou onom�zetai gewmetrikìc tìpoc thc exÐswshc f(x, y) = 0, Sq ma 1.28. Suqn�

tautÐzoume to uposÔnolo tou epipèdou me to sÔnolo twn suntetagmènwn, kai anaferìmaste

sto {(x, y) ∈ R2 : f(x, y) = 0} wc to gewmetrikì tìpo thc f(x, y) = 0. Lème epÐshc oti h

exÐswsh f(x, y) = 0 eÐnai h analutik  exÐswsh tou uposunìlou G tou epipèdou wc proc to

sÔsthma anafor�c (O, ~i, ~j).

Sq ma 1.28: O gewmetrikìc tìpoc thc exÐswshc f(x, y) = 0.
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Orismìc 1.20. O gewmetrikìc tìpoc G thc exÐswshc f(x, y) = 0 eÐnai to sÔnolo

twn shmeÐwn tou epipèdou twn opoÐwn oi suntetagmènec wc proc to sÔsthma anafor�c

(O, ~i, ~j) ikanopoioÔn thn exÐswsh f(x, y) = 0.

H exÐswsh f(x, y) = 0 eÐnai h analutik  exÐswsh tou sunìlou G.

Par�deigma 1.5JewroÔme th sun�rthsh f(x, y) = ax+by+c. O gewmetrikìc tìpoc thc

exÐswshc ax+ by+ c = 0 eÐnai to sÔnolo (twn shmeÐwn tou epipèdou me suntetagmènec sto)

{(x, y) : ax + by + c = 0}. GnwrÐzoume oti autì to sÔnolo eÐnai mÐa eujeÐa, tic idiìthtec

thc opoÐac ja upenjumÐsoume sthn epìmenh di�lexh. H analutik  exÐswsh mÐac eujeÐac, wc

proc to orjokanonikì sÔsthma anafor�c (O, ~i, ~j), eÐnai thc morf c ax+ by + c = 0.

Par�deigma 1.6 JewroÔme th sun�rthsh f(x, y) = x2 + y2 − r2, ìpou r > 0. O

gewmetrikìc tìpoc thc exÐswshc f(x, y) = 0 apoteleÐtai apì ta shmeÐa gia ta opoÐa x2+y2 =

r2, dhlad  ta shmeÐa pou apèqoun stajer  apìstash r apì to shmeÐo (0, 0). H analutik 

exÐswsh tou kÔklou me kèntro O kai aktÐna r, wc proc to orjokanonikì sÔsthma anafor�c

(O, ~i, ~j), eÐnai thc morf c x2 + y2 = r2.

Par�deigma 1.7 Jèloume na perigr�youme ton kÔklo me kèntro to shmeÐo C, me suntetag-

mènec (a, b), kai aktÐna 3. E�n to shmeÐo P , me suntetagmènec (x, y), brÐsketai se autìn ton

kÔklo, h apìstash apì to P sto C eÐnai 3, |−−→CP | = 3, kai sunep¸c
√

(x− a)2 + (y − b)2 = 3.

SumperaÐnoume oti o dedomènoc kÔkloc mporeÐ na perigrafeÐ apì th sun�rthsh f(x, y) =√
(x− a)2 + (y − b)2 − 3.

AfoÔ |−−→CP | ≥ 0, to Ðdio akrib¸c sÔnolo shmeÐwn ikanopoieÐ thn exÐswsh |−−→CP |2 = 9, se

suntetagmènec (x − a)2 + (y − b)2 = 9. Sunep¸c mÐa aploÔsterh perigraf  tou kÔklou

dÐdetai apì th sun�rthsh g(x, y) = (x−a)2 +(y−b)2−9. H analutik  exÐswsh tou kÔklou

me kèntro C : (a, b) kai aktÐna r, eÐnai (x− a)2 + (y − b)2 = r2.

Par�deigma 1.8 H exÐswsh (x− a)2 + (y − b)2 = 0 ikanopoieÐtai mìno apì to shmeÐo P

me suntetagmènec (a, b).

Drasthriìthta 1.26 Poiìc eÐnai o gewmetrikìc tìpoc thc exÐswshc y = 5?

Prosèxte oti ìtan mÐa apì tic suntetagmènec den emfanÐzetai sthn analutik 

exÐswsh, den shmaÐnei oti h suntetagmènh paÐrnei upoqrewtik� thn tim  mhdèn.

Antijètwc, shmaÐnei oti den up�rqei kanènac periorismìc se aut  th suntetagmènh,

kai paÐrnei opoiad pote tim  sto R.
Poiìc eÐnai o gewmetrikìc tìpoc thc exÐswshc x2 = 4?

Par�deigma 1.9 E�n f(x, y) kai g(x, y) eÐnai dÔo sunart seic sto R2, to ginìmenì touc

f(x, y)g(x, y) mhdenÐzetai akrib¸c ìtan mhdenÐzetai toul�qiston mÐa apì tic f kai g. 'Etsi o

gewmetrikìc tìpoc thc exÐswshc f(x, y)g(x, y) = 0 eÐnai h ènwsh twn gewmetrik¸n tìpwn
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twn exis¸sewn f(x, y) = 0 kai g(x, y) = 0. Gia par�deigma, h exÐswsh y2 − x2 = 0

isodunameÐ me (y+ x)(y− x) = 0, kai o gewmetrikìc tìpoc thc eÐnai h ènwsh dÔo eujei¸n ε1

kai ε2, me exis¸seic y + x = 0 kai y − x = 0.

Par�deigma 1.10 E�n f(x, y) kai g(x, y) eÐnai dÔo sunart seic sto R2, to �jroisma

twn tetrag¸nwn touc f(x, y)2 + g(x, y)2 mhdenÐzetai akrib¸c ìtan mhdenÐzontai kai oi dÔo

sunart seic f kai g. 'Etsi o gewmetrikìc tìpoc thc exÐswshc f(x, y)2 + g(x, y)2 = 0

eÐnai h tom  twn gewmetrik¸n tìpwn twn exis¸sewn f(x, y) = 0 kai g(x, y) = 0, dhlad  o

gewmetrikìc tìpoc tou sust matoc exis¸sewn

f(x, y) = 0

g(x, y) = 0

Parametrik  perigraf 

Se aut  thn perÐptwsh perigr�foume èna uposÔnolo tou epipèdou wc thn eikìna mÐac apei-

kìnishc apì thn eujeÐa sto epÐpedo.

JewroÔme sunart seic x(t) kai y(t), kai thn apeikìnish f : R→ R2 h opoÐa antistoiqÐzei

ston arijmì t to diatetagmèno zeÔgoc (x(t), y(t)). Tìte kaj¸c h par�metroc t paÐrnei

diaforetikèc timèc se k�poio di�sthma sto R, to shmeÐo P (t) me suntetagmènec (x(t), y(t))

diagr�fei mÐa kampÔlh sto epÐpedo.

Orismìc 1.21. Oi sunart seic x(t), y(t) apoteloÔn parametrik  perigraf  tou

sunìlou G tou epipèdou e�n gia k�je shmeÐo tou G up�rqei toul�qiston èna t tètoio ¸ste

oi suntetagmènec tou shmeÐou wc proc to sÔsthma anafor�c (O, ~i, ~j) eÐnai (x(t), y(t)).

Par�deigma 1.11 H eujeÐa sto epÐpedo pou pern�ei apì ta shmeÐa A : (1, 2) kai B :

(−1, 3) èqei parametrik  perigraf  f(t) = (1−2t, 2+t). Pr�gmati, e�n to shmeÐo X : (x, y)

brÐsketai sthn eujeÐa pou pern�ei apì ta A, B, to di�nusma
−−→
AX eÐnai pollapl�sio tou

dianÔsmatoc
−−→
AB = (−2, 1), kai sunep¸c (x − 1, y − 2) = t(−2, 1). 'Ara mÐa parametrik 

perigraf  thc eujeÐac AB eÐnai

(x, y) = (1− 2t, 2 + t) .

MporoÔme na gr�youme thn parametrik  perigraf  se dianusmatik  morf , ekfr�zontac

to di�nusma jèshc enìc shmeÐou thc eujeÐac wc sun�rthsh thc paramètrou t:

−−→
OX =

−→
OA+ t

−−→
AB

  se suntetagmènec (x, y) = (1, 2) + t(−2, 1).

Drasthriìthta 1.27 BreÐte thn parametrik  perigraf  thc eujeÐac pou pern�ei

apì ta shmeÐa C : (1, 1) kai D : (3, 2).
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Sq ma 1.29: Parametrik  perigraf  thc eujeÐac AB.

Par�deigma 1.12 O kÔkloc me kèntro (0, 0) kai aktÐna r èqei parametrik  perigraf ,

me par�metro ϑ gia 0 ≤ θ < 2π,

f(θ) = (r cos θ, r sin θ) .

MÐa diaforetik  parametrik  perigraf  tou kÔklou aktÐnac r, pou den qrhsimopoieÐ tri-

gwnometrikèc sunart seic, eÐnai h

x(t) = t, y(t) =
√
r2 − t2, gia − r ≤ t ≤ r .

Aut  h paramètrhsh kalÔptei mìno to hmikÔklio ìpou y ≥ 0. Gia na kalÔyoume ìlo ton

kÔklo qreiazìmaste kai mÐa deÔterh paramètrhsh,

x(t) = t, y(t) = −
√
r2 − t2, gia − r ≤ t ≤ r .

Drasthriìthta 1.28 BreÐte thn parametrik  perigraf  tou kÔklou me kèntro

sto shmeÐo (1, 1) kai aktÐna 2.

E�n gnwrÐzoume thn parametrik  perigraf  enìc sunìlou, mporoÔme na broÔme tic a-

nalutikèc exis¸seic me apaloif  twn paramètrwn. JewroÔme thn eujeÐa sto epÐpedo, me

parametrikèc sunart seic x(t) = 1− t kai y(t) = 2− 3t. LÔnontac wc proc t èqoume

t = 1− x kai t =
2− y

3
.

Exis¸noume tic dÔo ekfr�seic gia thn par�metro t kai èqoume

1− x =
1

3
(2− y)

ap� ìpou paÐrnoume thn exÐswsh thc eujeÐac 3x+ y − 5 = 0.
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Drasthriìthta 1.29 DÐdetai h parametrik  perigraf  mÐac eujeÐac (x, y) =

(−1, 1) + t(1, 1). BreÐte to shmeÐo thc eujeÐac pou antistoiqeÐ sthn tim  thc para-

mètrou t = 1.

BreÐte kai to shmeÐo gia t = −1.

ApaleÐyte thn parametro t gia na breÐte thn analutik  exÐswsh thc eujeÐac.

EujeÐec sto epÐpedo

MÐa eujeÐa ε sto epÐpedo prosdiorÐzetai e�n gnwrÐzoume dÔo shmeÐa thc,   e�n gnwrÐzoume

èna shmeÐo thc eujeÐac kai èna di�nusma sth dieÔjunsh thc eujeÐac.

JewroÔme dÔo shmeÐa P kai Q, me suntetagmènec (x1, y1) kai (x2, y2) antÐstoiqa, kai

ε thn eujeÐa pou pern�ei apì ta shmeÐa P kai Q. E�n X : (x, y) eÐnai to genikì shmeÐo

p�nw sthn eujeÐa ε, to di�nusma
−−→
PX eÐnai suggrammikì me to

−−→
PQ, kai sunep¸c

−−→
PX = t

−−→
PQ

gia k�poio arijmì t. 'Etsi brÐskoume thn parametrik  perigraf  gia to di�nusma jèshc tou

shmeÐou X:
−−→
OX =

−−→
OP + t

−−→
PQ ,

  se suntetagmènec

(x, y) = (x1, y1) + t(x2 − x1, y2 − y1) . (1.3)

Sq ma 1.30: H eujeÐa apì ta shmeÐa P kai Q.

E�n x2−x1 = 0, h 1.3 dÐdei thn exÐswsh x = x1. E�n y2−y1 = 0, h 1.3 dÐdei thn exÐswsh

y = y1. UpenjumÐzoume oti mÐa metablht  pou den emfanÐzetai se mÐa exÐswsh, mporeÐ na

p�rei opoiad pote tim . 'Etsi o gewmetrikìc tìpoc thc exÐswshc x = x1 apoteleÐtai apì

ìla ta shmeÐa me suntetagmènec (x1, y) gia y ∈ R, dhlad  mÐa eujeÐa par�llhlh proc ton

y-�xona.

E�n (x2 − x1)(y2 − y1) 6= 0, mporoÔme na apaleÐyoume thn par�metro t apì tic sqèseic

x − x1 = t(x2 − x1) kai y − y1 = t(y2 − y1), gia na p�roume thn analutik  exÐswsh thc

eujeÐac ε,
x− x1
x2 − x1

=
y − y1
y2 − y1

,
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(y2 − y1)x− (x2 − x1)y − (y2 − y1)x1 + (x2 − x1)y1 = 0 .

ParathroÔme oti h exÐswsh eÐnai thc morf c Ax+By + C = 0.

JewroÔme to shmeÐo P : (x1, y1) kai to di�nusma ~a = (u, v). H eujeÐa ε pou pern�ei

apì to P kai eÐnai par�llhlh proc to di�nusma ~a èqei genikì shmeÐo X : (x, y) tètoio ¸ste

to di�nusma
−−→
PX eÐnai suggrammikì me to ~a. Sunep¸c

−−→
PX = t~a gia k�poio arijmì t. 'Etsi

brÐskoume thn parametrik  perigraf  gia to di�nusma jèshc tou shmeÐou X:

−−→
OX =

−−→
OP + t~a ,

  se suntetagmènec

(x, y) = (x1, y1) + t(u, v) .

E�n u = 0 h eujeÐa ε eÐnai par�llhlh me ton y-�xona, kai èqei analutik  exÐswsh x = x1.

E�n v = 0 h eujeÐa ε eÐnai par�llhlh me ton x-�xona, kai èqei analutik  exÐswsh y = y1

E�n uv 6= 0, mporoÔme na apaleÐyoume thn par�metro t apì tic sqèseic x − x1 = tu kai

y − y1 = tv, gia na p�roume thn analutik  exÐswsh thc eujeÐac ε,

x− x1
u

=
y − y1
v

,

 

vx− uy − vx1 + uy1 = 0 .

ParathroÔme oti kai aut  h exÐswsh eÐnai thc morf c Ax+By + C = 0.

Ja deÐxoume oti k�je exÐswsh thc morf c Ax+By + C = 0, ìpou ta A, B den eÐnai kai

ta dÔo mhdèn parist�nei mÐa eujeÐa.

Prìtash 1.11 O gewmetrikìc tìpoc mÐac exÐswshc thc morf c

Ax+By + C = 0 , (1.4)

ìpou ta A, B den eÐnai kai ta dÔo mhdèn, eÐnai mÐa eujeÐa sto epÐpedo.

Apìdeixh. E�n A = 0, tìte B 6= 0, kai h exÐswsh Ax+By+C = 0 gÐnetai y = −C/B. O
gewmetrikìc tìpoc aut c thc exÐswshc eÐnai ìla ta shmeÐa me deÔterh suntetagmènh −C/B,
dhlad  mÐa eujeÐa par�llhlh me ton x-�xona, pou tèmnei ton y-�xona sto shmeÐo (0, −C/B).

Parìmoia, e�n B = 0 kai A 6= 0, h exÐswsh 1.4 gÐnetai x = −C/A, kai o gewmetri-

kìc tìpoc eÐnai mÐa eujeÐa par�llhlh me ton y-�xona pou tèmnei ton x-�xona sto shmeÐo

(−C/A, 0).

E�n t¸ra AB 6= 0, o gewmetrikìc tìpoc thc exÐswshc 1.4 perièqei ta shmeÐa P :

(−C/A, 0) kai Q : (1 − (C/A), −A/B). Ja deÐxoume oti e�n X : (x, y) eÐnai opoiod -

pote �llo shmeÐo pou ikanopoieÐ thn exÐswsh, to di�nusma
−−→
PX eÐnai suggrammikì me to

−−→
PQ,

kai sunep¸c to shmeÐo X brÐsketai sthn eujeÐa pou pern�ei apì ta P kai Q.
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To di�nusma
−−→
PQ èqei suntetagmènec (1, −A/B). AfoÔ Ax + By + C = 0, èqoume

y = −Ax+C
B , kai sunep¸c to di�nusma

−−→
PX èqei suntetagmènec(

x+
C

A
, y

)
=

(
Ax+ C

A
, −Ax+ C

B

)
=
Ax+ C

A

(
1, −A

B

)
.

'Ara
−−→
PX kai

−−→
PQ eÐnai suggrammik�, kai X brÐsketai sthn eujeÐa ε.

�
Drasthriìthta 1.30 Sqedi�ste tic eujeÐec me tic akìloujec exis¸seic wc proc

èna orjokanonikì sÔsthma anafor�c (O, ~i, ~j):

aþ) x = 3 bþ) y = 2

gþ) x+ y = 0 dþ) x+ y = 2

eþ) x− y = 0 �þ) x− y = −3

Prìtash 1.12 E�n P : (x1, y1) kai Q : (x2, y2) eÐnai dÔo diaforetik� shmeÐa thc

eujeÐac ε me exÐswsh Ax+By + C = 0,

aþ. To di�nusma ~n = (A, B) eÐnai k�jeto proc to
−−→
PQ. K�je mh mhdenikì di�nusma

suggrammikì me to di�nusma ~n lègetai k�jeto di�nusma thc eujeÐac ε.

bþ. To di�nusma ~u = (B, −A) eÐnai suggrammikì me to
−−→
PQ. K�je mh mhdenikì di�nusma

suggrammikì me to di�nusma ~u lègetai di�nusma dieÔjunshc thc eujeÐac ε.

gþ. E�n B 6= 0, tìte

−A
B

=
y2 − y1
x2 − x1

.

O arijmìc λ = −A/B onom�zetai suntelest c dieÔjunshc   kl sh thc eu-

jeÐac ε.

dþ. H eujeÐa ε me exÐswsh Ax + By + C = 0, tèmnei ton x-�xona sto shmeÐo me sunte-

tagmènec (−C/A, 0) kai ton y-�xona sto shmeÐo me suntetagmènec (0, −C/B).

Apìdeixh. AfoÔ Ax1 +By1 +C = 0 kai Ax2 +By2 +C = 0, èqoume A(x2−x1)+B(y2−
y1) = 0.

aþ. To eswterikì ginìmeno tou dianÔsmatoc
−−→
PQ = (x2 − x1, y2 − y1) me to di�nusma

~n = (A, B) eÐnai A(x2 − x1) +B(y2 − y1) = 0. 'Ara ~n eÐnai k�jeto proc to
−−→
PQ.

bþ. To di�nusma ~u = (B, −A) eÐnai suggrammikì me to
−−→
PQ = (x2 − x1, y2 − y1) e�n

up�rqei µ tètoio ¸ste x2−x1 = µB kai y2−y1 = −µA. Autì to sÔsthma exis¸sewn

èqei monadik  lÔsh gia ta x, y ìtan A(x2 − x1) = −B(y2 − y1).

gþ. E�n B 6= 0, diair¸ntac thn y2 − y1 = −µA me thn x2 − x1 = µB, èqoume

−A
B

=
y2 − y1
x2 − x1

.



Kef�laio 1 Gewmetrik� dianÔsmata sto epÐpedo 41

Sq ma 1.31: H eujeÐa me exÐswsh Ax+By + C = 0.

�

Drasthriìthta 1.31 Exhg ste giatÐ sthn exÐswsh thc eujeÐac sto Sq ma 1.31

oi suntelestèc eÐnai A < 0, B > 0 kai C < 0. TÐ ja �llaze sto Sq ma e�n

pollaplasi�zame kai touc treic suntelestèc me −1?

Drasthriìthta 1.32 BreÐte èna k�jeto di�nusma, èna di�nusma dieÔjunshc kai

thn klÐsh, gia tic akìloujec eujeÐec sto epÐpedo.

aþ) 2x+ 3y = 5 , bþ) 3x = 2y − 5 .

JewroÔme tic eujeÐec ε1 kai ε2, me exis¸seic A1x+B1y+C1 = 0 kai A2x+B2y+C2 = 0

antÐstoiqa, me B1B2 6= 0 kai suntelestèc dieÔjunshc λ1 = −A1/B1 kai λ2 = −A2/B2.

Oi eujeÐec ε1 kai ε2 eÐnai par�llhlec e�n oi suntelestèc dieÔjunshc eÐnai Ðsoi, λ1 = λ2.

Oi eujeÐec ε1 kai ε2 tèmnontai k�jeta e�n to ginìmeno twn suntelest¸n dieÔjunshc eÐnai

−1, λ1λ2 = −1.

E�n A1B2 − A2B1 6= 0, tìte oi eujeÐec den eÐnai par�llhlec kai tèmnontai se èna shmeÐo.

Gia na upologÐsoume tic suntetagmènec (x0, y0) tou koinoÔ shmeÐou, lÔnoume thn exÐswsh[
A1 B1

A2 B2

][
x

y

]
=

[
−C1

−C2

]
,

kai brÐskoume

x0 =
B1C2 −B2C1

A1B2 −A2B1
, y0 =

C1A2 − C2A1

A1B2 −A2B1
.

Drasthriìthta 1.33 BreÐte to shmeÐo tom c twn eujei¸n me exis¸seic

x− y − 1 = 0 , x+ 2y − 4 = 0 .
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Suntetagmènec shmeÐou p�nw se eujeÐa

E�n ta shmeÐa P1, P2 kai P brÐskontai p�nw se mÐa eujeÐa, èqoume orÐsei ton aplì lìgo

µ = (P1 P2 P ) =
(P1P )
(PP2)

, Orismìc 1.11. E�n ta shmeÐa èqoun suntetagmènec P1 : (x1, y1),

P2 : (x2, y2) kai P : (x, y) wc proc to orjokanonikì sÔsthma anafor�c (O, ~i, ~j), tìte
−−→
P1P = (x− x1)~i+ (y− y1)~j kai

−−→
PP2 = (x2 − x)~i+ (y2 − y)~j. Apì th sqèsh

−−→
P1P = µ

−−→
PP2,

sumperaÐnoume oti

x− x1 = µ(x2 − x) kai y − y1 = µ(y2 − y) .

'Ara oi suntetagmènec tou shmeÐou P dÐdontai sunart sei twn suntetagmènwn twn P1 kai P2,

kai tou aploÔ lìgou µ = (P1 P2 P ) apì touc tÔpouc

x =
x1 + µx2

1 + µ
kai y =

y1 + µy2
1 + µ

. (1.5)

'Otan µ > 0, to P brÐsketai metaxÔ twn P1 kai P2, kai oi tÔpoi dÐdoun tic suntetagmènec tou

shmeÐou pou qwrÐzei to di�sthma P1P2 se dÔo tm mata me lìgo µ : 1.

Drasthriìthta 1.34 BreÐte tic suntetagmènec tou shmeÐou pou qwrÐzei to di�-

sthma AB, me A : (3, −1) kai B : (−2, 3) se lìgo 3 : 2.

Apìstash shmeÐou apì eujeÐa

Jèloume na upologÐsoume thn apìstash d(P, ε) tou shmeÐou P : (x0, y0) apì thn eujeÐa ε

me exÐswsh Ax + By + C = 0. E�n Q eÐnai opoiod pote shmeÐo thc eujeÐac ε, h apìstash

d(P, ε) eÐnai Ðsh me to mètro thc probol c tou dianÔsmatoc
−−→
PQ se èna k�jeto di�nusma ~n

thc eujeÐac ε, Sq ma 1.32,

d(P, ε) =
∣∣∣pr~n
−−→
PQ
∣∣∣ .

Sq ma 1.32: Apìstash shmeÐou apì eujeÐa.
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E�n to shmeÐo Q èqei suntetagmènec (x1, y1), tìte

|pr~n
−−→
PQ| =

|−−→PQ · ~n|
|~n|

=
|(x0 − x1, y0 − y1) · (A, B)|

|~n|

=
|A(x0 − x1) +B(y0 − y1)|

|~n|

=
|(Ax0 +By0 + C)− (Ax1 +By1 + C)|√

A2 +B2
.

All� oi suntetagmènec tou shmeÐou Q ikanopoioÔn thn exÐswsh thc eujeÐac ε, dhlad  Ax1 +

By1 + C = 0. Sunep¸c

|pr~n
−−→
PQ| = |Ax0 +By0 + C|√

A2 +B2
.

Prìtash 1.13 H apìstash d(P, ε) tou shmeÐou P : (x0, y0) apì thn eujeÐa ε me exÐswsh

Ax+By + C = 0 eÐnai

d(P, ε) =
|Ax0 +By0 + C|√

A2 +B2
. (1.6)

Drasthriìthta 1.35 BreÐte thn apìstash thc eujeÐac 2x + y − 3 = 0 apì to

shmeÐo anafor�c O.

Efarmogèc sth gewmetrÐa tou trig¸nou

Ja apodeÐxoume to Je¸rhma twn Diamèswn: oi treÐc di�mesoi enìc trig¸nou èqoun èna koinì

shmeÐo, to kèntro b�rouc tou trig¸nou.

Prìtash 1.14 JewroÔme to trÐgwno ABC, tou opoÐou oi korufèc èqoun suntetagmènec

(a1, a2), (b1, b2) kai (c1, c2) antÐstoiqa. To shmeÐo A′ eÐnai to mèso thc pleur�c BC, to

B′ eÐnai to mèso thc pleur�c CA kai to C ′ eÐnai to mèso thc pleur�c AB. Tìte oi eujeÐec

AA′, BB′ kai CC ′ tèmnontai se èna shmeÐo G, me suntetagmènec(
a1 + b1 + c1

3
,
a2 + b2 + c2

3

)
.

To shmeÐo A′ : (a′1, a
′
2) diaireÐ to di�sthma BC se lìgo 1:1, kai apì thn (1.5) èqoume tic

suntetagmènec tou

a′1 =
b1 + c1

2
a′2 =

b2 + c2
2

.

Parìmoia gia to B′ : (b′1, b
′
2)

b′1 =
a1 + c1

2
b′2 =

a2 + c2
2

.
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Sq ma 1.33: Oi di�mesoi trig¸nou.

To shmeÐo tom c twn AA′ kai BB′ èqei di�nusma jèshc
−→
OA+ s

−−→
AA′ kai epÐshc

−−→
OB + t

−−→
BB′.

Dhlad  up�rqoun pragmatikoÐ arijmoÐ s kai t tètoioi ¸ste

−→
OA+ s

−−→
AA′ =

−−→
OB + t

−−→
BB′.

Se suntetagmènec èqoume

a1 + s

(
b1 + c1

2
− a1

)
= b1 + t

(
a1 + c1

2
− b1

)
a2 + s

(
b2 + c2

2
− a2

)
= b2 + t

(
a2 + c2

2
− b2

)
kai sugkentr¸nontac touc ìmoiouc ìrouc èqoume to sÔsthma exis¸sewn pou ikanopoioÔn oi

arijmoÐ s, t: (
−a1 +

b1
2

+
c1
2

)
s+

(
b1 −

a1
2
− c1

2

)
t = b1 − a1(

−a2 +
b2
2

+
c2
2

)
s+

(
b2 −

a2
2
− c2

2

)
t = b2 − a2

Ta dianÔsmata
−−→
AA′,

−−→
BB′ den eÐnai par�llhla kai sunep¸c oi suntelestèc thc pr¸thc exÐ-

swshc den eÐnai pollapl�sia twn suntelest¸n thc deÔterhc exÐswshc. 'Ara oi exis¸seic

èqoun monadik  lÔsh, thn opoÐa mporoÔme na upologÐsoume: s = 2
3 , t = 2

3 . SumperaÐnoume

oti shmeÐo tom c twn eujei¸n AA′ kai BB′ eÐnai to shmeÐo G to opoÐo ikanopoieÐ

(AA′G) = (BB′G) = 2

Me ton Ðdio trìpo deÐqnoume oti to shmeÐo tom c G′ twn AA′ kai CC ′ ikanopoieÐ

(AA′G′) = (CC ′G′) = 2,

kai sunep¸c G = G′.
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Tèloc mporoÔme na upologÐsoume to di�nusma jèshc kai tic suntetagmènec tou G:

−−→
OG =

−→
OA+

2

3

−−→
AA′

=
−→
OA+

2

3
(
−−→
OA′ −−→OA)

=
1

3

−→
OA+

2

3
(
1

2
(
−−→
OB +

−−→
OC))

=
1

3
(
−→
OA+

−−→
OB +

−−→
OC)

=

(
a1 + b1 + c1

3
,
a2 + b2 + c2

3

)
.

Par�deigma 1.13 Jewr ste to trÐgwno me korufèc A : (1, 4), B : (0, 0) kai C : (3, 1)

kai Ôyh AA′, BB′, CC ′. Akolouj ste ta parak�tw b mata gia na deÐxete oti ta trÐa Ôyh

tèmnontai se èna shmeÐo, to orjìkentro tou trig¸nou ABC.

aþ. Sqedi�ste to trÐgwno ABC.

bþ. H pleur� BC èqei klÐsh λBC = 1/3. 'Ara h eujeÐa AA′ èqei klÐsh −3 kai pern�ei apì

to shmeÐo (1, 4). Sunep¸c h exÐswsh thc AA′ eÐnai 3x+ y − 7 = 0.

gþ. H pleur� CA èqei klÐsh λCA = −3/2. 'Ara h eujeÐa BB′ èqei klÐsh 2/3 kai pern�ei

apì to shmeÐo (0, 0). Sunep¸c h exÐswsh thc BB′ eÐnai 2x− 3y = 0.

dþ. LÔnoume to sÔsthma twn dÔo exis¸sewn kai brÐskoume oti tèmnontai sto shmeÐo

(2111 ,
14
11).

eþ. H eujeÐa CC ′ èqei exÐswsh x+4y−7 = 0. Elègqoume oti to shmeÐo (2111 ,
14
11) brÐsketai

kai se aut  thn eujeÐa.
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Ask seic 2

'Askhsh 2.1 Jewr ste dÔo mh suggrammik� dianÔsmata, ~u kai ~w, tètoia ¸ste

|~u+ 2~w| = |~u|. DeÐxte oti ~w · (~u+ ~w) = 0. (SugkrÐnate me thn 'Askhsh 1.2.)

Parathr ste oti ~w · (~u+ ~w) = 0 mporeÐ na isqÔei, par� ìlo pou ~w 6= 0 kai ~u+ ~w 6= 0!

'Askhsh 2.2 Shmei¸ste dÔo shmeÐa A, B, sto epÐpedo, kai breÐte shmeÐa C, D, E

tètoia ¸ste:

aþ. |−→AC| = 2|−−→AB| kai −→AC · −−→AB = 0.

bþ.
−−→
AD = 2

−−→
AB. Parathr ste oti tìte

−−→
AD · −−→AB = 2|−−→AB|2.

gþ. |−→AE| = 2|−−→AB| kai −→AE · −−→AB = −|−−→AB|2.

'Askhsh 2.3 An ta ~u, ~v eÐnai k�jeta kai èqoun Ðdio m koc, deÐxte oti kai ta 2~u+3~v,

6~u− 4~v eÐnai k�jeta.

'Askhsh 2.4 Jewr ste trÐa shmeÐa O, A, B pou den brÐskontai sthn Ðdia eujeÐa.

E�n to shmeÐo X brÐsketai sthn eujeÐa pou pern�ei apì ta A kai B, kai o aplìc

lìgoc (ABX) = µ, breÐte a kai b tètoia ¸ste
−−→
OX = a

−→
OA+ b

−−→
OB.

'Askhsh 2.5 ApodeÐxte oti gia k�je trÐgwno ABC isqÔei:
−−→
AB +

−−→
BC +

−→
CA = 0.

E�n gia ta dianÔsmata ~u, ~v, ~w isqÔei oti ~u+ ~v + ~w = 0, tìte apodeÐxte pwc up�rqei

trÐgwno ABC tètoio ¸ste
−−→
AB = ~u,

−−→
BC = ~v,

−→
CA = ~w.

'Askhsh 2.6 An to trÐgwno ABC eÐnai isìpleuro, a eÐnai to m koc thc pleur�c

tou, ~u =
−−→
AB, kai ~v =

−−→
BC, upologÐste to m koc tou ~u+ 3~v wc sun�rthsh tou a.

'Askhsh 2.7 DeÐxte oti e�n
−→
OA kai

−−→
OB eÐnai mh suggrammik� dianÔsmata kai

a
−→
OA = b

−−→
OB, tìte a = 0 kai b = 0.

'Askhsh 2.8 Qrhsimopoi ste thn 'Askhsh 2.7 gia na deÐxete oti oi suntetagmènec

enìc shmeÐou P tou epipèdou wc proc èna sÔsthma anafor�c (O, ~u, ~v) eÐnai monadikèc:

e�n (s, t) kai (x, y) eÐnai suntetagmènec tou Ðdiou shmeÐou P , tìte s = x kai t = y.

'Askhsh 2.9 DÐdetai (mh ekfulismèno) parallhlìgrammo OBCD, kai shmeÐa E, F

tètoia ¸ste
−−→
OE = a

−−→
OB kai

−−→
OF = b

−−→
OD, me b 6= 1. DeÐxte oti ta shmeÐa E, C, F

eÐnai suggrammik� e�n kai mìnon e�n a =
b

b− 1
.

Upìdeixh: Sqedi�ste kat�llhlo sq ma. Ekfr�ste th sqèsh metaxÔ twn
−−→
CE kai

−−→
CF

sunart sei twn
−−→
OB kai

−−→
OD, kai met� qrhsimopoi ste thn 2.7.
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'Askhsh 2.10 Sqedi�ste èna isìpleuro trÐgwno ABC. Jewr ste to (mh orjo-

kanonikì) sÔsthma anafor�c (A, ~u, ~w), ìpou ~u =
−−→
AB kai ~w = −−→AC.

Shmei¸ste sto sq ma ta shmeÐa P kai Q me suntetagmènec wc proc (A, ~u, ~w),

P : (2, 1) kai Q : (1, 1).

Sqedi�ste tic probolèc ~r = pr~u
−→
AP kai ~t = pr~w

−→
AP , kai breÐte tic suntetagmènec twn

dianusm�twn ~r kai ~t wc proc to sÔsthma anafor�c (A, ~u, ~w).

UpologÐste to eswterikì ginìmeno twn dianusm�twn me suntetagmènec (s, t) kai

(x, y) wc proc to sÔsthma anafor�c (A, ~u, ~w).

'Askhsh 2.11 Jewr ste to parallhlìgrammo ABCD. Ta shmeÐa A, B, C èqoun

suntetagmènec wc proc èna (mh orjokanonikì) sÔsthma anafor�c (O, ~u, ~v), (a1, a2),

(b1, b2), (c1, c2), antÐstoiqa. UpologÐste tic suntetagmènec tou shmeÐou D kai tou

shmeÐou tom c twn diagwnÐwn tou parallhlogr�mmou. UpologÐste tic suntetagmènec

twn dianusm�twn
−−→
AB,

−→
AC kai

−−→
DA.

'Askhsh 2.12 Se èna orjokanonikì sÔsthma anafor�c jewr ste ta dianÔsmata

~u = (s, t), ~v = (−t, s) kai ~w = (x, y). UpologÐste ta mètra twn probol¸n pr~u ~w kai

pr~v ~w.

'Askhsh 2.13 Perigr�yte gewmetrik� ta akìlouja sÔnola sto epÐpedo

aþ. {(x, y) ∈ R2 : 2x− 3y +
√

2 = 0}

bþ. {(x, y) ∈ R2 : y = −1}

gþ. {(x, y) ∈ R2 : (y − 1)(2x− y) = 0}

dþ. {(x, y) ∈ R2 : x2 + y2 − 2x− 2y − 2 = 0}

eþ. {(x, y) ∈ R2 : x2 + y2 = 2xy}

'Askhsh 2.14 Qrhsimopoi ste thn trigwnometrik  tautìthta sin2 ϑ+ cos2 ϑ = 1

gia na apaleÐyete thn par�metro ϑ apì thn parametrik  perigraf  tou ParadeÐgmatoc

1.12 kai na breÐte thn analutik  exÐswsh tou kÔklou.

'Askhsh 2.15 Jewr ste thn eujeÐa εt pou pern�ei apì ta shmeÐa P : (3, 2) kai

Qt : (t, 4) gia t ∈ R.

aþ. BreÐte thn exÐswsh thc eujeÐac εt.

bþ. Gia poi� tim  tou t eÐnai h eujeÐa εt k�jeth sthn eujeÐa ζ : 2x− y + 5 = 0?

gþ. BreÐte thn tim  t0 gia thn opoÐa h eujeÐa εt0 eÐnai par�llhlh proc thn ζ.

dþ. Gia t 6= t0, breÐte to shmeÐo tom c thc εt me thn ζ.
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'Askhsh 2.16 Na breÐte tic exis¸seic twn eujei¸n pou eÐnai par�llhlec proc thn

eujeÐa 2x+3y+5 = 0 kai mazÐ me touc �xonec tou sust matoc anafor�c perikleÐoun

trÐgwno me embadìn 6.

'Askhsh 2.17 DÐdetai h eujeÐa ε me exÐswsh 2x−3y−3 = 0. BreÐte tic suntetag-

mènec tou summetrikoÔ wc proc thn ε tou shmeÐou P : (x1, y1), dhlad  tou shmeÐou

Q : (x2, y2) ètsi ¸ste h ε na eÐnai h mesok�jetoc tou PQ.

'Askhsh 2.18 Sqedi�ste tic eujeÐec me tic akìloujec exis¸seic wc proc èna or-

jokanonikì sÔsthma anafor�c (O, ~i, ~j):

aþ) 2x+ 3y + 6 = 0 bþ) 2x+ 3y − 6 = 0

gþ) 3x− 2y + 6 = 0 dþ) 3x− 2y − 6 = 0

'Askhsh 2.19 BreÐte èna k�jeto di�nusma, èna di�nusma dieÔjunshc kai thn klÐsh,

gia thn eujeÐa sto epÐpedo me parametrik  perigraf  (x, y) = (1− 2t, 3 + t).

'Askhsh 2.20 BreÐte to Ôyoc apì to A tou trig¸nou ABC, me A : (−1, 3),

B : (1, −1), C : (4, 1).



Kef�laio 2

Gewmetrik� dianÔsmata sto q¸ro

Se autì to kef�laio orÐzoume ta gewmetrik� dianÔsmata sto q¸ro kai tic pr�xeic metaxÔ

touc. IdiaÐterh prosoq  dÐdetai sthn pr�xh tou exwterikoÔ ginomènou, pou perigr�fei ton

prosanatolismì kai to mègejoc tou parallhlogr�mmou pou orÐzetai apì dÔo dianÔsmata

sto q¸ro. Epilègontac èna sÔsthma anafor�c, qrhsimopoioÔme algebrikèc mejìdouc gia

na melet soume epÐpeda kai eujeÐec sto q¸ro. Tèloc exet�zoume eukleÐdeiouc metasqhma-

tismoÔc tou epipèdou kai tou q¸rou kai th duðkìthta metaxÔ metasqhmatism¸n kai allag c

sust matoc anafor�c.

49
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Di�lexh 5
SumbolÐzoume E3 ton EukleÐdeio q¸ro.

Orismìc 2.1. 'Ena sq ma pou apoteleÐtai apì tèssera shmeÐa A, B, C, D sto E3 kai

ta tm mata twn eujei¸n AB, BC, CD kai DA pou ta sundèoun, onom�zetai parallhlì-

grammo e�n to mèso M tou diast matoc AC sumpÐptei me to mèso tou BD, (Sq ma 1.1).

Autì to parallhlìgrammo to sumbolÐzoume ABCD. Ta eujÔgramma tm mata AB, BC,

CD kai DA eÐnai oi pleurèc tou parallhlogr�mmou ABCD, en¸ ta shmeÐa A, B, C, D

eÐnai oi korufèc tou parallhlogr�mmou ABCD.

Ta sÔmbola ABCD, BCDA, CDAB, DABC, ADCB, DCBA, CBAD kai BADC

dhl¸noun ìla to Ðdio parallhlìgrammo, me diagwnÐouc AC kai BD. Parathr ste oti to

ABCD kai to ABDC eÐnai kai ta dÔo parallhlìgramma mìnon ìtan A = B kai C = D.

E�n tèssera shmeÐa tou q¸rou sqhmatÐzoun èna parallhlìgrammo, aut� brÐskontai se

èna epÐpedo: to epÐpedo pou perièqei tic diagwnÐouc tou parallhlogr�mmou. H Prìtash 1.1

isqÔei epÐshc gia parallhlìgramma sto q¸ro.

Orismìc 2.2. JewroÔme tèssera shmeÐa P , Q, R, S sto E3. To parallhlepÐpedo

me akmèc PQ, PR, PS eÐnai to sq ma sto q¸ro pou apoteleÐtai apì ta shmeÐa P , Q,

R, S, T , U , V , W , tètoia ¸ste na sqhmatÐzoun ta parallhlìgramma PQWR, PRUS,

PSV Q, TUSV , TV QW kai TWRU , pou onom�zontai pleurèc tou parallhlepipèdou.

Ta eujÔgramma tm mata PQ, RW , UT , SV , PR, QW , V T , SU , PS, QV , WT kai RU

eÐnai oi akmèc tou parallhlepipèdou, en¸ ta shmeÐa P, Q, R, S, T , U , V ,W eÐnai oi korufèc

tou parallhlepipèdou me akmèc PQ, PR, PS.

To parallhlepÐpedo me akmèc PQ, PR, PS eÐnai ekfulismèno e�n ta shmeÐa P , Q, R, S

brÐskontai sto Ðdio epÐpedo sto E3.

Sq ma 2.1: ParallhlepÐpedo.
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Drasthriìthta 2.1 Ta dianÔsmata ~u =
−→
OA, ~v =

−−→
OB kai ~w =

−−→
OC apoteloÔn

akmèc parallhlepipèdou, tou opoÐou h koruf  apènanti sthn O eÐnai to shmeÐo D.

Sqedi�ste to parallhlepÐpedo kai onomatÐste tic korufèc tou.

UpenjumÐzoume oti èna gewmetrikì di�nusma eÐnai èna eujÔgrammo tm ma p�nw sto opoÐo

diakrÐnoume ta dÔo �kra, thn arq  kai to pèrac tou dianÔsmatoc. Sto Kef�laio 1 mele-

t same dianÔsmata pou ef�ptontai sthn epif�neia tou epipèdou E2. Sto parìn kef�laio ja

melet soume dianÔsmata sto q¸ro E3.

Oi basikèc ènnoiec pou orÐsame gia ta dianÔsmata tou epipèdou, ìpwc

• shmeÐo efarmog c

• mètro   m koc

• forèac

• suggrammikìthta

• par�llhlh metafor�

• isodunamÐa dianusm�twn

• for� dianÔsmatoc, omìrropa   antÐrropa dianÔsmata

orÐzontai me ton Ðdio akrib¸c trìpo kai gia dianÔsmata tou q¸rou.

Gia par�deigma, e�n
−−→
AB eÐnai èna di�nusma, kai A′ èna shmeÐo tou q¸rou E3, lème oti

to di�nusma
−−→
A′B′ prokÔptei me par�llhlh metafor� tou

−−→
AB sto A′, e�n to shmeÐo B′ eÐnai

tètoio ¸ste to tetr�pleuro ABB′A′ eÐnai parallhlìgrammo sto q¸ro.

Oi pr�xeic thc prìsjeshc dianusm�twn me to Ðdio shmeÐo efarmog c, kai tou pollaplasia-

smoÔ dianÔsmatoc me pragmatikì arijmì, orÐzontai gia dianÔsmata tou q¸rou, kai isqÔoun

oi idiìthtec thc Prìtashc 1.3. Gia thn apìdeixh thc prosetairistik c idiìthtac (Prìtash

1.3, bþ), e�n ta shmeÐa O, A, B, C den brÐskontai sto Ðdio epÐpedo, tìte to Sq ma 1.10 pa-

rist�nei to parallhlepÐpedo pou kataskeu�zetai me akmèc OA, OB, OC, kai efarmìzoume

thn Prìtash 1.1.

Oi pr�xeic eÐnai sumbatèc me thn par�llhlh metafor� se opoiod pote shmeÐo tou q¸rou,

L mma 1.4. Gia thn apìdeixh arkeÐ na jewr soume oti e�n to A′ den brÐsketai sto epÐpedo

twn A, B, C, tìte to Sq ma 1.11 parist�nei to parallhlepÐpedo pou kataskeu�zetai me

akmèc AB, AC, AA′.

Drasthriìthta 2.2 Gia to parallhlepÐpedo thc Drasthriìthtac 2.1 ekfr�ste

ta dianÔsmata
−−→
OD kai

−−→
CD sunart sei twn ~u, ~v, ~w.

JewroÔme dÔo mh mhdenik� dianÔsmata sto q¸ro, ~u =
−→
OA kai ~v =

−−→
OB. H orjog¸nia

probol  tou ~u sto ~v, pr~v~u, kai to eswterikì ginìmeno ~u ·~v orÐzontai ìpwc kai gia dianÔsmata
tou epipèdou:
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• pr~v~u =
−−→
OA′, ìpou A′ eÐnai to shmeÐo sto opoÐo h k�jetoc apì to A tèmnei thn eujeÐa

OB,

• ~u · ~v = |~v|(pr~v~u), ìpou h algebrik  tim  (pr~v~u) eÐnai wc proc ton prosanatolismì thc

OB pou orÐzei to di�nusma ~v.

Oi idiìthtec tou L mmatoc 1.8 kai thc Prìtashc 1.9 isqÔoun kai gia dianÔsmata tou q¸rou.

Tèloc h gwnÐa ∠(~u, ~v) metaxÔ dÔo mh mhdenik¸n dianusm�twn ~u =
−→
OA kai ~v =

−−→
OB

orÐzetai wc h kurt  gwnÐa ÂOB sto epÐpedo pou orÐzoun ta shmeÐa O, A, B. Den ja

orÐsoume proshmasmènh gwnÐa gia dÔo dianÔsmata sto q¸ro, kaj¸c gi� autì apaiteÐtai na

prosdiorÐsoume ton prosanatolismì tou epipèdou pou perièqei ta dianÔsmata, kai toÔto den

mporeÐ na gÐnei me kanonikì trìpo gia ìla ta epÐpeda tou q¸rou.

EleÔjera dianÔsmata sto q¸ro

Akrib¸c ìpwc kai sthn perÐptwsh tou epipèdou, e�n ~u eÐnai èna di�nusma sto q¸ro orÐzoume

to eleÔjero di�nusma [~u] na eÐnai to sÔnolo ìlwn twn efarmost¸n dianusm�twn sto q¸ro,

ta opoÐa prokÔptoun me par�llhlh metafor� tou ~u se k�je shmeÐo tou q¸rou.

[~u] = {~v di�nusma sto q¸ro, tètoio ¸ste ~v ∼ ~u} .

H par�llhlh metafor� eÐnai sumbat  me tic pr�xeic dianusm�twn sto q¸ro pou èqoume

perigr�yei: prìsjesh dianusm�twn, pollaplasiasmì dianÔsmatoc me arijmì, probol  dianÔ-

smatoc se di�nusma, eswterikì ginìmeno dianusm�twn. Sunep¸c mporoÔme na orÐsoume tic

antÐstoiqec pr�xeic metaxÔ eleujèrwn dianusm�twn.

Gia par�deigma, e�n
−−→
OC =

−→
OA+

−−→
OB, orÐzoume to �jroisma twn eleÔjerwn dianusm�twn

[
−→
OA] kai [

−−→
OB]

[
−→
OA] + [

−−→
OB] = [

−→
OA+

−−→
OB]

= [
−−→
OC] .

E�n ~u ∼ −→OA, ~v ∼ −−→OB kai ~w ∼ −−→OC, tìte

[~u] + [~v] = [~w] .

Prìtash 2.1 E�n ta dianÔsmata ~u =
−→
OA, ~v =

−−→
OB kai ~w =

−−→
OC den brÐskontai sto

Ðdio epÐpedo, tìte gia k�je (eleÔjero) di�nusma ~z tou q¸rou, up�rqoun pragmatikoÐ arijmoÐ

a, b, c ∈ R tètoioi ¸ste

~z = a~u+ b~v + c~w.

Apìdeixh. AfoÔ ta dianÔsmata ~u, ~v kai ~w den brÐskontai sto Ðdio epÐpedo, den eÐnai

opoiad pote dÔo apì aut� suggrammik�. JewroÔme shmeÐa O, A, B, C, D tètoia ¸ste ~u =
−→
OA, ~v =

−−→
OB ~w =

−−→
OC kai ~z = vectOD. JewroÔme to epÐpedo Π to opoÐo pern�ei apì to
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shmeÐo D kai eÐnai par�llhlo proc to epÐpedo pou orÐzoun ta (mh suggrammik�) dianÔsmata
−→
OA kai

−−→
OB. AfoÔ ta dianÔsmata ~u, ~v, ~w den brÐskontai sto Ðdio epÐpedo, o forèac tou

−−→
OC

(dhlad  h eujeÐa OC) tèmnei to Π se èna shmeÐo C ′. OrÐzoume ton pragmatikì arijmì c apì

th sqèsh
−−→
OC ′ = c

−−→
OC.

Me parìmoio trìpo orÐzoume ta shmeÐa A′ kaiB′ p�nw stic eujeÐecOA kaiOB antÐstoiqa,

kai touc pragmatikoÔc arijmoÔc a kai b ètsi ¸ste
−−→
OA′ = a

−→
OA kai

−−→
OB′ = b

−−→
OB.

Sq ma 2.2: An�lush dianÔsmatoc se treic sunist¸sec

Apì thn kataskeu  sqhmatÐzetai parallhlepÐpedo me akmèc OA′, OB′, OC ′, kai koruf 

D, Sq ma 2.2.

SumperaÐnoume oti

−−→
OD =

−−→
OA′ +

−−→
OB′ +

−−→
OC ′

= a~u+ b~v + c ~w.

�

H prìtash deÐqnei oti e�n ~u, ~v, ~w den brÐskontai sto Ðdio epÐpedo, tìte k�je di�nusma

tou q¸rou mporeÐ na ekfrasteÐ wc grammikìc sunduasmìc twn ~u, ~v, ~w.

SumperaÐnoume oti k�je sullog  pou perièqei perissìtera apì trÐa dianÔsmata sto q¸ro,

eÐnai grammik� exarthmènh. ParathroÔme oti trÐa dianÔsmata ta opoÐa den ef�ptontai sto

Ðdio epÐpedo eÐnai grammik� anex�rthta.

Exwterikì ginìmeno dianusm�twn sto q¸ro

'Otan melet�me dianÔsmata sto q¸ro apokt� endiafèron mÐa �llh pr�xh, thn opoÐa ja orÐ-

soume me gewmetrikì trìpo sth sunèqeia.

JewroÔme ta dianÔsmata ~u =
−→
OA kai ~v =

−−→
OB, kai to parallhlìgrammo me pleurèc

OA kai OB, OADB, (Sq ma 2.3. To embadìn tou parallhlìgrammou eÐnai ènac jetikìc

arijmìc, o opoÐoc exart�tai apì ta mètra twn dianusm�twn ~u kai ~v, kai th gwnÐa metaxÔ

touc. MporoÔme na orÐsoume mÐa pr�xh h opoÐa, sto zeÔgoc dianusm�twn ~u, ~v antistoiqeÐ
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to embadìn |OADB| tou parallhlogr�mmou OADB. 'Omwc eÐnai arket� eÔkolo na doÔme

oti, akìma kai sto epÐpedo, aut  h pr�xh den diajètei mÐa apì tic basikèc idiìthtec pou ja

jèlame, thn epimeristikìthta wc proc thn prìsjesh.

Sq ma 2.3: To embadìn parallhlogr�mmou den eÐnai epimeristikì

E�n
−−→
OC eÐnai èna trÐto di�nusma kai

−−→
OG =

−−→
OB +

−−→
OC, h epimeristikìthta ja s maine

oti to �jroisma twn embad¸n twn parallhlogr�mmwn OADB kai OAEC ja  tan Ðso me

to embadìn tou parallhlogr�mmou OAFG, |OADB|+ |OAEC| = |OAFG|, pr�gma pou en

gènei den isqÔei, Sq ma 2.3.

Gia na orÐsoume mÐa pr�xh me qr simec idiìthtec prèpei na l�boume up� ìyin mac, ektìc

apì to embadìn kai ton prosanatolismì tou parallhlogr�mmou mèsa sto q¸ro. JewroÔme

èna epÐpedo Π pou perièqei to shmeÐo anafor�c O, kai ta mh suggrammik� dianÔsmata
−→
OA

kai
−−→
OB.

Sq ma 2.4: Prosanatolismìc epipèdou apì k�jeto di�nusma

JewroÔme thn eujeÐa κ h opoÐa pern�ei apì to O kai eÐnai k�jeth sto epÐpedo Π. Autì

shmaÐnei oti h κ eÐnai k�jeth se k�je eujeÐa tou Π pou pern�ei apì to O, eidikìtera stouc

foreÐc twn
−→
OA kai

−−→
OB. Ta mh mhdenik� dianÔsmata me forèa thn κ diakrÐnontai se dÔo

kathgorÐec, an�loga me th for� touc.
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Orismìc 2.3. E�n
−−→
ON eÐnai èna mh mhdenikì di�nusma me forèa κ, orÐzoume ton pro-

sanatolismì tou epipèdou Π pou antistoiqeÐ sto
−−→
ON na eÐnai h for� peristrof c tou

epipèdou pou prosdiorÐzoun ta d�ktula tou dexioÔ qerioÔ, ìtan o antÐqeirac deÐqnei sthn

kateÔjunsh tou
−−→
ON , Sq ma 2.4, Sq ma 2.5.

Sq ma 2.5: O kanìnac tou dexioÔ qerioÔ

EÐnai fanerì oti o prosanatolismìc tou epipèdou Π pou antistoiqeÐ se opoiod pote di�-

nusma omìrropo me to
−−→
ON eÐnai o Ðdioc me autìn pou antistoiqeÐ sto

−−→
ON , en¸ o prosana-

tolismìc pou antistoiqeÐ se èna di�nusma antÐrropo proc to
−−→
ON eÐnai antÐjetoc.

ParathroÔme oti mÐa di�taxh sto zeÔgoc mh suggrammik¸n dianusm�twn (
−→
OA,

−−→
OB) epÐshc

prosdiorÐzei èna prosanatolismì sto epÐpedo Π: th for� peristrof c tou epipèdou h opoÐa

metafèrei to di�nusma
−→
OA se èna di�nusma omìrropo me to

−−→
OB, met� apì strof  kat� kurt 

gwnÐa ϑ, me 0 < ϑ < π, Sq ma 2.6.

H antÐjeth di�taxh twn dianusm�twn, (
−−→
OB,

−→
OA), prosdiorÐzei ton antÐjeto prosanato-

lismì.

Me autìn ton trìpo, sto diatetagmèno zeÔgoc dianusm�twn (
−→
OA,

−−→
OB) antistoiqeÐ mÐa

for� p�nw sthn k�jeto κ: h for� twn dianusm�twn pou antistoiqoÔn ston prosanatolismì

tou epipèdou pou prosdiorÐzei to diatetagmèno zeÔgoc (
−→
OA,

−−→
OB).
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Sq ma 2.6: Prosdiorismìc prosanatolismoÔ epipèdou apì diatetagmèno zeÔgoc dianusm�twn

Orismìc 2.4. 'Otan o prosanatolismìc tou epipèdou Π pou prosdiorÐzei to diatetagmèno

zeÔgoc (
−→
OA,

−−→
OB) sumpÐptei me ton prosanatolismì pou prosdiorÐzei to k�jeto sto epÐpedo

di�nusma
−−→
ON , lème oti h diatetagmènh tri�da (

−→
OA,

−−→
OB,

−−→
ON) apoteleÐ èna dexiìstrofo

sÔsthma, Sq ma 2.7.

Genikìtera, jewroÔme trÐa dianÔsmata me shmeÐo efarmog c to O, ta opoÐa den perièqontai

sto Ðdio epÐpedo, ~u =
−→
OA, ~v =

−−→
OB kai ~w =

−−→
OC. H diatetagmènh tri�da (~u, ~v, ~w)

apoteleÐ èna dexiìstrofo sÔsthma e�n to pèrac C tou dianÔsmatoc ~w brÐsketai ston

Ðdio hmiq¸ro tou epipèdou O, A, B me to k�jeto di�nusma
−−→
ON pou prosdiorÐzei ton Ðdio

prosanatolismì me to diatetagmèno zeÔgoc (~u, ~v).

Sq ma 2.7: Dexiìstrofa sust mata dianusm�twn

Drasthriìthta 2.3 Me trÐa molÔbia (  trÐa kalam�kia,   trÐa spÐrta) elègxte

oti e�n h tri�da (~a, ~b, ~c) eÐnai dexiìstrofo sÔsthma, to Ðdio isqÔei kai gia thn tri�da

(~b, ~c, ~a), all� ìqi gia thn tri�da (~b, ~a, ~c).

T¸ra mporoÔme na orÐsoume mÐa nèa pr�xh metaxÔ dÔo dianusm�twn sto q¸ro, h opoÐa

sqetÐzetai me to embadìn tou parallhlogr�mmou pou orÐzoun ta dÔo dianÔsmata, all� èqei

thn epimeristik  idiìthta.
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Orismìc 2.5. JewroÔme to di�nusma
−−→
OX to opoÐo èqei forèa ton κ, for� aut n pou

prosdiorÐzetai apì th di�taxh (
−→
OA,

−−→
OB), kai mètro Ðso me to embadìn tou parallhlogr�m-

mou me akmèc OA, OB. OrÐzoume to exwterikì ginìmeno twn dianusm�twn
−→
OA,

−−→
OB

na eÐnai to di�nusma

−→
OA×−−→OB =

{ −−→
OO e�n ta

−→
OA,

−−→
OB eÐnai suggrammik�

−−→
OX e�n ta

−→
OA,

−−→
OB den eÐnai suggrammik�.

H par�llhlh metafor� dianusm�twn eÐnai sumbat  me thn pr�xh tou exwterikoÔ ginomènou.

E�n
−−→
OC =

−→
OA×−−→OB, orÐzoume to exwterikì ginìmeno twn eleÔjerwn dianusm�twn [

−→
OA] kai

[
−−→
OB]

[
−→
OA]× [

−−→
OB] = [

−→
OA×−−→OB]

= [
−−→
OC] .

E�n ~u ∼ −→OA, ~v ∼ −−→OB kai ~w ∼ −−→OC, tìte èqoume thn isìthta eleÔjerwn dianusm�twn

~u× ~v = ~w .

To exwterikì ginìmeno ikanopoieÐ tic akìloujec idiìthtec.

Prìtash 2.2 JewroÔme ta dianÔsmata ~x, ~y, ~z kai to arijmì a: Tìte

aþ. ~x× ~y = −~y × ~x

bþ. (a~x)× ~y = a(~x× ~y)

gþ. ~x× (~y + ~z) = (~x× ~y) + (~x× ~z)

Apìdeixh. Ta 1 kai 2 apodeiknÔontai eÔkola apì ton orismì tou exwterikoÔ ginomènou.

To 3 ja apodeiqjeÐ ìtan orÐsoume to miktì ginìmeno, sth selÐda 63.

�
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Di�lexh 6

SÔsthma anafor�c sto q¸ro

Sto q¸ro E3 jewroÔme èna shmeÐo O, kai trÐa dianÔsmata me shmeÐo efarmog c to O, ta

opoÐa den perièqontai sto Ðdio epÐpedo, ~u =
−→
OA, ~v =

−−→
OB, w =

−−→
OC. Ta dianÔsmata ~u, ~v, ~w

prosdiorÐzoun treÐc �xonec, (ε, ~u), (δ, ~v), (ζ, ~w), oi opoÐoi tèmnontai sto O. H diatetagmènh

tri�da axìnwn (ε, ~u), (δ, ~v), (ζ, ~w) onom�zetai sÔsthma anafor�c sto q¸ro kai ja to

sumbolÐzoume (O, ~u, ~v, ~w).

Apì thn Prìtash 2.1, opoiod pote di�nusma sto q¸ro ~z gr�fetai wc grammikìc sundua-

smìc

~z = a~u+ b~v + c~w .

Orismìc 2.6. Oi arijmoÐ thc diatetagmènhc tri�dac (a, b, c) onom�zontai suntetag-

mènec tou dianÔsmatoc ~z wc proc to sÔsthma anafor�c (O, ~u, ~v, ~w).

Ta dianÔsmata a~u, b~v, c~w onom�zontai sunist¸sec tou ~z wc proc to sÔsthma anafor�c

(O, ~u, ~v, ~w).

Gia k�je shmeÐo D tou q¸rou, to di�nusma
−−→
OD onom�zetai di�nusma jèshc (  dianu-

smatik  aktÐna) tou D, kai oi suntetagmènec tou
−−→
OD eÐnai oi suntetagmènec tou

shmeÐou D.

Drasthriìthta 2.4 Sqedi�ste èna kanonikì tetr�edro OABC, me pleur� m -

kouc 1, ta dianÔsmata ~i =
−→
OA, ~j =

−−→
OB kai ~k =

−−→
OC, kai jewr ste to sÔsthma

anafor�c (O, ~i, ~j, ~k). Sqedi�ste to di�nusma ~u me suntetagmènec (1, 1, 1) kai to

di�nusma ~w me suntetagmènec (1, 1, −1).

Ja periorÐsoume thn prosoq  mac se orjokanonik�, dexiìstrofa sust mata su-

ntetagmènwn.

Orismìc 2.7. 'Ena orjokanonikì dexiìstrofo sÔsthma suntetagmènwn

(O, ~i, ~j, ~k) eÐnai èna sÔsthma suntetagmènwn sto opoÐo ta dianÔsmata~i, ~j, ~k èqoun mètro 1,

eÐnai k�jeta metaxÔ touc, kai h diatetagmènh tri�da (~i, ~j, ~k) apoteleÐ dexiìstrofo sÔsthma

dianusm�twn.

Drasthriìthta 2.5 Sqedi�ste èna orjokanonikì dexiìstrofo sÔsthma sunte-

tagmènwn (O, ~i, ~j, ~k). Sun jwc sqedi�zoume ta dianÔsmata ~j kai ~k sto epÐpedo tou

qartioÔ, kai fantazìmaste to di�nusma ~i na bgaÐnei èxw apì to qartÐ.

Shmei¸ste to shmeÐo me suntetagmènec (1, 2, 1) kai to di�nusma me suntetagmènec

(0, −2, 1).
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Prìtash 2.3 Se èna orjokanonikì sÔsthma suntetagmènwn, oi suntetagmènec tou dia-

nÔsmatoc ~z dÐdontai apì ta eswterik� ginìmena tou ~z me ta dianÔsmata tou sust matoc:

~z = (~z ·~i)~i+ (~z ·~j)~j + (~z · ~k)~k .

To eswterikì ginìmeno dÔo dianusm�twn dÐdetai apì to �jroisma twn ginomènwn twn antÐ-

stoiqwn suntetagmènwn. E�n ~z = z1~i+ z2~j + z3~k kai ~y = y1~i+ y2~j + y3~k, tìte

~z · ~y = z1y1 + z2y2 + z3y3

kai

|~z| =
√
z21 + z22 + z23 .

Drasthriìthta 2.6 Oi suntetagmènec dÐdontai wc proc èna orjokanonikì dexiì-

strofo sÔsthma suntetagmènwn (O, ~i, ~j, ~k). E�n ~u = (1, 2, 1), ~w = (−1, 1, −2),

A : (3, 4, −5) kai B : (2, 1, −2), upologÐste

aþ. Ta eswterik� ginìmena ~u · ~w kai ~u · ~u.

bþ. Ta mètra twn dianusm�twn ~u kai ~w.

gþ. Thn apìstash tou shmeÐou A apì to shmeÐo B.

dþ. Tic suntetagmènec tou mèsou M tou diast matoc AB, kai thn apìstash tou

M apì to shmeÐo anafor�c O.

Ja upologÐsoume tic suntetagmènec tou exwterikoÔ ginomènou dÔo dianusm�twn wc proc

èna orjokanonikì, dexiìstrofo sÔsthma anafor�c.

Prìtash 2.4 E�n ta dianÔsmata ~z kai ~y èqoun suntetagmènec (z1, z2, z3) kai (y1, y2, y3)

antÐstoiqa, wc proc èna orjokanonikì dexiìstrofo sÔsthma anafor�c (O, ~i, ~j, ~k), tìte

~z × ~y = (z2y3 − z3y2)~i+ (z3y1 − z1y3)~j + (z1y2 − z2y1)~k . (2.1)

Apìdeixh. E�n (O, ~i, ~j, ~k) eÐnai orjokanonikì kai dexiìstrofo sÔsthma anafor�c, to

parallhlìgrammo pou prosdiorÐzoun ta ~i, ~j eÐnai orjog¸nio, me embadìn 1, kai isqÔei h

sqèsh

~i×~j = ~k = −~j ×~i

An�loga èqoume

~j × ~k =~i = −~k ×~j

kai

~k ×~i = ~j = −~i× ~k .

Sunep¸c, qrhsimopoi¸ntac thn epimeristik  idiìthta tou exwterikoÔ ginomènou, thn opoÐa
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ja apodeÐxoume sthn Prìtash 2.7 qwrÐc th qr sh suntetagmènwn, èqoume

~z × ~y = (z1~i+ z2~j + z3~k)× (y1~i+ y2~j + y3~k)

= z1y1~i×~i+ z1y2~i×~j + z1y3~i× ~k

+z2y1~j ×~i+ z2y2~j ×~j + z2y3~j × ~k

+z3y1~k ×~i+ z3y2~k ×~j + z3y3~k × ~k

= z1y1~0 + z1y2~k − z1y3~j

−z2y1~k + z2y2~0 + z2y3~i

+z3y1~j − z3y2~i+ z3y3~0 ,

ìpou sumbolÐzoume ~0 to mhdenikì di�nusma. Katal goume sthn

~z × ~y = (z2y3 − z3y2)~i+ (z3y1 − z1y3)~j + (z1y2 − z2y1)~k .

�

Gia na upologÐsoume tic suntetagmènec tou exwterikoÔ ginomènou, dieukolÔnei o sumboli-

smìc twn 3× 3 orizous¸n: E�n a1, a2, a3, b1, b2, b3 kai c1, c2, c3 eÐnai 9 posìthtec, gia tic

opoÐec orÐzontai pr�xeic pollaplasiasmoÔ kai prìsjeshc, qrhsimopoioÔme to sumbolismì:∣∣∣∣∣∣∣
a1 a2 a3

b1 b2 b3

c1 c2 c3

∣∣∣∣∣∣∣ = a1b2c3 + b1c2a3 + c1a2b3 − a3b2c1 − b3c2a1 − c3a2b1 . (2.2)

Tic orÐzousec ja melet soume diexodik� sth Grammik  'Algebra. Eidik� gia na upologÐ-

soume 3× 3 orÐzousec, mporoÔme na qrhsimopoi soume to akìloujo sq ma: Xanagr�foume

tic dÔo pr¸tec grammèc wc tètarth kai pèmpth gramm , kai upologÐzoume ta ajroÐsmata twn

ginomènwn kat� m koc twn diagwnÐwn, me + gia tic diag¸niec apì ta arister� proc ta dexi�,

kai me − gia tic diag¸niec apì ta dexi� proc ta arister�

+ −
a1 a2 a3

+ ↘ ↙ −
b1 b2 b3

+ ↘↙ ↘↙ −
c1 c2 c3

↘↙ ↘↙
a1 a2 a3

↙ ↘
b1 b2 b3

= +a1b2c3 + b1c2a3 + c1a2b3 − a3b2c1 − b3c2a1 − c3a2b1 .

Sthn perÐptwsh tou exwterikoÔ ginomènou ~z × ~y, upologÐzoume thn orÐzousa me pr¸th

gramm  ta dianÔsmata~i, ~j, ~k, kai tic suntetagmènec twn dianusm�twn ~z kai ~y sth deÔterh kai
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thn trÐth gramm  antÐstoiqa. K�je ìroc aut c thc orÐzousac eÐnai èna apì ta dianÔsmata

tou sust matoc anafor�c pollaplasiasmèno me ènan arijmì. SugkrÐnontac thn 2.1 me thn

2.2, èqoume

~z × ~y =

∣∣∣∣∣∣∣
~i ~j ~k

z1 z2 z3

y1 y2 y3

∣∣∣∣∣∣∣ .
Drasthriìthta 2.7 Oi suntetagmènec dÐdontai wc proc èna orjokanonikì dexiì-

strofo sÔsthma suntetagmènwn (O, ~i, ~j, ~k). E�n ~u = (1, 2, 1), ~w = (−1, 1, −2),

A : (3, 4, −5) kai B : (2, 1, −2), upologÐste

aþ. To exwterikì ginìmeno ~u× ~w.

bþ. 'Ena di�nusma k�jeto sto epÐpedo pou pern�ei apì to shmeÐo anafor�c kai ta

shmeÐa A kai B.

gþ. To embadìn tou trig¸nou OAB.

Miktì ginìmeno

JewroÔme trÐa dianÔsmata ~x =
−→
OA, ~y =

−−→
OB kai ~z =

−−→
OC me koinì shmeÐo efarmog c O

pou den brÐskontai sto Ðdio epÐpedo, kai exet�zoume to eswterikì ginìmeno tou exwterikoÔ

ginomènou twn
−→
OA,

−−→
OB me to di�nusma

−−→
OC. Ja doÔme oti (

−→
OA × −−→OB) · −−→OC eÐnai ènac

arijmìc tou opoÐou h apìluth tim  eÐnai Ðsh me ton ìgko tou parallhlepipèdou me akmèc ta

dianÔsmata
−→
OA,

−−→
OB,

−−→
OC.

Pr�gmati, to eswterikì ginìmeno (
−→
OA×−−→OB) · −−→OC eÐnai∣∣∣−→OA×−−→OB∣∣∣ (pr ~OA× ~OB

−−→
OC
)
.

To di�nusma
−→
OA × −−→OB èqei mètro Ðso me to embadìn tou parallhlogr�mmou me pleurèc

ta dianÔsmata
−→
OA,

−−→
OB. To mètro thc probol c tou

−−→
OC sto di�nusma pou eÐnai k�jeto

sto epÐpedo tou parallhlogr�mmou OADB eÐnai to Ôyoc tou parallhlepipèdou me akmèc ta

dianÔsmata
−→
OA,

−−→
OB,

−−→
OC. 'Ara h apìluth tim  tou eswterikoÔ ginomènou,∣∣∣(−→OA×−−→OB) · −−→OC

∣∣∣ =
∣∣∣−→OA×−−→OB∣∣∣ ∣∣∣pr ~OA× ~OB

−−→
OC
∣∣∣ ,

eÐnai akrib¸c to embadìn thc b�shc tou parallhlepipèdou epÐ to Ôyoc tou, dhlad  o ìgkoc

tou parallhlepipèdou, Sq ma 2.8.

E�n h diatetagmènh tri�da (~x, ~y, ~z) eÐnai dexiìstrofo sÔsthma, tìte o arijmìc (~x×~y) ·~z
eÐnai jetikìc, dec 'Askhsh 3.4, en¸ sthn antÐjeth perÐptwsh eÐnai arnhtikìc.
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Sq ma 2.8: O ìgkoc tou parallhlepipèdou me akmèc ta dianÔsmata ~x, ~y, ~z.

Orismìc 2.8. To miktì ginìmeno tri¸n dianusm�twn ~x, ~y, ~z eÐnai o arijmìc

[~x, ~y, ~z] = (~x× ~y) · ~z .

Sugkentr¸noume tic prohgoÔmenec parathr seic se mÐa Prìtash.

Prìtash 2.5 E�n ta dianÔsmata ~x, ~y, ~z den brÐskontai sto Ðdio epÐpedo, h apìluth tim 

tou miktoÔ ginomènou [~x, ~y, ~z] eÐnai Ðsh me ton ìgko tou parallhlepipèdou me akmèc ta

dianÔsmata ~x, ~y, ~z.

To miktì ginìmeno eÐnai jetikì e�n to sÔsthma (~x, ~y, ~z) eÐnai dexiìstrofo kai arnhtikì e�n

to (−~x, ~y, ~z) eÐnai dexiìstrofo.

To miktì ginìmeno eÐnai mhdèn e�n kai mìnon e�n ta dianÔsmata ~x, ~y, ~z eÐnai sunepÐpeda.

ParathroÔme oti h apìluth tim  tou ginomènou (~y × ~z) · ~x eÐnai Ðsh me thn apìluth tim 

tou ginomènou (~x × ~y) · ~z, afoÔ kai oi dÔo eÐnai Ðsec me ton ìgko tou parallhlepipèdou me

akmèc ta dianÔsmata ~y, ~z, ~x. Sthn 'Askhsh 3.5 èqoume deÐxei oti (~y, ~z, ~x) eÐnai dexiìstrofo

sÔsthma akrib¸c ìtan (~x, ~y), ~z) eÐnai dexiìstrofo sÔsthma. SumperaÐnoume oti ta mikt�

ginìmena (~y × ~z) · ~x kai (~x× ~y) · ~z èqoun to Ðdio prìshmo. Katal goume oti

(~y × ~z) · ~x = (~x× ~y) · ~z .

Sundu�zontac me thn antimetajetik  idiìthta tou eswterikoÔ ginomènou èqoume epÐshc

(~x× ~y) · ~z = ~x · (~y × ~z) ,

dhlad , ston orismì tou miktoÔ ginomènou mporoÔme na enall�xoume to exwterikì kai to

eswterikì ginìmeno. SunoyÐzoume autèc kai �llec idiìthtec tou miktoÔ ginomènou sthn

akìloujh Prìtash.
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Prìtash 2.6 To miktì ginìmeno tri¸n dianusm�twn ~x, ~y, ~z ikanopoieÐ tic tautìthtec

aþ. [~x, ~y, ~z] = (~x× ~y) · ~z = ~x · (~y × ~z),

bþ. [~x, ~y, ~z] = [~y, ~z, ~x] = [~z, ~x, ~y],

gþ. −[~x, ~y, ~z] = [~z, ~y, ~x] = [~y, ~x, ~z] = [~x, ~z, ~y].

T¸ra mporoÔme na apodeÐxoume thn epimeristik  idiìthta gia to exwterikì ginìmeno:

Prìtash 2.7 E�n ~x, ~y, ~z eÐnai dianÔsmata sto q¸ro,

~x× (~y + ~z) = ~x× ~y + ~x× ~z .

Apìdeixh. JewroÔme to di�nusma

~b = ~x× (~y + ~z)− ~x× ~y − ~x× ~z .

Ja deÐxoume oti |~b| = 0, kai sunep¸c oti ~b = 0. Qrhsimopoi¸ntac thn epimeristik  idiìthta

gia to eswterikì ginìmeno kai thn Prìtash 2.6.aþ èqoume

~b ·~b = ~b · (~x× (~y + ~z)− ~x× ~y − ~x× ~z)

= ~b · ~x× (~y + ~z)−~b · ~x× ~y −~b · ~x× ~z

= (~b× ~x) · (~y + ~z)− (~b× ~x) · ~y − (~b× ~x) · ~z

= (~b× ~x) · ((~y + ~z)− ~y − ~z)

= 0 .
�

MporoÔme na upologÐsoume to miktì ginìmeno qrhsimopoi¸ntac tic suntetagmènec twn

dianusm�twn ~x, ~y, ~z wc proc èna orjokanonikì dexiìstrofo sÔsthma anafor�c,

~x · (~y × ~z) = (x1~i+ x2~j + x3~k) ·

·
[
(y2z3 − y3z2)~i+ (y3z1 − y1z3)~j + (y1z2 − y2z1)~k

]
= x1y2z3 − x1y3z2 + x2y3z1 − x2y1z3 + x3y1z2 − x3y2z1

=

∣∣∣∣∣∣∣
x1 x2 x3

y1 y2 y3

z1 z2 z3

∣∣∣∣∣∣∣ .
Drasthriìthta 2.8 Oi suntetagmènec dÐdontai wc proc èna orjokanonikì dexiì-

strofo sÔsthma suntetagmènwn (O, ~i, ~j, ~k). E�n ~u = (1, 2, 1), ~w = (−1, 1, −2),

A : (3, 4, −5) kai B : (2, 1, −2), upologÐste to miktì ginìmeno [~u, ~w,
−−→
AB].

Dic exwterikì ginìmeno

To ginìmeno ~x× (~y × ~z) eÐnai k�jeto proc to ~y × ~z, kai sunep¸c brÐsketai sto epÐpedo twn

~y, ~z. O akìloujoc upologismìc ekfr�zei to ~x× (~y × ~z) wc grammikì sunduasmì twn ~y kai
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~z.

~x× (~y × ~z) =

∣∣∣∣∣∣∣
~i ~j ~k

x1 x2 x3

y2z3 − y3z2 y3z1 − y1z3 y1z2 − y2z1

∣∣∣∣∣∣∣
= ~i (x2(y1z2 − y2z1)− x3(y3z1 − y1z3))

+~j (x3(y2z3 − y3z2)− x1(y1z2 − y2z1))

+~k (x1(y3z1 − y1z3)− x2(y2z3 − y3z2))

= ~i (y1(x1z1 + x2z2 + x3z3)− z1(x1y1 + x2y2 + x3y3))

+~j (y2(x1z1 + x2z2 + x3z3)− z2(x1y1 + x2y2 + x3y3))

+~k (y3(x1z1 + x2z2 + x3z3)− z3(x1y1 + x2y2 + x3y3))

= (~x · ~z)~y − (~x · ~y)~z .

Prìtash 2.8 E�n ~x, ~y, ~z eÐnai dianÔsmata sto q¸ro E3, to dic exwterikì ginìmeno dÐdetai

apì tic sqèseic

~x× (~y × ~z) = (~x · ~z)~y − (~x · ~y)~z ,

(~x× ~y)× ~z = (~x · ~z)~y − (~y · ~z)~x .

EpÐpeda sto q¸ro

Sto q¸ro E3 epilègoume èna dexiìstrofo, orjokanonikì sÔsthma anafor�c (O, ~i, ~j, ~k).

'Ena epÐpedo sto q¸ro E3 prosdiorÐzetai e�n gnwrÐzoume 3 shmeÐa tou pou den brÐskontai

sthn Ðdia eujeÐa,   e�n gnwrÐzoume èna shmeÐo tou epipèdou kai èna di�nusma k�jeto sto

epÐpedo.

Par�deigma 2.1 JewroÔme ta shmeÐa P : (1, 0, 1), Q : (1, 1, 0), R : (0, 1, 1). E�n

X : (x, y, z) eÐnai èna shmeÐo tou epipèdou pou pern�ei apì ta trÐa shmeÐa, up�rqoun arijmoÐ

s kai t tètoioi ¸ste
−−→
PX = s

−−→
PQ+ t

−→
PR. UpologÐzoume tic suntetagmènec twn dianusm�twn

−−→
PX = (x− 1, y, z − 1) ,

−−→
PQ = (0, 1, −1) ,

−→
PR = (−1, 1, 0) ,

kai brÐskoume tic parametrikèc exis¸seic gia tic suntetagmènec tou shmeÐou X,

x = 1− t , y = s+ t , z = 1− s .

Antikajist¸ntac ta t = 1− x kai s = 1− z sthn y = s+ t èqoume thn analutik  exÐswsh

tou epipèdou

x+ y + z = 2 .
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Sq ma 2.9: To epÐpedo pou prosdiorÐzetai apì ta shmeÐa P , Q kai R.

Genik�, jewroÔme trÐa shmeÐa P : (x1, y1, z1), Q : (x2, y2, z2) kai R(x3, y3, z3) pou den

brÐskontai sthn Ðdia eujeÐa. Tìte ta dianÔsmata
−−→
PQ kai

−→
PR den eÐnai suggrammik�. E�n

X : (x, y, z) eÐnai to genikì shmeÐo tou epipèdou Π pou pern�ei apì ta trÐa shmeÐa, tìte

to di�nusma
−−→
PX gr�fetai wc grammikìc sÔnduasmoc twn

−−→
PQ kai

−→
PR. Dhlad  up�rqoun

arijmoÐ s kai t tètoioi ¸ste na isqÔei

−−→
PX = s

−−→
PQ+ t

−→
PR . (2.3)

'Etsi brÐskoume thn parametrik  perigraf  gia to di�nusma jèshc tou genikoÔ shmeÐou X

tou epipèdou:
−−→
OX =

−−→
OP + s

−−→
PQ+ t

−→
PR ,

kai afoÔ
−−→
PQ =

−−→
OQ−−−→OP , −→PR =

−−→
OR−−−→OP

−−→
OX = (1− s− t)−−→OP + s

−−→
OQ+ t

−−→
OR .

Drasthriìthta 2.9 Gr�yte tic prohgoÔmenec sqèseic se suntetagmènec.

Apì thn exÐswsh 2.3 èqoume treÐc parametrikèc exis¸seic gia tic suntetagmènec tou X:

x− x1 = s(x2 − x1) + t(x3 − x1) ,

y − y1 = s(y2 − y1) + t(y3 − y1) ,

z − z1 = s(z2 − z1) + t(z3 − z1) .

Apì autèc tic exis¸seic mporoÔme na apaleÐyoume ta s kai t, gia na broÔme thn exÐswsh pou

ikanopoioÔn oi suntetagmènec (x, y, z) tou genikoÔ shmeÐou tou epipèdou Π. AfoÔ
−−→
PQ kai

−→
PR den eÐnai suggrammik�, toul�qiston èna apì ta x3− x1, y3− y1, z3− z1 den eÐnai mhdèn.

E�n x3 − x1 6= 0, epilègoume thn pr¸th exÐswsh kai lÔnoume wc proc t,

t =
(x− x1)− s(x2 − x2)

x3 − x1
.
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EpÐshc, afoÔ
−−→
PQ kai

−→
PR den eÐnai suggrammik�, oi lìgoi (x2 − x1) : (x3 − x1), (y2 − y1) :

(y3 − y1) kai (z2 − z1) : (z3 − z1) den eÐnai ìloi Ðsoi. Sunep¸c toul�qiston èna apì ta

(x2 − x1)(y3 − y1) − (y2 − y1)(x3 − x1) kai (x2 − x1)(z3 − z1) − (z2 − z1)(x3 − x1) den

eÐnai mhdèn. E�n (x2− x1)(y3− y1) 6= (y2− y1)(x3− x1), antikajistoÔme to t sthn exÐswsh
y − y1 = s(y2 − y1) + t(y3 − y1) kai lÔnoume wc proc s,

s =
(x− x1)(y3 − y1)− (y − y1)(x3 − x1)

(x2 − x1)(y3 − y1)− (y2 − y1)(x3 − x1)
.

AntikajistoÔme to t kai met� to x sthn z − z1 = s(z2 − z1) + t(z3 − z1) kai èqoume

z − z1 =
(z2 − z1)(y3 − y1)− (y2 − y1)(z3 − z1)
(x2 − x1)(y3 − y1)− (y2 − y1)(x3 − x1)

(x− x1) +

+
(x2 − x1)(z3 − z1)− (z2 − z1)(x3 − x1)
(x2 − x1)(y3 − y1)− (y2 − y1)(x3 − x1)

(y − y1) .

Gia na gr�youme thn exÐswsh se pio sÔntomh morf , jètoume

A = (y2 − y1)(z3 − z1)− (z2 − z1)(y3 − y1)

B = (z2 − z1)(x3 − x1)− (x2 − x1)(z3 − z1)

C = (x2 − x1)(y3 − y1)− (y2 − y1)(x3 − x1)

kai telik� èqoume thn exÐswsh

A(x− x1) +B(y − y1) + C(z − z1) = 0 . (2.4)

Drasthriìthta 2.10 BreÐte thn exÐswsh tou epipèdou pou pern�ei apì ta shmeÐa

P : (1, 1, 1), Q : (2, 1, 2) kai R : (0, 2, 1).

'Enac suntomìteroc trìpoc na broÔme thn analutik  exÐswsh tou epipèdou pou pern�ei

apì ta shmeÐa P , Q kai R basÐzetai sto exwterikì ginìmeno: Ta dianÔsmata
−−→
PQ kai

−→
PR

brÐskontai sto epÐpedo Π, �ra to exwterikì ginìmeno
−−→
PQ × −→PR eÐnai èna di�nusma k�jeto

sto Π. To di�nusma
−−→
PX, pou ef�ptetai sto epÐpedo, eÐnai k�jeto sto exwterikì ginìmeno

−−→
PQ×−→PR. Sunep¸c to miktì ginìmeno mhdenÐzetai,

−−→
PX · (−−→PQ×−→PR) = 0 .

Antikajist¸ntac tic suntetagmènec èqoume∣∣∣∣∣∣∣
x− x1 y − y1 z − z1
x2 − x1 y2 − y1 z2 − z1
x3 − x1 y3 − y1 z3 − z1

∣∣∣∣∣∣∣ = 0

kai katal goume p�li sthn exÐswsh 2.4.

A(x− x1) +B(y − y1) + C(z − z1) = 0 .
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Drasthriìthta 2.11 BreÐte thn exÐswsh tou epipèdou pou pern�ei apì ta shmeÐa

P : (1, 1, 1), Q : (2, 1, 2) kai R : (0, 2, 1) qrhsimopoi¸ntac to exwterikì ginìmeno
~PQ× ~PR.

E�n sthn exÐswsh 2.4 jèsoume D = −(Ax1+By1+Cz1), èqoume mia exÐswsh thc morf c

Ax+By + Cz +D = 0 . (2.5)

O �lloc trìpoc na prosdiorÐsoume èna epÐpedo sto q¸ro eÐnai na gnwrÐzoume èna sh-

meÐo tou epipèdou, P (x1, y1, z1) kai èna di�nusma k�jeto sto epÐpedo, ~n me suntetagmènec

(k, `, m). tìte e�n X (x, y, z) eÐnai tuqìn shmeÐo tou epipèdou, to di�nusma
−−→
PX eÐnai k�jeto

sto ~n kai sunep¸c
−−→
PX · ~n = 0 ,

 

(x− x1, y − y1, z − z1) · (k, `,m) = 0 ,

dhlad 

kx+ `y +mz − (kx1 + `y1 +mz1) = 0 .

Sq ma 2.10: To epÐpedo pou pern�ei apì to shmeÐo P , kai eÐnai k�jeto sto di�nusma ~n.

Blèpoume oti kai se aut  thn perÐptwsh h analutik  exÐswsh tou epipèdou eÐnai thc mor-

f c 2.5. Ja deÐxoume oti aut  eÐnai h genik  exÐswsh epipèdou.

Prìtash 2.9 O gewmetrikìc tìpoc mÐac exÐswshc thc morf c

Ax+By + Cz +D = 0 ,

ìpou ta A, B, C den eÐnai kai ta trÐa mhdèn, eÐnai èna epÐpedo sto q¸ro E3.
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Apìdeixh. E�n (x1, y1, z1) eÐnai èna shmeÐo pou ikanopoieÐ thn exÐswsh

Ax1 +By1 + Cz1 +D = 0 ,

tìte gia k�je �llo shmeÐo (x, y, z) pou thn ikanopoieÐ èqoume

A(x− x1) +B(y − y1) + C(z − z1) = 0 ,

dhlad  to di�nusma (x− x1, y− y1, z− z1) eÐnai k�jeto sto (A, B, C). Sunep¸c to shmeÐo

me suntetagmènec (x, y, z) brÐsketai sto epÐpedo pou pern�ei apì to (x1, y1, z1) kai eÐnai

k�jeto sto di�nusma (A, B, C) e�n kai mìno e�n Ax+By + Cz +D = 0.

�

Apì tic timèc twn suntelest¸n A, B, C, D prosdiorÐzoume th jèsh tou epipèdou se

sqèsh me touc �xonec tou sust matoc anafor�c.

• E�n B = C = 0 kai A 6= 0, tìte h exÐswsh gÐnetai

x = −D
A

kai parist�nei èna epÐpedo par�llhlo proc to epÐpedo O y z.

• E�n A = 0, BC 6= 0, tìte h exÐswsh gÐnetai

By + Cz +D = 0

kai parist�nei to epÐpedo pou eÐnai par�llhlo sto �xona Ox kai tèmnei to epÐpedo O y z

sthn eujeÐa me exÐswsh By + Cz +D = 0 wc proc to sÔsthma anafor�c (O, ~j, ~k).

• E�n D = 0, tìte h exÐswsh

Ax+By + Cz = 0

parist�nei epÐpedo pou pern�ei apì to shmeÐo anafor�c O.

• E�n ABCD 6= 0, tìte to epÐpedo tèmnei touc �xonec Ox, Oy, Oz se trÐa shmeÐa,

(−D
A , 0, 0), (0, −D

B , 0), (0, 0,−D
C ) antÐstoiqa.

AntÐstrofa, to epÐpedo pou tèmnei touc �xonec Ox, Oy, Oz sta α, β, γ antÐstoiqa,

me αβγ 6= 0, èqei exÐswsh
x

α
+
y

β
+
z

γ
= 1 .

Apìstash shmeÐou apì epÐpedo

JewroÔme èna epÐpedo Π kai èna shmeÐo X1 sto E3. Jèloume na upologÐsoume thn apìstash

tou shmeÐou X1 apì to epÐpedo Π.

'Estw oti h exÐswsh tou epipèdou Π eÐnai Ax + By + Cz + D = 0, kai ~n = (A, B, C)

eÐnai èna k�jeto di�nusma sto Π. E�n X0 : (x0, y0, z0) eÐnai èna shmeÐo tou epipèdou Π, kai
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X1 : (x1, y1, z1) shmeÐo tou q¸rou E3, h proshmasmènh apìstash tou X1 apì to epÐpedo Π

eÐnai to proshmasmèno mètro thc probol c tou dianÔsmatoc
−−−→
X0X1 sto ~n, Sq ma 2.11.

d(X1, Π) = (pr~n
−−−→
X0X1) =

−−−→
X0X1 · ~n
|~n|

=
(x1 − x0)A+ (y1 − y0)B + (z1 − z0)C√

A2 +B2 + C2

=
Ax1 +By1 + Cz1 − (Ax0 +By0 + Cz0)√

A2 +B2 + C2
,

all� Ax0 +By0 + Cz0 = −D, �ra

d =
Ax1 +By1 + Cz1 +D√

A2 +B2 + C2
. (2.6)

Sq ma 2.11: H apìstash shmeÐou apì epÐpedo.

H apìstash d eÐnai jetik  e�n to X1 brÐsketai ston hmÐqwro proc ton opoÐo kateujÔnetai

to di�nusma ~n = (A, B, C), kai arnhtik  sthn antÐjeth perÐptwsh.

Drasthriìthta 2.12 UpologÐste thn apìstash tou shmeÐou me suntetagmènec

(1, 1, 2) apì to epÐpedo me exÐswsh x+ y − z = 1.
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Ask seic 3

'Askhsh 3.1 Sqedi�ste trÐa dianÔsmata ~x =
−−→
AB, ~y =

−→
AC, ~z =

−−→
AD pou den

brÐskontai sto Ðdio epÐpedo.

Sumplhr¸ste sto sqèdio to parallhlepÐpedo pou kataskeu�zetai me akmèc AB, AC

kai AD (prosèxte na mhn deÐqnei orjog¸nio) ètsi ¸ste AA′, BB′, CC ′ kai DD′ na

eÐnai oi diag¸nioi tou parallhlepipèdou.

Ekfr�ste ta dianÔsmata
−−→
AB′,

−−→
AC ′,

−−→
AD′ kai ta dianÔsmata

−−→
AA′,

−−→
BB′,

−−→
CC ′,

−−→
DD′ wc

grammikoÔc sunduasmoÔc twn ~x, ~y kai ~z.

'Askhsh 3.2 Sqedi�ste èna tetr�edro ABCD, me ~x =
−−→
AB, ~y =

−→
AC, ~z =

−−→
AD.

aþ. Shmei¸ste sto sq ma to shmeÐo M pou eÐnai to mèso thc akm c CD kai to

shmeÐo P pou eÐnai to shmeÐo tom c twn diamèswn tou trig¸nou BCD. DeÐxte

oti
−→
AP = 1

3(~x+ ~y + ~z).

bþ. 'Estw Q to shmeÐo tom c twn diamèswn tou trig¸nou ABD. Ekfr�ste to
−−→
CQ

wc grammikì sunduasmì twn ~x, ~y kai ~z.

gþ. DeÐxte oti AP kai CQ tèmnontai se èna shmeÐo S tètoio ¸ste
−→
AS = 1

4(~x+~y+~z).

dþ. UpologÐste ton aplì lìgo (APS).

eþ. ApodeÐxte oti oi tèssereic eujeÐec pou en¸noun k�je koruf  enìc tetraèdrou

me to kèntro b�rouc thc apènanti trigwnik c pleur�c tèmnontai se èna shmeÐo.

'Askhsh 3.3 Sqedi�ste èna kanonikì tetr�edro ABCD me m koc pleur�c 1, kai

jewr ste ta dianÔsmata ~u =
−−→
AB, ~v =

−→
AC, ~w =

−−→
AD. Poièc apì tic akìloujec

tri�dec eÐnai dexiìstrofec, kai poièc den eÐnai?

(~u, ~v, ~w), (~v, ~w, ~u), (~u, ~w, ~v), (~w, −~v, ~u) .

'Askhsh 3.4 JewroÔme ta dianÔsmata ~x, ~y, ~z me koinì shmeÐo efarmog c O. DeÐxte

oti (~x, ~y, ~z) eÐnai dexiìstrofo sÔsthma e�n kai mìnon e�n (~x× ~y) · ~z > 0.

'Askhsh 3.5 JewroÔme ta dianÔsmata ~x, ~y, ~z me koinì shmeÐo efarmog c O. DeÐxte

oti e�n (~x, ~y, ~z) eÐnai dexiìstrofo sÔsthma tìte to Ðdio isqÔei gia tic diatetagmènec

tri�dec (~y, ~z, ~x), (~z, ~x, ~y) kai (~y, ~x, −~z).

'Askhsh 3.6 DeÐxte oti

[~x ~y ~z] = [~y ~z ~x] = [~z ~x~y] ,

[~z ~y ~x] = [~y ~x~z] = [~x~z ~y] .
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'Askhsh 3.7 E�n ~a 6= 0 kai ~a× (~a×~b) = (~a× ~a)×~b, tÐ sumpèrasma mporeÐte na

bg�lete gia to ~b? Aitiolog ste thn ap�nths  sac.

'Askhsh 3.8 DÐnetai èna orjokanonikì sÔsthma anafor�c (O,~i,~j,~k) sto q¸ro.

ApodeÐxte oti ta dianÔsmata ~a =~i, ~b =~i+~j, ~c =~i+~j+~k eÐnai grammik� anex�rthta.

Upìdeixh: E�n ta dianÔsmata ~a, ~b, ~c eÐnai grammik� exarthmèna, tìte mporoÔme na

broÔme arijmoÔc r, s, t pou na mhn eÐnai ìloi mhdèn, tètoiouc ¸ste r~a+ s~b+ t~c = ~0.

'Askhsh 3.9 UpologÐste to exwterikì ginìmeno ~v × ~u twn dianusm�twn (me su-

ntetagmènec wc proc orjokanonikì dexiìstrofo sÔsthma anafor�c) ~v = (1, 2, 1),

~u = (3, 1, 2).

Exet�ste an ta dianÔsmata ~v, ~u kai ~w = (4, 5, 0) eÐnai sunepÐpeda.

'Askhsh 3.10 UpologÐste to embadìn tou parallhlogr�mmou ABCD ìpou A :

(0, 1, 1), B : (2, 1, 0) kai C : (1, 1, 2).

UpologÐste to embadìn twn �llwn dÔo parallhlogr�mmwn pou èqoun wc treic apì

tic korufèc touc ta shmeÐa A, B, C. Ti parathreÐte? Pwc exhgeÐtai autì?

'Askhsh 3.11 Gia thn pr�xh tou pollaplasiasmoÔ arijm¸n, gnwrÐzoume oti e�n

x 6= 0 tìte

xy = xz ⇒ y = z

IsqÔei to an�logo apotèlesma gia thn pr�xh tou exwterikoÔ ginomènou? Me �lla

lìgia, isqÔei oti, an ~x, ~y, ~z eÐnai tuqaÐa dianÔsmata sto q¸ro me ~x 6= ~0, tìte

~x× ~y = ~x× ~z ⇒ ~y = ~z?

Upìdeixh: Jewr ste thn exÐswsh ~x× (~y − ~z) = ~0.

'Askhsh 3.12 'Estw orjokanonikì sÔsthma tou q¸rou (~i,~j,~k). Na brejeÐ èna

�llo sÔsthma tou q¸rou (~a,~b,~c), me ~a =~i+~j+2~k, tètoio ¸ste ta dianÔsmata ~a,~b,~c

na eÐnai orjog¸nia an� dÔo.

'Askhsh 3.13 Gia to exwterikì ginìmeno den isqÔei h prosetairistik  idiìthta:

~x × (~y × ~z) den eÐnai p�nta Ðso me (~x × ~y) × ~z. Up�rqei ìmwc mÐa �llh sqèsh, h

tautìthta Jacobi.

DeÐxte oti, gia tuqaÐa dianÔsmata ~x, ~y, ~z sto q¸ro,

~x× (~y × ~z) + ~z × (~x× ~y) + ~y × (~z × ~x) = ~0.

Gia tic epìmenec 3 erwt seic, dÐdontai ta shmeÐa

P : (2, 3, 1), Q : (3, 1, 4) kai R : (2, 1, 5).
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'Askhsh 3.14 BreÐte thn exÐswsh tou epipèdou pou pern�ei apì ta shmeÐa P, Q, R.

'Askhsh 3.15 BreÐte thn exÐswsh tou epipèdou pou pern�ei apì to shmeÐo P

kai eÐnai k�jeto sthn eujeÐa QR. EÐnai to epÐpedo par�llhlo proc k�poion �xona

suntetagmènwn?

'Askhsh 3.16 BreÐte thn exÐswsh tou epipèdou Πs pou perièqei thn eujeÐa QR

kai tèmnei ton �xona Oy sto shmeÐo (0, s, 0), gia s ∈ R,

'Askhsh 3.17 'Estw Π to epÐpedo me parametrik  perigraf 

(x, y, z) = (1, 0, 1) + s(1, 2, 3) + t(1, 1, 1) .

BreÐte thn exÐswsh tou Π, me dÔo trìpouc:

aþ. apaleÐfontac pr¸ta thn par�metro t kai katìpin thn par�metro s.

bþ. qrhsimopoi¸ntac to exwterikì ginìmeno.

Elègxte oti oi dÔo diadikasÐec katal goun se isodÔnamec exis¸seic.

'Askhsh 3.18 JewroÔme to epÐpedo Π sto E3 pou pern�ei apì ta shmeÐa

Q : (2, 1, 3), R : (2, 4, 0) kai S : (−3, 0, 4). Sto epÐpedo Π orÐzoume to (mh

orjokanonikì) sÔsthma anafor�c (Q, ~v, ~w), ìpou ~v =
−−→
QR kai ~w =

−→
QS. Na breÐte:

aþ. Tic suntetagmènec sto E3 tou shmeÐou tou Π pou èqei suntetagmènec (5, 3)

wc proc to (Q, ~v, ~w).

bþ. Tic suntetagmènec wc proc to (Q, ~v, ~w) tou shmeÐou sto opoÐo to epÐpedo Π

tèmnei ton �xona Oz.
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Di�lexh 7

Parametrik  kai analutik  perigraf  eujeÐac sto q¸ro

MÐa eujeÐa ε sto q¸ro E3 prosdiorÐzetai analutik� apì dÔo exis¸seic,

wc h tom  dÔo epipèdwn. Enallaktik�, mporoÔme na prosdiorÐsoume parametrik� mÐa

eujeÐa sto q¸ro E3 e�n gnwrÐzoume dÔo shmeÐa P kai Q p�nw sthn ε,   èna shmeÐo P p�nw

sthn ε kai èna mh mhdenikì di�nusma par�llhlo proc thn ε.

JewroÔme èna shmeÐo P : (x1, y1, z1), kai èna mh mhdenikì di�nusma ~a = (u, v, w). E�n

X eÐnai to genikì shmeÐo sthn eujeÐa pou pern�ei apì to P kai èqei dieÔjunsh par�llhlh

proc to ~a, tìte
−−→
PX = s~a kai h parametrik  perigraf  tou dianÔsmatoc jèshc tou X eÐnai

−−→
OX =

−−→
OP + s~a . (2.7)

Apì thn 2.7 èqoume treic parametrikèc sqèseic gia tic suntetagmènec tou X,

x = x1 + su , y = y1 + sv , z = z1 + sw .

Sq ma 2.12: H eujeÐa sto q¸ro.

AfoÔ ~a 6= 0, toul�qiston èna apì ta u, v, w den eÐnai mhdèn. Se k�je perÐptwsh apaleÐ-

fontac to s apì tic treic parametrikèc sqèseic, brÐskoume dÔo exis¸seic. Gia par�deigma,

e�n u 6= 0, èqoume

v(x− x1) = u(y − y1) ,

w(x− x1) = u(z − z1) ,

dhlad  èna sÔsthma dÔo exis¸sewn, pou parist�nei thn eujeÐa wc tom  dÔo epipèdwn.

Drasthriìthta 2.13 BreÐte to sÔsthma dÔo exis¸sewn pou perigr�fei wc tom 

dÔo epipèdwn thn eujeÐa pou pern�ei apì to shmeÐo P : (1, −3, 1) kai eÐnai par�llhlh

proc to di�nusma ~a = (0, 1, −2).
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Genikìtera, jewroÔme to sÔsthma dÔo exis¸sewn

A1x+B1y + C1z +D1 = 0 ,

A2x+B2y + C2z +D2 = 0 .

K�je exÐswsh parist�nei èna epÐpedo, kai oi lÔseic tou sust matoc dÐdoun tic suntetagmènec

twn shmeÐwn pou brÐskontai sthn tom  twn dÔo epipèdwn.

• E�n up�rqei arijmìc µ tètoioc ¸ste

(A1, B1, C1) = µ(A2, B2, C2) kai D1 = µD2 ,

oi dÔo exis¸seic ikanopoioÔntai akrib¸c apì ta Ðdia shmeÐa, dhlad  ta epÐpeda sumpÐ-

ptoun.

• E�n up�rqei arijmìc µ tètoioc ¸ste

(A1, B1, C1) = µ(A2, B2, C2) all� D1 6= µD2 ,

tìte ta dÔo epÐpeda eÐnai par�llhla: eÐnai kai ta dÔo k�jeta sto di�nusma (A1, B1, C1)

kai den up�rqoun koin� shmeÐa.

• E�n ta dianÔsmata (A1, B1, C1) kai (A2, B2, C2) den eÐnai par�llhla, tìte oÔte ta

dÔo epÐpeda eÐnai par�llhla, kai tèmnontai se mÐa eujeÐa. Se aut  thn perÐptwsh

toul�qiston èna apì ta A1B2 −B1A2, A1C2 − C1A2, B1C2 − C1B2 den eÐnai mhdèn.

Gia na broÔme thn parametrik  perigraf  thc eujeÐac sthn opoÐa tèmnontai ta dÔo epÐpeda,

mporoÔme na lÔsoume to sÔsthma twn dÔo grammik¸n exis¸sewn, ìpwc gnwrÐzoume apì th

Grammik  'Algebra.

Drasthriìthta 2.14 BreÐte mÐa parametrik  perigraf  thc eujeÐac sthn opoÐa

tèmnontai ta epÐpeda me exis¸seic y + z − 1 = 0 kai y + 2z − 1 = 0, lÔnontac to

sÔsthma twn dÔo exis¸sewn (sto R3!).

Gia ènan enallaktikì trìpo na broÔme thn parametrik  perigraf  thc eujeÐac, parathroÔ-

me oti to di�nusma dieÔjunshc thc eujeÐac eÐnai k�jeto sta (A1, B1, C1) kai (A2, B2, C2),

�ra eÐnai suggrammikì me to di�nusma (A1, B1, C1) × (A2, B2, C2). 'Ara h parametrik 

par�stash thc eujeÐac eÐnai

(x, y, z) = (x0, y0, z0) + t(A1, B1, C1)× (A2, B2, C2) ,

ìpou (x0, y0, z0) eÐnai èna shmeÐo thc eujeÐac. Gia par�deigma, e�n A1B2 − B1A2 6= 0,

mporoÔme na jèsoume z0 = 0 kai na lÔsoume tic exis¸seic

A1x0 +B1y0 = −D1

A2x0 +B2y0 = −D2
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gia na broÔme to shmeÐo (x0, y0, 0),

x0 =
−(D1B2 −B1D2)

A1B2 −B1A2
, y0 =

−(A1D2 −D1A2)

A1B2 −B1A2
.

Drasthriìthta 2.15 BreÐte mÐa parametrik  perigraf  thc eujeÐac sthn opoÐa

tèmnontai ta epÐpeda me exis¸seic y+ z− 1 = 0 kai y+ 2z− 1 = 0, qrhsimopoi¸ntac

to exwterikì ginìmeno twn dianusm�twn suntelest¸n.

Apìstash shmeÐou apì eujeÐa

JewroÔme mÐa eujeÐa ε kai èna shmeÐo X1 sto E3. Jèloume na upologÐsoume thn apìstash

tou shmeÐou X1 apì thn eujeÐa ε. MÐa eujeÐa sto q¸ro den èqei monadik  k�jeth dieÔ-

junsh. Pr¸ta ja broÔme to epÐpedo pou perièqei thn eujeÐa ε kai to shmeÐo X1, ¸ste na

prosdiorÐsoume thn dieÔjunsh se autì to epÐpedo pou eÐnai k�jeth proc thn eujeÐa.

'Estw oti h eujeÐa ε èqei parametrik  perigraf 
−−→
OX =

−−→
OX0 + t~a me X0 : (x0, y0, z0)

kai ~a = (u, v, w), kai to shmeÐo X1 èqei suntetagmènec (x1, y1, z1).

Tìte to di�nusma ~a × −−−→X0X1 eÐnai k�jeto sto epÐpedo pou perièqei thn eujeÐa ε kai to

shmeÐo X1, kai to di�nusma

~e = (~a×−−−→X0X1)× ~a

eÐnai par�llhlo proc autì to epÐpedo kai k�jeto sthn eujeÐa ε.

Sq ma 2.13: K�jetoc apì shmeÐo proc eujeÐa sto q¸ro.

SumperaÐnoume oti h apìstash tou X1 apì thn eujeÐa eÐnai to mètro thc probol c tou
−−−→
X0X1 p�nw sto ~e:

d(X1, ε) = |pr~e
−−−→
X0X1| =

∣∣∣∣∣~e ·
−−−→
X0X1

|~e|

∣∣∣∣∣
=
|((~a×−−−→X0X1)× ~a) · −−−→X0X1|

|(~a×−−−→X0X1)× ~a|
.
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UpenjumÐzoume oti mporoÔme na all�xoume th jèsh twn pr�xewn sto miktì ginìmeno, dhlad 

èqoume ((~a×−−−→X0X1)×~a) ·−−−→X0X1 = (~a×−−−→X0X1) · (~a×
−−−→
X0X1). ParathroÔme oti ~a eÐnai k�jeto

sto ~a×−−−→X0X1, kai sunep¸c to embadìn tou parallhlogr�mmou pou sqhmatÐzoun eÐnai Ðso me

to ginìmeno twn mètrwn twn dÔo dianusm�twn, |(~a×−−−→X0X1)× ~a| = |(~a×
−−−→
X0X1)| |~a|. 'Ara

d(X1, ε) =
|(~a×−−−→X0X1) · (~a×

−−−→
X0X1)|

|~a×−−−→X0X1| |~a|

=
|~a×−−−→X0X1|
|~a|

.

To telikì apotèlesma èqei mÐa endiafèrousa ermhneÐa. |~a×−−−→X0X1| eÐnai to embadìn enìc

parallhlogr�mmou me mÐa pleur� to di�nusma ~a p�nw sthn eujeÐa ε, kai �llh pleur� to

di�nusma
−−−→
X0X1 apì to shmeÐo X0 p�nw sthn eujeÐa ε sto shmeÐo X1, Sqèdio 2.14. 'Otan

diairèsoume autì to embadìn me to m koc thc pleur�c ~a, paÐrnoume to Ôyoc tou parallhlo-

gr�mmou, dhlad  thn k�jeth apìstash apì to shmeÐo X1 sthn eujeÐa ε.

Sq ma 2.14: H apìstash shmeÐou apì eujeÐa sto q¸ro.

Drasthriìthta 2.16 H eujeÐa ε pern�ei apì to shmeÐo P : (2, 2, 2) kai èqei di�-

nusma dieÔjunshc ~a = (1, 2, −1). BreÐte to k�jeto di�nusma apì to shmeÐo anafor�c

O sthn eujeÐa ε, kaj¸c kai thn apìstash apì to O sthn ε.

AsÔmbatec eujeÐec

JewroÔme dÔo eujeÐec ε1 kai ε2 sto q¸ro E3: h ε1 pern�ei apì to shmeÐo X1 kai èqei

di�nusma dieÔjunshc ~a1, en¸ h ε2 pern�ei apì to shmeÐo X2 kai èqei di�nusma dieÔjunshc ~a2.

H parametrik  èkfrash gia to genikì shmeÐo twn dÔo eujei¸n eÐnai

−−→
OX =

−−→
OX1 + t~a1 t ∈ R ,

−−→
OX =

−−→
OX2 + s~a2 s ∈ R .
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E�n oi eujeÐec brÐskontai sto Ðdio epÐpedo, tìte ta dianÔsmata
−−−→
X1X2, ~a1 kai ~a2 eÐnai

sunepÐpeda kai

[
−−−→
X1X2, ~a1, ~a2] = 0 .

Sthn antÐjeth perÐptwsh oi eujeÐec onom�zontai asÔmbatec. AsÔmbatec eujeÐec èqoun

monadik  koin  k�jeto eujeÐa κ. To di�nusma dieÔjunshc ~n thc κ eÐnai k�jeto sto ~a1 kai

to ~a2, kai mporoÔme na jewr soume

~n = ~a1 × ~a2 .

Sq ma 2.15: H koin  k�jetoc asÔmbatwn eujei¸n sto q¸ro.

H el�qisth apìstash twn dÔo eujei¸n eÐnai to mètro thc probol c tou dianÔsmatoc
−−−→
X1X2, apì èna shmeÐo thc mÐac eujeÐac se èna shmeÐo thc �llhc, p�nw sto di�nusma ~n sth

dieÔjunsh thc koin c kajètou:

d(ε1, ε2) = |pr~a1×~a2
−−−→
X1X2|

=
|−−−→X1X2 · ~a1 × ~a2|
|~a1 × ~a2|

=
|[−−−→X1X2, ~a1, ~a2]|
|~a1 × ~a2|

.

Gia na prosdiorÐsoume ta shmeÐa tom c T1 kai T2 thc koin c kajètou κ me tic ε1 kai ε2,

ergazìmaste wc ex c: To shmeÐo T1 an kei sthn ε1, �ra up�rqei t gia to opoÐo

−−→
OT1 =

−−→
OX1 + t~a1 (2.8)

kai parìmoia gia to T2 kai thn ε2, up�rqei s gia to opoÐo

−−→
OT2 =

−−→
OX2 + s~a2 . (2.9)

EpÐshc
−−→
T1T2 eÐnai par�llhlo proc to ~a1 × ~a2, kai �ra

−−→
T1T2 = `~a1 × ~a2 . (2.10)
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AfoÔ
−−→
T1T2 =

−−→
OT2 −

−−→
OT1, apì tic 2.8, 2.9 kai 2.10 èqoume

−−→
OX2 −

−−→
OX1 + s~a2 − t~a1 = `~a1 × ~a2 ,

to opoÐo eÐnai èna sÔsthma 3 exis¸sewn (mÐa gia k�je suntetagmènh) me 3 agn¸stouc s, t

kai `, to opoÐo mporoÔme na lÔsoume gia na prosdiorÐsoume ta t, s kai en suneqeÐa ta T1, T2.

Par�deigma 2.2 DÐdontai eujeÐec ε1 kai ε2 tètoiec ¸ste h ε1 pern� apì to shmeÐo A :

(2, −1, 0) kai eÐnai par�llhlh proc to di�nusma ~u = (1, 3, −1), kai h ε2 pern� apì to shmeÐo

B : (0, 1, 3) kai eÐnai par�llhlh proc to di�nusma ~v = (2, 1, 1).

AfoÔ ta ~u kai ~v den eÐnai suggrammik�, up�rqei monadik  koin  bk�jetoc, me di�nusma

dieÔjunshc

~u× ~v =

∣∣∣∣∣∣∣
~i ~j ~k

1 3 −1

2 1 1

∣∣∣∣∣∣∣ = (4, −3, −5) .

UpologÐzoume to miktì ginìmeno

[
−−→
AB, ~u, ~v] = (−2, 2, 3) · (4, −3, −5) = −29 .

SumperaÐnoume oti oi eujeÐec eÐnai asÔmbatec.

To di�nusma ~u× ~v èqei mètro |~u× ~v| = 5
√

2.

Sunep¸c h apìstash metaxÔ twn dÔo eujei¸n eÐnai

d(ε1, ε2) =
|[−−→AB, ~u, ~v]|
|~u× ~v|

=
| − 29|
5
√

2
=

29
√

2

10
.

Gia na broÔme ta shmeÐa tom c twn dÔo eujei¸n me thn koin  k�jeto, qrhsimopoioÔme to

sÔsthma
−−→
OB −−→OA+ s~v − t ~u = ` (~u× ~v) ,

dhlad 

(−2, 2, 3) + s (2, 1, 1)− t (1, 3, −1) = ` (4, −3, −5) ,

 

2s − t − 4` = 2

s − 3t + 3` = −2

s + t + 5` = −3 ,

to opoÐo lÔnoume gia na prosdiorÐsoume ta s kai t:

t =
1

25
, s = − 7

50
.

'Ara ta shmeÐa tom c me thn koin  k�jeto eÐnai

T1 = (2, −1, 0) +
1

25
(1, 3, −1) ,

T2 = (0, 1, 3)− 7

50
(2, 1, 1) .
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H koin  k�jetoc κ èqei parametrik  èkfrash

−−→
OX = (2, −1, 0) +

1

25
(1, 3, −1) + ` (4, −3, −5) .

EpalhjeÔoume thn apìstash metaxÔ twn dÔo eujei¸n,

|T1 − T2| =
1

50
|(116, −87, −145)| = 29

√
2

10
.

Drasthriìthta 2.17 H eujeÐa ε pern�ei apì to shmeÐo P : (2, 2, 2) kai èqei

di�nusma dieÔjunshc ~a = (1, 2, −1). BreÐte thn apìstash apì ton �xona Ox sthn

ε.
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Di�lexh 8

DÔo duðkèc diadikasÐec: Gewmetrikìc metasqhmatismìc

kai allag  sust matoc anafor�c

'Enac eukleÐdeioc gewmetrikìc metasqhmatismìc eÐnai mÐa apeikìnish ϕ : E2 −→
E2 pou diathreÐ tic apost�seic metaxÔ shmeÐwn tou epipèdou, dhlad  gia k�je P , Q ∈ E2,

d(ϕ(P ), ϕ(Q)) = d(P, Q) .

Ja melet soume p¸c ekfr�zontai mèsw twn suntetagmènwn twn shmeÐwn di�foroi eukleÐdeioi

metasqhmatismoÐ. E�n (x, y) eÐnai oi suntetagmènec enìc shmeÐou Q, kai (x′, y′) oi sunte-

tagmènec tou shmeÐou ϕ(X), jèloume na broÔme th sun�rthsh pou ekfr�zei ton eukleÐdeio

metasqhmatismì ϕ wc proc tic suntetagmènec, dhlad  th sun�rthsh ϕ : R2 −→ R2 gia thn

opoÐa

ϕ(x, y) = (x′, y′) .

E�n G eÐnai o gewmetrikìc tìpoc thc exÐswshc f(x, y) = 0, jèloume na broÔme thn exÐ-

swsh thc opoÐac gewmetrikìc tìpoc eÐnai h eikìna tou G apì to metasqhmatismì ϕ, dhlad 

to sq ma ϕ(G). To shmeÐo me suntetagmènec (x′, y′) = ϕ(x, y) an kei sto sq ma ϕ(G)

e�n kai mìnon e�n to shmeÐo me suntetagmènec (x, y) = ϕ−1(x′, y′) ikanopoieÐ thn exÐswsh

f(x, y) = 0. Sunep¸c to (x′, y′) prèpei na ikanopoieÐ thn exÐswsh f ◦ ϕ−1(x′, y′) = 0. Ja

doÔme th sugkekrimènh morf  pou paÐrnei aut  h exÐswsh se apl� sq mata.

H epilog  tou shmeÐou anafor�c kai twn axìnwn sto eukleÐdeio epÐpedo mporeÐ na gÐnei

aujaÐreta. K�je epilog  kajorÐzei diaforetikèc suntetagmènec gia k�je shmeÐo kai diafo-

retikèc analutikèc exis¸seic gia gewmetrik� antikeÐmena. Sth melèth enìc probl matoc h

epilog  tou kat�llhlou sust matoc anafor�c mporeÐ na aplopoi sei polÔ touc upologi-

smoÔc. Ja exet�soume p¸c all�zoun oi suntetagmènec enìc shmeÐou   oi exis¸seic eujei¸n

kai �llwn gewmetrik¸n antikeimènwn ìtan all�zei h epilog  orjokanonikoÔ sust matoc

anafor�c.

JewroÔme to eukleÐdeio epÐpedo sto opoÐo èqoume epilèxei èna orjokanonikì sÔsthma

anafor�c (O, ~i, ~j), kai èna deÔtero orjokanonikì sÔsthma anafor�c (P, ~m, ~n). Upojètoume

oti èna shmeÐo X èqei suntetagmènec (x, y) wc proc to sÔsthma anafor�c (O, ~i, ~j), kai

suntetagmènec (u, v) wc proc to sÔsthma anafor�c (P, ~m, ~n). Autì shmaÐnei oti

−−→
OX = x~i+ y~j kai

−−→
PX = u~m+ v~n .

Arqik� jèloume na broÔme th sqèsh metaxÔ twn (x, y) kai twn (u, v).

SumbolÐzoume (p, q) tic suntetagmènec tou shmeÐou P wc proc to sÔsthma anafor�c

(O, ~i, ~j), dhlad 
−−→
OP = p~i+ q~j. AfoÔ

−−→
OX =

−−→
OP +

−−→
PX ,
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paÐrnoume th sqèsh metaxÔ twn (x, y) kai twn (u, v):

(x− p)~i+ (y − q)~j = u~m+ v~n . (2.11)

ParathroÔme oti up�rqei mÐa duðkìthta metaxÔ enìc metasqhmatismoÔ, pou metakineÐ ta

sq mata qwrÐc na all�zei to sÔsthma anafor�c, kai mÐac allag c tou sust matoc anafor�c,

ìpou ta sq mata tou epipèdou paramènoun stajer�, all� all�zoun oi exis¸seic pou ta

perigr�foun. Ja doÔme oti aut  h duðkìthta emfanÐzetai me sugkekrimèno trìpo stouc

upologismoÔc.

EukleÐdeia metafor�

MÐa metafor� eÐnai ènac eukleÐdeioc metasqhmatismìc τ~a : E2 −→ E2 pou metatopÐzei

k�je shmeÐo tou epipèdou kat� èna stajerì di�nusma ~a: gia k�je shmeÐo P , τ~a(P ) eÐnai to

shmeÐo R gia to opoÐo
−−→
OR =

−−→
OP + ~a .

E�n ~a = (s, t) kai P : (x, y), tìte τ~a(P ) eÐnai to shmeÐo me suntetagmènec (x + s, y + t).

Sunep¸c se suntetagmènec h apeikìnish gr�fetai

τ~a(x, y) = (x+ s, y + t) .

Sq ma 2.16: Metafor� kat� di�nusma ~a.

E�n ε eÐnai mÐa eujeÐa sto epÐpedo, me exÐswsh

Ax+By + C = 0 , (2.12)

jèloume na upologÐsoume thn exÐswsh thc eujeÐac τ~a(ε). Dhlad  jèloume na broÔme th

sqèsh pou ikanopoioÔn oi suntetagmènec twn shmeÐwn τ~a(x, y) ìtan (x, y) an koun sto
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gewmetrikì tìpo thc exÐswshc Ax+By + C = 0. SumbolÐzoume (x′, y′) tic suntetagmènec

tou shmeÐou τ~a(x, y), dhlad  (x′, y′) = (x+ s, y + t), kai sunep¸c

x = x′ − s , y = y′ − t .

AntikajistoÔme sthn 2.12, kai èqoume

A(x′ − s) +B(y′ − t) + C = 0 .

Gr�foume aut  thn exÐswsh se kanonik  morf ,

Ax′ +By′ + C −As−Bt = 0 . (2.13)

Katal goume oti h eikìna thc eujeÐac ε apì to metasqhmatismì τ~a eÐnai h eujeÐa sto epÐpedo

me exÐswsh 2.13.

Genikìtera, e�n G eÐnai o gewmetrikìc tìpoc thc exÐswshc f(x, y) = 0, tìte τ~a(G) eÐnai

o gewmetrikìc tìpoc thc exÐswshc f(x′ − s, y′ − t) = 0.

Par�deigma 2.3 JewroÔme thn eujeÐa ε, me exÐswsh 2x + y − 1 = 0. Ja broÔme thn

exÐswsh thc eikìnac thc eujeÐac ε apì th metafor�

τ(x, y) = (x′, y′) = (x+ 2, y − 1) .

H antÐstrofh apeikìnish eÐnai h τ−1(x′, y′) = (x′ − 2, y′ + 1).

Ta shmeÐa thc eikìnac τ(ε) ikanopoioÔn thn exÐswsh 2(x′ − 2) + (y′ + 1)− 1 = 0, dhlad 

2x′ + y′ − 4 = 0 .

2.0.1 Metafor� tou shmeÐou anafor�c

Sth sunèqeia ja exet�soume thn allag  sust matoc anafor�c. Sto EukleÐdeio epÐpedo

jewroÔme dÔo sust mata anafor�c me diaforetikì shmeÐo anafor�c all� par�llhlouc kai

omìrropouc �xonec: (O, ~i, ~j) kai (P, ~i, ~j). Se aut n thn perÐptwsh h 2.11 gÐnetai

(x− p)~i+ (y − q)~j = u~i+ v~j ,

kai sunep¸c

x = u+ p kai y = v + q . (2.14)

JewroÔme t¸ra mÐa eujeÐa ε me exÐswsh 2.12 wc proc to sÔsthma anafor�c (O, ~i, ~j).

Jèloume na broÔme thn exÐswsh thc Ðdiac eujeÐac wc proc to sÔsthma anafor�c (P, ~i, ~j).

Antikajist¸ntac tic 2.14 sthn exÐswsh thc eujeÐac 2.12 èqoume thn exÐswsh pou prèpei

na ikanopoioÔn oi suntetagmènec enìc shmeÐou wc proc to sÔsthma anafor�c (P, ~i, ~j) gia

na brÐsketai to shmeÐo sthn eujeÐa ε:

A(u+ p) +B(v + q) + C = 0 .
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Sq ma 2.17: Allag  shmeÐou anafor�c.

Katal goume oti h exÐswsh thc eujeÐac ε wc proc to sÔsthma suntetagmènwn (P, ~i, ~j) se

kanonik  morf  eÐnai

Au+Bv + C +Ap+Bq = 0 .

Genikìtera, e�n G eÐnai o gewmetrikìc tìpoc thc exÐswshc f(x, y) = 0 wc proc to

sÔsthma anafor�c (O, ~i, ~j), tìte h exÐswsh tou G wc proc to sÔsthma anafor�c (P, ~i, ~j)

eÐnai f(u+ p, v + q) = 0.

Par�deigma 2.4 Ja broÔme thn exÐswsh thc eujeÐac ε tou ParadeÐgmatoc 2.3 wc proc to

sÔsthma anafor�c (P, ~i, ~j), ìpou P eÐnai to shmeÐo pou prokÔptei apì th metafor� tou O

kat� (−2, 1). AfoÔ P eÐnai to shmeÐo (−2, 1), oi suntetagmènec wc proc ta dÔo sust mata

ikanopoioÔn tic sqèseic x = u − 2, y = v + 1, kai h exÐswsh thc ε wc proc to sÔsthma

anafor�c (P, ~i, ~j) ja eÐnai 2(u− 2) + (v + 1)− 1 = 0, dhlad 

2u+ v − 4 = 0 .

Drasthriìthta 2.18 H eujeÐa ε èqei exÐswsh x + y = 0 wc proc to sÔsthma

anafor�c (O, ~i, ~j).

aþ. BreÐte thn exÐswsh thc eikìnac thc ε apì ton eukleÐdeio metasqhmatismì

ϕ(x, y) = (x− 1, y).

bþ. BreÐte thn exÐswsh thc ε wc proc to sÔsthma anafor�c (P, ~i, ~j), ìpou P :

(−1, 1).

Peristrof 

To epìmeno eÐdoc gewmetrikoÔ metasqhmatismoÔ pou ja exet�soume eÐnai h peristrof  gÔrw

apì to shmeÐo anafor�c O.

H peristrof  kat� (proshmasmènh) gwnÐa ϑ gÔrw apì to shmeÐo anafor�c O eÐnai o

eukleÐdeioc gewmetrikìc metasqhmatismìc ρϑ : E2 −→ E2 pou af nei to shmeÐo O stajerì
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kai peristrèfei k�je �llo shmeÐo tou epipèdou gÔrw apì to O kat� stajer  gwnÐa ϑ.

Eidikìtera, h ρϑ apeikonÐzei to shmeÐo (1, 0) sto (cosϑ, sinϑ) kai to shmeÐo (0, 1) sto

(− sinϑ, cosϑ), Sq ma 2.18. To genikì shmeÐo X : (x, y) apeikonÐzetai sto ρϑ(X) : (x′, y′),

to opoÐo upologÐzoume qrhsimopoi¸ntac pollaplasiasmì pin�kwn[
x′

y′

]
=

[
cosϑ − sinϑ

sinϑ cosϑ

][
x

y

]
, (2.15)

dhlad 

ρϑ(x, y) = (x′, y′) = (x cosϑ− y sinϑ, x sinϑ+ y cosϑ) .

Sq ma 2.18: Peristrof  kat� gwnÐa ϑ gÔrw apì to shmeÐo anafor�c O.

Gewmetrik� eÐnai profanèc oti h antÐstrofh apeikìnish thc peristrof c kat� gwnÐa ϑ eÐnai

h peristrof  kat� thn antÐjeth gwnÐa, −ϑ. Qrhsimopoi¸ntac tic sqèseic cos(−ϑ) = cosϑ

kai sin(−ϑ) = − sinϑ, èqoume kai thn antÐstrofh sqèsh,[
x

y

]
=

[
cosϑ sinϑ

− sinϑ cosϑ

][
x′

y′

]
. (2.16)

JewroÔme thn eujeÐa ε me exÐswsh Ax + By + C = 0. Gia na broÔme thn exÐswsh thc

eujeÐac ρϑ(ε) qrhsimopoioÔme thn 2.16 gia na antikatast soume ta x, y sunart sei twn x′,

y′,

A(x′ cosϑ+ y′ sinϑ) +B(−x′ sinϑ+ y′ cosϑ) + C = 0 .

Katal goume oti h exÐswsh thc eujeÐac ρϑ(ε) se kanonik  morf  eÐnai A′x′+B′y′+C ′ = 0,

ìpou oi suntelestèc A′, B′, C ′ dÐdontai apì

A′ = A cosϑ−B sinϑ , B′ = A sinϑ+B cosϑ kai C ′ = C .

Par�deigma 2.5 Ja broÔme thn exÐswsh thc eikìnac thc eujeÐac ζ me exÐswsh x+
√

3y−√
3 = 0, apì thn peristrof  kat� gwnÐa π/6. 'Eqoume cosπ/6 =

√
3/2, sinπ/6 = 1/2,
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sunep¸c

ρπ/6(x, y) = (x′, y′) =

(√
3x− y

2
,
x+
√

3y

2

)
.

ParathroÔme oti h eujeÐa ζ èqei klÐsh −
√

3/3 = tan(−π/6), dhlad  sqhmatÐzei gwnÐa π/6

me ton �xona y = 0..

H antÐstrofh apeikìnish, pou dÐdei ta x, y sunart sei twn x′, y′, eÐnai h peristrof  kat�

gwnÐa −π/6,

(x, y) = ρ−1π/6(x
′, y′) =

(√
3x′ + y′

2
,
−x′ +

√
3y′

2

)
.

Antikajist¸ntac sthn exÐswsh thc ε èqoume
√
3x′+y′

2 +
√

3−x
′+
√
3y′

2 −
√

3 = 0, dhlad 

2y′ −
√

3 = 0 .

'Ara h eikìna ρπ/6(ζ) eÐnai h eujeÐa y =
√
3
2 . ParathroÔme oti ρπ/6(ζ) èqei klÐsh 0, dhlad 

eÐnai par�llhlh proc ton �xona y = 0.

2.0.2 Peristrof  tou sust matoc anafor�c

Epistrèfontac sthn allag  sust matoc anafor�c, ja exet�soume thn perÐptwsh ìpou to

shmeÐo anafor�c paramènei stajerì, P = O, kai oi �xonec peristrèfontai kat� gwnÐa ϑ,

~m = cosϑ~i+ sinϑ~j ~n = − sinϑ~i+ cosϑ~j .

Se aut  thn perÐptwsh
−−→
OP = 0, kai h sqèsh 2.11 pou sundèei tic suntetagmènec (x, y)

tou shmeÐou X wc proc to (O, ~i, ~j) me tic suntetagmènec (u, v) tou shmeÐou X wc proc to

(O, ~m, ~n) gÐnetai

x~i+ y~j = u~m+ v~n

= u(cosϑ~i+ sinϑ~j) + v(− sinϑ~i+ cosϑ~j)

= (u cosϑ− v sinϑ)~i+ (u sinϑ+ v cosϑ)~j .

'Etsi èqoume

x = u cosϑ− v sinϑ , y = u sinϑ+ v cosϑ

kai antÐstrofa

u = x cosϑ+ y sinϑ , v = −x sinϑ+ y cosϑ .

Gia na broÔme thn exÐswsh thc eujeÐac ε : Ax+By+C = 0 wc proc to sÔsthma anafor�c

(O, ~m, ~n), antikajistoÔme tic x, y sunart sei twn u, v:

A(u cosϑ− v sinϑ) +B(u sinϑ+ v cosϑ) + C = 0 .

Se kanonik  morf  h exÐswsh eÐnai

(A cosϑ+B sinϑ)u+ (−A sinϑ+B cosϑ)v + C = 0 .
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Sq ma 2.19: Peristrof  twn axìnwn tou sust matoc anafor�c.

Par�deigma 2.6 Ja broÔme thn exÐswsh thc eujeÐac ζ tou ParadeÐgmatoc 2.5 wc proc to

sÔsthma anafor�c (O, ~m, ~n), ìpou ta dianÔsmata ~m kai ~n prokÔptoun apì ta~i, ~j antÐstoiqa,

me peristrof  kat� −π/6,

~m =

√
3~i−~j

2
, ~n =

~i+
√

3~j

2
.

Tìte apì thn 2.11 èqoume

x~i+ y~j = u

√
3~i−~j

2
+ v

~i+
√

3~j

2
,

dhlad 

x =

√
3

2
u+

1

2
v , y = −1

2
u+

√
3

2
v .

Antikajist¸ntac sthn exÐswsh thc ζ èqoume

√
3

2
u+

1

2
v +
√

3

(
−1

2
u+

√
3

2
v

)
− sqrt3 = 0 ,

dhlad 

2v −
√

3 = 0 .

Drasthriìthta 2.19 H eujeÐa ε èqei exÐswsh x + y = 0 wc proc to sÔsthma

anafor�c (O, ~i, ~j).

aþ. BreÐte thn exÐswsh thc eikìnac thc ε apì ton eukleÐdeio metasqhmatismì

χ(x, y) = (y, −x).

bþ. BreÐte thn exÐswsh thc ε wc proc to sÔsthma anafor�c (O, ~u, ~v), ìpou ~u = −~j
kai ~v =~i.
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Drasthriìthta 2.20 EpalhjeÔste oti oi pÐnakec

[
cosϑ − sinϑ

sinϑ cosϑ

]
kai[

cosϑ sinϑ

− sinϑ cosϑ

]
eÐnai o ènac antÐstrofoc tou �llou.

GenikoÐ metasqhmatismoÐ

O genikìc eukleÐdeioc gewmetrikìc metasqhmatismìc tou epipèdou eÐnai sÔnjesh metafo-

r¸n kai peristrof¸n e�n diathreÐ ton prosanatolismì, dhlad  e�n diathreÐ to prìshmo thc

gwnÐac metaxÔ dÔo dianusm�twn. E�n antistrèfei ton prosanatolismì, dhlad  all�zei to

prìshmo thc gwnÐac metaxÔ dÔo dianusm�twn, tìte eÐnai sÔnjesh metafor¸n, peristrof¸n

kai thc an�klashc (x, y) 7→ (−x, y).

Prìtash 2.10 'Enac eukleÐdeioc gewmetrikìc metasqhmatismìc tou epipèdou ϕ : E2 −→
E2 pou diathreÐ ton prosanatolismì gr�fetai sth morf 

ϕ(x, y) =

[
x′

y′

]
=

[
a −b
b a

][
x

y

]
+

[
s

t

]
, a2 + b2 = 1 ,

ìpou (s, t) = ϕ(0, 0), (a, b) = ϕ(1, 0)− ϕ(0, 0) kai (−b, a) = ϕ(0, 1)− ϕ(0, 0).

'Enac eukleÐdeioc gewmetrikìc metasqhmatismìc tou epipèdou ψ : E2 −→ E2 pou antistrè-

fei ton prosanatolismì gr�fetai sth morf 

ψ(x, y) =

[
x′

y′

]
=

[
−a b

b a

][
x

y

]
+

[
s

t

]
, a2 + b2 = 1 ,

ìpou (s, t) = ψ(0, 0), (−a, b) = ψ(1, 0)− ψ(0, 0) kai (b, a) = ψ(0, 1)− ψ(0, 0).

Drasthriìthta 2.21 EpalhjeÔste oti o antÐstrofoc tou pin�ka

[
−a b

b a

]
,

me a2 + b2 = 1, eÐnai o eautìc tou.

Drasthriìthta 2.22 H eujeÐa ε èqei exÐswsh x + y = 0 wc proc to sÔsthma

anafor�c (O, ~i, ~j).

aþ. BreÐte thn exÐswsh thc eikìnac thc ε apì ton eukleÐdeio metasqhmatismì

ρ(x, y) = (−y, −x).

bþ. BreÐte thn exÐswsh thc ε wc proc to sÔsthma anafor�c (O, ~u, ~v), ìpou ~u = −~j
kai ~v = −~i.
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Drasthriìthta 2.23 H eujeÐa ζ èqei exÐswsh x + y = 1 wc proc to sÔsthma

anafor�c (O, ~i, ~j).

aþ. BreÐte thn exÐswsh thc eikìnac thc ζ apì ton eukleÐdeio metasqhmatismì

ψ(x, y) = (−y + 1, −x).

bþ. BreÐte thn exÐswsh thc ε wc proc to sÔsthma anafor�c (P, ~u, ~v), ìpou P :

(0, 1), ~u = −~j kai ~v = −~i.

Allag  sust matoc anafor�c sto q¸ro

JewroÔme dÔo orjokanonik� sust mata anafor�c sto q¸ro, (O, ~i, ~j, ~k) kai (P, ~u, ~v, ~w),

kai jèloume na exet�soume th sqèsh metaxÔ twn suntetagmènwn enìc shmeÐou wc proc ta

dÔo diaforetik� sust mata.

Arqik� ja exet�soume thn perÐptwsh ìpou to shmeÐo anafor�c twn dÔo susthm�twn eÐnai

to Ðdio. 'Eqoume loipìn ta sust mata (O, ~i, ~j, ~k) kai (O, ~u, ~v, ~w), Sq ma 2.20

Sq ma 2.20: Sust mata anafor�c sto q¸ro

E�nX eÐnai shmeÐo tou q¸rou, me suntetagmènec (x, y, z) wc proc to sÔsthma (O, ~i, ~j, ~k),

to di�nusma jèshc tou X eÐnai

−−→
OX = x~i+ y~j + z~k . (2.17)

Jèloume na upologÐsoume tic suntetagmènec (x′, y′, z′) touX wc proc to sÔsthma (O, ~u, ~v, ~w),

oi opoÐec dÐdontai apì th sqèsh

−−→
OX = x′~u+ y′~v + z′ ~w . (2.18)

Gia na petÔqoume autì, qrei�zetai na ekfr�soume ta dianÔsmata ~i, ~j, ~k wc grammikì

sunduasmì twn ~u, ~v, ~w. 'Estw

~i = a1~u+ b1~v + c1 ~w



Kef�laio 2 Gewmetrik� dianÔsmata sto q¸ro 89

~j = a2~u+ b2~v + c2 ~w (2.19)

~k = a3~u+ b3~v + c3 ~w

Tìte antikajist¸ntac tic 2.19 sthn 2.17 èqoume

−−→
OX = x(a1~u+ b1~v + c1 ~w)

+y(a2~u+ b2~v + c2 ~w)

+z(a3~u+ b3~v + c3 ~w)

= (xa1 + ya2 + za3)~u

+(xb1 + yb2 + zb3)~v

+(xc1 + yc2 + zc3)~w

kai sugkrÐnontac me thn 2.18 èqoume

x′ = a1x+ a2y + a3z

y′ = b1x+ b2y + b3z (2.20)

z′ = c1x+ c2y + c3z

MporoÔme na parast soume autì to apotèlesma qrhsimopoi¸ntac to sumbolismì pin�-

kwn,  x′

y′

z′

 =

 a1 a2 a3

b1 b2 b3

c1 c2 c3


 x

y

z


o opoÐoc shmaÐnei oti o arijmìc sthn pr¸th gramm  sthn arister  pleur� eÐnai Ðsoc me to

�jroisma twn ginomènwn twn stoiqeÐwn thc pr¸thc gramm c tou pÐnaka, me ta antÐstoiqa

stoiqeÐa tou dianÔsmatoc suntetagmènwn, kai an�loga gia th deÔterh kai thn trÐth gramm .

Drasthriìthta 2.24 Jewr ste ta dianÔsmata ~u = 1√
2
~i+ 1√

2
~j, ~v = − 1√

2
~i+ 1√

2
~j

kai ~w = ~k.

aþ. UpologÐste touc suntelestèc an, bn, cn thc 2.19 kai ekfr�ste ta dianÔsmata
~i, ~j, ~k sunanrt sei twn ~u, ~v kai ~w.

bþ. BreÐte tic suntetagmènec wc proc to sÔsthma anafor�c (O, ~u, ~v, ~w) tou

shmeÐou X pou èqei suntetagmènec (1, 1, 1) wc proc to sÔsthma anafor�c

(O, ~i, ~j, ~k).

T¸ra exet�zoume thn perÐptwsh ìpou ta shmeÐa anafor�c twn dÔo susthm�twn eÐnai

diaforetik�. Upojètoume oti ta dÔo sust mata eÐnai (O, ~i, ~j, ~k) kai (P, ~u, ~v, ~w) kai oti

−−→
OP = x0~i+ y0~j + z0~k ,
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dhlad  oi suntetagmènec tou P wc proc to sÔsthma (O, ~i, ~j, ~k) eÐnai (x0, y0, z0). Tìte

−−→
PX =

−−→
OX −−−→OP

= (x− x0)~i+ (y − y0)~j + (z − z0)~k .

Oi suntetagmènec (x′, y′, z′) tou shmeÐou X wc proc to sÔsthma anafor�c (P, ~u, ~v, ~w), gia

tic opoÐec
−−→
PX = x′~u+ y′~v + z′ ~w ,

dÐdontai apì tic sqèseic

x′ = a1(x− x0) + a2(y − y0) + a3(z − z0)

y′ = b1(x− x0) + b2(y − y0) + b3(z − z0) (2.21)

z′ = c1(x− x0) + c2(y − y0) + c3(z − z0)

Drasthriìthta 2.25 Gia ta dianÔsmata ~u, ~v, ~w thc Drasthriìthtac 2.24, to

shmeÐo P : (1, 0, 0) kai to shmeÐo X : (1, 1, 1),

aþ. BreÐte tic suntetagmènec tou X wc proc to sÔsthma anafor�c (P, ~i, ~j, ~k).

bþ. BreÐte tic suntetagmènec tou X wc proc to sÔsthma anafor�c (P, ~u, ~v, ~w).

Apomènei na exet�soume pwc ekfr�zoume ta dianÔsmata ~i, ~j, ~k wc grammikì sunduasmì

twn ~u, ~v, ~w. Sun jwc gnwrÐzoume thn antÐstrofh sqèsh, dhlad  ta dianÔsmata ~u, ~v, ~w wc

grammikì sunduasmì twn ~i, ~j, ~k.

Sq ma 2.21: SunhmÐtona dieÔjunshc enìc dianÔsmatoc

Ac exet�soume pr¸ta èna di�nusma, èstw to ~u. Oi suntetagmènec tou ~u wc proc to

sÔsthma (O, ~i, ~j, ~k) dÐdontai apì to eswterikì ginìmeno tou ~u me ta trÐa dianÔsmata~i, ~j, ~k:

~u = (~u ·~i)~i+ (~u ·~j)~j + (~u · ~k)~k .
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All�, efìson ta dianÔsmata ~i kai ~u eÐnai monadiaÐa, to eswterikì ginìmeno ~u ·~i eÐnai apl¸c
to sunhmÐtono thc gwnÐac ϑ1 metaxÔ tou ~u kai tou ~i, kai antÐstoiqa gia ta ~u ·~j, ~u · ~k kai tic

gwnÐec ϑ2, ϑ3 metaxÔ tou ~u kai twn ~j, ~k antÐstoiqa:

~u ·~i = cosϑ1 ~u ·~j = cosϑ2 ~u · ~k = cosϑ3 (2.22)

SugkrÐnontac thn 2.22 me thn 2.19, blèpoume oti

a1 =~i · ~u = ~u ·~i = cosϑ1

kai an�loga, a2 = cosϑ2, a3 = cosϑ3. Dhlad  èqoume

~u = a1~i+ a2~j + a3~k .

Oi suntetagmènec (a1, a2, a3) onom�zontai sunhmÐtona dieÔjunshc tou monadiaÐou dia-

nÔsmatoc ~u wc proc to sÔsthma (O, ~i, ~j, ~k).

Parìmoia brÐskoume oti

~v = b1~i+ b2~j + b3~k ,

ìpou b1 = cosϕ1, b2 = cosϕ2, b3 = cosϕ3 eÐnai ta sunhmÐtona twn gwni¸n ϕ1, ϕ2, ϕ3 metaxÔ

tou ~v kai twn ~i, ~j, ~k antÐstoiqa.

Tèloc

~w = c1~i+ c2~j + c3~k

gia c1 = cosψ1, c2 = cosψ2, c3 = cosψ3 gia tic gwnÐec metaxÔ tou ~w kai twn ~i, ~j, ~k.

Anakefalai¸noume : JewroÔme to orjokanonikì sÔsthma anafor�c (O, ~i, ~j, ~k),

kai èna deÔtero orjokanonikì sÔsthma anafor�c (P, ~u, ~v, ~w), ta dianÔsmata tou opoÐou

dÐdontai wc proc to sÔsthma (O, ~i, ~j, ~k) apì tic sqèseic

~u = a1~i+ a2~j + a3~k

~v = b1~i+ b2~j + b3~k

~w = c1~i+ c2~j + c3~k ,

tic opoÐec mporoÔme na ekfr�soume parastatik� ston akìloujo pÐnaka

~i ~j ~k

~u a1 a2 a3

~v b1 b2 b3

~w c1 c2 c3

o opoÐoc onom�zetai pÐnakac met�bashc apì to sÔsthma (O, ~i, ~j, ~k) sto sÔsthma

(P, ~u, ~v, ~w). Upojètoume epÐshc oti oi suntetagmènec tou shmeÐou P wc proc to sÔsthma

(O, ~i, ~j, ~k) eÐnai (x0, y0, z0).
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E�n to shmeÐo X èqei suntetagmènec (x, y, z) wc proc to sÔsthma (O, ~i, ~j, ~k) tìte oi

suntetagmènec (x′, y′, z′) tou X wc proc to sÔsthma (P, ~u, ~v, ~w) dÐdontai apì tic sqèseic

x′ = a1(x− x0) + a2(y − y0) + a3(z − z0)

y′ = b1(x− x0) + b2(y − y0) + b3(z − z0)

z′ = c1(x− x0) + c2(y − y0) + c3(z − z0)
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Ask seic 4

'Askhsh 4.1 BreÐte dÔo exis¸seic thc morf c Ax + By + Cz + D = 0 pou

apoteloÔn (kai oi dÔo mazÐ!) thn analutik  perigraf  thc eujeÐac ε sto q¸ro, pou

èqei parametrik  perigraf 

(x, y, z) = (3, 7, −6) + t(5, −4, 1) .

'Askhsh 4.2 'Estw ε h eujeÐa sto q¸ro me parametrik  perigraf 

(x, y, z) = (2 + 2t, 2, 2− 2t)

Jewr ste tic eujeÐec

δ1 : (x, y, z) = (1, −1, 0)+r(1, 1, 0) kai δ2 : (x, y, z) = (1, −1, 1)+s(−4, 0, 4) .

Gia i = 1, 2, na exet�sete an h ε kai h δi, èqoun koin� shmeÐa, eÐnai par�llhlec   eÐnai

asÔmbatec.

'Askhsh 4.3 Jewr ste to epÐpedo Π me exÐswsh 2x + 3y + z + 1 = 0, kai ta

epÐpeda Σ1: x+ y + z + 1 = 0 kai Σ2: −4x− 6y − 2z − 2 = 0.

aþ. BreÐte mÐa parametrik  perigraf  tou sunìlou twn koin¸n shmeÐwn tou Π kai

tou Σ1 kai tou sunìlou twn koin¸n shmeÐwn tou Π kai tou Σ2.

bþ. UpologÐste thn apìstash tou shmeÐou (1, 1, 1) apì to epÐpedo Π, kai thn

apìstash tou shmeÐou (1, 1, 1) apì thn tom  twn epipèdwn Π kai Σ1.

'Askhsh 4.4 Exet�ste e�n h eujeÐa ε me parametrik  perigraf  (x, y, z) =

(3, −1, 4) + t(5, 1, 1) eÐnai par�llhlh proc to epÐpedo Π : 2x − 2y + 3z − 5 = 0.

E�n ìqi, breÐte tic suntetagmènec tou shmeÐou tom c.

'Askhsh 4.5 BreÐte thn parametrik  par�stash thc koin c kajètou twn eujei¸n

ε1 : (x, y, z) = (1, 3, 1) + s(1, 1, −1) kai ε2 : (x, y, z) = (1, 0, 1) + t(1, 0, −2).

UpologÐste thn apìstash metaxÔ twn dÔo eujei¸n.
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'Askhsh 4.6 Sto eukleÐdeio epÐpedo E2 me sÔsthma anafor�c (O, ~i, ~j), jewr ste

shmeÐa P : (−1, 2), Q : (1, 1) kai R : (3, 2), thn eujeÐa ε pou pern�ei apì ta shmeÐa

Q, R kai ton kÔklo C me kèntro sto shmeÐo R kai aktÐna 2.

DÐdetai o gewmetrikìc metasqhmatismìc ϕ : E2 −→ E2 pou k�nei metafor� kat� to

di�nusma ~a = (2, 3).

aþ. BreÐte tic suntetagmènec twn shmeÐwn ϕ(Q) kai ϕ(R).

bþ. BreÐte thn exÐswsh thc eujeÐac ε wc proc to sÔsthma anafor�c (O, ~i, ~j).

gþ. BreÐte thn exÐswsh thc eujeÐac ϕ(ε) wc proc to sÔsthma anafor�c (O, ~i, ~j).

dþ. BreÐte thn exÐswsh thc eujeÐac pou pern�ei apì ta shmeÐa ϕ(Q), ϕ(R) wc proc

to sÔsthma anafor�c (O, ~i, ~j). Ti sqèsh èqoun autèc oi dÔo exis¸seic?

DÐdetai kai deÔtero sÔsthma anafor�c (P, ~i, ~j).

eþ. BreÐte tic suntetagmènec twn shmeÐwn Q kai R wc proc to sÔsthma anafor�c

(P, ~i, ~j).

�þ. BreÐte tic suntetagmènec twn shmeÐwn ϕ(Q) kai ϕ(R) wc proc to sÔsthma

anafor�c (P, ~i, ~j).

zþ. BreÐte thn exÐswsh thc eujeÐac ε wc proc to sÔsthma anafor�c (P, ~i, ~j).

hþ. BreÐte thn exÐswsh tou kÔklou ϕ(C) wc proc to sÔsthma anafor�c (P, ~i, ~j).

Jewr ste èna trÐto sÔsthma anafor�c (O, ~m, ~n), ìpou ~m = 1
2
~i −

√
3
2
~j kai ~n =√

3
2
~i+ 1

2
~j.

jþ. BreÐte tic suntetagmènec twn shmeÐwn Q kai R wc proc to sÔsthma anafor�c

(O, ~m, ~n).

iþ. BreÐte tic suntetagmènec twn shmeÐwn ϕ(Q) kai ϕ(R) wc proc to sÔsthma

anafor�c (O, ~m, ~n).

iaþ. BreÐte thn exÐswsh thc eujeÐac ε wc proc to sÔsthma anafor�c (O, ~m, ~n).

ibþ. BreÐte thn exÐswsh tou kÔklou ϕ(C) wc proc to sÔsthma anafor�c (O, ~m, ~n).

'Askhsh 4.7 DeÐxte oti e�n ta sust mata anafor�c (O, ~i, ~j, ~k) kai (O, ~u, ~v, ~w)

eÐnai orjokanonik�, tìte o pÐnakac A =

 a1 b1 c1

a2 b2 c2

a3 b3 c3

 twn suntelest¸n thc 2.19

èqei thn idiìthta AAT = I.
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'Askhsh 4.8 BreÐte tic exis¸seic twn epipèdwn pou diqotomoÔn tic dÐedrec gwnÐec

metaxÔ dÔo epipèdwn.


