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MIGADIKOI ARIJMOI

Full�dio Problhm�twn 4

EpÐpedo sto q¸ro. EujeÐa sto q¸ro.

Prin asqolhjeÐte me tic epìmenec Ask seic, bebaiwjeÐte oti èqete aposafhnÐsei ìlec
sac tic aporÐec sqetik� me tic Drasthriìthtec 2.9 èwc 2.17.

Gia tic epìmenec 3 erwt seic, dÐdontai ta shmeÐa
P : (2, 3, 1), Q : (3, 1, 4) kai R : (2, 1, 5).

'Askhsh 4.1 BreÐte thn exÐswsh tou epipèdou pou pern�ei apì ta shmeÐa P, Q, R.

Ap�nthsh - Upìdeixh.
H exÐswsh eÐnai thc morf c Ax + By + Cz + D = 0. Antikajist¸ntac tic suntetagmènec
twn P , Q, R èqoume èna sÔsthma 3 exis¸sewn, apì tic opoÐec mporoÔme na prosdiorÐsoume
touc suntelestèc A, B, C, D.

Enallaktik�, gia to genikì shmeÐo X tou epipèdou, to di�nusma
−−→
PX eÐnai suggrammikì me

ta
−→
PQ,

−→
PR, �ra to miktì ginìmeno

−−→
PX · −→PQ×−→PR = 0. Aut  h sqèsh dÐdei thn exÐswsh

tou epipèdou, x+ 2y + z = 9.

'Askhsh 4.2 BreÐte thn exÐswsh tou epipèdou pou pern�ei apì to shmeÐo P kai eÐnai
k�jeto sthn eujeÐa QR. EÐnai to epÐpedo par�llhlo proc k�poion �xona suntetagmènwn?

Ap�nthsh - Upìdeixh.
H exÐswsh pou ikanopoieÐ to genikì shmeÐo X tou epipèdou prokÔptei apì th dianusmatik 

exÐswsh
−−→
PX · −→QR = 0.

'Askhsh 4.3 BreÐte thn exÐswsh tou epipèdou Πs pou perièqei thn eujeÐa QR kai tèmnei
ton �xona Oy sto shmeÐo (0, s, 0), gia s ∈ R,

'Askhsh 4.4 BreÐte dÔo exis¸seic thc morf c Ax + By + Cz + D = 0 pou apoteloÔn
(kai oi dÔo mazÐ!) thn analutik  perigraf  thc eujeÐac ε sto q¸ro, pou èqei parametrik 
perigraf 

(x, y, z) = (3, 7, −6) + t(5, −4, 1) .

Ap�nthsh - Upìdeixh.
Apì thn parametrik  perigraf  èqoume x = 3 + 5t, y = 7− 4t, z = −6 + t. Apì thn pr¸th



kai thn trÐth sqèsh èqoume x − 5(z + 6) − 3 = 0. Apì th deÔterh kai thn trÐth èqoume
y + 4(z + 6)− 7 = 0. H analutik  perigraf  thc eujeÐac ε dÐdetai apì tic dÔo exis¸seic

x− 5z − 33 = 0 , y + 4z + 17 = 0 .

'Askhsh 4.5 'Estw ε h eujeÐa sto q¸ro me parametrik  perigraf 

(x, y, z) = (2 + 2t, 2, 2− 2t)

Jewr ste tic eujeÐec

δ1 : (x, y, z) = (1, −1, 0) + r(1, 1, 0) kai δ2 : (x, y, z) = (1, −1, 1) + s(−4, 0, 4) .

Gia i = 1, 2, na exet�sete an h ε kai h δi, èqoun koin� shmeÐa, eÐnai par�llhlec   eÐnai
asÔmbatec.

'Askhsh 4.6 Exet�ste e�n h eujeÐa ε me parametrik  perigraf  (x, y, z) = (3, −1, 4) +
t(2, 5, 2) eÐnai par�llhlh proc to epÐpedo Π : 2x − 2y + 3z − 5 = 0. E�n ìqi, breÐte tic
suntetagmènec tou shmeÐou tom c.

'Askhsh 4.7 BreÐte thn parametrik  par�stash thc koin c kajètou twn eujei¸n ε1 :
(x, y, z) = (1, 3, 1) + s(1, 1, −1) kai ε2 : (x, y, z) = (1, 0, 1) + t(1, 0, −2). UpologÐste
thn apìstash metaxÔ twn dÔo eujei¸n.

Ap�nthsh - Upìdeixh.
H koin  k�jetoc èqei di�nusma dieÔjunshc ~n = (1, 1, −1)× (1, 0, −2) = (−2, 1, −1). Gia
na broÔme èna shmeÐo (x0, y0, z0) thc koin c kajètou qrhsimopoioÔme th sqèsh (x0, y0, z0) =
(1, 3, 1) + s(1, 1, −1), ìpou r, s, t ikanopoioÔn thn

(1, 0, 1)− (1, 3, 1) = s(1, 1, −1) + r(−2, 1, −1) + t(1, 0, −2) .

BrÐskoume s = −5
2
kai (x0, y0, z0) = 1

2
(−3, 1, 7). 'Ara h koin  k�jetoc eÐnai h κ :

(x, y, z) = 1
2
(−3, 1, 7) + u(−2, 1, −1).

H apìstash metaxÔ twn dÔo eujei¸n, apì Di�lexh 9, eÐnai

d =
|(0, 3, 0) · (−2, 1, −1)|√

22 + 12 + 12
=

√
3√
2
.

'Askhsh 4.8 'Estw Π to epÐpedo me parametrik  perigraf 

(x, y, z) = (1, 0, 1) + s(1, 2, 3) + t(1, 1, 1) .

BreÐte thn exÐswsh tou Π, me dÔo trìpouc:

aþ. apaleÐfontac pr¸ta thn par�metro t kai katìpin thn par�metro s.

bþ. qrhsimopoi¸ntac to exwterikì ginìmeno.
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Elègxte oti oi dÔo diadikasÐec katal goun se isodÔnamec exis¸seic.

'Askhsh 4.9 JewroÔme to epÐpedo Π sto E3 pou pern�ei apì ta shmeÐa Q : (2, 1, 3),
R : (2, 4, 0) kai S : (−3, 0, 4). Sto epÐpedo Π orÐzoume to (mh orjokanonikì) sÔsthma

anafor�c (Q, ~v, ~w), ìpou ~v =
−→
QR kai ~w =

−→
QS. Na breÐte:

aþ. Tic suntetagmènec sto E3 tou shmeÐou tou Π pou èqei suntetagmènec (5, 3) wc proc
to (Q, ~v, ~w).

bþ. Tic suntetagmènec wc proc to (Q, ~v, ~w) tou shmeÐou sto opoÐo to epÐpedo Π tèmnei
ton �xona Oz.

Ap�nthsh - Upìdeixh.
aþ. To shmeÐo Y pou èqei suntetagmènec (5, 3) wc proc to (Q, ~v, ~w) èqei di�nusma jèshc

wc proc to shmeÐo anafor�c tou E3,
−−→
OY =

−→
OQ+ 5

−→
QR + 3

−→
QS = (−13, 13, −9).

bþ. To shmeÐo X pou èqei suntetagmènec (a, b) wc proc to (Q, ~v, ~w), èqei di�nusma jèshc

wc proc to shmeÐo anafor�c tou E3,
−−→
OX =

−→
OQ+ a

−→
QR+ b

−→
QS. E�n brÐsketai ston �xona

Oz,
−−→
OX = (0, 0, z). 'Ara (0, 0, z) = (2, 1, 3) + a(0, 3, −3) + b(−5, −1, 1). BrÐskoume

b = 2/5, a = −1/5, kai z = 4.

'Askhsh 4.10 Jewr ste to epÐpedo Π me exÐswsh 2x + 3y + z + 1 = 0, kai ta epÐpeda
Σ1: x+ y + z + 1 = 0 kai Σ2: −4x− 6y − 2z − 2 = 0.

aþ. BreÐte mÐa parametrik  perigraf  tou sunìlou twn koin¸n shmeÐwn tou Π kai tou Σ1

kai tou sunìlou twn koin¸n shmeÐwn tou Π kai tou Σ2.

bþ. UpologÐste thn apìstash tou shmeÐou (1, 1, 1) apì to epÐpedo Π, kai thn apìstash
tou shmeÐou (1, 1, 1) apì thn tom  twn epipèdwn Π kai Σ1.

Ap�nthsh - Upìdeixh.
aþ. Gewmetrik  prosèggish: Ta epÐpeda Π kai Σ1 èqoun k�jeta dianÔsmata ~u = (2, 3, 1)
kai ~w = (1, 1, 1) antÐstoiqa. 'Ara tèmnontai se mÐa eujeÐa me di�nusma dieÔjunshc ~u× ~w =
(2, −1, −1). ParathroÔme oti to shmeÐo (0, 0, 1) ikanopoieÐ tic exis¸seic twn Π kai Σ1.
'Ara ta dÔo epÐpeda tèmnontai sthn eujeÐa me parametrik  perigraf 

(x, y, z) = (0, 0, −1) + t(2, −1, −1) .

Algebrik  prosèggish: LÔnoume to sÔsthma exis¸sewn 2x+3y+z+1 = 0 kai x+y+z+1 =
0 me apaloif  Gauss, kai brÐskoume (x, y, z) = (−2, 1, 0) + t((−2, 1, 1).
ParathroÔme oti oi dÔo parametrikèc perigrafèc dÐdoun thn Ðdia eujeÐa!

Ta epÐpeda Π kai Σ2 sumpÐptoun.
bþ. 'Estw X : (1, 1, 1). H apìstash tou shmeÐou X apì to epÐpedo Π, apì Di�lexh 9, eÐnai

d(X, Π) = 7√
14

=
√
7√
2
. H apìstash tou shmeÐou X apì thn eujeÐa δ = Π∩Σ1, apì Di�lexh

9, eÐnai

d(X, δ) =
|(1, 1, 2)× (2, −1, −1)|√

22 + 12 + 12
=

√
35√
6
.
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