Muyodixy) Avadvon 1

1. Muyodixol optbuol, yewpetplon xow Booirég amelxovioeLg

1 Ot pryodixotl optOpot
H petéPoon ané to R oto C propel vo tdwbel wg éva axdun PAuo oty eméxtooyn twy
opLiuntinddy ovomudtwy. I'a Topadetypa, n ekiowon
22 =2

dev éxet Aon ato Q, alAG éxel Ao oto R. Avtileta, 7 ekiowon

22 =-1
dev éxel AWon ato R. Ertodyovpe Aotrtdy éva véo abuPoro ¢ pe tny dtdtrto

i? = —1.
Optopdg 1.1. To abvoro Twv wyadixdy optbudy eival

C={z+iy:x,yec R}

Av z = z + 1y, optlovue
Rez =z, Imz=y.

H yooopn z = x + iy elvow povadixn. H mpdobeon kol o moramAactacudg yivovtor pe Toug
oLYNOLoUEVOLS OAYEPELXOVE XAVOVECS, XENOLLOTIOLVTAS TN OXEOT i? = —1:

(z +iy) + (u+ ) = (x +u) +i(y +v),
o
(x +iy)(u + ) = (zu — yv) + i(xv + yu).
To ptyodixo ewinedo

Tawtilovue Tov wryadind opbpé z = = + iy ue 1o onueio (z,y) € R2. "Etor o oplévtiog
GEovog eivor 0 TEAYROTIXOC GEOVAS X0 O XOTOUXOPVPOS O POVTUGTIXOG AEOVOG.

> Re z




Optopog 1.2. Av z = x + 1y, 0 oLiLYY s Tov 2 elvor
zZ=x—1y,

X0 To UETPO TOL Z elval

2] = V2?2 + y2.

CewPeTpLxd, 10 Z elvan 1 avdxAoom ToL 2 WG TPOS TOY TTEOYLATLXd GEova, eve To |z| elvor 1
omoatooy Tov 2 and to 0.
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O Baowrég Towtdtnteg elvon
. z+z z—Zz
2Z = |2|%, Rez = , Imz = —
2 24
Ewdwdtepa, av z # 0, t6te
1 z
z |z*

Apoa xGbe pn undevinde uLyodixds €xel TOAATAAGLAOTIXG OYTLOTOOPO.
Mpéraon 1.3 (Baoixég tdiotnteg Tov pétpov). Ioa xabe z,w € C wydovy
2w = |2 [w]

xou
|z 4+ w| < |z| + |w].
ArodeEn. H mpdtn oyéon mpoxdmtel ord

|zw|)? = 2w FW = 2w ZW = |2

Mo ™ Sebtepn,

|z +w)? = (z +w)(Z+ )
= |2|* + |w|* + 2Re(2)
<z + |w|* + 2|2w|
= (l2| + [w])*.

[Maipvovtag tetpoywyikég pileg TalPVOLUE TNV TOLYWVLXY] OVLOOTNTO. O



To pétpo wg amdéoTaoy

Av 21 = x1 + iy1 na 29 = X9 + iYya, TOTE

|21 — 22| = V(21— 22)% + (31 — y2)2.
Emopévag |21 — 22| elvor axpLBog n evxieideto andotaon Twv 0o onueiwy oto enitedo.
Mopadetypa 1.4 (Andéotoon 300 pyadixey). Bcwpodue
2 =244i, z=5+i

Téte

|21] = V20 = 2v/5,  |z2| = V26,

|21 — 22| = | =3+ 3i| = V18 = 3V/2.

Apa 10 23 Pploxetan poxpitepa amd to 0, xat 1 LeTaED Toue amboTaon eivar 3v/2.
TMapotienoyn 1.5. Zto C dev vndpyet Quoxy didtaEn ovpforty pe tig TpdEetg 6mtwe oto R. ‘Etot
EXPEATELS OTTWG 21 < 22 SEY EYXOVY YEVLXA Vonua. MTopolue Slume var GLUYXQEIVOLUE T TTOOYLOTLXA
neYétn |z1| xou |22
KoxAot, dioxot xow eldeiderg

H yewpetpinn epunveio Tou |z — 2| xéver ToAég etlotioetg oto C dpeoo avayvwpiotpes.
Hapdadetypa 1.6. Now TepLypopody YEWUETOLXA TOL TTOROXATE GOVOAXL:

L |lz+4—1] =2,

2. |z4+4—1] <2

3. |2+ 2420+ |2+ 1+i| =3V2.

Mo toe 300 TEWTA Ypdpouye
lz4+4—i|=|z—(—4+1)|

Apat T0 TTPWTO GOVOAO Elvat 0 xOnAog pe %xévtpo —4 + 1 xat oxtiva 2, evdd To 3eltepo eival o
ovtioTolyog xAetotdg dloxog.
I to TpiTo,

|z — (=2 = 20)| + |z — (-1 —4)| = 3V2.

[Mpdxetton yiox Tor onueia TwY omolwy To &bpolouo Twy amooTdoewy amnd To dVo otabepd onueio
—2 — 2¢ o —1 — ¢ elvor otabepd. Apa eivon ENAetdy pe eotieg avtéd Tor SVo onpeio.




2  TloAuwx popo

H xoptectovn ypoopn z = = + iy elvor xpnoipn yia tpdécbeon xot apoipeon. o mToAaTA-
oLoapd, duvépelg xow plleg elvar oLYYA XOAOTEEY N TTOALXY] LOPOY).
To 6 € R yponotpomotodue ™) onuetoypopio

e .= cosf +isinf.

[Tpog t0 Tapdy awTéd elvar amAwg cuvtopoypoaeio. H ptyoduxy exbetixn cuvaptnoy Oo peretndel
0PYOTEQPO GLOTNUATLXA.
Av z = x + iy # 0, Ypdpovye

Yrgpyet 0 € R tétolo wote

Apa

z =1(cos 4 isinf) = re?,

O aptbudg O Méyetan dotoua tov z xor ypdeovpe 0 = arg(z). Aev eivan povadixds: av 6 eivon
optopa, tote wow 0 + 2km, k € Z, eivon 6pLopa.

Im z
A

r= 7]

> Re z

Ozdpnpo 2.1. INa xabe 0,9 € R,
o0 i — pil0+0)

AmddetEy. Amé toug TOTovg Tpdabeorg,

(cos @ + isinf)(cos @ + isin ) = cosf cos ¢ — sin @ sin  + i(sin O cos ¢ + cos O sin @)
= cos(0 + ) +isin(0 + ).

O
Apa oy
z=ret, w = se'?,
Té1e
2w = rse'0+9),
AnAad") ooV TOAAaTTACOLAOUS ToAAaTAaotalovTon Tor UEToor xouw TpooTibevTal Ta oplouaTa.
Mapationon 2.2 (Mo W™ YEWUETOLXH TEAEN). O TOMATAAOLOUOWLOS UE @ = e/ OTPEPEL

x&be onueio xatd yYwvia m/2 apLotepboTpopa YOE® amd to 0:
z=x 41y = iz=—y-+iT.

XTI GUVTETOYULEVEC,
(:L‘a y) — (_yvx)



> Re z

Hopadetypo 2.3 (oA p.opeH). o Toug oELbuoidg
5 —3i, V3+i, 1+i, 1—4, —1-—4i,
Bploxovue 10 PETPO %L Evar GPLOUO XOL TOUG YOBPOULUE OE TOALXY LOPPN:

z |z 0 z = |z|e?

5 5 0 5eV
3 | 3 | —m/2 | 3e7i/?
V34il| 2| w/6 2¢'m/6
1+i | V2| w/4 | 2™/
1—i | V2| —m/4 | V2e /4
—1—i| V2| =31/4 | 2e3"/4

Dooixd, oe ®xé0e yoopup LTopolue vo aviixoatooticovue o 0 pe 0 + 2kr, k € Z.

3 ExOstixn pope1 xot yLvopevo plyodtroy
Oupopoaote 6 yia 6 € R opifovpe
0

e" = cosf + ¢sinf.

H onpetoypapio avti dev eival toyalo: N pryodixn exfetiny txavomolel Tov (Sto Booixd xovdva
UE TNV Tporyportiny] exfeTinn.

Mpéroaoy 3.1. o xdbe 0,0 € R,
i(0+¢) _ 0 i

Arodeén. Améd tov opLopd,

e'0+) = cos(0 + ) +isin(f + ).
XENOLLOTIOLOYTOG TOVG TOTTOVG TtPdabearg,

cos(f + ) = cosf cos p — sin @ sin ¢

xou
sin(f + ¢) = sin 6 cos ¢ + cos 0 sin .



¢(07%) — cos  cos ¢ — sin O sin ¢
+ z'(sin 0 cos ¢ + cos 8 sin cp)
= (cos @ + isinf)(cos p + isin )
= eei®,

Topo, av
a=a+1ibeC,

optlovpe
Mpé6taon 3.2. INa xabe o, p € C,
P = e%ef.

Amode&y. Todpovyue
a = ay + tag, 8 = b1 + ibs.

Tote
a+ B = (a1 + b1) +i(az + ba),
omoTE A
eOH-ﬁ — ea1+b1el(a2+b2)
— €a1 eb1 eiag eibg
— (eal eiag) (Cbl eibz)
= %P,
H yewpetpia Tov yvopévov
"Eotw
21 =11, 29 = 192
Téte L
2129 = r179€'01 €102
= rlrgei(91+62).
Apa
[2120] = [21]|20] |
xou
‘arg(zlzz) = argz; +argze (mod 2m). ‘
AnAodh:

07O YLVOUEVO TTOAAXTIANGLALOVIE TOL NN KO TTPOGOETOVILE TLG YWVIEG.




- Rz

"Eva 1dtaitepo amtAd Topddelypo elval 0 TOAATAOGLOGUOG [LE ©:
i =em/2,
Apa
12

€yeL TO (310 PETPO PE TO 2, EVW N Ywvio TOL awEdveTan xotd /2.

O moMamAaolaopog pe i eivat 6tpoeh xotd 90°. ‘

Am6 Tov (dLo xovdva TTPOXVTTTEL oETWS OTL
n )
(7"610) _ rnean_

Emopévwg 1 amexdvion

Z— 2z
XAVEL VO TPAYLOTAL:
r—r", 0 — nd.
"Etot 1 Yyovio ToAatAootaletol entl n.
2z 22

4 Ou n-ootég ptleg evOg PLyodtxol optipod

"Eotw
z=re?, r > 0.

®érovpe va Bpodpe dhovg Toug w € C yia Toug omoiovg

w" = 2.

I'pépovpe ‘
w = te'?, t > 0.

Térte
w"™ = t"eM?.



H eEiowon

w" = ret?
tooduvopel PE
th=r
xou
e — 67'9.
H mpytn eklowon Sivet
t=rl/n

[ T Sebtepn mpémet

ny =60+ 27k, keZ.
Apa

"EtoL oL AboeLg elvou

wy, = rl/nei(%-f—w)

Aev ypetélovton dAheg Tpég tou k, emedn n avixatdotoon k — k + n mpoolétel 2 ot
Ywvio xor emouévwg divel to {8Lo onueio.

O ptleg g povadog

OéTovpe TP

H ekiowon
wh =1
olvel
‘w’n =1,
Gpo
jw| =1
Emopévwg ypdpoupe
w = e
Tote
w" = e = 1.
AN\ ‘
1=¢e>F  Lez,
OTOTE
ne = 27k.
Apa
2rk
Y=

n
ZUVETIG oL N-00TEG pileg Tng povadag eival

w =Xk =0,1,...,n—1.

Eivor axptBdg n drapopetixol aptbu.of.



Mpérypot, av
2mik/n _ 2mil/n
e =e ,

TOTE
w € 2.
n
Apa
n|(k—12).
TINo

0<kf{<n-1

OUTO CUVETTAYETOLL

k=21

lewpetpxd, ot pileg avTtég Pploxovtol Tov LovadLoio xOXAO xon oL SLodOYLXES YWVIES TOLG
SLaPEPOLY HATA
27
g
Emopévwg amoteAody T XOPLEPEG XAVOVLXOD N-YWVOUL.

Av Béoovpe
W= e?wi/n’
TéTE OAeg oL PLleg NG Lovédag YpdpovTal
17 w7 w27 ) wnil
EmimAéoy,
wt=1

5 “Opta xot cvpmoyn cOVOAQ

INo va oploovpe ™ pryodixn mapdywyo Bo ypetootodpe TEHTA TNY €vvola ToL 0pLoL GTO
uLtyodixd eminedo.
Emedn
C ~ R?,

ot Baoixnéc TOTOAOYLXEG EVVOLEG EXPEALOVTOL UETW TNG ATOCTOOYS

|z — wl.



Avowrtol not xAetotol dioxot

Optopde 5.1. Twa a € C xow v > 0, 0 avorxtdg Sloxog e #évtpo o xow oxtivo T eivo
D(a,r)={2€C: |z—a| <r}.

O avtiotolyog xAeLtotdsg dloxog slva

D(a,r)={2z€C: |z—a| <r}.

D(a,r)

Optopdg 5.2. ‘Eva abvoro U C C Aéyeton avorxtd av yio xé0e oo € U vrdpyer v > 0 tétolo wote
D(a,r) C U.

H oxtiva r emitpémetat va eEaptétal amd to onueio a.

&

D(a,r)CcU

U

[Mopadelypoto avolxtwy cLVOAWY lvaL:

{z=z+iy: y>0}

xow
{z=z+iy: >0, y>0}.

Av Sp.wg Tpoaghécovue aTo TEWTO TETOPTNLOPLO TOLG dVO GEoveg, To abvoro Sev eival TAEOY
ovoLXTO.

Optopog 5.3. 'Eotw S C C.
"Eva onpeio a Myeton eowtepixd onueio tov S ov vrdpyet r > 0 tétoto Wote

D(a,r) C S.

"Eva onueto a Aéyetow ouvoptoxd onueio tou S av xébe dioxog D(a, ) mteptéyet t6o0 onpeio
Tov S 660 xouw onueia tov C\ S.

‘Eva onpeio o Aéyetow onuelo mpooxdAdnons (adherent point) tov S av xébe dioxog D(«, 1)
TEPLEYEL TOLAGYLOTOY v onpelo Tov S.

10



e cEwTePLXO

LOVOPO

Optop6g 5.4. To S Myetor xAetotd av mepLéyel GAa ToL GLYVOPLOXE. GYLEIDL TOV.
H xAetotdtyra Tou S, ovpPorxd S, eivor 1o S pall pe 6ho tar cuvopLaxd Tov onueio.

Optopde 5.5. ‘Eva obvoro S C C Aéyeton ppayudvo av vrdpyet C' > 0 tétoto dote
2| <C vy xébe z € S.

Ioodbvop.o, 0AGXAMP0 T0 S YwEd péoo o xAToLoY xAeLoTd dioxo pe xévtpo To 0.

S c D(0,0)

Oprx

Optopdg 5.6. 'Eotw f: S — C, xou éotw o onpeio mpooxdAinong tov S. Aépe ot
lim f(z) =w

av yioe xé0e € > 0 vmdpyet § > 0 tétoro dote

z€S8, |z —al <d

VO GUVETTALYETOL
f(2) —w| <e.

Anhodn:

z xovtd ot0 o« =  f(z) xovtd oto w.

|z —al <o lf(z) —w| <e

Optopde 5.7. Av o € S, n f Myetan ovveyric oto o o
lim £(2) = f(a).

zZ—Q

1



Ot ovvnbiopévol xavdveg TwY 0plwy LaYdOLY OTIWG GTOY TEAYUATIXO AOYLOUO:

lim(f + g) = lim f + lim g,
lim(fg) = (lim f)(lim g),

%o, 6ToY 0 TOPOVORLOOTYG Oev UndevileTal,

f limf
lim = = — .
g lim g
Axohovbizg 6to C
Aépe 6t
Zn — 2

o Yo xéBe € > 0 vrapyet N tétolo wate
n>N = |z,—2|<e.

Av
Zp = Tp + Yn, z=x+1y,

ToTE

Zn — 2 = Tp — T XU Yn — Y.

Zn — %
Z L]
..
Mpo6taon 5.8. Ay
Zn = Z,
ToTE
|2n| = [2]-

Amtddet&y. Amo Ty avTioTEOEY TELYWYLXY ovLaoTNTO,
[lzn] = I2] < J20 = zl.
E@boov z, — z, éyovpe
|z, — 2| = 0,

XOL ETTOUEVWG ‘ |
|zn| — |2]| — 0.

Apo
20| = [2]-

O

Optopdg 5.9. Miow axorovbio (z,) Aéyetow axolovbior Cauchy ov yiow xébe € > 0 vrépyer N
TETOLO WOTE
m,n>N = |z, — 2| <e.

12



Av
Zp = Tp + Yn,

T01e
(zn) eivan Cauchy <= (x,) xou (yp) eivon Cauchy.

Enedf) xébe mpoypotinn oxorovbion Cauchy ovyxAivel, Toalpvovpue:
Mpdraoy 5.10. Kabe axolovbior Cauchy oto C ouyxAiver.

Me &M\ Adyror, o petpixde ywpoc C eivon wARonc.

6 Xvpmoyn cOvoAa

Optopdg 6.1. ‘Eva onueio v € C Aéyetan onuelo cvoodpevans pLag axohovbiog (z,) ov yio xdbe
€ > 0 vmapyovy dmelpa N TETOLA OTE

|zn, — V| < e.
Ioodvvopa, xdmola vtaxohovbio g (2,) oLYXAIVEL O7TO V.

Optopdg 6.2. ‘Evo obvoro K C C Aéyetor ovurayés av x60e axorovdio (z,) C K éyel ouyxAi-
vovoa vrtaxolovbio pe dpto Tov avixel oto K.

H xpiotun mpdtoaon oto C eivor v eExg.

Oewpnua 6.3 (Heine-Borel). ‘Eva agbvoio K C C elvou ovurayés av xar uovo ay eivow xAetotd
xou PEAyYUEVO.

Amodegy. Ag vrobéoovpe Tpdta dtt to K eivor ovpmoyéc.
Av 10 K dev 7tav @paypévo, yia xébe n € N b pmopoboape va emtAéEovpe 2z, € K tétoto
WoTE
|zn| > n.

Enedy to K eivor ovpmoayés, n axohovbio (z,) éyel ouyxAivovoa vroaxoiovbio:
Zny, — 2 Yo xémoto 2 € K.
AT6 ™y Tponyoluevn TEOTAOY,
|20, | = 2] < o0.

A6 ™V GAAY,
|20, | > npe — 00,

oL glval ATOTO.
Apa to K eivar @porypévo.
Mo va deiEovpe 6Tl elvor xAeLaTl, €0Tw

zc K.
Téte yioo xébe n propodpe vo emAéEovpe 2, € K tote

|z — 2| < —.
n

Zn —> Z.

13



Emedn to K eivar ovumayée, vmdpyet vmaxohovbio
Zpy, — W Yo xémoto w € K.

Opwe, wg vraxorovdio g (2y,), éxovpe eniong

Zny, — 2.
ATé N povadixdTrTo. Tov 0plov,
w=z
Emopévwg
ze K,

%ot Gpo to K elval xAeltaTo.
Avtiotpooa, éotw 6Tt To K eivatl xAetotd ko @poypévo. o xébe axolovbio

Zn = T +iYyn € K

ot mporyportinég axohovbieg () xow (yy) elvar @poypévec.

A6 1o Bedpnpo Bolzano-Weierstrass vmapyet vaxorovbio (zy, ) TOL GLYXALVEL OE XETTOLO
a € R. A6 v avtioTouyn vrtaxorovdio (yy, ) emtAéyovpe vTo-LTTOKOAOLBIOL (ynk]) TI0L GUYXALVEL
oe xanowo b € R.

Téte

Tn, — Q, Ynu, — b,

kj
2Ol ETTOUEVLG
Zny, = Ty + iynkj — a + 1b.

Enedn to K eivor xhetotd xow 6Aa tar Zny, owvrxovy oto K, éyovpe
a+1ibe K.
Apa x&be oxorovbio oto K éyer ovyxAivovoa vraxolovbio pe 6pto oto K, omdte to K eivon
OLUTTOYEG. O
Mozl pog evotapépst v ovpTayeLo;
Mpoétaon 6.4. Ay K C C elvou ovurayés xau
f:K—>C
elvou ovveyis, tote to f(K) elvor ovumayés.
Anddeity. ‘Eotw (wy,) C f(K). To 60 n vrdpyer z, € K dote
wy, = f(zn)-
Emnedn K eivow ovpmayés, vmapyet voxorovdio
Zn, — 2 € K.

AOY® ovvéyeLag,
Wy, = f(2n,) — f(2).

Apa f(K) eivon ovpmayée. O

Mo tStaitepor onuayTixy] oLvETEL lvat 1 €EVG.

14



Ioptopa 6.5. Ay K elvon ovunayés xar f : K — C ovveyng, tote n ovvaptnoy
z— [f(2)|

nalpver uéytoty tiun oto K.
AnAady vrapyet zg € K téroto vote

|f(2)| < |f(20)] yio xabe z € K.

maxg | f]

/]

A\

K
Avtéc elval évog amd Toug Paoinodsg AGYous YLor TOLG OTTOLOVLG TOL GLULTIOYY] GUVOAX Dol epQa-
vilovtal oLVEXWS OTN ULYadLXY] aVAALOY.
Ioptopa 6.6. Ay K eivou ovurayés xou f: K — C ovveyis, t0ote n ovvaptnon
z—[f(2)|

nalpver uéytoty Ty oto K.
Anladn vrapyet zg € K tétoo dote

|f(2)] < [f(20)] yiox xalbe z € K.

Arnedeén. H ovvéptnoy
g: K =R, g(z)=1f(2)],
elva ouveyig, aeob 1 f eival cvveyAc koL 1 CLYAETYOY
w — |w|

elvor ouveyrc oto C.
Enedn 1o K eivan ovpmayée, N ouveyig TEOYUOTIXY CUVEETNOYN g TOLPVEL TN PEYLOTY TLUN
g ato K. Apa vmdpyetl 29 € K tétolo wote

9(z) < g(z0) Y xébe z € K.

Aot
|f(2)] < |f(20)] v xée z € K.

Oprotopop@” GLVEXELR GE GLUTOYT GUVOAX

YrevBopilovpue 6t o cvvéETOoY
f:8S=>C

Aéyeton opoduoppa ovvexis oto S av yio x4be € > 0 vrdpyet § > 0 tétoto bote
z,w € S, |z —w| <6

VO GUYETIAYETOL
1f(2) = f(w)] <e.
H Sropopd pe ) ouvidn ouvéyeta eivan 6t €36 t0 § eEoptdror Lévo amd To g, xot Oyt ord
7o onpeio Tov S.

15



Oedonua 6.7. Eotw K C C ovunayés xot
f:K—=C
ovveyis. Tote n f elvar opodpoppa cvveyic oto K.

Amodegy. Ymobétovpe mpog drtoro Gt 1 f Sev eivor opoLtdpop@o. GLYEYG.
Téte vraEyeL €9 > 0 tétoo Wote yia x60e § > 0 va vrdpyovy z,w € K pe

|z —w| <6,

OANG
|f(z) = f(w)] = €o.

Ewdwdtepa, yio xdbe n € N propodue vo emtAéEovpe 2, wy € K tétota ote
|2n — wp| < —
n

nolL
|f(zn) - f(wn)| > €0-

Enedy to K eivor ovpmoyés, n axohovbio (z,) éyel ouyxAivovoa vroxoiovbio:
Zn, — % Yl xémowo z € K.

Opowg
|wnk - Z‘ < ‘wnk - an’ + ’an - Z"

Kot tor 3o péin oto dekl pépog teivovy ato 0. Apa
Wy, —> 2.
ATté ™ ovvéyeia g f oTo 2,
fzny) = f(2) xot fwn,) = f(2).

Emopévig

|f(znk) - f(wnk)| — 0,

oe avtipoon pe

|f(2nk) - f(wnk)| > €o.
Apoa 1 f elvor opoLdpopeo cuveyhc. O

IMemepaopéveg xaAOPELS CLUTOYOY GUYOAWY
H ovumaysio €xel xot pLtot TOAD YENOLUY YEWUETOLYY] CUVETELX.

Bedonpa 6.8. Eotw K C C ovunayég xat r > 0. Tote vmapyovy memepacuévo onuelo
Z1y...,2N € K

TéTOol WOoTE

‘KCD(Zl,T)U"'UD(ZN,T).‘

Anhodn, yroo xébe otabepn axtivo r > 0, éva ovumoyée obvohro pmopel vo xoAvpbel amd
TIETEPOOUEVOLG aVOLXTOVG B{axoug oxtivog 7.
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ArmodeEy. Ymobétovpe Tpog dtomo 6Tl owTé Bev LoyVeL.
EmiAéyovpe apyixd évo onueto
721 €K

xol Bewpodue tov dloxo
D(Zl, 7").

A@ob évoag ovo tétotog dioxog dev xoAdTTeEL To K, umtdpyet
z9 € K\ D(z1,71).
2T ovvéyeLa, aob obte ot dbo dioxol
D(z1,1), D(zq,1)
xahbTtTovy to K, pmopodue va emttAéEovpe
z3 € K\ (D(z1,7) U D(22,7)).
Svuveyilovrog emoywyind, xotaoxevalovpe oxorovdio (z,) C K tétoia wote
Znt1 & D(z1,7)U---U D(zp,1).

Apo yroo m # n,
|2 — 2m| > 7.

Ened to K eivor ovumoyés, n (2,) éxel ovyxhivovoo vraxohovbio
Zn, — 2 € K.

Mo suyxAivovoo axorovdia eivar Cauchy, dpo yiow cpxetd peydra k, £ Oo éxovpe
|an - Zne| <r,

oe avtipoor e
|20y, — Zng| > 7.

Apa LTTGEYEL TETEEPOOUEVY, XGALYY] ToL K otd ovoLxtolg diorovg axTivag 7.

Avouxtég xaAdPeLg

"Eotw S C C xou éotw
{Uitier
L0 OLXOYEVELOL OVOLXTWY LTTOGLYOAWY ToL C.
Aépe 6t M otxoyéveta T elva pLoe avowxty) xcAvgy touv S oy

S C U U;.
el
Av vt OLY TIETLEPUTUEVOL EIXTES
11,...,iy €1

TETOLOL OTE
SCUilU'”UUiN,

TéTE T CVVOALL

Ui, Uiy
AéyovTol TETEQAOUEYY) DTTOXAAVYN TNG OPYLKNG KEALYTG.
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Bzdpnpa 6.9. Eotw K C C ovurayés xat
{Uitier
o avorxty xadogn tov K. Tote vrapyovy i1, . .., iN € I tétoio dote
KcU,U---UUy.
Amodegy. T z € K Bétovpe
p(z) =sup{r € [0,1] : B(z,7) C U; yio xémoro i € I} .
Enetd4 1 owxoyévero {U; bier xohOmer 1o K xow xébe U; eivan avorxtd, éyovpe
p(z) >0 vy xdbe z € K.
EmuniAéov, n p elvon 1-Lipschitz. pdypatt, av z,w € K, téte
p(2) = p(w)] < [z —wl.
[ v to Sovpe, éotw s < p(z). Téte vmboyeL r > s xow i € I tétoto WoTe
B(z,r) C U;.
AT6 TV TELYWILXT] oVLad T T,
B(w,r — |z —wl|) C B(z,r),

6mote r > |z — wl. Apa
p(w) > s — |z —w|.
Aprvovtag s T p(z), mTaipvoope
p(w) = p(z) = [z —w.
Avtolidooovtog 2 xol w, TEOXVTTEL M {NTOOUEYT OVLOHTNTOL.
Apa 1 p elvor ovveyfic. Enetdn to K eivar ovproayée, 1 p Tolpver Ty eAGYLOTY] TLLT TNS OTO
K. Oéroupe

d= min p(2).

Egdoov p(z) > 0 yra xébe z € K, éxovpe

0> 0.
ATté T0 mponyoduevo Hedpnua, LTGEYOLY 21, . .., zZN € K TéTtola dhote
N 5
Kcl|)B\lz,5])-
U ()
J=1
o xabe 7,
0

oT6TE, b TOV 0PLOUS TNG P, LTLEEYEL ¢j € I TéToLo WhoTe

o
B <Zj, 2> C Ul]

Emopévwg
N 5
K C UB<Z]',2> CUilU"'UUZ’N.
j=1
Apo 1 ovoxth] xGALYPY EXEL TEMEPAOUEYY] DLTTOXGALYY. O
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[Mpwy mepdoovpe ot pLyodiny) TaEdywYo, éva oAl Topadelypo Selyvel YTl 1 Lot TNG
TETEPATUEVNS LTTOXGAVPNG elvorl ovaLaaTLX xou Jev LayveL Yo xdbe advoho.

Moapadetypo 6.10 (Avouxth xdAvdy xwpic Tenepaopévn voxdAvdrn). Bcwpobpe to C xat, yio
n > 1, Toug avolxtodg dloxoug

U, =D(0,n) ={z€C:|z| <n}.

Tote
[e.9]
c=JUn
n=1
dpo (Up)n>1 givan avorxth xddudm tov C. Aev éxet 6pmg memepaopéyn voxdhudn: ov emtAéEovpe
nemepoopéva TOAG& Uy, , . .., Uy, xow N = max{ni,...,ng}, t6te

Up, U---UU,, = Uy #C.

Sz
A

>

2

1
/ \KQ % e gsgspaouévn eTLAOYY

.~ Iz .
\ pével ueda oe xamoro Uy

H ovpméyeto emiPBariet oxptfodg v avtibetn ovumepLpopd: xébe avoxt) xdAvdn evég ov-
UTToryog oLVOAOL EYEL TTETEPOTUEVY] LTTOXAALYY. ATTH €31 %ol TEPO ETULATPEPOLUE GTN PooLun
avolvtixy dopt) Tov C.

7 Muyodixég ouVOPTNOELS oL BAOIREG ATTELXOVIGELG
Optop6g 7.1. 'Eotw S C C. Mo pulyadixhi ouvaptnon eival (Lol ametxovion
f:5—C.
Av z = z + 1y, umopolue vo ypdpovyue
f(z) = u(z,y) +iv(z,y),

6mov u, v : S C R? — R eivar 10 TRoyuotind xot 10 Qovtaotixé pépoc g f.

"Etot, and ™ oxomid tov Aoylopod TOAGY UETAPANTODY, pta utyodixr] ouvaptnon eivot Lo
oTELXOvLoN
(z,y) — (u(z,y), v(z,y))

ot éver LITOEBYOAO Tov R? G évar GARO. TLat VO TN OTTTLXOTIOLAGOVUE XENOLULOTOLODUE SBO ETti-
nedo, To z-eTimedo xol To w-enimedo.
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Im 2 Imw

N e, CID
]/

z-emtmtedo w-eTt[TESO

Metagpopa

T otobepd a € C, n ametndvion
f(z)=2z+a

uetapépel xdbe onuelo xatéd To diavvopa a. o Topddelypa,
fz)=z+2+1

ueToupépel Tov povadioio dioxo
D={z:]z| <1}

otov dioxo

fD) ={w:|w— (249 <1}

Imw
A
Im z
1 ,,,,,,,

w=z+2+1 :

Res—> > Re w
lw—(2%4) <1
w-eminedo

2| €1
z-eTtimtedo

Ataotod: N amewxdvion f(z) = 3z
OewPobUE TO TETPAYWVO
S={z+iy:1<x<3, -1<y<1}

"Exet TAevpd 2 xow x€vTpo To onpeio 2.
H amewdvion

f(z) =3z

ToLTAaaLdlel Gheg Tig amootdoelg amtd To 0 xwpeic va aAAdleL Tig Ywvieg. Ot XOpLPEG
1+4, 1—19, 344, 3—1
OTEAVOVTOL OVT{OTOLYO OTLS
3+4+3i, 3-3i, 9+3, 9-3.

Apa M etxdva elvor TETPAYWYO TASLEAS 6 %ol xévtpo To 6.
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Imw

Im 2

> Rea—Pp — Rew

ALt TOM] %O TTEPLGTPOQN: 1 omewxovion f(2) = 2iz
310 (810 TeTPdYwvo S, Bewpodpe THhpo
f(z) = 2iz.
Emeld1
2i = 2¢'/2,
N UTCELXOVLOY] TTEWTO SLULGTEAAEL XOUTA TEOLEAYOVTOL 2 X0 GTY] GUVEYELOL TLEPLOTREPEL OPLOTEPOTTOOPL
xaTé /2.
Ov xopuEég petaoynuotilovtol wg eENg:
14+7+— —2+4 21,
1—17+— 24 2,
341 — —2 4 61,
3—1i+— 24 6:.

Apa 1 ewxdva lvor TETPAYWYO TTAELEGS 4 e xévtpo To 4i.

Imw
Y)
Im z
A
w = 24z )

Avtiotpo@i: n amewndévioy f(z) =1/2

Ay '
2 =re? #0,
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ToTE

1 — 16719
z T
Apo M) aVTLOTPOPY] HAVEL
1
T —, 0— —0
T

OewPOVLUE TO TETAPTOXVXALXO YWELO

S:{z:0<\z|§1, Ogargzgg}.

Térte -
f(S) {w lw| > 1, 5 = argw < 0}

AnhodY) T0 €0WTEPLUS TOL POVOSLOLOL TETAPTOXUXALOL GTOV TPWTO TETHPTNUOPLO UETOPEPETOL
070 €EWTEPLXO TOL LOVOSLALOL XOXAOV GTOV TETAPTO TETAPTNUOPLO.

Im z

g
|

1/z

> Imw

A
Re z

A
>> Rew
2 <1 / ] > 1
1(5)

H amewoévien f(z) = 22
Bewpodpe ™Y xaTaxdpLYY Awplda

S={z=z+iy:1 <z <2}

Av
w=z>=u+ 1,
Té1e
u:xz—y2, v = 2xy.
INo otabepd x = x €xovpe
v
Y= 2:6'0,
omoTE
, v
u=x5— 5.
dxg

Apo #ébe xotoaxdpven svbeio T = zo petaoynuoatiletor os ToEABOA] TOL avVOlYEL TPOG T
OPLOTEQAL.

O1 83Vo ovvoproxég evbeiec x = 1 xow z = 2 petaoynuotiCovtol oTig ToEXBOAES

=1 =
v 1
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oL

ovtiotouyo. Emouéveg

v? v2
f(9) {u—i—w 1 1 <u<4 16}

>

s \A (8)

S
I
L A9

H exOstinn wg ametxdvioy

INo
z=x+1y
éyovpe '
e® =e’e" = e*(cosy + isiny).
Emopévwg

le*| = e”, arg(e’) =y (mod 2m).

Bewpodpe to opboywyvio
S={z+iy:—-1<z<1, 0<y<mn}.

Mo otabepd x = xg,
6x0+zy — 6:1:061,317 0< y <,

OTTOTE TO XATOAXOPLPO EVOVYPAUUO TUNUO T = Ty LETOOYNUATILETAL GTO AV NULXOXALO oxTivog
o
e"o.

Kabde 10 2o petofdihetor amé —1 éoc 1, n oxtiva €20 petaBdiieton and e éwc e. Apa

eS:{w:e_1§|w|§e, Ogargwgﬂ}.

H ewdva glvol Aotmtév éva dve MutdaxtiiLo.

y
o
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Napationon 7.2. H tadtion C ~ R? poc emitpéner va PAETODUE TIC ULYOdIXéS GUVOPTAGELS
g amelxovioetlg Tov emmédov. To ovolooTixd véo aTotyelo tng Miyadixng Avdhvorng Ho eppove-
otel btav opioovue ™ utyadue) mapdywyo: exel v dopr tov C B emtBdiet TOAD LoyLEGTEEOLC
TEPLOPLOUOVE ATt 6.7t N GLYTOTE StaPopLotdTTa piag amexéviong R — R2,

1. H ptyodxn Topdywyog

"Eotw U C C avowxtd, zg € U, xon f: U — C.
Optopdg 7.3. H f Myetow wyadd Stapopiown oto zg oy UTTEEYEL TO GPLO
+ h) = f(20)
’ — f(z0 '
Jz0) hs0 h

Ay 1 f givor pryodixd Srapopiotpn os xédbe onpeio tov avowxtod U, Aéyeton olopopue; oto U.
Av eivar oropoppixy oe 6ho to C, Aéyeton axéoato (entire).

H Sopopé pe ™y mEoyRoTing ToQaY®wYo (oG CUVARTNONG ULag LETaBANTG elvon xplotun:
10 h — 0 péoa oto C propei va yiver arnd omotadymote diedbuvor,.

Sh
A

\ / 0 {dtog AdYyog SLopopdg

TEQE:TE% vou €xet To (dto 6pLo

0\ omé ()}%\sg TLg dtevbvoetg

IMpdtaon 7.4. Av v [ evau wyadid Siapoplowun 010 zy, TOTE VL GLYEXTC OTO 2.

Arode&y. Tpdwovpe

Flao+h) — fzg) = n 0TI =T G0)

Koo h — 0, o mpwtog mapdyovtog teiver oto 0 xow o Sebtepog ato f(20). Apa f(z0 + h) —
f(Zo) — 0. O

Ot xavoveg Tov AoyLopod
‘Omtwg xor oTov TEAYUaTXG Aoytous, ov f, g elvon putyodixd Stopopiotyueg, tdte
(f+9)=1+9,
(f9) = f'g+td,

(f)' _fla—fdg
g [

%o, 6mov g £ 0,

Eriong toyder o xavévog ohvaidog
(g0 f)(2) =g (f(2))f'(2).
Mo ypnotun Looddvauy Lop®y g SLapopLotpndtTnTog slvo
f(z0+h) = f(z0) = f'(z0)h + o(|h]),  h—0. Sy

H oyéon vt eivar 1 6woth YéQuea Teoc ] StapopLotdtyta cuvapticeny R? — R2,
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2. Z2OY®PLoN PE TNV TRAYRATIXY] OLAQPOPLOLLOTNTO

TavtiCovpe
z=x+iy < (z,y) € R?

%Ol YOAPOLULE
flz+iy) = u(z, y) +iv(z,y).

Téte 1 f avTioToL el 0Ty TEOYLOTLXY ATTELXOVLOY
F:R? -5 R?, F(x,y) = (u(z,y),v(z,y)).
Av 1 F eivan mporypotixd drapopiotun oto (xo, yo), T0TE
F(p+h) — F(p) = Ah + o(|[h]]),
6mou A eivar évog avboaipetog mpoypotinde mivoxoag 2 X 2:
A= (‘c‘ Z) :
Av bpwe m f elvon wyadiea Stopopiotyn xow
f'(20) = a +ib,
TOTE 0 YoOoppLxog 6pog oty (1) eivor ToMaTAooLaopOg e a + ib:
(a +ib)(h + ik) = (ah — bk) + i(bh + ak).

Apat 0 TEOYLLOTLXOG SLOUPOPLXOS TILVAXOG TIPETEL VoL EYEL TNV ELOLXY LOPON

DF(xo,y0) = <Z _b> :

a

AvTé elvar To ovolooTixd onuelo:

‘Tcpou(uomxv'] StapoplatpdtTos owboaipetog 2 X 2 Tcivocxocg‘

‘uu{a&xﬁ SLOPOPLOLULOTNTA: TTOAXTTAAGLAGLOG UE Evay ptyadixd opLiud. ‘

[Mporypotixde StopopLnds Muyadixdg SLopoptnde

A A

B-—<p b

A pmopel vou xGveL Tov xOxAo EANELdT

0 t6te o mivaxac (2) eivan

cos —sind
"\sing  coso /-

Moéypart, av a + ib = re’

UOvo ouoLOLoPEY YAoK
xou atpoph (av f'(29) # 0)

Tomixd, Aotmdy, pLoe ohopopeLxy amewxdvion pe f'(z0) # 0 potdler pe oTPOEY %o OpoLbRoPEN

oA XALLOK OGS,
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3. Ot eEowoetg Cauchy—Riemann
"Eotw
f(@ +iy) = u(z,y) + iv(z,y)

xow vTobétovpe dtL N f elvan pryadiwd Stoopiotun ato 2y = xg + iyp. Ipdpovpe

f(zo+h) = f(z0)  u(xo+ h,y0) — u(zo,%0) n Z-U(ﬂﬂo + R, y0) — v(To, Yo)

h h h ’

To 6pto tov aPLoTEEPOD PEAOLG LTLAPEYXEL, OV XL UOVO OV DTEEOYEL TO 6PLO TOL TLEOYUOTLXOD %Ol
povtooatixob pépoug. [IAnotdlovpe mpwTa To 2o optlévtia, dnhadn pe h € R. Téte

v u(zo+hyyo) —ulwo,yo) ... v(xo + ko) — v(To, Yo)
S (z0) = lim, h o, h ’

OTTOTE
f'(20) = uz(z0, yo) + ivz(70,Y0)- 3
Ay TtAnoLdo0LUE XOTOXGPLEPO, YEAPOLUE TNV avEnoy wg th, h € R:

F(z) = lim f(zo0 + if'l) — f(zo)'

h—0 ih

Enedn 1/i = —i, moipvoope

f'(20) = vy(0, yo) — iuy(zo, yo)- (4)
Y
A
Az = Ax 20
A -
Az = iAy

EELodvovtog Tor Tpoyhartind kot @ovtootixd péen twv (3) xot (4), mpoxbmtovy ol elodoels
Cauchy—Riemann:

‘um = vy, Uy = —Vg. )

EmttAéoy,

I'(2) = ug + ivy = vy — iuy,. (6)

Ocdpnua 7.5 (Cauchy—Riemann). Eotw U C R? avowxtd xo
fla+iy) = u(z,y) +iv(z,y).

Av 1 f elvor 0Aduopen oto U, 10T 0L U, U eV TOAYUATIXG OLIQPOQICLUES XA IXAVOTTOLOVY TIC
e&ioddoerg Cauchy—Riemann.

Ayvtiotpopa, av ot u,v elval ToayuaTixd Sta@opioes o éva avoxto avvodro U xat wxo-
vorrowovy g Cauchy—Riemann, tote 0 f elvar odopoppu). Eidixdtepo, apxel oL TEWTEG UEOIXES
Tapaywyol vo elvar ovveyels xat va ixovormotody tig Cauchy—Riemann.

26



Arnodeéy. 'Eotw
z=x+ 1y, w = h+ ik,

xou vrobétovpe 6t F' = (u,v) elvor mporypotixd Stopopioyn oto (z,y). Av
F(z,y) = (u(z,y),v(z,y)),
7N TpoypoTxy Stapoplotdtnta 6to (T, y) onuoaivel

lim =0.
(h,k)—(0,0) Vh2 + k2
Ed®
_ [ U Uy
DF(Z,y) - (UQ: ’Uy> 9
omtoTe

DF(z,y)(h, k) = (ugh + uyk, vyh + vyk).

u(x +h,y+k) —u(z,y)\  (uch +uyk
v(x + h,y + k) —v(z,y) vgh+oyk ) || 0
: :

N B

Apoa 0 opLoudsg YoapeToL

lim
(h,k)—(0,0

Twpa yponoLpomolobue TNy TOOTLON
(a,b) «— a + ib.

Y6 avt] Ty TadTLoN,
(@, b)|lrz = |a +ib.
Eniong, av z = = + iy xow w = h + ik,

VW
(uxh +uyk, vyh + vyk:) > ugh + uyk + i(vyh + v k).

"Etol uévo petéd v tadtion maipvovpe
i ‘f(z+w) — f(z) — (uxh+uyk—|—i(vxh+vyk‘))‘
(h.k)—(0,0) Vh*+ k?

w| = vV h?+ k2,
|w]

ot Cauchy—Riemann petatpémouvy Tov yoouutxd 6po o

Kot emedm

uzh + uyk + i(vph + vyk) = ugh — vpk + i(vph + ugk)
= (ug + tvy)(h + ik)
= (ug + vz )w.

Ométe
|f(z+w) — f(2) = (ug + ivg)w|
|wl

— 0,

X0l CUVETTWG

flz+w) = f(2)

— Uy + V.

=0.

O

Mapationon 7.6 (Ilpoooyr). Ot Cauchy—Riemann oe éva p6vo onueio, poli pévo pe ™y OTToEN
TWY HEPLXWY TTAPOYWYWY, OEV 0EXOVY YEVLXA Yol ULyodixy] dtapoptothdtnto. Xpeldleton xATOoLo
TG00y, TOL Vo EETEAALLEL TPOYATLXT BLoPOPLoLATYTO (TT.). CLVEYELO TWY TIPWTWY LEPLRGY

TOPAYDYWY OE YELTOVLAL).
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4. [apodetypota

MMopadstypa: n exbetinn ocvvéptnoy

INo z =z + 1y,

e® = e*(cosy + isiny),

omoTE
u(zx,y) = e cosy, v(z,y) = € siny.
"Exovpe
uz = €” cosy, uy = —e’siny,
xou
vy = €’ sinvy, vy = e” cosy.

Apa

Up = Uy, Uy = —Uy

oc x60e onpeio Touv C. O pepixée Topdywyol eivar oLVEYElS, GLVETWC 1 €7 elva axéponor ko

/ . . .
(%) = uy + tvy = € cosy + ie® siny = €°.

H yewpetpio tou tomov et = el eivan emiong XopoxmELoTxn: 1 LETOBOAY ToL T GANGLEL
TO UETPO, EVK M LETOBOAY TOL Y aAA&LeL TN Ywvia.

C\/
&

y A

T OXTUALOELONG

/'co/p.éozg
62
4370<.’E§$1_>H > Rw
z-emimtedo w-emimtedo

Ot pLyodixég TOLYWVOULETOLKREG GLVOPTNOELG
AoV éyovpe opioet T pryadinr exOetiny, opilovpe yra xdbe z € C
eiz 4 e—iz eiz _ e—z’z

COS2 1= ————, sin z 1= -
21

2

OL optop.ofl awtol eTTeXTEIVOLY TLG GLUVADELS TTPAYLOTIXEG GLUYVAPTATELG cos T ot sin x. [Tpdrypott,
oy z € R, té6te amtd tov tOTo Ttov Euler

T

e’ =cosT+isinx,
TOLPVOVLE TLG TTOPOTIAVE EXPOEAOELG.
Erione,
€' = cos z + isin z.
Mo z = x + 1y, éyovpe
1z =1 — Y,
X0l ETTOUEVLIG
e”” =e Y(cosx +isinz), e ¥ =¢€Y(cosx —isinz).
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) eZZ +e—ZZ
cos(x +iy) = —5
eY+e ¥ eV —eY
=cosx ——— —isinx
2
= cosx coshy — ¢sinz sinhy,
EVK ) ,
( +) el? _ =iz
sin(z 4+ 1y) = -
29
) eY+e YV e¥Y —e Y
= smxT +1cosx

=sinx coshy + ¢cosx sinhy.

Hapationon 7.7. Ze avtibeon pe Ty TEAYUATIXY TEQITTWAY, OL GUVXPTNOELS Sin 2 oL cos 2 3V
elvor ppoypévee oto C. T mopddetypo,

cos(iy) = coshy, sin(iy) = isinhy,
xa ot cosh y, sinh y eivor pn @porypéveg xobug |y| — oo.
IMapadetypo 7.8. H cvvdptnoy sin z eivor oAGpopey o 6ho to C xan
(sin z) = cos z.

Mpéyport, and tov opLoud

. €eF—e
sinz = 5
%ol ToV xovéva Mg oAvoidog,
(sinz) = ) (ie"” — (—i)e ™)
27
elZ _|_ e 1z
2
= Cos 2.
Opotlwg,
(cosz) = —sinz.

Hapationom 7.9. H mopoamdvew amddetEn yonotpomolel névo v exfetixf] xon Tov xavova Tng
oAvaidog. Evoddoxtind, pmropodue vo emainbedoovpe ™ pryodixy) dtopoptotudtnra tng sin 2
uéow twy elodoewy Cauchy—Riemann. [lpdyportt,

sin(a + iy) = u(x, ) + iv(z, y),

émov
u(x,y) = sinz coshy, v(z,y) = cosx sinhy.

Tote

Uy = cosx coshy, Uy = sinx sinhy,
%o

vy = —sinx sinhy, vy = cosx coshy.
Apa

Uy = Vy, Uy = —Vp.

Enopévwg ot eklowoetg Cauchy—Riemann toydovy moavtod xo

(sin2) = u, + v, = cosz coshy — isinx sinhy = cos z.
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Mopadetypo: amwotuyion AVOAVTIROTTOG

Oewpovpe
fx+iy) = 2° +i(2y + z).
Tote
wz,y) =2, w(z,y) =2y + 2.
"Exovpe

uy = 0, vy = 1.
H 8ebtepn ekiowon Cauchy—Riemann Oo amwottodoe
Uy = —Vg,
OnAad"|
0=-1,

oL eivor addvarto. Apa n f dev eivor pryadixd dtapopiotun o xavéva anueio tov C.

5. "Eva yonotpo avtiwopddstypa yro ttg Cauchy—Riemann

[ va @oawvel yratt oty avtioTpoen xotedbovon ypeldletal TEaYRATLXT SLOPOPLOLULOTNTO XOL
oYL LOVO DTTOPEN LEPLUWY TTOPOYD YWY, optlovpe

3 3

T T
+ 1 , (x,y) # (0,0),
flz +iy) = ¢ 22+ y? 2 + 12 (.y) #(0,0)

0, (z,y) = (0,0).

370 (0,0) vTGEYOLY OL LEPLRES TTOPEYWYOL XouL
uz(0,0) = 1 = v,(0,0), uy(0,0) = 0 = —v,(0,0),
cpa ot Cauchy—Riemann toybouvy ato 0. Opwg

£
t

=1

®OTE PA%OG TOL TTEAYRATLXOY GEova, eved Yyiow z = t(1 + ),

t .
fo) =L+, _ L
Eropévae f/(0) Sev vmépyet.

Mopdadetypo: amcotuyio oAopopiog
Hapdadetypa 7.10. Oswpodpe ™ cLVEEPTNON

flx+1iy) = z? +i(2y + x).

Oo deiEovpe 6t M f dev elvon pryadind Stopopiotun o xavéva onpeio tov C.

Ipdpovpe
2

u(z,y) =2, v(z,y) =2y + .

Térte



%o
vy = 1, Uy = 2.

Twoe vou elvo M f utyodikd Stapopiowun oe éva onpelo, sivar avayxaio vo toxdovy exel ot
eklovoelg Cauchy—Riemann:
Uy = Uy, Uy = —Vp.
Opwg
uy =0 VW — v, = —1.
Apa 1 devtepn ekiowon Cauchy—Riemann dev LtoyVetl oe xavévo onueto.

Emopévog 1 f Sev eivar pryodixd Stopopiotun movbevd xou, etdixdtepa, dev eivor 0AGLOPON
oe xowévo. avolxté vroobvoro tou C.

I'wvieg LTO OAOPOPPLREG ATTELXOVIOELG

"Eval amtéd Tor Tt EVIUTTWOLOKE YEWUETOLXE XOPOXTNELOTIXA TWY OAOULOPPLYGY CUVHPTNOEWY
elvar 61, ot onuela 6oL M P& YWY ToLg Sev pndeviletal, SLaTNEOVY TLG YWVIEC.
"Eotw
~v:(a,b) — U

wa ropopiotun xopmoAy, 6mov U C C eivor ovorxtd. Av

Y(t) = =(t) +iy(t),
ToTE
V(1) = 2'(t) + 3y ().
Ot 7/ (tg) # 0, 0 pryadixdg opBpoc v/ (tg) mopLotéver To eQamTOPEVO SLéVLOU TNG XAUTOANG

oto onueio Y(tp).
Av tdpa f: U — C eivar oAbpop@y, T6te artd Tov %ovévo. Tng oALGEdog

(f o) (to) = f'(7(t0)) ' (to)-

Apo TO EQATTTOUEVO SLAVUOUR TG ELXOVOG TNG KUUTIOANG TTPOXVTITEL OO TO ClEYIXO EQOTTTO-
Hevo Stévuopo pe TOMNATAAGLOGWS ETTL Tov pryodixd aptbud f'(2p).
Ay
f'(z0) = pe,  p>0,

t6te 0 moMamAaotoopos e f(zo)

e moAamhaotdler tow uixn ent p = |f'(20)],

* oTpéeL Gha T Srowvdoporto xotd Ty (St ywvia 0 = arg f'(z0).

Emopévwg oL ywvieg petaEd dbo Stavuoudtwy Sev aAA&lovy.

z-eTtiTted0o w-eTtiTeS0
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Ocdpnua 7.11 (Aatipnon yovwy). ‘Eotw [ oAduopen oe o yettovid tov zo xo

f'(20) #0.

Tore n | Statnpel Ti¢ TEOGAVATOMOUEVES YWVIES UETOED SLapopLotuwY XoUTTVAGY TTOV TEUVOVTOL
OTO Zy xouw EYOVY Uy UNOEVIXA EQATTOUEVO OLOVOOUNTA.

Arodeén. "BEotw 300 xapmOAeg Y1, Y2 TOL TEPVOLY OTtO TO 2(:

Y1(t1) = 72(t2) = 20

To epamtiépevo Stoavdopotd Toug eival

71(t1>7 7é(t2)'

Ot etxdveg toug péow tng f éxovy epamtopevo dtoviouoto

(f om)'(t1) = f'(z0)71 (ta),
(f 072)(t2) = f'(20)73(t2)-
Fogpovtog ‘
f,(Z(]) = ,0619, p >0,

BAémovpe 6Tt xaw tar 360 eomTépEva Stavdopato oTEéovTal xatd Ty (Stor Ywvia 6 xow ToAo-
TAaoLdlovtor xatd Tov (3Lo BeTind TapdyovTa p.
Apa M ywvio peTaEd Toug TopopéveL 1 (Lo O

Optopog 7.12. Mia ametxévior Tov SLoTNEEL TLG TTPOCOVATONOUEVES YWVIEG AéyETOL olUUOOPTN
(conformal).

"Etot, pLto oAdpopen ovvdptnon eivor obppopen o xdbe onuelo zg oTo omoio

f'(z0) # 0.

Hoapatipneyn 7.13. H vrdbeon f/'(29) # 0 eivar ovotootinn.
Mo mopdderypa, yio

fz) =2
EYOLPE

f(0)=0
Kovta o7o 0, pia nuievbeia '

z=ret

omelxoviletol oty
f(z) = r2e??,

Apa 1 ywvio 8 yivetan 20. Tto 0, Aotrtdy, 1 ameixdvion dev Stotnpel Tl Ywvies.
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Mopadetypo: n ovtietpoen w = 1/2

Mia Baotxn) YEWReTELXY ametxévian eivot

1
f(z) = -, z # 0
z
Ay
z = 7“626,
TotE
1 _ 16_29
z r
Emopévwg 1 avtiotpoen
1
r— -, 0— —0
r

Apa:

® TO E0WTEPLXO TOL UovadLaiov xOxAov, extds Tov 0, amelxoviletal 0To eEwTEEPLXG TOL LOVO-
dtafov xdxAov,

® 1O Gvw NuLeTinedo ametxovileTol 0TO *ATW NULETITESO,
* oL ywvieg wg TPog tov Betind mpaypotind GEova aAidllovy mpdomu.o.
Mo Topddetypo, €o0tw

S:{z:0<|z|<l, Ogargzgg}.

Tote i
f(s) = {w:|w| > 1, 5 §argw§0}.

S w=1/z

T /f(S)

z-eTtiTtedo

w-eTtiTted0

Mapotnpodue emiong 4t

Fe)=-5#0,  =#0

Apo n avtioTpoen eivor obppopen ot xébe onueto touv C\ {0}.
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To épLopa evog pLyoditxod aptdpod
‘Eotw z € C\ {0}. A6 v moALx” Lop@1 Lopobie vor Yoahovpe
z = |z|e'?

vt xéreoto 6 € R.
Av 0 givon pia tétola yovia, Téte
eHO0F2km) — 10 o e k € Z.

Emopévwg 6Aeg oL Ywvieg
0 + 2k, keZ,

divouy Tov (3to uLtyodixd opLipo.
Optop6g 7.14. To dpioua tov z # 0, Tov cvpPoAliletar pe
arg z,
glvor 10 6UVOAO GAWY TWV TEaYRaTXWY aptBuwy 6 yio Toug oroiovg
z = |z|e®.

Ay 0y givor plo Ty tov oplopoatog, téte

‘argz:{00+2k7r:k€Z}.‘

Apoa to arg z Sev eivor TEOYROTLXY oLYVRETNOT: ot xGle 2z # 0 avTioToLXoVY ATelpEg TLUEG.
INo v emiAéEovpe pion pévo Tium Tov 0plouatos, TepLoPL{OUaaTE OE Evar SLATTNUO UXOVG 27T,

Optop6g 7.15. To xUpto dptouo tov z # 0, Tov cvpPorileTor e
Arg z,

elvort M povadixy] TLUY| TOL arg 2z OV AVNXEL OTO JLAOTNU
(—m, ).

Anhodn

‘—77<Argz§7r.‘

INo mopddetypa,

Arg(1l) =0, Arg(i) = g, Arg(—1) =, Arg(—i) = —

Nk

Hopationoen 7.16. H cvvéptnon
Arg : C\ {0} — (—m, 7]

elvot XoA& OPLOUEVY, OAAG BEY ELVaL GUVEYNG TTAVW GTOY AEVYNTLXO TEOYUATLXO NLLEEOVOL.
Mpéypott, av z < 0, T6te

Arg(z +iy) — 1 xobdg y | 0,

EVK
Arg(x +iy) — —m xobog y 1 0.

"Etot eppoavileton Quotkd 1 ovdyxn yLoe plow Toun xAcdouv.
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Argz —

oEYNTIXOS TTEOYLATLXOG NLdEovog

Argz —

O ptyaduxog AoyaptOpog
Ytoug mporypatixols opLbuode, o Aoydptbuog sivar n avtiotpoEn cvvdptnon tng exbeTinrs.
Y7o C, bpwe, n exbetind dev eivor éva mtpog éval, opod

ez+2m — %,

o z # 0, B8hovpe va Bpodpe 6rovg touvg w € C mouv txavorotody

w

eV = z.
Ilpdwpovpe

w = U+ 1.
Tore

e’UJ — euew
Emopévwg

e = |z, v € arg 2.

Apa

u=In|z|.

Optop6g 7.17. O uryadixdg Aoydptbuog tou z # 0 givor to obvolo

‘logz: {In|z| +1i0 : 0 Eargz}.‘

Ioodbvopa, av Oy eivar pio Ttpy Tov opiopatog Tov 2, Téte

llog z = {In |2] + (6 + 2k7) : k € Z} .|

O ptyadinds Aoydptdpog eivor emopévng mAetdTinog: xabe z # 0 éxel dmetpeg TLpég Aoyopid-
KOV, OL OTTOLEG SLOPEPOLY UETAED TOUEG XUTA OXEQOLO TTIOANXTTAAGLY TOV 27T%.
[N voo mépovpe pio povotipy ouvapTNom, YENOLULOTOLOVUE TO *XVPELO GOLOUOL.

Optopog 7.18. H xbpta tiun tou utyadixod Aoyaplbuouv opiletor ord

Logz = In|z| + i Arg z, z#O.‘

"Exovpe mavrtote

eLogz = 2.

Avtibeta, yevixd
Log(e®) # 2,

emeldn N exbetiny elvon 2mi-meptodixn. Ilio ouyxexpLpéva,

Log(e®) = = = -1 < Qz <.
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Mopadetypo: vwoAoylopog AoyaplOpmy

Mopdadetypo 7.19. Na voAoyiatody

logi,  log(l+i),  log(—2).

o 7o 1,
™
li| =1, argi = §+2k7r.
Apa
. (T
log2:z<§+2kﬂ'>, ke Z.
INo to 1+ 1,
™
11+ = V2, arg(l—i—i)zz—l—Qkﬂ.
Emopévwg
1
log(1+i) = 5 In2+i (%-FQ]WT) . kel
Téroc,
| — 2| = 2, arg(—2) = m + 2km,

oTtoTE

llog(—2) =In2+i(2k+ 1)1, kEZ.]

Hopotnpodpe 6t GAeg oL Tpég Tov AoyopiBuov evig ovyxexpipévov z # 0 €xovy To (dto
TEOYLOTIXO LEPOG KOLL TOL PAVTOOTIXA TOUG UEPY] SLAPEPOLY XOUTA OXEQPOLA TTOAAATTAdGLOL TOL 27T,

Eniong ot yvwotég tautdtnreg Tou mpoypotixod Aoyapibuov Sev toydovy mévtote yiow Tov
%x0pLo pLyodixd Aoydptbpo. o Topddetypa,

Log((=1)(=1)) = Log(1) = 0,

EVE)
Log(—1) + Log(—1) = 2mi.

KAd&dot tov opiopatog ot tov AoyopiOpov

Aey vdpyel AdYog vo eTAéEovpE LTTOYPEWTLXE TO Stéotnue (—, 7.
‘Eotw a € R. T xdbe z # 0, opilovpe

arg, z

WG TN povadixy TN TOL arg z 7oL LXAVOTOLE]

‘a<argaz§a+27r.‘

O avtioTtoLyog xAddog Tov AoyapiOpov eivor

log, z =1In|z| +iarg, z.

H nutevbeia ‘
{re'* :r >0}

elvor 1 Toun xAadouv (branch cut).
[Mepvidvtog amd ™ pio TAELEG TNG TOUNG OTNY GAAY, M ETLAEYUEYY TLU TOV OPLOUATOG LETA-
BaAreTar xotéd 2.
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Sz
A
ToUN *AG&S0L
argz = «
o
lNo o = —m, Taipvovpe Tov xVELO ®AADO:

log__z = Log z,
%Ol N TOUN XAGS0L glvol 0 aEYNTIXOG TEOYLOTLXOG NULAEOVOG.
Mopadetypo: droopstinol xAadot
Mapdadetypa 7.20. Now utoAoyLaTodY

logy , log, /51, 10g7r/2(_2)'

Mot Tov xAGd0 arg,, TEETEL
0 <argyz < 2m.

Emedn

us

— € (0,27,

€ (0,2n)
éyovpe

arg, i = 3
XOL ETTOREVWG

log. =

0gyt = —

20 9

o tov xAGBo arg,. 5. TEETEL

us < om
B} <arg;pz S PR

H tps m/2 Sev aviixet oto ddotnuo, omdTe Yo To i TEETEL Yo ETULAEEOVUE

T 5
argﬂ,/zz = 5 +27T = ?
Apa
Y
logﬁ/z 1 = T
TéAog,
iy
272
omoTE



XKoL

log, o(—2) =1In2 +im.

To mopdderypo delyvel 6Tt dVo SLoopeTinol xAddoL Tov AoyoplBupov LTopPovy var dwaovy
StapopeTinég TLHéS oo (Lo onueio.

Tati dev vhExet évog xaBolxdg xAddog oo C\ {0}

To mpdPAnua Tov Aoyapibuov dev elvar amAg 6Tl «dev €yovue €MLAEEEL TN OWOTH TLU».
YTépyeL €vor TEOYUATIXG TOTTOAOYLXO EUTTOSLO.

Ozwonua 7.21. Aey vrdpyet cLVEY S CLYAOTYHON
0:C\{0} —R

TéTOlO (DOTE .
) = = yioo xabe z # 0.

e
||

Me dAda Adyto, Sev vrdpyet ovveytc emtdoyr Tov oplouatos o oAdxinpo to C\ {0}.

AmddetEy. Av vrhpye Tétola ouvdpTnon O, Téte TAVw oTov povadiaio xoxro, yio 0 < t < 27, fo
elyope
o gt .
62@(6 ) elt

Emopévwg
O(e) —t € 27 Z.
Apo 1 ouvapTNom
O(e') —t
2
elvow ovveyrg xow madpvet TLpég ato Z. E@bdoov o Sidotuo [0, 27| eivo ouvextixd, n cuvdpTon
ot eivon otobepy. Ydpyel Aowtéy k € Z tétoto dhate

t—

O(e™) =t +2kmr vy x&be 0 < t < 27.

INo t = 0 maipvovpe

O(1) = 2km,

eved Yoo t = 2,
O(1) = 27 + 2km,

aToTO. O
Emopévwg dev pmopobue vo opioovue évay auveyn AoyapLtipo oe 0AOxANPo To
C\ {0}.

Xpetdlletor Vo aQoLp€COVUE ULot XOUTIOAN TTOL EUTOSILEL TO VO TTEPLOTPEPETAL XOVELG TTANOWS
YOpw améd to 0. H amAobatepn emioy eivor po ntevbeion artd to 0 Tpog to dmetpo.

Ozwonua 7.22. H ocvuvdptnon tov x0pLov oplouatos
Arg: C\ (—00,0] — (—m,m)

elval ovYEXNS xat, UGAGTO, TEOYUATIXC DLaPOOLaLUY.

Ay
z =z 41y,
T0TE
0 Yy 0 x
ZArgr=——2— —Argr=-— .
oz 8% 2 + y?2’ Oy i x? + y?
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Arnodeéy. 'Eotw
z=z+1iy € C\ (—o0,0]

xo Oétovpe
0 =Argz € (—m,m).
Av

r=lz = Vel + o2,

TOTE OTT6 TNV TTOALXT LOPPN

z=re
EYOLpE
cos = —, sinf = 7.
r
Enedy) —m < 0 < 7, éyovpe
™ 0 w
2 "2 2
OTTOTE LTTOPOVUE VoL YPNOLLOTTOLOOVILE TOV TUTTO
. 0 sin 6
an — = ———.
2 14 -cosf
Apo
y/r y Y

tan

2 1+f3/7“:1'+7"_3:+\/3:2+y2.

270 abvoro C\ (—o0, 0] toyvet
r+ 2?2 +y? >0,
QPO M) TTPOTIAVL TTAPATTAGY, (VoL XAAG OQLOUEWY.
TéAog, emeldn
0 c ( T 77)
2 2°2)7

7 arctan eivot v avtioTEoEN TG tan g€ awTd To dLdaTno. ETouéveg

4 y
— =arctan | ————— |,
2 T+ /22 + y?

%Ol CUVETIKG

Arg(x +iy) = 2arctan S —
z + /2% + y?

2T0 XOUUEVO ETUTESO UTTOPOVUE ETTOUEVWS Vo Ypdpovue

Arg(z + iy) = 2 arctan S ——
z+ /2% +y?

O JdekLog dpog eivar ouvexte, dpa v Arg 2 elval cvveyng 0To

C\ (—00,0].
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EmumAéoy, 7 (Ot Tapdotaon Selyvel 6T Arg 2 elvor mpoayuotixd Stagopioun. Yroroyilovtog
TLG UEPLUES TTOPALYWYOVG, TTOLPVOUVLE

0 ; Yy
5y Ars(e ) = T
nolL a
) x

Hopotionon 7.23. Asv pmopolue yevixd vo YOApovue yevixd 0T
A N Y
rg(z + iy) = arctan o
extog av * > 0, xabwdg v arctan malpver TLpég L6vo 0To

(-22)

%0l ETTOUEVWG Oy SLoxPlvEL 0WOoTA TO deVTEPO oL TO TPLTO TETOPTNUOPLO. ['lar TP deLypa,

3
Arg(—1+1i) = —W,
4
EVK
. 1 T
arctan — = ——.
— 4

EmunAéov, N mopdotaon arctan(y/x) dev opiletar 6tav z = 0.
270 %opUévo eTtimTedo

C \ (_007 0]
elvot TEOTLLOTEPO VO YPNOLLOTIOLOVIE TOV EVLOLO TUTTO
A y) = Y
rg(z +iy) = 2arctan | —————— | ,
T+ /a2 + y?

0 omolog Slvel WaTA TO xVELO GPLOUA XWPELG SLAXELGY TEPLTITWTEWVY.

0 xVpLog AoydapLOpog wg OAOOPPT GLUYAPTNOY
[ Tov %x0pLo xAédo apalpobue tov opvnTind Teayprartind nutdEove xot Bewpodue
Q=C\ (—0,0].

>0 (,
Logz =In|z| +iArgz

elval ovveyNG.

Ozhpnua 7.24. H ovvaptnon

Log =
elvor 0Aouop@n oo
C\ (=00,0]
xout
(Log2)' = -
0 =-.
5 z
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ArmodeEn. Oo emainedoovpe tig eElotioetg Cauchy—Riemann.
T'ocpovpe
z=x+1y.
Tote 1
u(wy) =In 2| = 3 In(@® + 1),

v(z,y) = Arg 2.

Ye xdbe onueto tov C\ (—o00, 0], To Arg z eivor Tomixd pioe Astor emAoyy tov opiopatog. Ot
UEPLUES TTOLPAYWYOL TOL Elvou

Y z
Vyp — ——————— Vy = —F/F/———m=.
z x2+y2’ Y x2+y2
AT6 TV GAAY,
x Y
Uy = 5 Uy = —5—5.
z 2 +y2’ Y x2+y2
Apa
Uz = Uy, Uy = —Vg.

OL mpwTteg peptnég mopdywyol efvor ocuveyels, emouévwg N Log z elvor oAdpope.

TéAog,

(Log 2) = uy + iv,

x .y
24y’ 2 ty?
T —1y
x? 4 2

1
T+ 1y
1

z

O

Nopatienon 7.25. H Logz dev umopel va eival oAGpopen Tévew otny Ttoun xAddov. Mdaiiota,
exel 3ev elvot xowv auveyng: xobg TANOLALOLUE Evay oPVNTLXG TEOYUATIXG pLOd amd TTavew %o
oo ®ATw, T0 Arg z telvel avtioTolyo oTig TLUEG
s %o —T.
Mo yevixa, yro xabe o € R, o xAddog

log, 2z =In|z| +iarg, 2

elvat 0AGLOPPOS GTO ETLTTESO OO TO OTOLO €YOLUE APALPETEL TNV OVTiOTOLYY TOUY *¥AGSO0VL, XL

[

1
(loga Z) - ;
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H yzopetpio Tov Aoyopidpov

O tomog
Logz =1In|z| +iArgz

delyvel 6TL 0 AoYdpLBuog petartpémnet

KLETPO > TPAYRLOTLXG [LEPOG,

%o
YWVl — QoVTOGTIXO UEPOG.

"Etot, ot xOxAoL

2| =
oTteLxovilovTol o xaToxOPLEES evleleg
Rw =Inr,
eV oL nutevbeieg
argz =0
amtelxovilovtal oe opLlovtieg evbeieg
Sw =0

Mo topddetypa, n TepLoxn
S={z:a<|z|<b, a<Argz<p}

omelxovileton oto opboywvio

’lna<%w<lnb, a<%w<ﬁ.‘

Sz Sw

B
w = Log z o Log(5)

> 2 > e nb— Rw

z-emimtedo w-eTtiTed0

H ewdva avth elvon diaitepo onpovtixn: 1 exbetixn petotpénel opboywvieg mepLloyég oe
XOXALXOVG TOUELS, €V 0 AOYEELOUOG XAvEL TNV avTioTEOPN LETATOOTY.
Yovody

e Av [ eivow oAdpopen xan f'(20) # 0, T6TE TOTIRE GUUTEQLPEPETOL GOV TTOMATTAALGLAGUOG
pe tov pryodixd aptbud f(20): meptotpoe”n xow op.otobesio.

¢ Emopévwg dtotnpel Tig ywvieg oto 2.
e O ptyadixdg Aoydptbuog elvar QuOLxd TOAITLLOG:

log z = In|z| + (0 + 2km).
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e [ vo Tapovpe oLVEETNOY, TEETEL Vo eTLAEEOLUE Evary HAASO TOL ETILXELPNLATOG.
o Aev vtdpyet ovvexhg xaboAxdg xAddog tou emtyetpfpatog oto C\ {0}.

e O x¥pLog xA&dog
Logz =1In|z| +iArgz

elvot OAOLOPPOG GTO

HoL 1
L =22,
(Log2)' = -
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8 Auvoooslpég ot AVOAVTIXESG GUVAPTYOELS

YrevOopion amd v Avaivoy

ITptv mepdoovpe otig uULyodixég dvvopooelpés, LTEVOLUILOLUE OPLOUEVO YVWOTA OTTOTEAE-
OLOTO YLOL GELPEG oPLOUWY %o OELpég ouvopThoewy. O amodelEelg eivar oL (dteg pe exelveg mov
Yivovtor oto pobnuato tng AvédAvorg, e EAEYLOTESG LOVO TTPOCOPUOYEG.

Yelpég LYadtxwy aptipoy

‘Eotw (2,) pLae axorovdion pryodixdyv aptbpwyv. Tioe m oetpd
o0
>
n=1
optlovpe ta pepxd abpolopota

N
Sy = E Zn,-
n=1

Aépe 6t v oelpd ouyxAiver xon éxel dbpotopa S € C ay
SN — 5.

Ay
Zn = Tp + Yn,

TOTE
Z Zp OUYXALVEL <= Z Ty XOL Z Yn, GUYXALVOULV.
Optopdg 8.1. H oclpa

oo
D2

n=1

o0
Z |2n| < 0.
n=1

Ipotaoy 8.2. Kdbe amolbtws ovyxilvovoa oelpd uyodixdy aptdudy ocuyxAvet.

AéveTal amoAVTtwe ovyxAlvovoa oy

YmevOopion. Av m > n, tte

m m
Do < D0 Jul
k=n+1 k=n+1

Enopévwg n améivtn obyxiion cuvemdyetor 6Tt tor pepixd abpolopoto amotedody axorovbio
Cauchy oo C.

Mpé6taoy 8.3 (Kottipto odyxplong). Av

|Zn‘ < cp, cn 20,
Xol
0o
D en < o0,
n=1
TOTE
)
>
n=1

OUYXAVEL ATTOAVTA.
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Oo ypnoLpomolodue emtiong ywpEls TEPULTEPW ATOSELEN TIG YVWOTEG LOLOTNTES TWV ATTOANITWG
OUYXALYOUOWY OELPWV:

e %a0e avadLtdtoEn pLog amoAdTwG oLYXAlvovoaG OeLPds ExeL To (dto dabpolapa,

® 0c Lot ATOADTWS GUYXALVOLO BLTTAY] GELPA UTTOPOVUE Vor OAAGLoLUE TN OElpd Twy oblpoi-
OEWY,

* 7o ytvopevo Cauchy 800 amoAITwE CLYHAYOLOKY GELPLY CLYXALVEL ATTOAITWG %o €xet &BpotL-
ouOL TO YLYOUEVO Twy Vo abpotopdtwy.

AnAod, oy
o0 oo
Sa=a Sh=b
n=0 n=0

oLYXALYOLY aTéAVTA, TOTE
(o.) n
AB = Z Cn, Cp = Zakbn_k.
n=0 k=0

Opotépopen odyYxAion
"Eotw E éva abvoro xou 1 E— C ppoypévy. Oétovpe

[flloo,2 = sup [f(2)]
zelR

Agpe 6T
fo—f
ouotopoppa ato E av
[fn = flloo,e — 0.

Ioodvvapa, yia xéabe € > 0 vrdpyet N tétolo wote
n>N = |fulz) = f(2)l <e
Yo xébe z € E.

Ozdpnpa 8.4 (Kprtpro Cauchy yiow opotdpopen obyxhon). H axolovbio (f,) ovyxiiver ouod-
poppa ato E av xouw uovo av yia xabe € > 0 vrapyet N tétoto dote

m,n>N = |fn— fmllec,r <e.
H amédettn eivor axpfudg n yvwot) amd v Hpoypotinny AvaAvoy, }eNoLLoToLWbYTaS TN
mAnpdtrta tov C.
YelpEg GLYPTYCEWY
Mo pLo oeLpd cuVaPTNOEWY
oo
Z fn(2)
n=1
Oétovpe
N
Sn(z) =Y fal2)-
n=1
Aépe 6T M oeLpd ouYRAlver opotdpoppa 6to E av n axorovbia (Sy) cvyxiivel opotdp.op@o 6o

L.
To Baowd epyaeio mouv Ba yponotpomorodue eivar to xprtipto Weierstrass.
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Bzopnpa 8.5 (Koitipro Weierstrass). Yrwobérovue o1t

Ifn(2)| < M, 7y xdbe z € E,

OOV
M, >0
xou
(o.)
Z M, < oo.
n=1

Tote n oepa
o0
2 ()
n=1

OUYXAVEL ATTOAUTWC xat ouoouoppo oto F.

Ozhpnuo 8.6. Av ot f, elvou ovvexeic oto E xou

f n— f
opotduoppo oto E, tdte n f elvou cvveyic.

Ocodpnua 8.7. Eotw E C C xat éotw (f,) woa axotovbio ovvexdy ocvvapticewy oto E. Ay

fo—1F

ouotopoppa oto E, tote n f elvow ovveyric oto E.

Arodegy. ‘Eotw a € E xar € > 0.
ATté v opotopopen abyxhon vrdpyet N tétolo wote, Yo xébe n > N,

Hf - anOO,E <E.

Fix n > N.
Emed) n fr, elvoe ovveyhg oto a, vrdpyet § > 0 tétolo wote

z ek, |z —al <d

YO CUVETTAYETOL

[fn(2) = fu(a)] <e.

Téte, yia xébe z € E pe |z — af <6,

£ (2) = F(@)] < 1f(2) = fa(2)| + | n(2) = fu(@)| + | fula) = f(@)|

<etete=3e.
Emedn 1o € > 0 elvar awbaipero, émetar 4Tt
f(z) — fla)  xabog z — a,

Goa v f elvon ovveyhc oto a.
E@dboov 10 o € E frav owbaipeto, v f eivor ovveyrg o 0AdxAnpo o E. O

Avta elvon axplBodc o amoteréopato oL Bor oG ETLTEEPOLY VO LETAPEPOVUE TG YVWOTES
LOLOTNTEG TWV TEAYUATIXWDY SUVAULOCELPWY OTO ULy eTtiTeSO.
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H Baow spoppoy 67tlg SUVOROGELPES

Mpéraoy 8.8. 'Eotw r > 0. Ay
o0
E lan|r" < oo,
n=0
TOTE
oo
n
g anZ
n=0
OUYXAVEL ATTOAVTWS XAl OUOLOUOPPO OTOV XAELOTO dloxo
lz| <.

Anddesy. T |z| <1,
lanz"| < |ap|r™.

To amotéAeopa oxorovlel opéows amd To xpLtthpto Weierstrass.

H (St mpdtaon, pe petdbeorn tou xévtpov, Sivel Tt av

oo
Z la,|r" < oo,
n=0

ToTE

oo

Z an(z — 20)"

n=0
OLYXALVEL TTOADTWG KOl OULOLOLOPPO GTOV

|z — 29| < 1.
YrevOopton yia to lim sup
o pLae oxohovBion Tporypotixdy aptBpwy (), Bétovpe

limsupz, = lim sup Z,.
n—00 n=00 >n

Ay
L = lim sup z,,
n—oo
To1TE:

e yio xabe € > 0,

T, < L+e¢
YLt OACL TOL PXETA LEYCAR T,

* vio xébe € > 0,

Ty >L —¢

Lot ATTELPO TTOAAG M.
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Av 10 ovvniiopévo 6pLo LTaPYEL, TéTE

limsupz, = lim z,.
n—o00 n—o0

Oa ypnotpomotobue eriong 61t oy

THTE
lim sup(znYyn) = ylimsup z,
n—oo n—oo
OTTOTE OL TOOHTNTEG EVAL TTETEPATUEVEG.
Ewdwxdrepa,
nt/m 1,

omoTE

1/n l/n.

lim sup |na,|" /"™ = lim sup |ay,|
n—oo n—oo
Avti N oA Topatipnon B yonotpomowmbel apydtepa yio va SeiEovpe 6Tt pror SuvopooeLpd

XOL N TOPAYWYOS TNG €XOLY TNV (BLor axTivor GUYXALGTG.

Kottpra pilag xor Adyouv

YrevBopilovpe TéAog T YVWoTd xpLthptor oOYXALOTG.
Mo pro oeLpd
e

ov
. 1/n
limsup |c,|/" < 1,
n—o0
THTE 1 OELPA GUYXALVEL ATTOAVTAL, EVELY OV
lim sup |e, [/ > 1,
n—oo
TOTE OTTOXALVEL.
Av vtépyeL To 6pLo
. Cn+1
lim =1L,
n—o00 Cp,

Téte N oELPd oLYXRALveL otéAvTa Yrow L < 1 xow amoxAiver yroo L > 1.
Aev Bo emavaddfBoope T amodelEel OUTWY TWY ATTOTEAEOUATOY.

Muyadixég SuvopooeLpég

Mua Suvopooetpd pe xévtpo 2o € C eivon pLo oetpd g Lopeig

o0
Z an(z — 20)", an € C.
n=0

[N %&b otabepd 2z, TpdueLTOL ATTAGDG YLor Lo oeLpd ptyodixwy aptbuwy. Ta yvwotd xpttipLo
obYyxAong and Ty [poypoatiny Avédvoy epopudlovtol xwelc ovoLtooTIXy oAACYY.

H Boowx yewuetpiun Stapopd eivar dtt 1 epLtoy] o0yxAtorng 8ev sival Staotnue YOpw amd
T0 X, 0ANG dloxog YOpw omd To 2.
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Axtiva 60yxAorg xot toTog Cauchy—Hadamard

Oewpnua 8.9 (Cauchy—-Hadamard). I 9 Suvauooelpd

oo
Z an(z — 20)"
n=0

Otovue

1 1
— = limsup |a /n,

ue 1 ovufaoets

1 1 0
- — 5 — —
0 ’ 00
Tore:
|z — 20l <R = 7 oepd ovyxAiver andivta,
Eve

|z — 20| >R = 7 oepd amoxAiver.

EmumAéoy, yia xale r < R, 5 oelpa ovyxAiver opoouoppo otoy xAetotd Sloxo
|z — 29| < 1.

Optopog 8.10. O aptbudg R Aéyetor axtiva obyxAong Tng SUYO.OOELPAG.
To abvoro
|z — 20| < R

Aévetal Sloxog oUYxAong, EVE
|z — 20| = R

AéveTal x0xAog aVyxAorg.

IroypoQnra g amodstEng. H amddetEn eivor ovataotixd 1 (Stoe pe ™y mTpoyUOoTLXY TTEQL-

TTwoY. Oétovpe

L = limsup |a,|"/™.

n—oo

Mo otobepd z,

1/n

lim sup |a,(z — 20)" /" = L|z — 2.

n—o0

To xpttnpLo g n-ootyg pilag Sivel emopévwg alYxALon Oty

Liz— 2z <1
%ol omOxALoY dTaY
L|z — z| > 1.
Apa
1
R=—.
L
o v opotdpop@n aOYXALoY, oY
r < R,
eTAEYOLUE
r<p<aR.
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Mo 6Aow tow olpxeté peydho n,

1
‘anwl/n <=,

an(z — 20)"| < (p)

To amotéAeopa axolovbel amd To xprtpLo Weierstrass.

omoTe, Ot |z — 29| <,

Nopatienon 8.11. To bewpnuo dev Aéel TimoTe YLt Tor oNpelat TOL XOXAOL
|z — 20| = R.

Exel n ovumeppopd mpénel va eEetdleton YwELoTd.

Mopddetypo: yiotl yostalopaoste to lim sup

Bewpodpe
o0
n
g anz",
n=0
émov
2", n dpTiog,
an =
27" n meprtToc.
Tote
2, n épTiog,
1/n
|an|/ =351 ,
o n TEPLTTOC.

H oxorovdio |a,|'/™ Sev ovyxhiver, ahhé

lim sup ‘an‘l/n =2.
n—oo

Apa

To mopddetypo delyvet yiotl otov Yevixd TOTo eppaviletol To lim sup xot Oyt Eva ovynbtougvo
épLo.

IMpaketg pe ovyxAivovosg SLVOIOOELPEG

‘Eotw
F2) =) an(z—20)",  g(z) = bu(z— 20)",
n=0 n=0

ue axtiveg obyxAtong Ry xow Ry.
Méoa otov dioxo
|z — 20| < min{Ry, Ry}
oL 300 oclpéc GUYXALYVOLY OTTOALTOL, XKoL ETTOUEVWS LoYVOLY oL GUYNDELS TIPAEELS PE OTTOADTWG
OLYXAYOLOES OELPEG.
I to &Bporopa,

o0

F(2)+9(z) =D (an +ba)(z = 20)"

n=0
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INa to yvépevo,

o0
= Z en(z — 20)",
n=0

6mov

n
Cn = g arby_k.
k=0

AvT6 elvar to Yvwotéd yvopevo Cauchy.

Hopotionon 8.12. H axtiva odyxAong Tov afpolopotog 1 Tov YLVopEVoL eivarl TOLAGKLOTOV
mll’l{Rf, Rg})

OANG uTtopel vou efvol PEYOADTEPY AGYW OTTOAOLPLIV.

[InAixa dvvopooelpy

Yrofétovpe TP dTL
9(z0) = bo # 0.
Téte, yLow 2 aPRETE ®OVTA GTO 20,
9(2) = bo(1 + h(2)),
6émov

h(z) = g(z)bo_ &

KoL

h(zo0) = 0.
Emedn n h elvar ovveyig, utdpyet évag pixpdg dioxog YOPw amd To 2y 6TOV OTToLo
|h(z)] < 1.
Exel pmopodpe vo YoNoLLOTTOLAGOVUE TN YEWIETOLXY GELOA:
1 1 1 &
5 R TTRE b 2.

OL oeLpég mov epavilovtol cLYXAIVOLY ATTOALTO X0l OULOLOLOPPOL GE EVOY OPXETA ULXPOTEQO
*AeLoTé diono, omdTE UTOPOVE Vo awvarttdEovpe ta h(z)™ xoL vor ovadLatdEoLIE TOLG GPOVE.

‘Evot,
0
= Z en(z —20)"
n=0

0E XATOLOL YELTOVLA TOU 2.
Ot ovvteEAEaTEG UTTOPODLY VoL LTTOAOYLOTOVY aVadEOWULXA. ATt

1
9(2)——= =
( 9(2)
Taipvovpe
boCo =1
apo
1
cn = —
0 bO )



xol ytae n > 1,

Tovenwe, av g(zp) # 0, Téte xou

EYEL aVATTUYLO OE SLYOOTELPE YOPW Ot TO 2.

Y0vbeor duvopooelp®y
"Eotw

flw) = Zan(w — wp)"
n=0

pe oxtiva abyxhong R > 0, xow éotw
9(z0) = wo.

Av 1 g éxel avdTTUYOL OE SUYOOTELPE YUPW 0Tt TO 2, TOTE, YLOL 2 OLXETE XOVI& GTO 2,
9(2) —wo| <R

2Ol ETTOUEVLG

Fg(2) = an(g(z) — wo)"
n=0

Kdébe dovaun ( )n
9(z) —wo

EYEL OVATITUYUO OE SVVAUELG TOV 2 — Z0. XEPEY GTNY ATTOALTY] X0l ORLOLOROPOT GUYXALGY OE VoY
0PXETE PLP6 XAELGTO Biox0, UTTOPOVUE Vo ovodLaTAEOVUE Tor afpOloUoToL KoL YOU TTEPOVUE HLOL
JLVAOTELPG O Z — 2.

Apoa 1 obvbean 300 CLYVUPTACEWY TTOL EYOLY TOTUXA AVOTTTOYLOTO OE SUVOLOOELPES EYEL XOLL
oLTN TOTUXO OVATTTUYUA OE SLVOLLOCELPAL.

Avolutixég ouvapToELg

Optopdg 8.13. 'Eotw f optopévn oe pLo YELTOVLE ToU zg. Aépe 6TL v f elvan avadvtie) oto zg av
vTtéEyovy T > 0 xou cvvtedeotég a, € C tétolor wote

F(2) = an(z — 2)"
n=0

Ytor xébe
|z — 20| < 1.

H f Myetow avadvtua o éva oavowutd abvoro U av eivar ovalutixy oe xé0e onpeio tov U.

A6 boa eidope yroo abpotopo, YLvouevo, TMAixo xot obvbeon TpoxdTTEL apéowg:
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Mpéraoy 8.14. Av f, g evar avadvtixés oto U, tdte ot

f+g, [y
elvar avadvtixés ato U.
H
!
g
evor avadvtixy) ota onuelor 0oV
9(z) #0
Ay
g:U—=V
xar [V — C elvar avadvtixés, tote
foyg

elvor avadvtiey oto U.

Mt duvopooelpd sivot avaAuTtixy 6 6A0 TOV 3i6%X0 GUYXALOG

To emtépevo anpeio eivor onuovtind. Mo Suvopooelpd oL ExeL YPOUPTEL YOPW 0Tt Vol XEVTPO
zo pmopel va avamtuybel Eovd Yopw amd omotodpmote onuelo Tov dloxov oOYXALOYG TNG.

Ozopnpa 8.15. 'Eotw
o
f(z2) = an(z = 20)"
n=0

ue axtivar abyxions R > 0.
Tote 0 f elvar avadvtiny oe xabe onueio Tov Sloxov

D(Zo, R) .
Ancdeéy. 'Eotw
w € D(zp, R).
Emeldy
lw — 2| < R,

umopovue va emtAéEovpe s > 0 téo0 ULxpd hote
D(wa S) - D(Z()? R)
INoa Topddetypo, HmTopovue Vo TREOLUE

R — |w — 2
—

Oo deiEovpe 6Tt 1 f éxel avamTuYLO OE SUVOWLOTELPE HE XEVTPO TO W, 1) OOl GUYXALVEL GTO
D(w, s).
o z € D(w, s), éovpe
|z — 20| < |z —w|+|w— 20| <s+|w— 2] <R.

I'odepovpe
z—2z20=(w—2)+ (z —w),
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X0l ETTOUEVLIG
Apa

H SumtAn ostpd ovyxAivel améivTo, Stdtt

[e.9] n n
S lenl 3= (= 2l e =l
n=0 k=0

[o.¢]
= Z |an|(jw — 20| + |2 — w|)",
n=0

nolL
|lw — 2| + |z — w| < |lw— 20| + s < R.

Mmopobue emopévwg vo aAAGEoLpE TN OgLpd Twv abpolocwy:

F(2) = bi(z —w)*,
k=0

6TToL
> n
b = Z an (w — Zo)n_k.
k
n=k
Apo m [ éyer avamtoypo oc Suvopooelpd YOpw omtd to w. Emopévwg sivor avolutixny o
0AGXANPO TOV dloxo

D(Zo,R).

Hapdadetypa 8.16. No Bpebody ot dpot péypt xat tpitov Babpod t™g avdmTuENS T™Ng

z
oe SLVaLOOELPE LE XEVTPO TO 2o = 1.
B®étovpe
w=z—1, OTtOTE z=14w.
Tote
2 =01+w)?=1+ 2w+ w?
%o
w
z+2:3+w:3(1+§).
Apa, yiox
lw| <3,
OO TN YEWUETOLXYN OELOA TOL{PVOLLE
1 11 1 w o w?oow?
=Z = 1_7_}_72_73_}___, .
z+2 314+w/3 3 3 3 3
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Emopévwg

2 2 3
z 1 wow w
= (142 A I e T A
PO 3(+w+w)< st9 "t )
1 5 4 4 4 4
=+ -w+ sw — ——w -

39 27 81
Emtotpépovtag ot petofAnty 2,

=+ (D4 —(z2—1%2 = —(2—1%+---
e Rt R CE R TRV = CR e NE

Yo
|z —1| < 3.

H axtiva obyxAorg eivar tpdypoatt 3, apod to TtAnotéotepo onpeio ato 2o = 1 6mov 7 f dev
elvar oAbpopen eivot t0 2 = —2.

Mopaywyion duvapoostpwy
Ozwonuo 8.17. 'Eotw

flz)= Z an(z — 20)"
n=0

ue axtiva abyxions R > 0. Tote n oepa

o0
Z nan(z — 29)" !
n=1

Exet v (Ot axtiva obyxlong R, xau

fl(z) = Znan(z — )", |z — 20| < R.
n=1

Edixdtepa, xabe avalutixy ovvaptnon evor 0AouooQy.

AmtodeEy. T v oxtivoe abyxAtong yonotpomotodue tov tomo Cauchy—Hadamard. Emedy
nl/m 1,

éyovpe

lim sup |na,|/™ = lim sup n'/"|a,| /™ = lim sup |a,|"/™.

Apoa ) TOPAYWYOS OELpd €xeL Ty 8t axtivar oVyxAlomng. Amouévet vo delEovpe 6Tt to abpotopd
¢ elvor TEdypartt v utyadiu] mopdywyog e f. Oétovpe

N
Pn(z) = Z an(z —20)"
n=0

oL

g9(z) = Z nan(z — z9)" L.
n=1

Ztabepomololye 2z ue
|z — 20| < R.
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EmAéyovpe r < R étol dhote
|z — 20| <.

T h apxetd pxpd, oAOxANPOo T0 eLOVYPOULO TUALT

z+th, 0<t<l,

Bpioxetar otov dioxo | — zg| < 7.
Mo xébs N,

1
d
PN(Z+ h) — PN(Z) = / £PN(Z +th) dt
0

1
= h/ Py (z +th) dt.
0
O oetpég Py xow Py ouyxAivouy opotduopea otov | — zo| < r. llepvdvrog oo dpro N — o0,
TOLPVOLLE
1
f(z+h)—f(z) = h/ g(z +th)dt.
0

Apo

f(z—i—h})b /(z) :/0 g(z +th)dt.

T xdbe t € [0, 1] éxovpe
|z +th — z| = t|h| < |h].

Emopévwg, amd ) cuvéyela g g oTo 2, yra xéfe € > 0 vmdpyet § > 0 tétolo dote
[C—2[<d = |9(Q) —g(2)] <e.

Av |h| < 6, téte Yo xébe t € [0, 1],
|z +th —z| <0,

2Ol CUVETIKG
lg(z +th) —g(z)] < e.

Apa
sup |g(z +th) —g(2)] — 0.
0<t<1
TéAoc,
1 1
/ g(z+th)dt —g(z)| = / (9(z +th) — g(2)) dt
0 0
1
< [ lgte ) - g(2)
0
< sup |g(z +th) —g(z)] — 0.
0<t<1
Emopéveg
1
/ g(z +th)dt — g(2) (h — 0).
0
Emopévwg
f'(z) = g(2),
Omwg BEAope. O
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Nopatienon 8.18. H avtiotpopn xatedbuvon,
OAOLOPPY, =  OVOAUTLXY),

elvat ToAS Bobdtepn.
Oo v amodeiEovpe apydTtEQQ, YENOLLoTOLVTOS Tov TUTo Tov Cauchy. Téte ot évvoleg 0AG-
©oppn xou ava vty Bo omodetyfody LooddvauES.

Avortepeg Topdywyol xot cvvtedeotég Taylor
Mmopodpe vo mtaporywyioovpe ptoe SLVOUOoELPE eTtovelAnupévo. Tl xdbe k > 1,
oo
FRE) =Y nn—1) (n—k+1an(z — 20)" "

n==k

Bétovtog
Z = 20,

6oL ot 6pot pundevifovtor extig amd exeivov pe n = k. Apa

) (2) = Klay,.

Emopévwe

F®) (z)

ap = ———.

k!

Apa, ay pLor cLYEETNOY (VoL AVOALTLXY OTO 20, 1] CVATITLEY] TNG ELVAL OVOYXOOTLXA

— ™ (20)
:ZTO

f(2)

(z — 20)".
n=0

H Svvapooetpd avth Aéyeton oepa Taylor g f oto 2p. Tt 29 = 0 Myeton oetoa Maclaurin.

Méptopa 8.19 (Movadixdtnro). Ay

D an(z—20)" =Y balz —20)"
n=0 n=0

OE Lol YEITOVIL. TOV 2, TOTE
an = by, i xabe n.

Mpétaon 8.20. Ay v f eivar avolutixd o évar owvowxtd abvoro U, tote
feC>).

MdéAtato, av YOpw omd zg € U éxovpe

£2) =S anlz - 20",
n=0

TéTE M OELPG PTTOPEL VO TOPOYWYLOTEL BP0 TTPOG GPO OTTOLOVSNTIOTE TETEPACUEVO aPLBUS POPWY

Xol
00

FRE) =Y nn—1)(n—k+1)an(z — 20)" "

n=k

Emopévwg 6Aeg ot mtapdywyol tng f vmdpyovy xou givor cuveyeic.
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ONoxAPwoY ®oTA 6POVLG
Av
o0
F(2) =) an(z—2)"
n=0
éxet oaxtivae obyxAong R, téte 1 oelpa

an
n+1

(z o ZO)nJrl

o0
F(z)=C+>
n=0
éyet emiong axtiva obyxAtorg R.
Mpérypott,
(n+1)Y" — 1,
ométe o tomog Cauchy—Hadamard Sivet tny (St axtivor.
Amé 10 Hedpnuo TopaywyLong,

F'(z)=f(z). |e— 2| <R

Apal LTTOPOVILE VOL OAOXANPWVOVILE SVVOLLOGELPES XUTA OPOVG €GO aTOY dlo%0 TVYKALGTG TOVG.

Mopadetypo: 1 oetpd Tov Log(l + z)

EenVAPE oo TN YEWWUETPLXY OELOA

1 oo
= Z(—l)”z", |z| < 1.
1+=2 =
OAoxANEvVOVTAGS XoTd 6povg, opilovyue
o n+1
z
F(z)= —-1)"
&=
Tote
Fls)=—
142

A6 ™y Ay, btov |z| < 1, to onueio 1 4 z Bpioxetow oto deEfl nuleninedo, omdte 0 xVELOG
AovapLOpog eivor oAGLOPPOG Xt

d
— Log(1 = .
dz og(1+2) 142
Apa
(F(2) — Log(1 +2))" = 0.
Emeldn
F(0)=0=Logl,
Taipvovpe
F(z) = Log(1 + z).
Emopévwg
e Zn+1
Log(l+ 2) = 1" ) z| < 1.
oB(1+2) =3 (1" og
loodvvop.a,
o
Log(142)=> ()" '=,  |z| <1,
n=1
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Mopadetypo: THPOYOYLEN TNG YEWUETOLXNG GELPAG

Mo

€YOLPE

MopoywyiCovtag xotd dpoug,

|z| <1

1 D
1—2 :Zzn'
n=0

[MoAhamAaolalovtog et 2z,

1 o0
n—1
2 Z”Z :
(1-2)? =

oo
dn
n=1

= <1
z

(1-2)%

H oxtiva abyxAong eivo

R=1\|

Ot ostpég Maclaurin twv €, cos z, sin z

Bewpodpe TEWTA TN SLYAUOCELPE

E(2) :Z%.

n=0

Amé tov tomo Cauchy—-Hadamard 7 to xpitfpto Adyou €xet

Apa n E eivor oAbpopey o 6o to C, xon

E'(z) =
Eriong

H pryoadunn) exbetiny] mouv éxovpe

OétovTog
TolPVOLLE
Apo  H eivon otabepy, xor emeldn

EYOVLPE

R = .
o nzn—l et prg
P D D
n=1 n=0
E(0) = 1.

107 oploet Lxavomotel

H'(z)=0
H(0) =1,
E(z)=¢€"



ZUVETG

XONOLULOTIOLWVTOG THEO

TOLPVOLLE
1 (iz)" (—iz)
wee= (SO 43
n=0 n=0
4
z z
“ltata
Apa
e ZQn
_ 1\
cosz—Z( 1) @) zeC.
n=0
Opolwg,
iz efiz
sinz = 5 )
XOlL ETTOREVWG
e 2n+1
z
z € C.

n=0

sinz = Z(—l)"m,

Ko ot tpetg geLpég €xovy axtivo abyxAlang

R = oc.

NMopadetypa: yetptopog Yvwotwv ostpwy Taylor

(o) H ovvaptnon ze®. Amé

Oétouvpe

Maipvovpe

[MoAramAaoLélovtog el 2,

H oetpd ovyxiver yio xébe z € C, dpo

)
2 Z2n
€ :Z [
n.
n=0
)
; Z2n+1
ze = |
n:
n=0
R =00
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(8) H ovvaptnon AT ™ YEWUETOLXY OELOA

1422

1 o
7:211)", lw| < 1,
1—w =

OéTovpe
w = —2°.
"Etot
1 o
n..2n
;=2 (1" |z < L
1+2 o
Apa

[R=1]

Hapationon 8.21. Avto eival éva amd to TpwTar anpeior OTTov N Lyodix] LeTofANT eEnyel xdTt
IOV ATTO TNV TEPOLYRLOTLYY] OXOTILA POLVETAL TTAPAEEVO.

H mpaypotinn ouvéptrnon
1

1+ a2
eivor C™ yia xébe € R, oAAé 1 oeLpd Maclaurin g éyet oxtivor obyxAiorg povo 1.
270 ptyadind emtintedo 0 AOYOS QPOLVETOL OUETHG:

1422=0 — 2 = +i.

To 300 awtéd onpeia améyovy and to 0 andéotaon 1.

Mopddetypo: 1 sin z2/2 xot oQoLpéotnn avoRaiio

Bewpodpe
sin 2z
==, 2 #£0,
9(z) =4 *
1, z=0.
AT 1 oelpd
2 25
San:Z—§+§—ﬁ+"'
EYOLUE
22 A S
Emopévwg, yro z # 0,
sinz_1 22+z4 26+
z 31 51Tl ‘

H oeLpd 070 8ekl péhog Exel axtiva alyxALang 0o. Apa 0pilel OAOLOPPY, GLYAPTNOTN G GAO TO
C, xon 070 z = 0 n T g lvor

1.
ZUVETG
s Z2n
ey —1 n__ -~
9(2) ;%( G

yia xébe z € C, xon emopévwg M g eivor oAGpopey os 6o to C.
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Mopatipnon 8.22. To (drto emysipnuo toydet yevixd. Av v f eivor avahutixy] 6to 2o ®ouw

f(z0) =0,

f(z) = (2 = 20)9(2)

YLOL XATTOLOL YOALTLXY] g, KO

"Etot To TtnAixo

€XEL PUOLXY] AVOAVTLXY] ETEXTOON OTO 2.

Tomixi aVTLETEOPY KUl AVOLXTEG ATTELXOVIGELG

Oo amodeiEovpe to Bedpnuo Tomixig avtioTPoEYg amevleiag oto C, ywplc va ypnotponoy-
OOLUE OUTE TUTILXES SLVOLOOELPEG OVTE TO TPAYOTIXG Bedpnua avtiaTpopng cLVEEPTNONG.
Bo ypnotpomotoovue UOVo T0 YVWoT6 BedENUor GLGTOAWY.

Ocpnua 8.23 (Oswpnuoa otabepod onueiov yioo ovotorég oto C). ‘Eotw D C C xletotd xou
U7 XEVO OUVOAO xou E0TW
T:D—D

Utor amexovion yioe TRy omolor vTtapyet oTolepd
0<gxl1

TETOlX WOTE

T(2) = T(w)] < qlz — w|

1t xabe z,w € D. Tote vrapyet povadixo z, € D 1étoto dote
T(z¢) = 2.
Eminloy, yio omotodnmote 29 € D, av opioovue emovainmtixd
Zn+1 = T(Zn),

T0TE
Zn — Zx.

To Ocdpnua TOTIXNG AVTLETPOPG

Ozwpnua 8.24 (Tomxh avtiotpopy). Eotw [ avalvtixi coe ua yertovid tou 2y xo
f'(20) # 0.

Tote vrdpyovy avoxtés yerroviés U tou zy xou V tou f(2y) tétotes dote
f:U—YV

vo elval au@LLOVOoTHUOVTY Xt 1) aVTioTO0QY CLYEOTNON

g:f_le—>U
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va elvat oAouopey. Emimigoy, ay

w= f(2),
() = —
7= ey

AmodeEn. Me petopopd ol ToMaTAoolaoud Le ptor un undevixy otabepd pmopobue vor vTobé-
oovpE 6TL

20=0, f(0)=0, f'(0)=1.

Mpéypoart, apxel va e@oppocovue Ty Ldx] TEPITTWOY 0T CLVEPTNOY

f(Zo+C)—f(20)'

F(O) =
(©) F(z0)
Ipdpovpe
f(2) =z +h(2),
émov
h(0) = K (0) = 0.
Emed? n h' eivow ovveyne, vmdpyer r > 0 tétolo dote
1
|h'(2)] < 5 T |z <r.

Av z,¢ € D(0,r), tote

1
h(z) — h(¢) = (2~ ¢) /O B¢+t — O)) dt,

%Ol ETTOREVWG

1
[h(2) = h(O)] = 51z =] Sy
Ewduxdrepa,
1
W) € 512l @
Oétouvpe
r
v=0(0.5)
INo w €V, n ekiowon
f(z) =w

tooduvopel Ue

z=Ty(z), Tw(z) :==w — h(z).

Av |z] < 7, totE amd v (2)
Tw(2)| < Jwl+ 52| < 5+ 5 =,

oo

EmumAéov, and v (1),

ontote n 1), elvo GLGTOAY,.
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ATt6 10 Bedpnpor oLETOAWY LTEGEYEL povadixd z € D(0, 1) tétolo wote

1(z) =w.
MdéAiotor, )
< —
21 <l + 52l
apo
|2| < 2lw| < 7.

Emopévwg xabe w € V éyer povadixs mpoetxdéva oto D(0, 7). Oétovpe

v=p(o})

pdodA

U = D(0,r)n f~1(V).

ATt6 boo amodeiEope Topoamdve, Yoo xéfe w € V umdpyet povadixd z € D(0,r) tétoto wate

f(z) =w
Emopévwg
f:U—V
elvar opprpovoonuovty. ‘Eotw
g=f"
Av wy,we €V nou
1 =g(wi), 22 =g(w),

T0TE
21 — kg = W1 — W2 — (h(2:1> — h(ZQ))

Xopnotporordvtag ™y (1), Taipvovpe
1
|21 — 22| < wy —w2| + 5\21 — 22|,

%Ol ETTOUEVLG

lg(w1) — g(wa)| = |21 — 22| < 2|w1 — wal.
Apo m g elva ovveyns.
TéAog, éotw
wy = f(zl) eV.
P w = f(2) £ wr,
g(w) — g(w) =2

w—wi  f(z) = f(z1)
Kabddig w — wi, amd 1 ovvéyela tng g €XOLUE
z=g(w) — g(wy) = 21.

Emopévwg

Emeldn



XKoL

1
I < =
OIS

éxovpe f'(2) # 0 oto D(0,7). Tovemg M g eivon 0AGLopen xou

H yevixn mepinttwan Tpoxdmtel e@opl6lovtog To Topomtdvew eTLYElpNLor 0TY GLVEETNON

f(20 +¢) — f(20)
f'(20) .

F(¢) =

H Tomuxn prope1 pLag avoaAvtinig cuvapTnong

To Tponyobuevo Dewpnuo ETULTEETEL Vo TTEPLYPAUPOVILE TTOAD ATTAG TN GUULTIEQLPOPE. LLOG OVOL-
ALTLXYG CLYAPTNONG XOVTE GE OTOLOJNTOTE ONULELO.

Ocdpnua 8.25 (Tomxn moapayovtonoinon). Eotw f avalvtua) oe wa yerrovid tov zg xou
vrobérovue ot n f ey elvar otalsph oc xaulor yYertovid Tov zg.

Tote vrapyet uovadixds axépoatoc m > 1 xar vrapyer avaivtixy cvvaptnon h, oploudvy
OE O YEITOVIZ TOU 2, TETOLO HOTE

h(z) # 0

xXou

| £(2) = f(z0) = (2 — 20)"h(2). |

O axéponog m elvou n ta&n tov undevixot tns ovvaptnons f — f(z0) oto zp.

EmuAéov. Enedy] h(zp) # 0, pixpoivovtog evdeyopévmng 0 YELTOVLE TOL 2, UWTOPOVUE Vo YOO
(povpe

Lo X&motar avoluTixy] cuvdaptnon H pe

Oétovrog
¢(2) = (z — 20)H (2),
TolPVOLLE

¢(20) =0,  ¢'(20) = H(20) #0,

XOL ETTOUEVWG

[ £(2) = f(20) = &(2)™ |

Apa, PETA omtd PLo TOTTLXY] OVAAVTLXY OAAOYH LETOPATTAG, 1 f éxet 0y (Btar ToTtixh Lop®y| e
TNV TELXOVLOT

z— 2.
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ArnodeEy. Avamtdooovpe Ty f yOpw amd To 2p:

f(Z) = f(z()) + am(z - Zo)m + am+1(2’ —_ Zo)m+1 —|— SN
6Tou
m Z 1’ am 7& 07

xoL m efvor 0 TpTog deintng He U UNSEVIXG CLYTEAEOTY).
Mopayovtomolovye:

f(z) = f(z0) = (2 — 20)™R(z),
hz) = am + am+1(z — 20) + ami2(z — z0)2 4.

elvat ovoALTIXY xOoL
h<20) = am 7é 0.
EmAéyovue évay m-00t6 plind aptbud o tov an,:
m

at = ay,.

Tpdpovpe
h(z) = am(1 + u(2)), u(zp) = 0.

[Teptopilovtoag, ov YEELaaTELl, TN YELTOVLA TOU 2o, LTTOPOVUE Vo bTtobéaovue Ot
1
u(z)| < =.
uz)] < 5

Tote 10 1 + u(z) Bploxeton péoo otov dioxo

OTToL 0 xVPELOg AoYapLiog elval 0AGLOPEOG.
Opilovpe

H(2) = aexp (; Log(1 + u(z))) .

Téte n H eivar avahutixn,

H(z)m - h(Z),
H(zy) =a #0.
Oétovpe
¢(2) = (z — 20) H(2).
Tote
¢(20) =0

¢ (20) = H(z29) = a # 0.

Apat, artd Tto OewpEnUa TOTURAG AVTLOTEOPNS, N ¢ Elvor TOTILROG OWVOAVTLXOG LOOUOPPLOUOS GTO 2Q.
TéMog,

P(2)" = (2 = 20)"H ()" = (2 — 20)"h(2) = [(2) = f(20),
Omwe O€Aope. O
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Hopotionon 8.26. O axépoatog m eivar axplfede 1 TaEN Tov UNdevinod TN

f(2) = f(20)

07O 2.
Toem =1, v f elvonw tomixd ovtiotpédun. Tia m > 2, 1 TOTLRH GLUUTEPLPOPE TNS Elvaut, LET
oo VOAVTLXY] CAAOYY] CLUVTETOYUEVWY, 7 (Stor ue exefvn Tng

w— w.

To OsENUO AVOLRTNG ATTELROVLETG

Ocwpnua 8.27 (Oehpnuo avowxtig ametxéviong). Eotw U C C avowtd xar f: U — C avaiv-
. Yrobétovue ot n f Sev elvar otabept) o xaulon yeirtovic xovevde onueiov tov U. Tote 5
f etvar avowery; ametxovioy.

Anddeln. ‘Eotw G C U avouxtd xaw wy € f(G). Emaéyovpe 29 € G pe f(z0) = wo.
AT Tty TOTUXA XOWOVLXY] LOP®Y), LTIEEYXOLY OXEPOLOE M > 1 %ol avoALTIX] oLYAETNoYN @,
OPLOWEYT XOVTA GTO 2, TETOLO LYOTE

f(z) = f(z0) = ()™, ¢(20) =0,  ¢'(20) #0.

A6 T0 Bedpnuo TOTTLXAS OWVTLETEOPYS, LTE&EYEL owoLxTH Yertowd V C G tov zg, oty omoio 1 ¢
aVTLOTPEPETOL oL 1 oVTLOTEOPY TG eivar ovvexhs. Enopévwe n ¢(V) eivar avoxth yertovtd tov
0 = ¢(20), xou dpa LIGEYeEL p > 0 TéTOLO DOoTE

D(0,p) € o(V) € ¢(G).

Emedy n amewxdévion z — 2™ otéhver tov D(0, p) eni tov D(0, p™) xou

D(0,p) € ¢(G),

omd TN oxéon
f(z) = wo+ d(2)"
OLPTIEPALVOLLLE OTL

D(wo, p™) € f(G).

Apo T0 wy eivor eowtepnd onpeio tov f(G). Emopéveg 1o f(G) elvar ovorxto.
Emopévig to wy elvan eowtepind onueio touv f(G). Apa to f(G) eivor ovoxto. O

Oewpnra 8.28 (Avarvtinég 1-1 cuvaptioelc). ‘Eotw U C C avowxtd xat f : U — C avadvti
xou 1-1. Tore
() #0  yox xcbe z € U.

EmzAéoy, n avtiotoopn

elvor 0Aouop@n xou

AmodeEy. ‘Eotw zg € U. Améd v TOTTLXn XOVOVLXT] LOPPT,
f(2) = fz0) = (=)™,

6mov ¢(zg) = 0 %o ¢'(29) # 0.
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A6 o Bedpnuon ToTxAg AVTLOTEOPNG, N ¢ EXEL TOTILXY aVTioTEOPY oL, 0pLOUEYY OE Evay
dioxo D(0, p).
Avtixadiotdvtoc 1o 2 pe ¢ L (w) ot oyéon

f(2) = f(20) = &(2)™,
Tolpvovpe
(67 w)) = fz0) =w™,  we D0, p).

Enetdi n f xow n ¢t eivow 1-1, n w +— w™ mpémer va eivow 1—1 atov D(0, p). Avté bpeg toydet
wévo av m = 1.

Emouéveg

f'(20) = ¢(20) # 0.
Apo m = 1, xow emopéveLg

f'(z0) = ¢'(20) # 0.

Toypar, omd To Hepnuo ovorxtig ametxdviong, to f(U) eivor avorxtd. E@appdlovtag to Bew-
ONULO TOTULXNE aVTLETEOQYC oe xdbe anueio Tov U, cuumepaivoope 6t v f~1 eivar oAduopen 6o

f(U), pe
1

—1y/ w) = —
U= 5wy

O

H avtictpopy cvvemaywyh dev toxdet yevixwe. oty f(2) = e® éyovpe f'(2) = e* # 0,
MG e* T2 = e H ouvbixn f/(20) # 0 Siver Tomue} avtiotpop.

Ocpnua 8.29 (Tomxh oy peyiotov pétpov). Eotw f avalvtia) o uo yettovid tov 2y. Ay
7 oLYAOTNON

/]

Exet TOTINO UEYLOTO OTO 2, OnAadnh av vrapyer r > 0 tétoto dote
() < [f(z0)]  yer xdibe z € D(z0,7),

tote 1 [ elvou otabepy) o o YEITOVIE TOV 2.

lewpetpnn O€a TG TOTINNG OPYNG LEYIGTOV
"Botw [ ovalutin og pLor YELTovd Tov 2o xot 0étovpe
woy = f(Zo).

Av 1 ovvdpton | f| éxer Tomxd péytoTo oTo 2), TOTE LTEEXEL Yot UxEH avorxTh yertovd W tov
20 TETOLOL (DOTE
If(2)] < |wo|  yro xébe z € W.

loodvvopo,

F(W) € D(0, uwo)).

Av 6pwe n f Sev eivan tomtixd otabep? 6T0 20, TOTE TG TO DEWENULA OVOLXTHG OTTELXOVLANG TO
obvoro f(W) eivor ovorxtd xon meptéyet to wp. Apo vitdpyet € > 0 tétolo Wwote

D(wo,e) € f(W).
Emetdy) 10 wp Pploxetorl mavew otov xOxA0

”LU| = |w0|’
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0 owoxtdg dioxog D(wy, €) meptéyer xon onpeio w pe
|w| > |wol.

AvTté avtipdoxet pe to

F(W) € D(0, wo)).

Apa, av | f| éxer Tomixd péyloto oto 20, ToTE N f Elvon avoryxaoTixd Tomixd otabepn oTo 2.

Eminedo z Eminedo w

o~ o~
Sz Sw

Syhuo 1: Tewpetpins epunveio tg Tomxnig apyis weyiotou. Av to | f| éxet Tomixd péytoto oto 2,

t6te f(W) C D(0, |wo|) (Yordlro Teproxh wéoa atov yxpt dioxo). Ouwe, av 7 f Sev eivow Tomxé
otabeph, N ewdva TPEmEL Vo TEPLEXEL €vay 0AGXANEo Sioxo D(wp,e) (xéxxwo Stoxexopuévo
mepiypappa), o omoiog TeptAofBavet xor onueio pe |w| > |wpl.

Hoapatipnon 8.30 (Cewpetoixd cppnveio). Av o |f| éxer Tomxd péyroto 670 20, TOTE LTAPYEL
ovouxt Yettovtd W tou zp tétola wate

lf(2)] <|f(z0)] v x6be z € W.
Oétovtag wy = f(20), a6 onuaiver ot
F(W) € D(0, |wol)-

Yrobétovpe 6t M f Sev elvor Tomxd oTalbepy 670 2g. ATO TNV TOTUXY XOVOVLXY LOPEY XOL
70 Bedpnua ToTxg avTLoTEoPhc, N etxdve f(W) mepiéyet évav avowxtd dioxo ydpw omd to wy.
Anhady), vrapyet € > 0 tétolo wote

D(wg,e) C f(W).
Opwg T0 wo Peloxeton TEVL aTOY XVOXKAO
|w] = |wol-

>

Emopévwg, xébe avorxtdg dioxog YOpw amd To wy TeEPLEYEL onueio He HETPO LEYOUAVTEPO aTtd |wo
TEAYLLO TTOV OYTLPAOXEL UE TNV LTOOEGT TOL TOTILXOV PEYLGTOV.
Apa v f eivor tomixnd otabepy| oto 2.

Mopadeiypoto
Hapdadeypa 8.31. 'Eotw

f(z) =3 =5z + 6pot peyohitepov Bobupod.
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Térte
f(0)=3
2Ol

F1(0)=—5#£0.

Apo, o6 to Bedpnpa ToTAc avTloTEoPnc, N f eivor Tomxd avtioteédiun oo 0.

Hapdadetypa 8.32. 'Eotw
f(z) =2—2z+ 22

Oérovpe va eEetdoovpe av 1 f eivor Tomixd avtiotpédLun oTo
zo = 1.
Ipdpovpe ™y avamtuEN ™G YOpw amd to 1:
f(z) =14+ (z—=1)%
Apo 0 TpTOg PN oTabepdg bpog Exel Babud 2, N LoodVvayo
f'(1)=0.
H Tomuxn xovovixn) popey stvot Moy sppovig:
fz2) = f(1) = (= 1)%

Emopévwg 1 f dev eivow 1-1 oe xopio yettovtd tov 1, xat Gpa dev eivar tomixd avtloteédhLuy
exel.

Hapdadetypa 8.33. 'Eotw

f(z) = cosz.
I'bpw amd to 0,
22 2
—1- 42
cosz o T
O yoopptxdg cLVTEAEGTHG Elvol UNSEY:
f'(0) =0.

0 mpwtog un otabepds dpog €xel Pabud 2, dpo 1 cos z dev eivor Tomixd avttaTEéPLn ato 0.

Hapdadetypa 8.34. 'Eotw

f(z) = 2.
Téte
f(z) = 322
Y10 2 =0,
f'(0) =0,

xow mwpdypott v f dev eivan Tomxd avtioteédiuy oto 0.

Ay 6powg

20 # 0,

To1E

J'(20) = 322 #0,

omtdte 1 f elvor Tomixd avtioTEEPLUN GTO 2.
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Avté Bev onpaivel 6t 1 f eivar avtioteédruy o 0AGxATP0 TO

U=C\ {0}
Mpéyportt, av
W= 627ri/3’
T67e Yoo #60e z #£ O,
Z, wz, w?z

elvor Tolar StopopeTind onueion Tov U, ahAa
23 = (w2)? = (W?2)3.

Apan f(2) = 22 eivon Tomxd avtiotEédun oe k&b 2 # 0, aArG Sev eivar OAxd avTLaTEEPLUTN

oto C\ {0}.

Oepnua 8.35 (Ocpehddeg Osypnpo g AryeBpag). Kdabe un otalepd molvwvouo ue pryadt-
x0U¢ OUVTEAEOTEG Exel ToLAd LoTOY Ulor Utyade) olla.

Ancdeéy. 'Eotw
P(2) = an2" + apn_12""1 + - + ao, an #0, n>1.

Yrobétovpe, mpog &tomo, 6T
P(z) #0 vy xébe z € C.

Téte n ovvdptnom

1
f(Z) - P(Z)
elvor avalutiny] og oAGxAnpo to C.
Emedn
_.on Qan—1 ao

P(z)==z (an—i— , —|—---+an),
EYOVLPE

|P(2)] — o0 xalbddg |z| — 0.
Emopévwg

1f(2)] — 0 xabog |z2| — 0.

EmAéyovpe R > 0 apxetd peydio wote
I <IFO)]  yo x6be [2] > R.

Enedq n | f| elvor ovveyhg, amoxtd to péytotd g otov cvpmayy dioxo D(0, R), éotw 670 2.
Amé v emhoy] Tov R, to onpeio zg dev pmopel va avixel otov xOxho |z| = R. Apa

2 € D(0, R),

omtote 1 | f| éxer Tomxd péytoto oTo 2.
A7té v toTny, apyh peyiotov pétpou, v f eivor atabepn oe pa yertovid tov 2p. Emopéveng
xar 10 P =1/ f eitvow otabepd o xdmoro yertovid tov 2, omtdte

P™(z) = 0.

AvTté bpwg elvor adHvaTo, apod
P™ (z) = nla, # 0.
TEbypor adVvato Yo Py oTaldepd TTOALEVLLO.

Apa vrbpyet zg € C tétolo dote

P(Zo) =0.
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Méptopa 8.36 (Ilapayovtomoinon moAvwydpwy). Kabe molvdyouo
P(z) = apz" +--- + ao, an #0, n>1,

Yodpetal 6Ty UOOPT

‘P(z) =an(z—21)(z —22) -+ (2 — zn),
Omov 21, ...,2n € C, dp xat’ avdyxny dtopopetixd.
Ernouévws xabe molvdvouo Babuob n éxet axplfds n utyadixés olles, ov TiG UETENOOVUE
UE TG TOAAQTTAOTYTES TOUG.

Artodeén. Oo YPNOLUOTIOLAGOLIE ETOYWYY WG TTPOG Tov Poldpd n.
INon =1, To awotéAeopo elvor TEOPOAVEG.
"Eotw 6t toydel yio TroAvdvopa Bobpod n — 1 xow €éotw P moAvdvopo Babuob n.
ATté 10 Ogpeiddeg Aewpnua g AhyeBpog, vrdpyet z1 € C tétolo wote

A6 ™ Sraipeon TOAWYOLGY, LTTEEYEL TTOALWYLEO ) Bobrod n — 1 Tétolo wote
P(z) = (z — 21)Q(2).

AT ™y emoywynn vtébeon,

Apo

Omwg BEAope. O

8.1 XvvextixétyTo

Aépe 61t A C U eivon avortd wg mpog U av vrdpyet ovowxtd V' C C téroto dote
A=UNV.

Optopdg 8.37. 'Eva abvoro U C C Méyetan ouvextixo, ov ey UTOPEL vo YOaQel wg évwan 300
E€vwy, N xEVHY GLYOAWY TIOL Elvoll avoLxTd wg TTtPog to U.
"Evor un xevd, avowxtd xat cuvextixd vtocbvoro tov C Aéyeton ywpelo.

Mpéraocn 8.38. ‘Eva ovvoro U C C elvou ovvextixd av xoat ydvo av ta puova vmoctvold Tou
OV €Yot GLYYPOVWS aVoTa o xAetotd w¢ o to U evar to & xow U.

Arddeln. Av to A C U eivor avorxtd xow xAetoté wg mtpog to U, téte tor A xan U \ A eivon Eéva
XoL ovoLxTa w¢ Tpog To U, pe

U=AU(U\ A).

Emopévwg, av 1o U eivar ovvextixd, évo amd avtéd eivot xevo.
Avtiotpoga, av U = AU B, 6mov A, B eivor Eéva, un xevd xat avotxtd wg pog to U, téte
A =U\ B etvow xat xAetoté wg mtpog 1o U, éromo. O

Mpéraoy 8.39. Eva avoixto ovvoio U C C elvar ouvextixd av xat puovo oy omotadimote d00
ONUELX TOV UTTOPOVY Vo eVwlolY UE ot TTOAVYWYIXY] YOO TTOL TEQLEXETOL 0AOXANEN oto U.
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Amodegy. ‘Eotw 6t 1o U eivar ovvextind xow emdéyovpe zg € U. Oétovpe
A={z€U: zy xou z evihvovtor Ie TONYWILXH Yoouh wéoa oto U}

To A eivow pn xevo, apod zy € A.
Emnetdn to U eivor avouxto, yia xéabe z € U vrdpyet r > 0 tétoto dote

D(z,r) CU.

Omotod¥mote onueio w € D(z,r) pumopel vo evwbel pe to z pe evBdypappo tuiune péoo oto U.
Emopévwg, to z umopel v evwbel pe to zp pe TOALYWYLXTY YOOUUT ay xot Lévo av To (dLo LoyveL
Lot TO W.

Apo 0 dioxog D(z,1) mepLéyeton €€ oroxApov eite oto A eite oto U \ A. Zuverndg, 1600 10
A 600 xar 1o U \ A givor avorxtd, dnhadh 1o A elvan ouyypovwe avorxtd xot ¥AeLoTd Wwg TEOG
7o U. A6 ) ovvextixdtnro tou U, ovprepaivovpe ot A = U.

Avtiotpopa, vrobétovpe 6t omtoadntote dvo onpeion Tov U pmwopody vo evwbody pe moAv-

YWY YOOUUN.
Av 1o U 3ev ftay ouvextixd, Bo vipyoy dVo Eéva, un xevd avowxtd obvoda A, B, pe

U=AUB.
EmAéyovpe a € A xon b € B. Ané tny vtdbeom, LTTAEPYEL CGLYEYAC TTOANDYWVLXT YOOULLT
v:10,1] — U, 7(0) =a, ~(1)=0.

Téte Tor cbOvora
v (4), ~yY(B)

etvor oot wg mpog o [0, 1], Eévor xow pn %xevd, eved
[0,1] =+~ (A) uyH(B).
Avté avtupdoxet pe ™) ovvextixdtnTo Tov dtaothpatog [0, 1]. Apa to U eivar ouvextixd. O

Moéptopa 8.40. Kdbe tomixd otalbepr ocvvaptnon oe éva ywolio 0 (Sniadi otabeph oc éva
avoxTo LTOoUYOA0) elvar atalbepy oe oAdxAnpo o (1.

AnodeiEy. To A eivor pun xevd, apob 2o € A, xan ovouxto, emedn n f eivor tomxd otobepy.
[o v detEovpe 6t elvar xAetotd wg mpog to €2, éotw (2y,) axorovdior onpeiwy Tov A pe
zn — 2z € Q. Enewdn 1 f elvon ovveyng, éxovpe

f(z) = lim f(zn) = f(z0).

n—o0

Apa z € A, emopévwg to A eivor xAetotd wg Tpog To (2.
Amé ) ovvexuxdtnTor Tou €2, ovumepaivovpe 61t A = Q, dnhadh 1 f eivor otobepy. O

Nopatienon 8.41. H cvvextxdtnrta eivar ovotddng. o mopddetypa, To odvoro
U=D(0,1)uUD(3,1)

elvor ovolxTtd oAAd Oyt ouvexTixd. Miow guvdptnom pmopel va eivor otobepn oe xdbe évay amd
ToLG BVO0 3io%0vG, e SLAPOPETLXEG TLUES, XWPLlg Vo elva atobeph oe oAdxAnpo to U.

Avtifeta, to C\ {0} eivon ovvextixd, apob omoladfmote 0o onueio ToL UTOPOVHY Vo eveboly
UE TTOALYWYLXT YPOLUY TTOL ato@edyet To 0.
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9 Mepovopévo pnoevind xot oy TNg TOUTOTNTOG

Bzopnra 9.1 (Mepovopéva pndevixd). Eotw Q C C ywplo (avouxtd xow ovvextixd) xou f
avavtig oto Q. Tote eize f =0 oto ), eite Ao T undevixc ¢ f evon uspovoudva'.

ArodeEn. Oétoupe
S={z€Q: f=0 oc xémora yertovLé oL z}.

To S eivow avowxtd, ard Tov opLou.d Tov.

Oo deiEovpe GTL eivor xow oyeTixd xAetoté oto 2. ‘Eotw zp € S N Yrapyet oxorovbia
zj € S ue zj — 2.

Amté tov optopd tov S, v xélbe k > 0 éyovpe

FP(z) = 0.
Emetdy) ol mopdrywyol plog avoAuTintg ouvapTnong lvol ouveyelc, TEoxVTTEL
F®(20) =0 vy xébe k > 0.

Emopévwg 6Aot oL cuvtedeatés tov avoamtoyportog Taylor tng f oto zg eivar undév. Apa n f eivon
TOVTOTLXA PNOEV OE XATTOLA YELTOVLA TOL 20, dMAXdY 2o € S.

ZOVETG, To S elvor avolxtd xal OYETIXG ¥AELGTO 0TO cuvexTixé obvoro (2. Apa S = T 4
S =

Av S =, t6te f =0 o0 (.

Av § = @, éotw 2y éva undevixd e f. E@doov v f dev eivor towtotind undév oc xopio
YELTOVLE TOL 2z, OTTO TNV TOTILXY] TTOPOYOVTOTIO(NOY EXOVUE

F(2) = (z—20)"h(z),  h(z0) #0.

Emedn n h eivar ovveyrg ato zg, vmdpyet r > 0 tétolo dote

h
()] > | (220” >0, |z—zl<r
ZOVETIWG,
f(z)#0  ya 0 < |z— 20| <,
0TtOTE TO 2 EVOL UEULOVWUEVO UNSEVLXO. O

Bedpnra 9.2 (Apyh e Towtdtrag). ‘Eotw f,g avalvtixés oe xwplo . Ay to agbvolo
E={2€Q: f(z)=9(2)}
Exet onuelo ovooWpeVoNS 010 EowTEPRG Tov (), Tdte f = g oto (1.

ArddeEn. E@apudlovpe to Tponyodpevo Dewpua oty avolutixy cuvdptnoy f—g. Av dev eivon
TOVTOTLXE UNOEVLXY, Tat UNOEVLXE TNG Elval LEUOVWREVD, ATOTO. O

Hopadetypo 9.3. Av pla axépoto. ovohuTiny ouvdptnon txavorotel f(1/n) = 0 yio xébe n > 1,
tote f =0, enedn 1/n — 0 € C. Erniong, av 300 avohuTinés LVOPTATELS OE YWELO GLUTTTOLY
o€ éval 1 TETPLLUEVO EVOVYPUUUO TUNLOL TOV XWPELOL, GLUTITTTOLVY TOYTOD.

Hopadetypa 9.4 (Tati To onueio cuoowevoTg TEETEL va elval eowTepxd). Etov dioxo D(0, 1),
n un pndevixd ovootixry f(2) = sin(m/(1 — z)) pndeviteton ota onpeio 2z, = 1 — 1/n, n > 2.
Avta ocvagowpedovtol pévo oto 1, Tov avrxel 6To GHYVOPO TOL BloXOV, dYL OTO EOWTEPLXS TOV.

YEvor undevind zo g f Aéyeton pepovmpévo av umdpxel 7 > 0 tétoto dote f(z) # 0 yio xébe z € D(zo0,7)\ {20}
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Moptopa 9.5. Ay Q elvor ywpio xar [ un otabepr avalvtixy oto ), tdte dev elvar otabepn
og xoulor un xevy avowxty vroreptoyy tov ). Emoudvwg 1 f elvatl avouxty amexovion xot Sey
Exel TOTUXG UEYIOTO TOL UETPOL TIC.

Amddeily. Av f = ¢ og pun xevd avoxtd abvolo, 1 oy T TawtdtrTag Yo f ko Tt otalbepd ¢
divet f = ¢, avtipaon. O

Tow pndevixd prog wn pndevrng oVaALTIXNG
oLVEPTNOYG BEV CLOCWEEVOVTOL UEGO GTO YWELO.

Ozwonra 9.6 (Apyi Meyiotov Métpov). Eotw U C C ywpio xar f : U — C avadvtud
oVYAPTNO).

Ay 7 |f| mopovoidler tomixd uéyioto oe xamoo onueio zg € U, tdte n [ elvar otabepy;
oto U.

H am6delEn aprvetol wg doxnon.

10 Muyodtxn OAoxAnpwoy

10.1 TlopopeTp*ég XOPTOAEG KOl TOOCAVATOALGLOG

Optopdg 10.1. Mo mapauetond) xaumddy elvan o ovveyig ametxévion v : [a, b] — C. Aéyeton
tunuotie C oy vmdpyet Stapépton a = tg < t; < - < ty = b étolx Hote N 7y va ivar O oe
x6&0e [tj_1,t;] (ue Tig xaTdAANAEG LoVOTAELPES TIopOYtdYoLS oTar dixpa). Taw y(a), v(b) Aéyovron
dxpo g xopmOAG. H xopmoAn eivan xAetots 6tav y(a) = v(b).

H Siadpoun mepthapfBdver xor 0 @OPA e TNV 0Tolar SLYPGPETOL 1| ELXOVOL TNG XOUTTOANG:
o y(t) = e xou n(t) = e, 0 < t < 27, Stoypdpovy T (St TEELPépELa pe avTiBeTOLE
TPOGAYOTONGLOVG. Q¢ OeTixG TPOoAVATOAOUO EVOG XOXAOL EVWOOVUE TOY AVTLWPOAOYLAXO.

Optopdg 10.2. H avéotpoen xoumorn g 7 : [a,b] — C eivow v~ (t) = v(a + b —t). Av to télog
™G 1 Elvot 1 opY TNG Y2, oLEPOAIoLYE pE Y1 * Y2 TN Stadoyixy| Stadpopt] tovg. To unxoc pLag
Tunuatixd C xoumiing ivon

b
L) = [ W),
a
Mopéderypo 10.3 (Baoikég TopaleTpOTOOELS). 1. To gvbdypoppo TuAue omd a o b:
vyt)=a+tb—a),0<t<1.

2. 0 BeTLxd TEOGAVATOAGUEVOS XOXAOC XEVTPOD 2o Xow axtivac R: y(t) = zo+Re', 0 < t < 27,
pe phxog 2 R.

3. To dvw NuixdxAo ané w0 R oto —R: y(t) = Re®, 0 <t < 7.

4. H mepupépera |z — 2| = R Sraypapduevn k @opéc: (1) = zp + Re™, 0 < t < 2m,
ke zZ\{0}.
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Oetixy) popd oEYNTLXY] POP&
Zynua 2: H (O yewpetpixn TepLpépeta Sivel SLaQOPETIXES TTPOTOVUTOAOUEVES XOUTTOAES.

IMpéraoy 10.4. ‘Eotw U C C yweio xar f: U — C oAduoppn cvvaptnon. Av
f'(z)=0  ywx xcbe z € U,
tote n f elvar otalepn oto U.

AmtodeEy. ‘Eotw zp,21 € U. Eneldn) 1o U elvar avoixtd xot cuvextixd, elvol TOADYWYLXA GUVE-
xTx6. Emopévwg, umtdpyovy onpeio

20 = Wo, W1, ..., Wy = 21
TETOLO WWOTE
[wj_l,wj]gU, jzl,,m
o xébe j = 1,...,m, Bswpodue ™y TopoueTpoToinoy Tov avtiotolyov svbdypoupov TU-

KATOG
’)/j(t) :wj_1+t(wj —w]’_l), 0<t<1.

A6 tov xavdva oAvaidog €xovpe

L b)) = F s

dt
= f(7 () (wj — wj-1)
=0.

Apa m ovvéptnon t — f(7;(t)) eivon otabeph oto [0, 1]. Ewdixdrepa,
f(w;) = flwj-1), j=1...,m.

ZUVETLG,
f(zl) = f(wm) = f(wm—l) == f(wO) = f(ZO)'

Emed) ta 29, 21 € U frov avbaipeta, 1 f eivar otobepn oto U. O

10.2 Optopog Tou PLYOOLXOD OAOXANPWOUATOG

Optopég 10.5. 'Eotw v : [a,b] — U tuquoanxéd Ct xou f: U — C ovveyicg, 6mov U C C awouxté.
Opilovpe

b
Lﬂwm:lfmmwnw

To oloxAjpwpa ota SeELd ivor T0 GUYNOLGUEVD OAOXANIPWROL ULYOOLXNAG GUVARTNONG TTOOLYLOLTL-
®hg peTofAntig. Suyxexptpéva, ov h(t) = u(t) + iv(t), 6mov u,v eivor cvveyeic mporypoTinég
oLVOPTHOELS 070 [a, b], opilovpe

/abh(t)dt:/abu(t)dt+i/abv(t)dt.
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To ohoxApwpor awTE Elvol YOOULULXO XOL LXAYOTIOLEL TNV aWLeOTYTA

/abh(t) dt’ < /ab|h(t)|dt.

e ¥ /abh(t) dt = /abh(t) dt‘.

To deki pérog elvar mpaypotindg apltbpds, dopo

/abh(t) dt‘ = Re (e—” /abh(t) dt)
= Re </ab e n(t) dt>

= /b Re(e~"h(t)) dt.

Mpd&yportt, emAéyovpe 0 dote

Emopévwg,
b
a

/a ho) dt‘ _ / Re(e=h(t)) dt

< /b|h(t)\ dt.

Emtriéov, av H : [a,b] — C eivow ovveyrg xow mopoywyiown Le ovveys mopdywyo, ToTe Loydet
70 Opeldeg Oewpnuo Tov AoyLopod:

b
/ H'(#) dt = H(b) — H(a).
a
OL Topamave LOLOTNTEG TTPOXVDTTTOVY ATO TLG OVTLOTOLYEG LOLOTYTEG TWVY TEOYULOTLXWDY OAOXANOW-
UéTwy.

‘Eotw
() =2(t) +iy(t), a<t<b,

xaw f(z) = u(z,y) +iv(z,y), 6mov z = x + iy. Tote
V() = 2'(t) + iy (1),

OTOTE, OO TOV OPLOUO TOU OAOXANPWUOTOG,

b
/ f(2) dz = / SO (1) dt
b

=/ (u(z(t),y(t)) + iv(z(t),y(1))) («'(t) + 3/ (1)) dt.

a

MoAaAaatdllovtog xor xwELLovTog To TEAYROTIXG Ot TO QPAVTOTTIXG LEPOG, TTOLPVOLILE

b b
dz = "y dt+i "+ uy) dt,
Lf(Z) . /a(“”” o) /(z )

6mov, Yoo ouvtopia, oL cuvoEThoELS u, v, x', Yy vrohoyilovtor oto t, dnhadh u = u(x(t), y(t)),
v=uv(z(t),y(t)) »x.0.x.

"Etot To pyodind OAOXANPWUO CUYIEETOL UE TOL ETUXAULTTOALO OAOXANPWULOTO TOL TTOOYULOTLXOD
SLOVLTUATIXOD AOYLOULOD.
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Feopetoixn ewxéva. Xwpilovue pto xopmoAn o uxpésg petatornioets Azj. Lto avtiotouo

Zf(Zj) Azj,

abpotopo Riemann,

otav f(z;) # 0, o moMamdaotoouds ue f(z;) oteéper to diavvopa Az; xotéd arg f(z;) xou
moldandooiadet To uixog tou pe | f(z5)]. Av Bdhovpe to véo Sravdoporta Stodoyixd, N TEAXT pe-
TotéTLioy TpooeyYilel To oAoxApwuo. H etxdvor oty eEnyel yrartt to oAoxApwpo slvor plyadixde
opLBpde xot yLoti pmopel vou LTTAPEOLY AXVPWOELS.

Az b X f(zj)
a P
2 f(zj)Az;
Aradpopn vy Abpotopa Stavooudtwy

Zynuoe 3: H yewpetpio evig ptyadixod abpoiopatog Riemann: xéle pixpd Prpo g Stadpouig
otpépetol xat peyeBovetar, xon To dbpotopa sivor 1 TeALxy petartdnion (Stoxexoppévo diédvoopa).

TMpdtaoy 10.6 (AveEaptoio and v mapopetponoinon). ‘Eotw U C C avowtd, f: U — C
oLVEXTS xall
v :la, b)) = U

tunuotied Cl xoumin.
‘Eotw eniong

o:le,d] = [a,b]
avEovoa, ovveyic xar Tunuotixa C1 cuvdptyon, ue
o(c) = a, o(d) =b.

Tote N xoumbin ¥ = v 0 0 éyet TOY (510 TPOCOVATOMOUD Ue TN Y xoit

Af(z) dz:Af(z) dz.

ArodeEn. ATé Tov 0pLopd TOL ULYOdLXOD OAOXANPWUATOC,

d
[ f(2) dz = / FG)F (1) dt.

Enedh ¥(t) = (o (t)), o xavévog arvoidog divel

V(t) =+'(a(t)o’ (t).

Emopévwg,

¥
61OV 0TN BeVTEPN LOGTNTO XPNOLLOTIOLACOUE TNV oMY Y| LetaPAntrc s = o(t).
Ov mopamdvew vroloylopol epopuélovtor oe xobévo amd Tar LTOSLUCTALNTA OTOL OTTOLo OL
xoumoreg eivar CL, O
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Mpéraoyn 10.7 (Baouxéc duétree xow aviodtra M L). Ta tunuotixa Ct xoumile xow ovveyeis

L(af—kbg)dzza/fdz—i-b/gdz

/M*wfdz: fdz+ fdz /fdz——Lfdz,

<L .
(v )Ze{;l(?;b]) |f(2)]

CLUYPTNOELS LoXOOVY

dz

H televtalor eivar n ovieétnto M L.

AmtodetEy. Ou d3bo TPWHTEG LOLOTNTES TEOXVTTOLY OO TN YOOUULXOTNTA %ol T SLAOTACY TOL
OAOXANPWUOTOG, M TELTN LE oAy peTaAnTrg. Téog,

(0 6 < [ 1700 d < maxif| L)

O
Méptopa 10.8. ‘Eotw v : [a,b] — U tunuatice Ct xaumivdy xo
v () =~(a+b—1), a<t<hb,
N AVACTOOPN XOUTUAY).
Tote
[ ey a=- [ ) a:
v ¥
Arode&n. Améd tov opLopd,
b
| e az= [ fotarb-n)arb-1) a
¥ a
b
— [ 0o 6s) as
a
- [ 1@ e
¥
OTOL YPNOLUOTIOLIGOUE TNY OAAXYH HETAPBANTHS s = a + b — . O

10.3 TMpwToL voloytopol
Mopédetypa 10.9 (Avvépetc mhvew oe xOxho). Twx Cr(t) = Re', 0 <t < 27, xou n € Z,

2m . _
/ 2" dy = iR”H/ Pl g — 2wi, n=—1,
Cr 0 0, n#-L

Mpéypote, yioe n # —1, éxovue

2m
/ ez(n-‘,—l)t dt =
0

o@od n + 1 elvorr pun undevindg axépatog.

pitn+1)t 127

=z =0
iln+1) . ’
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o n = —1, o ohoxApwpa toodton pe 2. Ewdwxdtepa,

d
/ & _ o,
|z|=R *

Ay aAAGEovue TTPOCAYOTOMOUOS, TTEOXVTTTEL —27i oy Storypdovpue dV0 Qopég Tov xOxAo betixd,
maipvovpe 4.

Tapathenoey 10.10 (TTpootxovopio: Tt LETEAEL TO f dz/z;). Kotd phxog xopumdAng mon amopedyet
70 0 pumopobue vou YOGPoLUE, UE CUVEXT ETLAOYT] YWVIOG XOTd Unx0g TNg xoumoing, z(t) =
r(t)e?® 6mov () > 0. Mo tétota emAOYH XATHOXEVLELETOL YWEILOVTOS TRV XAUTIOAY OE UEd
TUNULOTO TTOL XWPOVY G 3loxoug xwpic To 0, emtAéyovtog exel ouveyéc 6pLoUO XaL TTPOCUPUOLOVTOS
TLG TLUEG TOL XATE TOAAXTTAGOLO TOL 27 GTa XOWE Gxpa. TOTE, GTTOL OL TAPAYWYOL LTTAPYOLY,

Z(t) _ ')

z(t)  r(t)

INo xAetot) XoUTTOAY TO 0EYUS %ot TeEMxO T lvo (S, omdte

/dz —i(6(b) — 6(a)).
Y

+10'(t).

z

H ovvoluxy) petafBoin tng ywviag sivol axépoto TOAATAGGLO TOU 27 TO OAOXANPWUO XOTOYQA-
peL TOoES POPES N XOPTOAN TUAYETAL YOPW oartd To 0. Oa To dtaTuTTWooLUE axpLPEaTtepa GToY
ELOOLYAYOLUE TOV OEXTN TTPOPYC.

Mopaderypa 1011, T y(t) = e, 0 < ¢ < 27,

27 ) )
/z dz = / e~ e dt = 2.
¥ 0

H Z elvor ouveyng, Oyt 6w oAOLOPON. Aev UTOPOVUE ETTOREVKS VO TIEPLULEVOVILE UNOEVLGULO ONO-
XANEOUETWY YOPW AT UAELOTEG XOUTIOAEG LOVO OTTH TY] CUVEXELOL.

0 Adyog, 6Ttwg Bor Sobpe TapoxdTw, elvor 6TL N oLYGETNON Z JEV EYEL TTOPAYOLOA.

Noapédetypa 10.12. H ovvéotnon f(z) = Z dev éyel mapdyovoa e xowévo pn xevl ovorxto
vmoobvoro tov C.

Amodely. 'Eotw, Tpog dtomo, 4Tl uTAEYEL 0AOLoPEN cuVEETNoN F' o xamoLo un xevéd avoixtd
obvoro U C C, tétoia wyote
/ —
F'(z) =Z.

Am6 tg eklowoetg Cauchy—Riemann éyovpe
F,=F =x—iy, F,=iF =iz +y.
Epyolépoote g éva ovowxtd opbhoyhvio ov meptéyetor ato U. OAOXANEWYOVTOS TNV TEWTN
oxéon w¢ TPOG T, UE To Yy atolepd, Pploxovyue
2

x .
F(z,y) = 5 iy + C(y),

omov C eivon ouvépTtnoy Lévo Tov Y.
MopoywyiCovtag wg TEOog ¥y, ToLPVOLILE

Fy(z,y) = —iz + C'(y).
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Yuyxplvovtag pe Tt debTEE OYEDY, TTPOXVTITEL
—iz 4+ C'(y) =iz + y,

ONAadN
! .
C'(y) = 2iz +y.
Avté elvar dtomo, aod To apLaTtePd UENOG Elval aveEQPTNTO TOL X, eV To OeEl OyL.
Enopévwg, 1 f(2) = Z dev éyel mopdyovoa oe xowévo pn xevl ookt vroobvoro tov C. [

10.4 Mix Tp®WTN 6OvVdcon pe T0 Bewpnuo Green

Moapatienon 10.13 (Yrevbopion: To Bedpnua Green). ‘Eotw D C R? ppoypévn meptoxy e amho,
*Aeto6, Tunuotixd C'1 abvopo xow

V() = (x(t),y(1), a<t<b

pLa BeTixd TPOCAVATOAGUEYY] TTOPAULETPOTOINoN Tov 0D, dnAadh tétota wote 1 meptoxi D vo
Boloxetow otor oprotepd xabdg Statpéyovpe To abVopPd TNG.

Av P, Q) eivor Tporyhortixég UVORTACELS UE GUVEYELS TIPWTEG EPLXES TLOPAYWYOUS GE OLVOLXTH
yettovtd Tov D, téte t0 Bedpnuo Green Sivet

b
/KHM&(»’U+Q@wwmwwna

Jfo- s

Mpdtaon 10.14 (Ilptn popeh tov Cauchy péow Green). ‘Eotw D pooryugvn mepoxn ue Oetixa
TPOCOVOTOMOUEVO artAd, Tunuatixd C1 advopo, yia v omoio epapudletar o Oedonua Green.
Av f = u+ iv eivar 0Aduopen oe avoixth yertovid Tov D xow oL u,v €xovy GUVEYEIS TEWTES
UEQIXES TTAPAY DYoL eXEL, TOTE

f(z) dz =

oD

Arcdeéy. 'Eotw
At = a(t) +iy(t), a<t<b

wia BeTixd Tpocavatohauévy, Tunuatixé C1 mapapetpomoinon tov AD.
AT6 Tov 0pLoPd TOL ULYOSLROD OAOXANPWUATOG,

b
f(z) dz =/ [u(z(t), y(t)) + dv(z(t), y(1)] [2(t) + iy (t)] dt

oD
b b

:/ (ux’ —vy') dt —|—i/ (v’ + uy') dt,
a a

OTTOL 0N OEVTEPY] YOOUWUN TTOROAEITTIOVILE TOL OPLTUATOL TWY CLUVXPTHTEWY YLOL GUVTOULOL.
Egopudlovtog to Bewpnua Green 670 mporypartind xow 0To QovTooTiXd LEPOGS, TalpyovuE

an dz—// e — Uy) dxdy+z// y) do dy.

Am6 tig eklowoelg Cauchy—Riemann,
Uy = Vy, Uy = —Up,

X0l ETOREVKGS XL T 000 SLTTAG oAoxAnpwpato undevilovtol. O
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Mopéderypo 10.15 (To pryadixd odoxiipwupo xon to epPadov). ‘Eotw D C C ppaypévn TepLtoyn
pe amhb, ¥Aetoto, Tpnuatié C1 abvopo, Yo Ty omoia toyvet To Bedpnua Green. Oewpodye Lo
0eTIXd TTPOCOVATOALOUEYY] TTOPOUETPOTTIOLTOY] TOL CLYOPOVL:

() = x(t) + 1y(t), a<t<hb.

OQa deiEovpe 6Tt

/ Z dz = 21 Area(D).
oD

Mpéypott, amd Tov 0plopd Tov PLyodtxod OAOXANPWLOTOG,
bi
/ zZ dz —/ y(t) 4 (t) dt
oD a
b
— [ - w0 + i ©) o
a
b b
= / (xz’ +yy') dt —1—2'/ (zy’ — ya') dt.
a a

To Tpdhto orhoxApwpa elval undéy, apod

"do5 o
/dt@ +y7) dt
a

[2(t)% +y(t)?]" =0,

b
/ (z2’ +yy') dt =
a

N = N =

eTeLdY] N XOUTTOAN efvot *AELOTY.
[t T0 deBTEPO OAOXAPW.O EQPaPOLovpE To Bewpnuo Green pe P(x,y) = —y o Q(x,y) =

x. Ezot,
b
[ vy at= [[ @~ P asay
a D
= // 2 dx dy
D
= 2 Area(D).
ZUVETLC,

/ Z dz = 2i Area(D).
oD

To mopddetypo Selyvel 6Tl évar ULyodixd OAOXARPWLOL LTTOPEL Vo €YEL GULETT YEWUETOLUN OY]-
uooto: oty TEOXELUEVY] TEPITTTWOY, TO OAOXANPWUA TNG Z LTTOAOYILEL, g ToV Ttapdyovta 2, TO
epPaddéy tng TEPLOYNG TTOL TTEPLXAELEL N XAWUTTOAY,.

zZdz
oD
= 2i Area(D)

82



Hopotionoen 10.16. To Green diver pro Tyt €Efynom tov Bewpnuotog Cauchy, oAAG ypetdleton
Tpbéoletn opordtrto. Tlow pior oLYAETNEN TOL TN YVWPELLOLUE UOVO WG 0ACLOPQPY, DEV EYOVLUE
oxopun omodelEel 6Tl oL pepixég Topaywyor lvar ovveyels. To Bewpnuo Goursat TopoxdTw dev
0o ypnotpomotost ot TNV LTTHOETT,.

11 Tlapdyovoeg rot aveEoptnolo amd T Stadpout

Optopog 11.1. ‘Eotw U C C avowxtd xor f: U — C ovveyhe. Aépe 6t m f éyeL mapdyovoa 6to
U, av vrépyet ohdpoppn F : U — C tétoia bote F' = f oto U.

Ocdrponua 11.2 (Oepehddeg Hedpnuo emxapmTOALLY 0AoxAnpwpdTwy). Av F' = f oto U xat v
elvor Tunuortixd C1 xaumidn ue apxh a ot téloc b, tote

/f(z) dz = F(b) — Fla).

Anddeitn. Le w&be Sidotnua émouv 1 ¥ eivar O epoappélovpe Tov xavdva ahvaidac:

d
G F0®) = F'6@0)/' () = fF(v () (2).
OAoxAnpwdvovpe xat afpollovpe: oL TLUEG 0T EVOLAUETH AXPO OToAslpovTaL TAcoxomixd. [

Moéptopa 11.3. Av n f éxet mopdyovoa oto U, tote 10 fv f dz eEaptdrar udvo and to dxpo
™6 7. Idiws, fv f dz = 0 yrx xdbe xietotiy Tunuotied C1 xoumiin oto U.

Ba!

72

Zyfuo 4: Abo dradpopéc pe (dta axpoa. T1ote €xovy T0 (dLo ohoxAfpwpo; H Hropin Tapayodaoog
omoteAel emapxy) cuVHNUY.

Ocwpnua 11.4 (Toio toodvvapa xpttipte). ‘Eotw U ywpeio xar f : U — C ovveyrjc. Ta axdlovba
elvar toodvvoua:

1. H f éyet napdyovoa oto U.

2. To oloxAjpwuo f,y f dz eEnprdron uovo and ta dxpo TNg 7.

3. D xdbe xAetoti Tunuotied C1 xourxiin v oto U, f,y fdz=0.

Ardde&n. Ou (1) = (2) = (3) mpoxdmTovy apéowg amd To TEoNYoLuevo Bedpnua. Yrobétovpe
70 (3), emhéyovpe zg € U xow opilovpe Atoréyovpe 29 € U. T xébe z € U, Bewpodpe pio
Tunuatxd C1 xoumoin v, oto U, e ooy T0 2o XL TéEac To 2, xaL 0pilovpe

F(z) = / £(0) dC.

z

H F eivor xohd optopévy, a@ob, amd ty vrdbeon ot to odoxhjpwuo g f oc x60s xhetoth
XOUTIOAY] €lval pndév, N TN TOL OAOXANEWUATOS JeV EEQPTATAL Ot TNV ETLAOYN TNG Vz. XKATA
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wixoc omotacdfmote Tunuotixé O Stadpounc ato U. Tétolec Stadpopéc vmépyovy emetd? to U
elvol ovoLxTO XL CLVEXTIXO, QPO TTOAVYWILXA GLYEXTIXG. Av dV0 SLadpouég €xouy (BLor axpa, M
TN Lol PE TNV ovTioTpoen Tng deltepng eiva xAeLot, omdte To (3) eEaopailel 6Tt 0 0pLopds
dev ekoptatat and ) Stadpout). Auxatohoyeitot, Aotmtdy, va vLobeTHoOLUE XAl TNV CLUVTOULOYPOPLO

/ :f(C) ac= [ 1) ac.

z

‘Eotw z € U. Enetdy 1o U eivor avorxto, yro xé0e opxetd puixpd h # 0 to evfdypoppo tuipo
[z, z+h] meptéyeton oto U. Emopévwe, amd ty aveEaptnoio ToL 0AOXANEOUOTOS ot T dtadpout,

F(z+h)— F(z) = /[ o

1
= h/o f(z+th) dt.

Apa
F(z+h)—F(z
FEEREEE ) < sup 1G4 - 1)) 0
0<t<1
amd ™ ovvéyeta g f. Emopévee F/ = f. O

22

Hopadetypa 11.5. H f(z) = 2ze% éyel TopdyOLOOL F(z)=e
dtadpopn amd to 0 ato 1 + 4,

oto C. Apa, aveEdptnTo amtd

144 , . 4
/ 2ze% dz =19 1 =% 1,
0

Hoapoationon 11.6 (H mpwt “tpvma’). H 1/z Sev éyxet mapdyovoa oc 6ho to C\ {0}, 8ot 70
ONOXANPWUA TNG GTOV povadtalo xOxAo eivon 27mi. Apydtepa o Sobue 6TL €xel Topdyovoo GTo
oytopévo eninedo C \ (—oo,0]: awti eivan évag xAddog tov Aoyapib.ov.
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