
PANEPISTHMIO KRHTHS Did�skontec: Gi¸rgoc Kapetan�khc
Tm ma Majhmatik¸n kai Qr stoc Kourouni¸thc
Efarmosmènwn Majhmatik¸n

MEM100 ANALUTIKH GEWMETRIA kai

MIGADIKOI ARIJMOI

Full�dio Problhm�twn 8

MetasqhmatismoÐ Möbius. H migadik  ekjetik  sun�rthsh.

Prin asqolhjeÐte me tic epìmenec Ask seic, bebaiwjeÐte oti èqete aposafhnÐsei ìlec
sac tic aporÐec sqetik� me tic Drasthriìthtec 3.25 èwc 3.30.

'Askhsh 8.1 DeÐxte oti h sÔnjesh dÔo metasqhmatism¸n Möbius eÐnai metasqhmatismìc
Möbius: E�n f(z) = az+b

cz+d
kai g(z) = pz+q

rz+s
, deÐxte oti f ◦ g(z) gr�fetai epÐshc sth morf 

Az+B
Cz+D

gia kat�llhla A, B, C, D.

P¸c sqetÐzetai o pÐnakac

[
A B
C D

]
me touc pÐnakec

[
a b
c d

]
kai

[
p q
r s

]
?

'Askhsh 8.2 DÐdontai oi sunart seic f(z) = iz − 4 kai g(z) = z
z+1

. Gr�yte sth morf 
az+b
cz+d

me ad− bc 6= 0, tic sunart seic

aþ. g(z) bþ. f−1(z)
gþ. g−1(z) dþ. g ◦ f(z)
eþ. f ◦ g(z) �þ. f ◦ g ◦ f−1(z)

Ap�nthsh - Upìdeixh.
bþ. f−1(z) = −iz+4i

0z+1
.

dþ. g ◦ f(z) = iz−4
iz−3

.

�þ. f ◦ g ◦ f−1(z) = (−4i−1)z−8−16i
−iz+1+4i

.

'Askhsh 8.3 Perigr�yte gewmetrik� thn eikìna mèsw thc ekjetik c sun�rthshc twn
uposunìlwn tou migadikoÔ epipèdou

aþ. {z ∈ C : Re z ≤ 1}
bþ. {z ∈ C : Re z ≥ 0, 2π/3 ≤ Im z ≤ 5π/6}
gþ. {z ∈ C : 1/2 ≤ Re z ≤ 1, Im z = −9π/4}
dþ. {z ∈ C : 1/2 ≤ Re z ≤ 1, 3π/4 ≤ Im z ≤ π}

Ap�nthsh - Upìdeixh.
bþ. To tm ma thc �sf nac� metaxÔ twn hmieujei¸n {Arg z = 4π/6} kai {Arg z = 5π/6} pou
brÐsketai èxw apì to monadiaÐo kÔklo.



'Askhsh 8.4 Perigr�yte gewmetrik� thn eikìna twn uposunìlwn tou migadikoÔ epipèdou
F = {z ∈ C : z + z̄ = 4} kai G = {z ∈ C : z − z̄ = 3πi} apì tic apeikonÐseic

aþ. exp(z) = ez bþ. f(z) = ez − i
gþ. g(z) = e−2z dþ.h(z) = ez+2

Ap�nthsh - Upìdeixh.
aþ. exp(F ) eÐnai kÔkloc me kèntro 0 kai aktÐna e2 ' 7, 389.
exp(G) eÐnai h arnhtik  fantastik  hmieujeÐa {ti : t < 0.
gþ. g(F ) eÐnai kÔkloc me kèntro 0 kai aktÐna e−4 ' 0, 018.
g(G) eÐnai h arnhtik  pragmatik  hmieujeÐa {t : t < 0}.

'Askhsh 8.5 DÐdontai oi sunart seic f(z) = iz kai g(z) = 2z+1
z+2

. BreÐte ta stajer�
shmeÐa twn apeikonÐsewn f , g, f ◦ g ◦ f−1.

2



'Askhsh 8.6 Jewr ste thn oikogèneia Apoll¸niwn kÔklwn |z + 1| = λ|z − 1|, gia
λ > 0, λ 6= 1. DeÐxte oti o metasqhmatismìc Möbius g(z) = z−i

−iz+1
èqei stajer� shmeÐa 1

kai −1 kai diathreÐ amet�blhto to lìgo twn apost�sewn tou z apì ta shmeÐa 1 kai −1,
dhlad  oti ∣∣∣∣z + 1

z − 1

∣∣∣∣ =

∣∣∣∣g(z) + 1

g(z)− 1

∣∣∣∣ .
Autì shmaÐnei oti apeikonÐzei k�je kÔklo thc dèsmhc |z + 1| = λ|z − 1| ston eautì tou.
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