
PANEPISTHMIO KRHTHS Did�skontec: Gi¸rgoc Kapetan�khc
Tm ma Majhmatik¸n kai Qr stoc Kourouni¸thc
Efarmosmènwn Majhmatik¸n

MEM100 ANALUTIKH GEWMETRIA kai

MIGADIKOI ARIJMOI

Full�dio Problhm�twn 5

MetasqhmatismoÐ. Allag  sust matoc anafor�c.
MigadikoÐ arijmoÐ.

Prin asqolhjeÐte me tic epìmenec Ask seic, bebaiwjeÐte oti èqete aposafhnÐsei ìlec
sac tic aporÐec sqetik� me tic Drasthriìthtec 2.18 èwc 2.23.

'Askhsh 5.1 Sto eukleÐdeio epÐpedo E2 me sÔsthma anafor�c (O, ~i, ~j), jewr ste shmeÐa
P : (−1, 2), Q : (1, 1) kai R : (3, 2), thn eujeÐa ε pou pern�ei apì ta shmeÐa Q, R kai ton
kÔklo C me kèntro sto shmeÐo R kai aktÐna 2.

DÐdetai o gewmetrikìc metasqhmatismìc ϕ : E2 −→ E2 pou k�nei metafor� kat� to
di�nusma ~a = (2, 3).

aþ. BreÐte tic suntetagmènec twn shmeÐwn ϕ(Q) kai ϕ(R).

bþ. BreÐte thn exÐswsh thc eujeÐac ε wc proc to sÔsthma anafor�c (O, ~i, ~j).

gþ. BreÐte thn exÐswsh thc eujeÐac ϕ(ε) wc proc to sÔsthma anafor�c (O, ~i, ~j).

dþ. BreÐte thn exÐswsh thc eujeÐac pou pern�ei apì ta shmeÐa ϕ(Q), ϕ(R) wc proc to

sÔsthma anafor�c (O, ~i, ~j). Ti sqèsh èqoun autèc oi dÔo exis¸seic?

DÐdetai kai deÔtero sÔsthma anafor�c (P, ~i, ~j).

eþ. BreÐte tic suntetagmènec twn shmeÐwnQ kaiR wc proc to sÔsthma anafor�c (P, ~i, ~j).

�þ. BreÐte tic suntetagmènec twn shmeÐwn ϕ(Q) kai ϕ(R) wc proc to sÔsthma anafor�c

(P, ~i, ~j).

zþ. BreÐte thn exÐswsh thc eujeÐac ε wc proc to sÔsthma anafor�c (P, ~i, ~j).

hþ. BreÐte thn exÐswsh tou kÔklou ϕ(C) wc proc to sÔsthma anafor�c (P, ~i, ~j).

Jewr ste èna trÐto sÔsthma anafor�c (O, ~m, ~n), ìpou ~m = 1
2
~i−

√
3

2
~j kai ~n =

√
3

2
~i + 1

2
~j.

jþ. BreÐte tic suntetagmènec twn shmeÐwnQ kaiR wc proc to sÔsthma anafor�c (O, ~m, ~n).

iþ. BreÐte tic suntetagmènec twn shmeÐwn ϕ(Q) kai ϕ(R) wc proc to sÔsthma anafor�c
(O, ~m, ~n).



iaþ. BreÐte thn exÐswsh thc eujeÐac ε wc proc to sÔsthma anafor�c (O, ~m, ~n).

ibþ. BreÐte thn exÐswsh tou kÔklou ϕ(C) wc proc to sÔsthma anafor�c (O, ~m, ~n).

Ap�nthsh - Upìdeixh.
aþ. ϕ(x, y) = (x, y) + (2, 3). 'Ara ϕ(Q) = (1, 1) + (2, 3) = (3, 4).
bþ. x− 2y + 1 = 0.
gþ. ε = {(x, y) : x−2y+1 = 0}. 'Ara ϕ(ε) = {(u, w) : up�rqoun x, y tètoia ¸ste (u, w) =
ϕ(x, y) kai x − 2y + 1 = 0}. E�n (u, w) = ϕ(x, y), tìte (x, y) = (u − 2, w − 3). 'Ara
(u, v) brÐsketai sthn eujeÐa ϕ(ε) ìtan (u− 2)− 2(w− 3) + 1 = 0. Dhlad  h exÐswsh thc
ϕ(ε) eÐnai u− 2w + 5 = 0.
eþ. Oi suntetagmènec tou shmeÐou Q wc proc to sÔsthma anafor�c (P, ~i, ~j) eÐnai (v, z) tè-

toia ¸ste
−→
PQ = v~i+z~j. All�

−→
PQ =

−→
OQ−−→OP = −~i+2~j− (~i+~j). 'Ara (v, z) = (2, −1).

�þ. Oi suntetagmènec tou shmeÐou ϕ(Q) wc proc to sÔsthma anafor�c (P, ~i, ~j) eÐnai
(3, 4)− (−1, 2) = (4, 2).
jþ. Oi suntetagmènec tou shmeÐou Q wc proc to sÔsthma anafor�c (O, ~m, ~n) eÐnai (v, z)

tètoia ¸ste
−→
OQ = v~m + z~n. All�

−→
OQ = ~i + ~j. 'Ara jèloume v, z tètoia ¸ste

v~m + z~n = ~i + ~j. GnwrÐzoume oti ~m = 1
2
~i −

√
3

2
~j kai ~n =

√
3

2
~i + 1

2
~j. 'Ara ta v, z ika-

nopoioÔn thn v(1
2
~i −

√
3

2
~j) + z(

√
3

2
~i + 1

2
~j = ~i + ~j. AfoÔ ta ~i, ~j eÐnai grammik� anex�rthta,

autì isqÔei mìnon ìtan (1
2
v +

√
3

2
z, −

√
3

2
v + 1

2
z) = (1, 1). To sÔsthma èqei monadik  lÔsh

(v, z) = (1
2
−
√

3
2
,
√

3
2

+ 1
2
).

'Askhsh 5.2 E�n z = 3 − 5i kai w = 3i − 2, upologÐste touc akìloujouc migadikoÔc
arijmoÔc, kai shmei¸ste touc sto migadikì epÐpedo.

aþ. z + w bþ. z − w
gþ. z + w̄ dþ. z − z̄
eþ. zw �þ. zw̄
zþ. zz̄ hþ. 1

z

jþ. 1
w̄

iþ. w
w̄

iaþ. w
z

ibþ. w−2z
zw̄

Ap�nthsh - Upìdeixh.
eþ. zw̄ = (3− 5i)(−2− 3i) = −21 + i.

ibþ. w−2z
zw̄

= −2+3i−6+10i
−21+i

= (−8+13i)(−21−i)
212+12

= 168+8i−273i+13
442

= 181−265i
442

.

'Askhsh 5.3 E�n z = x+yi kai w = u+vi, ekfr�ste to pragmatikì mèroc, to fantastikì
mèroc kai to mètro twn akìloujwn migadik¸n parast�sewn sunart sei twn x, y, u, v.

aþ. z + 3i bþ. z + w̄

gþ. z−2i
wi

dþ. z(2−i)
w+i

eþ. 1
z

�þ. z
w̄

Ap�nthsh - Upìdeixh.

gþ. z−2i
wi

= x+yi−2i
ui−v = (x+(y−2)i)(−v−ui)

u2+v2
= −xv+uy−2u

u2+v2
− xu+yv−2v

u2+v2
i.
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'Ara Re z−2i
wi

= −xv+uy−2u
u2+v2

, Im z−2i
wi

= −xu+yv−2v
u2+v2

,

| z−2i
wi
| =
√

(−xv+uy−2u)2+(xu+yv−2v)2

u2+v2
.

eþ. 1
z

= z̄
zz̄

= x−yi
x2+y2

. 'Ara Re 1
z

= x
x2+y2

, Im 1
z

= −y
x2+y2

, |1
z
| = 1√

x2+y2
.

'Askhsh 5.4 Ekfr�ste to pragmatikì kai to fantastikì mèroc twn akìloujwn parast�-
sewn sunart sei tou z kai tou z̄. Gia par�deigma, Re (2z) = z + z̄, Im (2z2) = −i(z2− z̄2).

aþ. z + 3i bþ. z(2− i)

gþ. z−2i
i−1

dþ. z(2−i)
2+i

eþ. 1
z

�þ. z
z̄

Ap�nthsh - Upìdeixh.

aþ. Re (z + 3i) =
1

2
((z + 3i) + (z̄ − 3i)) =

1

2
(z + z̄).

Im (z + 3i) =
1

2i
((z + 3i)− (z̄ − 3i)) =

1

2i
(z − z̄ + 6i).

gþ.

Re

(
z − 2i

i− 1

)
=

1

2

(
z − 2i

i− 1
+

z̄ + 2i

−i− 1

)
=

1

2

(z − 2i)(−i− 1) + (z̄ + 2i)(i− 1)

1 + 1

=
1

4
((z + z̄) + i(z − z̄) + 4) .

Im

(
z − 2i

i− 1

)
=

1

2i

(
z − 2i

i− 1
− z̄ + 2i

−i− 1

)
=

1

2i

(z − 2i)(−i− 1)− (z̄ + 2i)(i− 1)

1 + 1

=
1

4i
(−i(z + z̄)− (z − z̄) + 4i)

=
1

4
(i(z − z̄)− (z + z̄) + 4) .
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