
PANEPISTHMIO KRHTHS Did�skontec: Gi¸rgoc Kapetan�khc
Tm ma Majhmatik¸n kai Qr stoc Kourouni¸thc
Efarmosmènwn Majhmatik¸n

MEM100 ANALUTIKH GEWMETRIA kai

MIGADIKOI ARIJMOI

Full�dia Problhm�twn 3

EujeÐec sto EpÐpedo, DianÔsmata sto q¸ro.

Prin asqolhjeÐte me tic epìmenec Ask seic, bebaiwjeÐte oti èqete aposafhnÐsei ìlec
sac tic aporÐec sqetik� me tic Drasthriìthtec 1.30 èwc 1.35.

'Askhsh 3.1 Perigr�yte gewmetrik� ta akìlouja sÔnola sto epÐpedo

aþ) {(x, y) ∈ R2 : 2x− 3y +
√
2 = 0}

bþ) {(x, y) ∈ R2 : y = −1}
gþ) {(x, y) ∈ R2 : (y − 1)(2x− y) = 0}
dþ) {(x, y) ∈ R2 : x2 + y2 − 2x− 2y − 2 = 0}

Ap�nthsh - Upìdeixh.
gþ. H ènwsh dÔo eujei¸n, me exis¸seic y − 1 = 0 kai 2x− y = 0.
eþ. H eujeÐa x− y = 0.

'Askhsh 3.2 Jewr ste thn eujeÐa εt pou pern�ei apì ta shmeÐa P : (3, 2) kai Qt : (t, 4)
gia t ∈ R.

aþ. BreÐte thn exÐswsh thc eujeÐac εt.

bþ. Gia poi� tim  tou t eÐnai h eujeÐa εt k�jeth sthn eujeÐa ζ : 2x− y + 5 = 0?

gþ. BreÐte thn tim  t0 gia thn opoÐa h eujeÐa εt0 eÐnai par�llhlh proc thn ζ.

dþ. Gia t 6= t0, breÐte to shmeÐo tom c thc εt me thn ζ.

Ap�nthsh - Upìdeixh.
bþ. Gia t = −1.
dþ. y = 7+2t

t−4 , x = 27−3t
2t−8 .

'Askhsh 3.3 Na breÐte tic exis¸seic twn eujei¸n pou eÐnai par�llhlec proc thn eujeÐa
2x+ 3y + 5 = 0 kai mazÐ me touc �xonec tou sust matoc anafor�c perikleÐoun trÐgwno me
embadìn 6.

Ap�nthsh - Upìdeixh.
2x+ 3y + κ = 0, gia κ = ±6

√
2.



'Askhsh 3.4 Sqedi�ste tic eujeÐec me tic akìloujec exis¸seic wc proc èna orjokanonikì
sÔsthma anafor�c (O, ~i, ~j):

aþ) 2x+ 3y + 6 = 0 bþ) 2x+ 3y − 6 = 0
gþ) 3x− 2y + 6 = 0 dþ) 3x− 2y − 6 = 0

'Askhsh 3.5 BreÐte èna k�jeto di�nusma, èna di�nusma dieÔjunshc kai thn klÐsh, gia
thn eujeÐa ε sto epÐpedo me parametrik  perigraf  (x, y) = (1− 2t, 3 + t).
Gr�yte thn exÐswsh thc eujeÐac ε.

Ap�nthsh - Upìdeixh.
K�jeto di�nusma (1, 2)
Di�nusma dieÔjunshc (−2, 1).
KlÐsh −1/2.
ExÐswsh eujeÐac x+ 2y − 7 = 0.

'Askhsh 3.6 BreÐte to Ôyoc apì to A tou trig¸nou ABC, me A : (−1, 3), B : (1, −1),
C : (4, 1).

Prin asqolhjeÐte me tic epìmenec Ask seic, bebaiwjeÐte oti èqete aposafhnÐsei ìlec
sac tic aporÐec sqetik� me tic Drasthriìthtec 2.1 èwc 2.8.

'Askhsh 3.7 Sqedi�ste trÐa dianÔsmata ~x =
−→
AB, ~y =

−→
AC, ~z =

−−→
AD pou den brÐskontai

sto Ðdio epÐpedo.
Sumplhr¸ste sto sqèdio to parallhlepÐpedo pou kataskeu�zetai me akmèc AB, AC kai

AD (prosèxte na mhn deÐqnei orjog¸nio) ètsi ¸ste AA′, BB′, CC ′ kai DD′ na eÐnai oi
diag¸nioi tou parallhlepipèdou.

Ekfr�ste ta dianÔsmata
−−→
AB′,

−−→
AC ′,

−−→
AD′ kai ta dianÔsmata

−−→
AA′,

−−→
BB′,

−−→
CC ′,

−−→
DD′ wc

grammikoÔc sunduasmoÔc twn ~x, ~y kai ~z.

'Askhsh 3.8 Sqedi�ste èna kanonikì tetr�edro ABCD me m koc pleur�c 1, kai jew-

r ste ta dianÔsmata ~u =
−→
AB, ~v =

−→
AC, ~w =

−−→
AD. Poièc apì tic akìloujec tri�dec eÐnai

dexiìstrofec, kai poièc den eÐnai?

(~u, ~v, ~w), (~v, ~w, ~u), (~u, ~w, ~v), (~w, −~v, ~u) .

Ap�nthsh - Upìdeixh.
Oi apant seic exart¸ntai apì to sq ma, dhlad  apì th di�taxh twn koruf¸n tou tetraè-
drou.

'Askhsh 3.9JewroÔme ta dianÔsmata ~x, ~y, ~z me koinì shmeÐo efarmog c O. DeÐxte oti
(~x, ~y, ~z) eÐnai dexiìstrofo sÔsthma e�n kai mìnon e�n (~x× ~y) · ~z > 0.

'Askhsh 3.10 DeÐxte oti
[~x ~y ~z] = [~y ~z ~x] = [~z ~x~y] ,

[~z ~y ~x] = [~y ~x~z] = [~x~z ~y] .

2



'Askhsh 3.11 E�n ~a 6= 0 kai ~a×(~a×~b) = (~a×~a)×~b, tÐ sumpèrasma mporeÐte na bg�lete
gia to ~b? Aitiolog ste thn ap�nths  sac.

Ap�nthsh - Upìdeixh.

To di�nusma ~b eÐnai pollapl�sio tou dianÔsmatoc ~a.

'Askhsh 3.12 UpologÐste to exwterikì ginìmeno ~v × ~u twn dianusm�twn (me suntetag-
mènec wc proc orjokanonikì dexiìstrofo sÔsthma anafor�c) ~v = (1, 2, 1), ~u = (3, 1, 2).

Exet�ste an ta dianÔsmata ~v, ~u kai ~w = (4, 5, 0) eÐnai sunepÐpeda.

'Askhsh 3.13 'Estw orjokanonikì sÔsthma tou q¸rou (~i,~j,~k). Na brejeÐ èna �llo

sÔsthma tou q¸rou (~a,~b,~c), me ~a = ~i + ~j + 2~k, tètoio ¸ste ta dianÔsmata ~a,~b,~c na eÐnai
orjog¸nia an� dÔo.

Ap�nthsh - Upìdeixh.

To di�nusma ~b prèpei na ikanopoieÐ ~a · ~b = 0. E�n ~b = r~i + s~j + t~k, oi suntetagmènec
(r, s, t) prèpei na ikanopoioÔn (1, 1, 2) · (r, s, t) = 0. Epilègoume kat�llhla r, s, t. Gia

par�deigma, ~b = ~i − ~j. To di�nusma ~c prèpei na eÐnai k�jeto tìso sto ~a ìso kai sto ~b.
QrhsimopoioÔme to exwterikì ginìmeno gia na upologÐsoume èna tètoio di�nusma.

'Askhsh 3.14 Gia to exwterikì ginìmeno den isqÔei h prosetairistik  idiìthta: ~x×(~y×~z)
den eÐnai p�nta Ðso me (~x× ~y)× ~z. Up�rqei ìmwc mÐa �llh sqèsh, h tautìthta Jacobi .

DeÐxte oti, gia tuqaÐa dianÔsmata ~x, ~y, ~z sto q¸ro,

~x× (~y × ~z) + ~z × (~x× ~y) + ~y × (~z × ~x) = ~0.

Ap�nthsh - Upìdeixh.
Qrhsimopoi ste thn èkfrash gia to dic exwterikì ginìmeno.
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