
PANEPISTHMIO KRHTHS Did�skontec: Gi¸rgoc Kapetan�khc
Tm ma Majhmatik¸n kai Qr stoc Kourouni¸thc
Efarmosmènwn Majhmatik¸n

MEM100 ANALUTIKH GEWMETRIA kai

MIGADIKOI ARIJMOI

Full�dio Problhm�twn 12

Parametr seic thc sfaÐrac,
epif�neiec ek peristrof c kai epif�neiec deutèrou bajmoÔ.

'Askhsh 12.1 BreÐte tic kartesianèc suntetagmènec tou shmeÐou me gewgrafikì pl�toc
π/4 kai gewgrafikì m koc −π/2.

Ap�nthsh - Upìdeixh.
(x, y, z) = (0, −

√
2/2,

√
2/2).

'Askhsh 12.2 BreÐte tic gewgrafikèc suntetagmènec tou shmeÐou sth monadiaÐa sfaÐra

me kartesianèc suntetagmènec
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Ap�nthsh - Upìdeixh.
ϕ = π/4, ϑ = 2π/3.

'Askhsh 12.3 BreÐte thn exÐswsh thc epif�neiac pou par�getai kat� thn peristrof  twn
parak�tw epÐpedwn kampul¸n gÔrw apì ton �xona pou dÐnetai, kai perigr�yte gewmetrik�
thn epif�neia.

aþ. x2 + y2 = 4, z = 0, �xonac Ox,

bþ. x2 + (y − 1)2 = 9, z = 0, �xonac Oy,

gþ. y2 = 4x, z = 0 �xonac Ox,

dþ. xz = 2, y = 0, �xonac Oz,

eþ. x2 + y2 = 4, z = 0, �xonac x = 6, z = 0,

Ap�nthsh - Upìdeixh.
aþ. SfaÐra, x2 + y2 + z2 = 4.
bþ. SfaÐra, x2 + (y − 1)2 + z2 = 9.
eþ. Jètoume x′ = x − 6. Gia na broÔme thn exÐswsh thc epif�neiac ek peristrof c me
genèteira (x′ + 6)2 + y2 = 4 gÔrw apì ton �xona x′ = 0, z = 0 antikajistoÔme

√
x′2 + z2



sth jèsh tou x′ kai èqoume (
√
x′2 + z + 2 + 6)2 + y2 = 4. Wc proc to arqikì sÔsthma

anafor�c (√
(x− 6)2 + z2 + 6

)2
+ y2 = 4 .

'Askhsh 12.4 Gia tic akìloujec exis¸seic,

aþ. onom�ste thn epif�neia thn opoÐa parist�noun

bþ. breÐte tic exis¸seic twn tom¸n thc epif�neiac me ta epÐpeda z = 0, x = 0 kai y = 0.

gþ. breÐte tic exis¸seic twn tom¸n thc epif�neiac me ta epÐpeda z = 4, x = 4 kai y = 4.

i. 9x2 + 4z2 = 36y

ii. x2 +
y2

16
+
z2

25
= 1

iii.
x2

9
+
y2

16
− z2

4
= 1

iv. 4y2 + 4z2 − x2 = 0

Ap�nthsh - Upìdeixh.

i. Elleiptikì paraboloeidèc. H tom  me to z = 0 eÐnai 9x2 = 36y, z = 0, parabol . H
tom  me to y = 0 eÐnai 9x2 + 4z2 = 0, y = 0, to shmeÐo (0, 0, 0). H tom  me to x = 0
eÐnai parabol . H tom  me to z = 4 eÐnai 9x2 + 64 = 36y, z = 4, parabol . H tom 
me to x = 4 eÐnai parabol . H tom  me to y = 4 eÐnai èlleiyh.

ii. Elleiyoeidèc. H tom  me to x = 4 eÐnai to kenì sÔnolo.

iii. Monìqwno uperboloeidèc. H tom  me to x = 4 eÐnai uperbol . H tom  me to y = 4

eÐnai x
2

9
− z2

4
= 0, y = 4, dÔo temnìmenec eujeÐec.

iv. K¸noc ek peristrof c, me �xona ton x-�xona kai genèteira x = 2z. H tom  me to
x = 4 eÐnai èlleiyh. H tom  me to y = 4 eÐnai uperbol .

'Askhsh 12.5 Fèrete tic akìloujec exis¸seic se kanonik  morf  sumplhr¸nontac ta
tetr�gwna, onom�ste tic epif�neiec pou parist�noun kai breÐte to kèntro   thn koruf 
touc:

aþ. x2 + y2 + z2 − 6x+ 4y − 8 = 0

bþ. 2x2 + y2 − 4z2 + 4z − 6y − 2 = 0

gþ. y2 + x2 − 4z2 = 2x+ 8z

dþ. x2 + z2 − 4x− y − 5 = 0
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Ap�nthsh - Upìdeixh.

aþ. (x− 3)2 + (y + 2)2 + z2 = 21, sfaÐra.

bþ. 2x2 + (y − 3)2 − 4(z − 1
2
)2 = 10, monìqwno uperboloeidèc.

gþ. dÐqwno uperboloeidèc, ek peristrof c.

dþ. paraboloeidèc, ek peristrof c.

'Askhsh 12.6 Jewr ste to monìqwno uperboloeidèc S : x2 + y2 − z2 = 1.

aþ. BreÐte thn tom  thc S : x2 + y2 − z2 = 1 me to epÐpedo x = 1.

bþ. DeÐxte oti apì k�je shmeÐo thc S pern�ne dÔo eujeÐec pou brÐskontai p�nw sthn S,
kai breÐte tic parametrikèc ekfr�seic touc.
UpodeÐxeic: (Gewmetrik  prosèggish:) Peristrèyte gÔrw apì ton z-�xona to sÔnolo pou br kate

sto (aþ)  (algebrik  prosèggish:) Jewr ste eujeÐa apì shmeÐo thc S kai prosdiorÐste to di�nusma

dieÔjunshc (a, b, 1) gia na an kei h eujeÐa sthn S.

Ap�nthsh - Upìdeixh.

1. DÔo temnìmenec eujeÐec, me exis¸seic y ± z = 0, x = 1.

2. Peristrèfontac k�je mÐa apì tic dÔo eujeÐec sto 1 gÔrw apì ton z-�xona, kalÔptetai
ìlh h epif�neia tou monìqwnou uperboloeidoÔc ek peristrof c.
Gia na broÔme tic eujeÐec qwrÐc na qrhsimopoi soume th summetrÐa thc sugkekrimènhc
epif�neiac, exet�zoume tic eujeÐec pou pernoÔn apì to genikì shmeÐo (x0, y0, z0) thc
epif�neiac kai sqhmatÐzoun gwnÐa π/4 me to epÐpedo z = 0. Autèc di�nusma dieÔ-
junshc thc morf c (1, s,

√
1 + s2), kai èqoun parametrik  par�stash (x, y, z) =

(x0, y0, z0) + t(1, s,
√
1 + s2). AntikajistoÔme sthn exÐswsh thc epifaneÐac kai brÐ-

skoume ta s gia ta opoÐa olìklhrh h eujeÐa brÐsketai p�nw sthn epif�neia.

'Askhsh 12.7 BreÐte parametrik  perigraf  tou elleiyoeidoÔc, qrhsimopoi¸ntac dÔo
paramètrouc ϕ kai ϑ, kai tic trigwnometrikèc sunart seic sin, cos, me trìpo an�logo me
thn paramètrhsh thc sfaÐrac apì to gewgrafikì pl�toc kai to gewgrafikì m koc.

Ap�nthsh - Upìdeixh.
H paramètrhsh eÐnai (ϕ, ϑ) 7→ (a cosϕ cosϑ, b cosϕ sinϑ, c sinϕ), gia −π

2
< ϑ < π

2
, 0 ≤

ϕ < 2π. Elègqoume oti to shmeÐo me autèc tic suntetagmènec ikanopoieÐ thn exÐswsh tou
elleiyoeidoÔc.
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