
PANEPISTHMIO KRHTHS Did�skontec: Gi¸rgoc Kapetan�khc
Tm ma Majhmatik¸n kai Qr stoc Kourouni¸thc
Efarmosmènwn Majhmatik¸n

MEM100 ANALUTIKH GEWMETRIA kai

MIGADIKOI ARIJMOI

Full�dia Problhm�twn 1 & 2

DianÔsmata sto EpÐpedo

Prin asqolhjeÐte me tic epìmenec Ask seic, bebaiwjeÐte oti èqete aposafhnÐsei ìlec
sac tic aporÐec sqetik� me tic Drasthriìthtec 1.1 èwc 1.16.

'Askhsh 1.1 'Estw ABCD parallhlìgrammo, E shmeÐo sthn pleur� AB kai F shmeÐo

sthn pleur� CD tètoia ¸ste
−→
AE =

−→
FC. 'Estw, epÐshc shmeÐo G sthn pleur� AD

kai H shmeÐo sthn pleur� BC, tètoia ¸ste
−→
AG =

−−→
HC. ApodeÐxte oti to EGFH eÐnai

parallhlìgrammo.
Upìdeixh: MporeÐte na proseggÐsete aut  thn �skhsh me polloÔc trìpouc. Prospaj -

ste arqik� na qrhsimopoi sete ton orismì tou parallhlogr�mmou pou d¸same sto m�jhma.

Ap�nthsh - Upìdeixh.
Sqedi�ste to parallhlìgrammo kai ta shmeÐa E, F , G, H.

ArkeÐ na deÐxoume oti oi EF kai HG diqotomoÔntai. AfoÔ
−→
AE =

−→
FC, AECF eÐnai

parallhlìgrammo, �ra oi AC kai EF diqotomoÔntai. AfoÔ
−→
AG =

−−→
HC, AGCH eÐnai

parallhlìgrammo, �ra oi AC kai GH diqotomoÔntai. Sunep¸c oi EF kai HG tèmnontai
sto mèso thc AC, kai diqotomoÔntai.

'Askhsh 1.2 Sqedi�ste trÐa shmeÐa A, B, C, pou den brÐskontai ìla sthn Ðdia eujeÐa,

tètoia ¸ste |−→AB + 2
−→
AC| = |−→AB|.

'Askhsh 1.3 ApodeÐxte me qr sh dianusm�twn oti h eujeÐa pou en¸nei ta mèsaM,N twn
pleur¸n AB kai AC enìc trig¸nou ABC eÐnai par�llhlh proc thn pleur� BC kai èqei
m koc to misì thc BC.

Ap�nthsh - Upìdeixh.
Sqedi�ste to trÐgwno kai ta shmeÐa M , N .
−−→
MN =

−−→
MA+

−−→
AN = 1

2
(
−→
BA+

−→
AC) = 1

2

−−→
BC.

'Askhsh 1.4 Sqedi�ste to trapèzio ABCD me b�seic AD kai BC. 'EstwM, N ta mèsa
twn plagÐwn pleur¸n AB kai CD. ApodeÐxte oti

−−→
MN =

1

2

(−−→
AD +

−−→
BC
)
.



'Askhsh 1.5 Shmei¸ste trÐa shmeÐa O, A, B pou den brÐskontai sthn Ðdia eujeÐa. Gnw-

rÐzoume oti gia k�je shmeÐo X tou epipèdou to di�nusma
−−→
OX gr�fetai wc grammikìc sun-

duasmìc
−−→
OX = a

−→
OA + b

−−→
OB. DeÐxte oti to shmeÐo X brÐsketai sthn eujeÐa pou pern�ei

apì ta A kai B e�n kai mìnon e�n a+ b = 1.
PoÔ nomÐzete oti brÐsketai to X e�n a+ b = 3?

Ap�nthsh - Upìdeixh.
Prèpei na apodeÐxoume kai tic dÔo kateujÔnseic, ⇒ kai ⇐.
⇒: E�n to X brÐsketai sthn eujeÐa pou pern�ei apì ta A kai B, tìte up�rqei pragmatikìc

arijmìc b tètoioc ¸ste
−−→
AX = b

−→
AB. All�

−−→
AX =

−−→
OX − −→OA kai

−→
AB =

−−→
OB − −→OA. 'Ara

−−→
OX −−→OA = b

−−→
OB − b−→OA, dhlad  −−→OX = (1− b)−→OA+ b

−−→
OB.

⇐: AntÐstrofa, e�n
−−→
OX = (1− b)−→OA+ b

−−→
OB, tìte

−−→
AX =

−−→
OX −−→OA = −b−→OA+ b

−−→
OB =

b(
−−→
OB −−→OA) = b

−→
AB, dhlad  X brÐsketai sthn eujeÐa pou pern�ei apì ta A kai B.
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Prin asqolhjeÐte me tic epìmenec Ask seic, bebaiwjeÐte oti èqete aposafhnÐsei ìlec
sac tic aporÐec sqetik� me tic Drasthriìthtec 1.17 èwc 1.29.

'Askhsh 2.1 Jewr ste dÔo mh suggrammik� dianÔsmata, ~u kai ~w, tètoia ¸ste |~u+2~w| =
|~u|. DeÐxte oti ~w · (~u+ ~w) = 0. (SugkrÐnate me thn 'Askhsh 1.2)
Parathr ste oti ~w · (~u+ ~w) = 0 mporeÐ na isqÔei, par� ìlo pou ~w 6= 0 kai ~u+ ~w 6= 0!

'Askhsh 2.2Shmei¸ste dÔo shmeÐa A, B, sto epÐpedo, kai breÐte shmeÐa C, D, E tètoia
¸ste:

aþ. |−→AC| = 2|−→AB| kai −→AC · −→AB = 0.

bþ.
−−→
AD = 2

−→
AB. Parathr ste oti tìte

−−→
AD · −→AB = 2|−→AB|2.

gþ. |−→AE| = 2|−→AB| kai −→AE · −→AB = −|−→AB|2.

Ap�nthsh - Upìdeixh.

gþ. Ta
−→
AB kai

−→
AE sqhmatÐzoun gwnÐa 2π/3.

'Askhsh 2.3 An ta ~u, ~v eÐnai k�jeta kai èqoun Ðdio m koc, deÐxte oti kai ta 2~u + 3~v,
6~u− 4~v eÐnai k�jeta.

'Askhsh 2.4 Jewr ste trÐa shmeÐa O, A, B pou den brÐskontai sthn Ðdia eujeÐa. E�n to
shmeÐoX brÐsketai sthn eujeÐa pou pern�ei apì taA kaiB, kai o aplìc lìgoc (ABX) = µ,

breÐte a kai b tètoia ¸ste
−−→
OX = a

−→
OA+ b

−−→
OB.

Ap�nthsh - Upìdeixh.
a = µ

1+µ
, b = 1

1−µ .

'Askhsh 2.5 ApodeÐxte oti gia k�je trÐgwno ABC isqÔei:
−→
AB +

−−→
BC +

−→
CA = 0.

E�n gia ta dianÔsmata ~u, ~v, ~w isqÔei oti ~u+~v+ ~w = 0, tìte apodeÐxte pwc up�rqei trÐgwno

ABC tètoio ¸ste
−→
AB = ~u,

−−→
BC = ~v,

−→
CA = ~w.

'Askhsh 2.6 An to trÐgwno ABC eÐnai isìpleuro, a eÐnai to m koc thc pleur�c tou,

~u =
−→
AB, kai ~v =

−−→
BC, upologÐste to m koc tou ~u+ 3~v wc sun�rthsh tou a.

Ap�nthsh - Upìdeixh.

|~u+ 3~v| =
√

9a2 − 6(1
2
)a2 + a2 = a

√
7.

'Askhsh 2.7 DeÐxte oti e�n
−→
OA kai

−−→
OB eÐnai mh suggrammik� dianÔsmata kai a

−→
OA =

b
−−→
OB, tìte a = 0 kai b = 0.

Ap�nthsh - Upìdeixh.

To pèrac tou dianÔsmatoc a
−→
OA brÐsketai ston forèa tou

−→
OA. To pèrac tou dianÔsmatoc

b
−−→
OB brÐsketai ston forèa tou

−−→
OB. Oi dÔo eujeÐec èqoun èna koinì shmeÐo, sto O. AfoÔ

den sumpÐptoun den èqoun �llo koinì shmeÐo. E�n a
−→
OA = b

−−→
OB, to koinì pèrac twn dÔo

dianusm�twn prèpei na eÐnai to O, sunep¸c a = 0 kai b = 0.
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'Askhsh 2.8 Qrhsimopoi ste thn 'Askhsh 2.7 gia na deÐxete oti oi suntetagmènec enìc
shmeÐou P tou epipèdou wc proc èna sÔsthma anafor�c (O, ~u, ~v) eÐnai monadikèc: e�n (s, t)
kai (x, y) eÐnai suntetagmènec tou Ðdiou shmeÐou P , tìte s = x kai t = y.

'Askhsh 2.9 Sqedi�ste èna isìpleuro trÐgwno ABC. Jewr ste to (mh orjokanonikì)

sÔsthma anafor�c (A, ~u, ~w), ìpou ~u =
−→
AB kai ~w = −−→AC.

Shmei¸ste sto sq ma ta shmeÐa P kai Q me suntetagmènec wc proc (A, ~u, ~w), P : (2, 1)
kai Q : (1, 1).
Sqedi�ste tic probolèc ~r = pr~u

−→
AP kai ~t = pr~w

−→
AP , kai breÐte tic suntetagmènec twn

dianusm�twn ~r kai ~t wc proc to sÔsthma anafor�c (A, ~u, ~w).
UpologÐste to eswterikì ginìmeno twn dianusm�twn me suntetagmènec (s, t) kai (x, y) wc
proc to sÔsthma anafor�c (A, ~u, ~w).

Ap�nthsh - Upìdeixh.
~r = 3

2
~u. ~t = 0.

(p~u+ s~w) · (x~u+ y ~w) = |~u|2(px+ sy − 1
2
(py + sx)).

'Askhsh 2.10 Se èna orjokanonikì sÔsthma anafor�c jewr ste ta dianÔsmata ~u =
(s, t), ~v = (−t, s) kai ~w = (x, y). UpologÐste ta mètra twn probol¸n pr~u ~w kai pr~v ~w.
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