
PANEPISTHMIO KRHTHS Did�skontec: Gi¸rgoc Kapetan�khc
Tm ma Majhmatik¸n kai Qr stoc Kourouni¸thc
Efarmosmènwn Majhmatik¸n

MEM100 ANALUTIKH GEWMETRIA kai

MIGADIKOI ARIJMOI

Full�dio Problhm�twn 6

Mètro kai trigwnometrik  morf  migadik¸n arijm¸n.
RÐzec thc mon�dac. RÐzec migadik¸n poluwnÔmwn.

Prin asqolhjeÐte me tic epìmenec Ask seic, bebaiwjeÐte oti èqete aposafhnÐsei ìlec
sac tic aporÐec sqetik� me tic Drasthriìthtec 3.1 èwc 3.15.

'Askhsh 6.1 Perigr�yte gewmetrik� ta uposÔnola tou migadikoÔ epipèdou

aþ. {z ∈ C : |z − 1| ≤ 1} bþ. {z ∈ C : Re z = −Im z}

gþ. {z ∈ C : |z2 + 2z| = 3|z|} dþ. {z ∈ C : |z − i| > |z + 1|}

eþ.H = {z ∈ C : Re z > 0} �þ. {z ∈ C : z + z̄ = 0}

'Askhsh 6.2 aþ. An z eÐnai opoiosd pote mh mhdenikìc migadikìc arijmìc, deÐxte ìti
z−1 = z̄ e�n kai mìnon e�n |z| = 1.

bþ. BreÐte ìlouc touc arijmoÔc z gia touc opoÐouc z2 = z̄, (up�rqoun 4 tètoioi arijmoÐ).
gþ. BreÐte touc migadikoÔc arijmoÔc gia touc opoÐouc isqÔei |z2| = −z2.

Ap�nthsh - Upìdeixh.
gþ. |z2| = |z|2 = zz̄. 'Ara |z2| = −z2 e�n kai mìnon e�n z = −z̄, dhlad  e�n kai mìnon e�n
Re z = 0.

'Askhsh 6.3 Gr�yte se trigwnometrik  morf  touc arijmoÔc
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Ap�nthsh - Upìdeixh.
aþ. −10 = 10(cos(π) + i sin(π)).
bþ. −4
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= 8(cos(3π/4) + i sin(3π/4)).

'Askhsh 6.4 UpologÐste touc migadikoÔc arijmoÔc

aþ. (1 + i)2018 bþ.
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'Askhsh 6.5 Jewr ste ta shmeÐa tou migadikoÔ epipèdou a = 1 − i, b = 4 − 3i kai
c = 3
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i. DeÐxte, qrhsimopoi¸ntac migadikoÔc arijmoÔc, oti abc eÐnai orjog¸nio isoskelèc

trÐgwno.

'Askhsh 6.6 Qrhsimopoi ste touc migadikoÔc arijmoÔc
√

3+i kai 1+i gia na upologÐsete
tic trigwnometrikèc sunart seic tou π/12.

Ap�nthsh - Upìdeixh.
π/12 = π
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eÐnai to ìrisma tou (1 + i)/(
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phlÐko se trigwnometrik  morf , kai èqoume cos(π/12) = (
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'Askhsh 6.7 Qrhsimopoi ste to TrÐgwno tou Pascal gia na breÐte touc suntelestèc sto
an�ptugma tou (a+ b)7.

Upìdeixh: Gia tic epìmenec dÔo ask seic, deÐte tic shmei¸seic, ìpou up�rqoun parìmoia
paradeÐgmata.

'Askhsh 6.8 Qrhsimopoi ste to Je¸rhma De Moivre gia na gr�yete ta cos(4ϑ), sin(4ϑ)
wc polu¸numa sta cosϑ, sinϑ.

Ap�nthsh - Upìdeixh.
cos 4ϑ = cos4 ϑ− 6 cos2 ϑ sin2 ϑ+ sin4 ϑ.
sin 4ϑ = 4 cos3 ϑ sinϑ− 4 cosϑ sin3 ϑ.

'Askhsh 6.9 Qrhsimopoi ste to Je¸rhma De Moivre gia na gr�yete to cos7 ϑ wc gram-
mikì sunduasmì twn cosϑ, cos(3ϑ), cos(5ϑ), cos(7ϑ).

Ap�nthsh - Upìdeixh.
cos7 ϑ = 1

64
(cos 7ϑ+ 7 cos 5ϑ+ 21 cos 3ϑ+ 35 cosϑ).

'Askhsh 6.10 E�n |z| = 1 kai z 6= −1, breÐte to mètro kai to ìrisma tou 1+z
1+z̄

kai

upologÐste to migadikì arijmì w =
(
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)n
, n ∈ N.

Ap�nthsh - Upìdeixh.
To mètro twn 1 + z kai 1 + z̄ eÐnai Ðso, �ra to mètro tou 1+z

1+z̄
eÐnai 1. E�n z = cosϑ+ i sinϑ,

to pragmatikì mèroc tou 1+z
1+z̄

eÐnai (1 + 2 cosϑ+ cos 2ϑ)/(2 + 2 cosϑ), pou aplopoieÐtai se

cosϑ. Parìmoia, to fantastikì mèroc tou 1+z
1+z̄

aplopoieÐtai se sinϑ. 'Ara tì ìrisma tou z
eÐnai ϑ.
ParathroÔme oti 1+z

1+z̄
= z, kai sunep¸c w = zn.

'Askhsh 6.11 UpologÐste kai shmei¸ste se èna sqèdio sto migadikì epÐpedo tic trÐtec
rÐzec tou arijmoÔ −4(
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'Askhsh 6.12 UpologÐste kai shmei¸ste se èna sqèdio sto migadikì epÐpedo tic pèmptec
rÐzec tou arijmoÔ −32.

'Askhsh 6.13 E�n o arijmìc 2 + i eÐnai rÐza tou poluwnÔmou 3z3 − 10z2 + 7z + 10, na
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breÐte tic �llec rÐzec tou poluwnÔmou.

'Askhsh 6.14 DeÐxte oti oi dun�meic opoiasd pote pèmpthc rÐzac thc mon�dac diafore-
tik c apì to 1, par�goun kai tic 5 pèmptec rÐzec.

DeÐxte oti autì den isqÔei gia tic 6 èktec rÐzec: breÐte dÔo èktec rÐzec thc mon�dac tètoiec
¸ste kamÐa dÔnamh thc mÐac na mhn eÐnai Ðsh me thn �llh.
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