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1 Apyn Tov Ileptotepmvo

Optopdg 1.1 (ITAnBixdg aptBuée). ‘Eva abvoro S Aéyeton memepaopévo av umdpyet m € N xou
f:S = {l,...,m} n omota eivar 1-1 xou emi. O m Aéyetow mANOBS&ELOLOg Tov S %o Bow Tov
ovpBorilopve pe #S 1 |S|.

Mpéraon 1.2. ‘Eotw f: A — B, drov A, B wercpacudva abyolo.
a) Av q f elvou 1-1, tdte #A < #B.

b) Av n f eivor eni, tdte #A > #B.

Moptopa 1.3 (Apyn Meptotepodva ). Av f: A — B xou #A > #B, tdte n [ Sev elvou 1-1. Apa
vTGEYOVY T1,X3 € A ue 11 # w9 TéTOtX ote f(x1) = f(x2).

levixétepa, LoydeL TO TOPARGT.

Mpéroon 1.4. 'Eotw n,m,r Ostixol axépoator ue n > rm. Av falovue N Undies o m xouTid,
TOTE LTTAPYEL TOLAdLoTOY Evar xouti ue TovAdytotov T+ 1 umdleg.

Epappoyn 1. Meta&d m + 1 axepaiwy, vrapyovy 860 mov 1 Sta@opd Tovg dotpeirar e m.

Anddeiy. ‘Eotw A = {a1,a9,...,ami1} TO 0UVOAO TwY axepoiwy. Ocwpodpe Tor LTLOAOLTAL TNG
draipeang Tou xébe apbp.ob pe to m. To Suvartd vdAoLta efvar To obvoro B = {0,1,...,m—1}.
Emtetd1 to mAi00g twv apLbucdy (m+ 1) eivor peyahitepo amd 1o TAR00E Twy SUYOTEY LTTOAOLTWY
(m), amd ™y Apyn Tov [eptotepivar LTLAPEXOLVY TOLAGYLGTOY SVO CPLBUOL a;, aj Tov €xovy To (SLo
vTéAOLTTO. TVVETWS, a; = a; (mod m) = a; — aj = k- m, Gpa M dapopd Toug Sratpeital pe
TO M. O

E@appoyn 2. Xe wo ovvaytnon m atouwy, vmapyovy 800 dtouo Ue To [0to TANHOS YYwoTy.

Arodeéy. 'Eotw m dtopo. O optbudg twy Yvwotoy yio x&be dtopo propel vo eivor amd 0 éwg
m — 1. Ilopatnpodue 6T dev yivetor vo vTaEYEL TawTé)Eova dtouo ue 0 Yvwotols xat dtouo
pe m — 1 yvwotoig (av xdmolog Eépel Ghovg, dev yiveTtar xdmotog vo uny E€pet xavévay). Apa,
ot duvartég TLpég Yo To TARBog Ty Yvwotoy elvor eite {0,1,...,m — 2} eite {1,2,...,m — 1}.
Ye %6 mepintwon, éxovpe m dropo (TeptotépLa) ko m — 1 Sduvartég Tipég TARH0LS YVWOTHOY
(pwhiég). A6 v Apyh tov Ileptotepwva, ToLA&YLoTOY dVo dropa Bor éxovy To (dto TARBHog
YVWOTWY. O

Epappoyn 3. Alvovrar 10 onueior oto eowtepixd tetpaydvov mwicvpas 1. Tote vrapyovy dVo
ano autd o amdotaon uxpotepn ano 0,48. EmurAdoy, vmdpyovy 3 amo avtd oL U000V
va xaAvplody amo dioxo oaxtivag %

Arodeén. T tnv aréotacy: Xwpilovpe T0 teTpdywvo TAsvpds 1 oe 3 X 3 = 9 oo utxpdrepa
tetpdrywvo. Thevpdg 1/3. Emedn éxovpe 10 onpeio xow 9 tetporywvéxnia, omd v Apyh tov Ile-
PLoTEPWVO, TOLAGLoTOV 2 onuela Do Bpebody ato (BLo pixpd tetpdywvo. H péytotn amdotaon
(Brorydviog) péoa oto pLnpd TeTPdywvo eivot:

1/3




Zyquoc: 10 onuelo oe 9 tetoaywve. ‘Evo xoutl xet xOxxwo ypwua xot meptEyet 2 onuelo.

I tov dioxo axtivag 1/2: O dioxog oxtivog 1/2 éyer dduetpo 1. Eva tetpdywvo mAsvpds 1
uTopel vor xohubel optaxd amé xOxAo Stapétpov V2 & 1.41, omdrte ypedletar TPOCOYH OTN
dtotdmwon. Qotdoo, Lo To oA TPOGEYYLoN Yot TO devTePo oxéhog (xdAvdn 3 onueiwy). Av
YWPLoOoLUE TO TETPGYWVO ot 4 (oo TeTpdywvo TAevpEdg 1/2, Téte pe 10 onueia, omd Ty yevixev-
uévn Apyn Heptotepdva ([10/4] = 3), B vdEyoLY ToLAdYLGTOV 3 oNueior 6TO (BLO TETPAYWVO
TAeLEdg 1/2.

Aioxog R = 1/2

Xwptlovtag oe 4 xovtd, ue 10 onueia,
ToLAdyoToY éva éxet [10/4] = 3 onpeia.

"Eva tetpdymvo mhevpdg 1/2 éyel daydvio \/i/ 2 = 0.707, dpo xoAOTTTETOL AvETO OTth 3lo%O
axtivog 1/2 (mov éyet didpetpo 1). O

Egoappoyf 4. Ta televtaior 1000 yoovia, xolévas uog eixe évay mpdyovo A, dote vrapyet
droupo P mouv vrav mpdyovog xat touv matépa xar tng untépag tov A.

AmodetEy. Ymobétovpe Gt pLo yevid eivar mepimov 30 ypdvia, dpo ae 1000 ypdvio €xovpe mepi-
oL 33 yeviéc. Av 6oL oL TEGYOVOL HTa SLapoETLXOL, TELY amtd N yeviég Ba eiyape 2™ mpoydvouc.
T n = 33, 233 ~ 8.5 Suoexatopudpla, apLbuée mov vrepPaivet Tov TANBLEUG T I'ng exeivn T
emoy (xow aiyovpor Tov TANOLOP.G TG TEPLOYNS RATAYWYNS). AQOL, CVOYRAOTLXE LTTAEYOLY ETTLXO-
AOYELG 0TO YEVEAAOYLXO GEVTPO, SNAOSY GTope oL gpavifovTol we TEHYOVOL Ol SLOPOPETLXA
wxhadré (onpoptEfon oe poxptvd Bobuod). O

Epappoyn 5. Xe xdfe mevtaywvo ue axépoteg oLVTETAYUEVES VTTAP)EL ONUELD OTO ECWTEOIXO
TOV 1] OTNY TEQIUETOO TOV UE AXEQAUES TUVTETOYUEVES.

AntddeiEy. Ov ovvretaypéveg (,y) pog xopuehg uropel vo elvar (dptiog, dptiog), (&ottog, me-
oLtTdg), (Tepittie, dptiog) N (meptttie, TePLTTOS). YTTAEY0LY dNAadY 4 Suvartol cuvdvoouol. 'Eva
TEVTAYWVO EYEL D x0pLEYES. ATé v Apyn Tov IleplaTtepwva, TOLAGYLGTOY dVO XOPLEES, ETTWL
A(z1,y1) »aw B(x2,y2), éxovy tov idto suvdvaopd. Tote, to abpoiopota x1 + o xow y1 + Yo eivor
aotiot optBpoi. To péoov M tov tufpoatog AB éxet ouvtetorypéveg (%2“, %) ot omoieg Ho

elvar oxépatot opLOpol. O

Egoappoyf 6. Xe xale c&ado atduwy umopovue va Bpolue eire Totddo yVwoTwy ete Totdda
ayvaioToy.

AnddeEy. Ozwpolpe éva drtopo A. Améd ta véroio 5 &topoa, ToLAdYLoTOY 3 éxouv TNV (dlo
oyéon pe 1o A (Apyn Tleptotepdvar: 5 avtxeipeva, 2 xovtd). ‘Eotw 6t to A éxer 3 yvwotolg
(B,T,A).



YVwotdg

Yvwotdg

o
M

Yvwotdg

Av plo od Tig droxexoppé-
VEG MTOw UTTAE, oynuatileton
UTAE TPiY®VOo. Av GAeg Ttopor-
uévouy xéxuxLves, oynuotiletoL
#6%xvo Tpiymvo (BI'A).

O

Epappoyn 7. Av mwapovue 19 apbuods arnd tnv aplbuntixy rpoodo 1,4, ...,100, vrapyovy
ovo ue abpotouo 104.

AnddeiEn. H mpbodocg ivow a, = 3n — 2. To 100 etvor 0 34o¢ 6pog (3 - 34 — 2 = 100). To ovoro
S éyet 34 atoyeio. Zntape Cebyn pe dbpotopo 104. Bewpodue o Cedyy:

{4,100}, {7,97},...,{49,55}.

TCevixd T Lebym eivon g popevg {k, 104 — k}. Eniong, moportnpodpe 6Tt omd toug 34 aptbuote
NG TPOHA0L:

- 0 aptBpdg 1 dev éyel Taipt oto abvoro (Bo Abere to 103).

- 0 aptBpdg 52 dev éyet taipl (Ba Hbehe to 52, aAA& Taipvovpe SLoxpLtolg oELdode).

To véAoLTar 32 vodpepa oyxnuatilovy 16 Levyn pe dbpotopo 104.

Anpovpyobpe Tig TPALES” we eERG: 16 Quwtég yio tar LebYm, 1 wALd yrorto {1} xow 1 @whid Yo To
{52}. Zovoro 18 pwiéc. Emaéyovpe 19 aptBpodg (teptotépra). Améd v Apyni tov Meplotepivar,
Bo emAeyoly avoyxootixd xow oL Vo apBuol amd TovAdytoTov pio PwAd Lebyoug (ool ot
QWALEG TWY LOVOY apLtBudy ywpdve pévo 1). Apa Ba éxovpe dbpotopa 104. O

2 Boaowéc Apyés AmopiOunorng

MpocOstixn Apym

Av Ay, ..., A, menepaopéva Eéva avd dvo, tote:
n n

# U A; = E #A;
i=1 i=1

MoAAamAocLaoTing Aoy

"Eotw 61t po Sradixaoion pmopel vo ywpetotel oe k dtadoyxd otédia. Av 1o 10 otddio puropsel
var OAOXANPWOEl pe Ny TEOTOLS, TO 20 GTASLO HE N TEOTOUG, ..., XL TO k-00TO GTAdLO UE Ny
TEOTTOVCE, TOTE TO TANDOG TWV GUYOAMXWY TPOTIWY KE TOVES OTTOLOVLG UTTOPEL Vo TTporyporTtoTtotnOel 1
otadxaoion efvout:



Epappoyn 8. Eva sotiatopto mpoopépet 3 €(dn 0pexTixdy, 5 xLOIws maTa xow 2 emO0QTIA.
Me moooug tpdmoug umopel évag meldatns vor oxnuatiost évor TAGpeg yYeduo;

Amt6detén. TOpQwva e TNV TOAATIAOGLOGTLXY oYY, EXOVUE 3 OTAdLo ETULAOYAG:
e 10 01430 (Opextind): n1 = 3 emtAoyéc
¢ 20 01430 (Kupiwe): ny = 5 emhoyée
¢ 30 01430 (EmddpmLo): n3 = 2 emthoyég
To ovvoAxd TANBOG TwY SLaPOPETIXWY YeELUATWY Elvort:
352 =30 tpdémoL.
O

Mpbraon 2.4. Av Ay, Ag, ..., A elvar merepaouévo ovvola, tote 0 mAnlixds aptbuds tov
XOPTETLAVOU YWOUEVOU TOUS EVAL TO YIYOUEVO TwY TTANOixe)Y Toug aptbuy:

#(A] X Ag X -+~ X Ap) = #A1 - #Ag -+ #A}

Me méoovg TpdéTOoLE LTToPovY vor TomtofeTtnlody N dpotor TLOVLOL GE Lt T X T GRAXLEQOL LY
aMnAeTdppevo (vou uny omtethel To éva To GANo, SNAaST oE SLaPOPETIXES YOOUMUES xal OTAAEG);
Amévon: n!. (H n wopyou).

Epdton: Me méooug 1pdmoug umopodue v emtAéEovpe Evar Ladpo xon €vor AoTPO TLOYL oy eV
Bélovpe vo elvar ot (St Yoopps] | othAy (oe oxaxtépa 8 x 8);

Amévtnon: To mafbog Twy ovadtatdEewy eivar nl. 18to pe Tig un aAAAETLIPWUEVES.
ZuyxexpLpéva yioo Ty emtAoyn 2 movtwv: To mpdto pmalvel oe 64 Oéoelg. To dedtepo €xetl amo-
xAetotel amd 1 yooppn xow 1 otiAn (15 Béoele), dpo 64 — 15 = 49. 64 x 49. (Tnpeiwon: To xeipevo
avopépeTal Yevixd o avadlatdEetg n!, mbovdg avoapepdpevo oty TomobéTnon n THEYWY).

N

7
277
7

7777
2777

Syfuor: Avtiotoryio TAéypotog pe puetdbeon (2,5,1,3,4).

Aoxnon 1. Orovue
X ={1,2,...,200}

xou opffovue 10 aUVOA0
S ={(a,b,c) € X® : a <bxaua<cl
Idoo oroyeio Exet To S;

ArddeEn. H ouvbixn a < b xow a < ¢ onuodvel 41t o a elvor ovotned wxpdtepo amd xat o b
xot To c. [apotnpodue Tpwtar ot dev pmopel va eivo a = 200, dtoTL TéTE 3V LTTAPYEL XOVEVXL
b e X pe b > 200, odte xavéva ¢ € X pe ¢ > 200. Apo avoryxoatixd

ac{1,2,...,199}.

Oo dtoomdioovpe To S ot Eéva LeTAED TOLS LTTOOVYOAD, AYAAOYO UE TNV TLUY ToL a. Tiar xébe
ke {1,2,...,199} opilovpe
A ={(a,b,c) € S: a=k}.



Téte tar Ay eivon Eévo avd 360 xou

199 199
S=1]4 = 15/=)_ |4
k=1 k=1

(opyh Tpdobeong).

Ytabeponotodpe tpo 10 a = k. Tote n avioétro a < b oodvvapet pe b € {k+ 1,k +
2,...,200}, dpo vépyovy 200 — k emthoyég yro to b. Opoiweg, anéd a < ¢ éxovpe ¢ € {k+ 1,k +
2,...,200}, dpo vrapyovy 200 — k emhoyée xow ya to ¢. Ou emthoyég Tou b xow Tov ¢ elvo
aveEdptnteg (Sev LTTAEYEL TTEPLOPLOWOG LETAED TOLG: ETULTEETETOL axOun xot b = ¢), omdte

|Ax| = (200 — k)(200 — k) = (200 — k).

199

S| =" (200 — k).

k=1
Oétovtag m = 200 — k, 6tav k = 1 waipvovpe m = 199 xat 6tav k = 199 maipvovpe m = 1,
oo
199

|S| = g m?.
m=1
XOENOLULOTTOLOBUE TOV YVWGTO TOTO

- ~n(n+1)(2n+1)
ZmQ - 6 ’

m=1
pe n = 199, xow Pploxovpe

199 -200-399 15,880,200
6 - 6

Apo t0 6Ovoro S éyer | 2,646,700 | orouxeio. O

Aoxnon 2. Ildoot Oetixol axépotor tetpadnpior optbuol Exovy TOLAGKLOTOY éva nEio oL elvat
29 3;

S| =

= 2,646,700.

Amodetly. Oa XENOLUOTOLICOVUE TNV QO TOV CUUTANOWUOTOS.

Bipoa 1: Metpdpe 6Aovg tovg tetpodriprovg Betixodg axespaiovs. ‘Evag tetpadnprog aptbudg
éyer popen abed, 6mov a € {1,2,...,9} xouw b,c,d € {0,1,...,9}. Apa 0 cLYOALXGG aPLBPGG
TeTpad@Ley OeTindy axcpaiwy eivol

9-10-10-10 = 9000.

Bipoa 2: Metpdue mdooL dey €xovy xavéva Pneio (oo pe 2 1 3. Anhadn, B ovue tetpodripLovg
abcd tétowoug hote

ad 2,3}, b¢{2.3), c¢{23), d¢{23).

INo o TpwTo Pneio a emitpémovton oL Tuwég 1,4,5,6,7,8,9, SnAadn 7 emtroyés. Mo xabéva amd
Ta b, ¢, d emitpémovtor 6Aa to Pneta 0,1,4,5,6,7,8,9, dnAadh 8 emroyéc (aporpodpe to 2 %o
3 am6 ta 10 Pmneio).



Emopéveme, o apLtbpog twv tetpadeLeny mou Sev meptéyxovy xavéva 2 M 3 elva

7.8 =7-512 = 3584.

Bipa 3: Aporpodue amd o abvoro. Apa oL TeTpohN@LoL Tov €xovy TovAdytaToY Evar Preio (oo
pre 2 M 3 elvon
9000 — 3584 = 5416.

Yuvent®e, N awdvyon eivar | 5416 | O

Aoxnon 3. 'Eotw n > 2 Oetindg axépatog ue

— &1, 02 (875
nN=mpy Py Pr>

Omov P1,...,PE evar SLo@opeTixol mTpdTol aptbuol xot o, ..., q Oetixol axéootor. I[loocoug
Oetixolc Sonpéreg Eyet 0 n;

AnddeiEy. Oupilovpe 6t évag Betindg axéporog d Aéyetan SLopétng Tov n o ot pévo av d | n,
INAadY) oy LTTREYEL axéPOLOg ¢ WoTte N = dgq.

I3¢a: Kébe dratpétng d tov n mpoxdmtet emtAéyovtag mooes popéc Ba eppoaviletar xédbe TpwTog
p; otov d, pe exBétn amd 0 péypr o;.

Axptéotepa: 'Eotw d Oetixdg dratpétng Tov n. LTy TEOLLY TOEOYOVTOTTOINoY ToL d LTTOPOVY

vou gppavifovtot Hévo oL TEWToL Pi, . .., pr (0pob av xdmotog dAhog mpeitog r Stonpoboe To d,
T6te O dtopodoe xat To N, 6Toro). Apa 0 d YodpeTaL Lovadixd 0T LOPQY
b1, B2 B

pe B; > 0 axéporovg.

Ened? d | n, yio xébe i mpémer vor toyvet f; < oyt awv eiyape B > oy, téte 0 p;’ Bor Stapovioe
oV d %0 QPO XOL TOY N, OUWE AVTO Elvat aSVVATO POV GTOV N 0 P; EREavileTot LOVo Ue SVVOUY
0. ZUVETIOG

i

0<B<a; vaxbébei=1,2,... k.
MeTpbpe Tlg emLAoyés:
e To tov 51 éyovpe a1 + 1 emroyée: 0,1,2, ..., .
e To tov (o éyovpe s + 1 emroyée: 0,1,2, ..., ao.
e T tov By éxovpe ag + 1 emthoyée.

Ou emtAoyég avTég eivor aveEQPTNTEG, Apat aTtd TOV ®OVOVOL TOL YLVOREVOL O GUVOALXOG oLdg
duvaty k-6dwv (B, ..., Br) (xow Goo Sronpetdyv d) eivon

(Oél + 1)(042 + 1) cee (ak + 1).

Apo 0 1 €xet axpLBug

‘(a1+1)(a2+1)~-(ak+1)‘

OetixoVg Sratpétec.

Mopadetypa: T n = 20 éxovpe 20 = 22.51. Apa to mAiBog Twv Stanpetov eivon (2+1)(1+1) = 6.
Mpéypott ou Betixol dropéteg ivor

1,2, 4, 5, 10, 20.



Téoocplg exd0oyég YL TOYWTA

Yrobétovpe 6Tt LTGEYoLY N Srobéotpeg Yeboelg xar Béhovpe vo TidEovpe emhovég pe k
UTtEAEC.

e Xwvaxu: ov umtdieg éxovy oetpd (dpo oL dtatdEelg draxpivovran).

* xumeAAdxt: 1 oclpd dev éyet onuooia (oo PETPAUE GUYOAC/TOANGOVOAX YEVTEWY).

1) (Opening Day) Xwvdxt, emttpémovtol eTtavaAets

Aoxnon 4. TIdoo Stopopetind ywvaxia ue k urdieg umopoly vo QTiaytody ame n YEOOES, oV
emtpénovral enavalipers (Oni. umopel vo emtdeyel (Bl yebon moAdés popés) xouw n oelpd
TOY UTTAADY OTO YWVAXL UETOAEL;

Arddety. Twa xG0e pio améd g k Oéoelg emtAéyovpe pio amd tig n yedoels, aveEdptnto. Apa,
LE TOV x0vAVOL TOL YLVOREVOU,

n-n---n=nk

——

k @opéc

2) (Second Day) Xwvaxt, dcv emLTPETOVTOL ETAVOADELS

Aoxnon 5. IIdoo Stopopetixd ywvdxia ye k Umdies Umwopovy va QTioyTody omo N YEVOELS,
ay dev emrpénovrion eravoaliels (xdbe yebon to TOAD pla opd) xow N CELOE TWY UTOALDY
oto ywvaxt uetoaet; (Ymobérovus k < n.)

Amodegy. Tioutny 17 0éom éxovpe n emhoyég, Yo ™ 2 n — 1, ..., yroe v k-ootq n — k+ 1. Apa

n(n—l)---(n—k+1):m.

O

Hpépa 3: adidkgites pmaeg (v €xel onpacio 1 6ELpA), SEV ETLTPETOVTOL ETOVOL-
Mdeg yebong

"Yotepo amd 800 pEPeg GLVEXOVS EEVTINEETNONG UE YWVAXLOL, OL DTTAAANAOL YpEL&LoVTaL Evol
oareppa. Ty 3n pépo xpatape TOV TEQPLOPLOWO «xopion YEOON TTAvw amd pio Qopd», oA
ovtixaliotolpe Ta xwvoxto e xumeddaxio. To xOTEANGXLA Elval OEXETE PLEYEAO YOTE 1] OELPA
TOV UTTOADY vou uny €yel anpooio: éva xuomeAdxt pe chocolate xow vanilla petpder uia @opd,
aveEdpTNToL atd To ToLa Yevom “eivon amd mavw”. Me avTolg Toug XAVOVES, TOGO SLOPOPETLXA
XOTEEANGXLL TV k UTTaAGY DTTAEYOLY;

Amtodet&y. Oa cupBoAicovpe TNY aTAVTNON UE (Z) (Sraféletor «n choose k»): dnrod+ (Z) elvo
0 aPLOPOg TWY SLOPOPETLXWY XVTTEAAOXIWY TToL Ttalpvovpe dtadéyovtog k pumdieg amd n yeldoeLs,
xwplg va emavoioufavetol yedor.

Ouudpoote ™y Huépo 2: exel dev emttpémope emavorjPels alda 1 oelpd petpodoe, omtdTe
elyope oLVOALXG

(n—k)!
OLOUPOPETLXA YWVAXLOL.
Topo, TaEe Evor GLYXEXPLUEVO KOTIEANGXL LE Kk UTIAAES, OAEG SLopopeTXwY YeEVoEWY. Me Tt6-
60UC BLOUPOPETLXOVC TEOTTOLE UTTOPOVUE Vo BdAovue owTéc Tic k Umdhec o xwvéxt (dmov 1 oelpd
netpdel); Auté eivor amAdg pto petdlbeon Ty k Staxpltdy Yeboewy, Gpo vrtdpyovy k! tpdmoL.



Apa: (o) Ttpeytar dLoréyovpe To ®UTEAGL (S7A. TO GUBVOAD TwY k YEHOEWY) pe (Z) TPATTOLG
xo () petd drotdooovpe tig k yedoelg oto ywvaxt pe k! tpémovg. Emopévwg

(1) = o

To (Z) OVOPLALETOL SIWYOUIXOC CUVTEAECTIC. O

Apa

Hyépa 4: adidkgites pmdheg (3ev Exel onuoaoio 1 oclpd), ETLTPETOVTOL ETAVAATPELS
Yevong

Trv tedevtaion L€, TO XOTEAOTNUO CQPOLOEL TOY TIEQLOPLOUG KO ETILTPETIEL VO TTAPOLUE OOEG
utéAeg Bérovpe amtd pLo yedon. Yrdpyovy axdpa n yevoetg. Moo k-pmoio xuTeANExLor LTTEE-
YOULV;

Eivar deheaotiné vo oxe@rodue «amd v Hudpa 1 eixape nF ywvéna xar thpo dev pog
voLélel v octpd, dpo vo. Stonpéoovpe pe k!». Ouwe awtd eivor Adboc: to k! petpdber SiortdEete
SLaAPOPETIXGY OVTLXELLEVWY. AV LTTAEYOLY ETTOVaAAPELS, deV avTioToLoVy k! SLapopetikd ywvdxto
oy (Do emAoY YeboEWY (T0.%. GTay OAeg oL UTdAEG eivor (SLar YEOOT, LTLAEYEL LOVO EVar YwVExL,
dpo ) draipeon pe k! dev Bydler vomuo.

Oa ypnotpororioovpe T LéBodo aotéota xow umdpes (stars and bars). Xpnotpomotodye k
ooTépLa, xabe évo avtioTolyel oe plo umdAo TorywTod, xo n—1 umépes wg SLoywELoTIXE aVaUETH
otlg yevoels. Ooo agtépla eppavilovton oLy amd ™y 11 umdpa eivol pdieg ¢ 1ng yevong, éoo
elvar avapeoo otny 1n xow 2n pmdpo etvat g 216, %.0.x. 'ETol emitpémetol o «TOAEG UTTEAES
e Btog yedone» (TOANG aoTtéplar avdpeon oe dV0 PTEPEES) xal «xopior UmdAo Wwiog YEVoNg»
(800 pmépec xOMNTA).

Hopddetypo: yiaw 3 yeboelg coffee, mint chip, chocolate xotw k = 5, to xomeA éxt pe 2 coffee, 2
mint chip, 1 chocolate ypdpetor wg

ok *kk | *
~— ~— —~—

cof fee mintchip chocolate

Ado pmapeg apxody yia 3 yeboeLs.
Mo topdderypa, tow StorypdLporto

kokokok | kok | kok % %o RIEE
ovTLoToLYoVY ovtioToL o o€
ok o ‘ * ok ok %o * ‘ ‘ S
~—— ~— ~—~—~ ~—~ ~— ~—
cof fee mintchip chocolate cof fee mintchip chocolate

ONAadY aTo TPWTO €xovue 4 puméheg coffee, 2 mint chip, 3 chocolate, eved oo debtepo 1 coffee, 0
mint chip, 2 chocolate.

TCevixd, yio va ywpioovpe o n meployée (yevoelg) ypetaldpoote n — 1 pmdpeg o yioo k pmdieg
yoetalopoote k aotépro. Apa éxovpe cuvoluxd n + k — 1 Béoetg ov Oa yepioovy pe k aotépla

xar n — 1 prdpeg. EmiAéyovpe moteg k amd avtéc tig n + k — 1 0€oeig o xatodnpdody amd
aotépLo (tar aotépLar eiva dpota, Qoo M oeLPd BeV LETPEEL), OTIOTE €YOLUE

e



dtapopeTinég JLaTAEelg aoTepdy xat umopwy. Kabe tétotor didtakn avtiotolyel povodixd oe
évor XOTTEAAGXL, xoL o TioTEOPO. Apa 0 apLBpdg Ty k-proinwy xomelaxinwy, dtay emtTpémovtal

emavaleLg yedong, eivon
n+k—1
) .

Aoxnon 6. Exovue 3 yeboeic waywtod: PBavilio, coxoidata xoar ppdovia. Oflovue va @tia-
Eovue éva ywvas ue ovvolixa k urdles, étot dote

v umales vo elvar Pavida, C umdldeg vo elvar coxoldara, § umdldeg va eivar ppaovia,

ormov v,¢,8 > 0 xow v+ c+ s = k. [Idoa dSapopetind ywvdxia vrdoyovy (dniady mdoeg
SlapopeTInés oelpég YeUoEWY unixovg k ue autés T mAnOixdtytes);

Anddeiln. Ou k pumdeg 070 ywvdxt éxovy Béoelg (xdtw—mévw), dpo n oeLpd petpdet. Qo emiAé-
Eovpe oe moteg Béoetg umaivel xébe yedon.

Moo dradéyovpe Toteg v omd Tig k 0éoetg Oo elvor Bavidio: owtd yivetal pe
k
v
Amopévouy k — v 0éaeic. A6 avtéc Staréyovpe moleg ¢ Da eivar coxoldta: awTd yiveton e
k—wv
c

Ou vtérotteg O€oeLg eival aVOYXOOTIXA EEPAOVA, o Elvol

TPOTTOLC.

TPOTTOVG.

k—v—c=s

Oéoetic.

Apo, e TOV %OVOVOL TOL YLYOUEYOU,

(i) (k . U) - U!(k:ki o)l (kc!_;)! - U!IZ!!S!'

Emopévwg o aptBudg Ty xwvdxwy eivol

k!
vlels! |

O

Aoxnon 7. 'Evoac pottnric latowc mpenet va epyaotel oe Eva VOOOXOUELD Yior b NUEPES UEoo
otov Tavovdpio (o ITavovdptoc éxet 31 nquéoeg). Aev emtpéneton vo epyaotel d60 Stadoyiréc
nuéoes. Me mooovg StopopeTixobs ToOTOoVS UTToPE! Vo emtAeEeL Tig D Nuépes epyaoios Tov;

Ac yodpoope Tic Nuépeg mov emtAéyet (og avEovoa oeLpd) we
1<ai <ag<asz <ayg <az <31.
O mepLopLtopdg «OyL 800 dLadoyLxés NUEPES» LOOBLVOUEL e

Qi1 > a; + 2 (i:1,2,3,4).



OéTovpe T
bi ::ai—(i—l) (i:1,2,3,4,5).

Téte o xébe ¢ = 1,2, 3,4 éyovpe
bi—‘rl - b, = (ai-i—l — l) — (ai - (Z - 1)) == (ai—i—l - a,-) —1 > 1,
Gpo
b1<b2<b3<b4<b5.
Emiong, and a1 > 1 maipvovpe by > 1, evdd and as < 31 waipvovpe

b5:a5—4§31—4:27.

Apan 5-édat (b1, . .., bs) elvor amAcdg emAoyn 5 Stopopetindy aptBuedv ord to obvoro {1,2,...,27}.
Avtiotpoga, av tdpovpe omotadnmote 1 < by < by < by < by < by < 27 xaw opioovpe

a; 2:bi+(i—1),
el <ap <---<as <31 xat
air1 —a; = (bip1 —b;) +1>2,

apo ot a; ey eivor Stadoyixol. ETopéveng éxovpe Lo ap@Liovooiuavty avitotolyio LeEToED Twy
ETLTPETTWY ETULAOYWY NUEPWY XOL TWY 5-LTOGLYOAWY Tov {1,...,27}.
Zuventedg 0 opLiude Twy TPdTwY elval
27
5 )

27\  27-26-25-24-23 9687600
5) 5! 120

AptOpntixd,

= 80730.

27
Apo oL TpoTTOL ElvorL < 5 ) =380730|

Aoxnon 8. Ye N xapéxieg tomobetnuéves oc wo ocpd, Oélovue vo xabioovy k Sioxprtol
palbntég, ue tnv mpobmdbsoy 0Tt xdle xopéxio ywpdet To TOAS évay pabnty. Me mooouvg
SLPOPETINOOE TOOTOVS UTOPOVY Vo xalbioovy;

Arode&n. H diadixaoio yivetor oe dbo aveEdptrto Phuota.

Brpoa 1: Extdoyn tov k xopexiodv mov 0o xatadneOodyv. Entaéyovype k xopéxieg and tig N:

N\ _
I TPOTTOL.

Bipa 2: AvaBzom tov pabntoy otig emtheypéves xopéxies. AQob éyovy emdeyel ot k xopéxie,
ot k Sraxprtol pobntéc pmopody va tortobetnholy o awtéc pe k! tpdmoug (bAeg oL petabéoetc).

BE

Ioodbvopa, owtd eivar 0 optdpde Twv dtatdEewy k atotyelwv and N, dniadn

Apo oLYOALXE oL TPOTTOL Elvort

10



Aoxnon 9. Ye N xapéxles tomoletnuéves oe o oelpa xabovror k SLoOxeExQLUEVOL uolnTeg
(xdle xapéxia ywopder T0 TOAS évay uolnti). Me mooovs TEOTOVS UTOPOVY va xabioovy,
wote xavévag paldntic va uny xabetor axpfds dimdo o dlioy;

ArodeiEn. Bipa 1: Emtdoyh Ty 0éoswv. Apyixd aryvoolpe wotog x&hetal ol kol LETPAUE LOVO
moteg k xopéxheg Oar xoTtoAn@Oovy, pe Ty TEobHTE0eaN Vo Uy Elvot YELTOVLXES. AV OL ETUAEYUEVEG
0éoeLg eivor

1§a1<a2<-~<ak§]\7,

N oLVOTUN «OYL YELTOVLXEG» LoOSLVAPEL PE air1 = a; + 2 oo @ = 1,..., k — 1. @érovpe b; =
a;—(i—1). Tote 1 < by <by < -+ <b <N —k+ 1. Apa oL TpéToL emAoyhg Twy Béoewy ivor

N—-k+1
i .
Brpo 2: AvaOson pabnrodv otig 0oets. Apod emtheyody ol k 0éoetg, ou k dtoxprtol pobdntég
Uopoty vo. tortobetnfody oe awtéc pe k! tpdmoug.

N-k+1
k! |
()

Aevtepos Tpomos. OewPOVUE TEWTO LOVO TTOLEG KOPEXAEG KOTOAXUBEVOVTOL.

T vor pn xébovton Vo poabntéc Simia-SimAia, avdpeon oc xédbe dbo Siadoyxcods (amd apt-
0TePd TPOg To BEELE) pobnTég TPETEL Vo LTTAEYEL TOLAGYLOTOY io GdeLar xopéxha. Apo deop.en-
ovpe TpoxatoBolxd k—1 Gdeteg napéxies, pio avdpeoo oe kG0 Cebyog Ladntedy, oynuortiovtag
TO TTPHTLTO

Apo oLYOALXE oL TPOTTOL Elvat

MOMO---OM,

mou TepLéyel k podntéc xar k — 1 deopevpéveg ddeteg xopérAeg, QPO XAUTANOUPEVEL GUVOALXA
2k — 1 xopéxhec.

Av N < 2k—1, dev urdipyet xopia didtogy. Yrobétovpe Aotméy N > 2k —1. Tdte ot cuvoAixég
adeteg xopéxheg eivar N — k, omtd Tig omoieg éxovpe 1dn deopeboet k — 1. Emopévwe amopévouy

r=(N—k)—(k—1)=N-2k+1

eAeblepeg ASeLeg OPEXAEG TTOL UTTOPOVPLE Vo TOTTODETATOLUE 0TTOLNTTOTE XATTOLOY LotOTY.

OL 7 awtég ddeteg xapéxieg potpdlovtar oe k + 1 “O7xeg™ mowv amd tov mpdto pobnty,
avépeoo oe xébe Lebyog pabntoy (emimAéoy Thvew amd ™y 1dn deopevpévn Gdela), oL UETH
Tov TeEAevTalo pLobnT. Avté Yivetow pe cLVSLOGKOVE UE ETOVAANYY, OTTWE axELPHOS TNV TETAUPTN
nuépa pe to Torywta. To mAnbog sivor

r+k+1-1\ (N-2k+1+k\ (N-k+1
k N k B k )
Apa owtdg eivor 0 aptdpds TpdTwY eTtAoYg Twy k 0éoewy.

Télog, av ot k pobntég eivon Staxprrol, tote yiow xdbe emhoy? 0éoewy umopoby va xobicovy
ue k! tpémoug. Tuvemdg 0 ouYOAdS apLbuos xobtopdtwy eivor

N-k+1
k|
()

1



Aoxnon 10. Xe xvxdixo toanélt ue n = 10 Oéoeg xabovron k = 3 droxprtol ualntés, dote
xavévag vo uny xdbeton Simdo oe dAdoy (xar n 0éon 10 eivou yertovuai ue ty 0éon 1). Me
TTOOOVS TPOTOVS UTTOPOVY va xabioovy;

Amtddeily. Metpdye TpWTo Tig emtAoyéc Oéoewy xot ot0 Téhog ToMamAaot&lovpe et k.
Xwpilovpe og dVo TepLmTHOELS avdAoyo Ue To av 1 B€om 1 elvor xevn N xortetAnuuévn,.

Mepimttwon A: H 0éon 1 eivor xevy. Téte oL béoetg 2,3, . .., 10 oynuoatilovy yoopun 9 Bécewy xot

0érovpe 3 pun-yertovxéc:
9-3+1 7
= = 35.
(7))

Mepintwon B: H 0éon 1 elvor xatetdnuuévy. Tote o 0éoeig 2 xow 10 amoxAeiovtar. Mévouy ot
3,4,...,9 (Yoopph 7 Béoewy) xor mpémet vor StahéEovpe axdun 2 Un-YELTOVLXEC:

(37

Apa ot emthoyég Béoewy elvan 35 + 15 = 50. TéAog, Yo xdbe emhoyn Béoewy ou 3 draxprtol
padntég xabovtan pe 3! = 6 Tp6TOLG. TLVETG 0L GLYOALXOL TPdTTOL Elvor

50 - 3! = 300 |.

Tevixd: yioo n Béoeig oe xdxho xan k pobntéc (ue n > 2k),

_ —k—-1 -

n—=k n—k—1 n n—k
, . — |z — | k!
#{tomobémang pobvrerv} k<< I )*( ko1 >) k'n—k< k >

cpo

0 xOxhog (n = 10) IMep. A: 1 xevy Iep. B: 1 xotethqupévn

©YE @Ye 096
® ® @ ® @ ®

® 0 6 0 60 0
Op® 0pd 0g0

Zynuo 10 Avdomooy oe SV0 TEPLTTWOELS avaAoya LE Tn B€om 1.

KuxAwxég avadiataetg

Me méooug TPOTOVE UTTOPOVY VoL XATGOLY OE €va TPOTELL N LTTTTOTEG;
Amévtnon: (n — 1)!. (Avtd ovpPaivel dott oe xuXALXA StétaEn N oyetiny Béon petpdet xow Gyt
artOALTY, OTTOTE “RAPPOVOLUE” ToV évay xa petabétovpe Toug vrdrottovg n — 1).

12



Aoxnon 11. Mowdalovue 15 (Sieg) undleg tov tévig oe 6 waudid.
(o) No Boebel 0 opiBudc ni GAwy Twy SuVaTdY UOLPKGLDY.

(B) Na Bpebel 0 aptbudc na TwY Uotpaoidy oTic omoies xdbe maldl Toipvel TOVAGYLGTOY Ulo
uraia.

AmodeEn. Av Bewpfioovpe OAeC TLC UTIAAES WG ASLAYWELOTES, TOTE SO0 HOLPOGLEC Elval dLapope-
Txég oV x&molo Tadi et dta@opeTikd TANHoG UToAGY. T'ioe GAAY pior PopPa %wdLXOTOLOVUE
x&0e polpoopo pe pta axorovdior ortd pundevixd xot povédeg: ypdpovue téoeg 1 doeg Umdieg
Talpvel TO TEWTO TTodl EmeLta, YWELOUEVES Ue évar xon wovo 0, ypdpovue téoeg 1 doeg umdeg
molpver To devtepo ondl, x.0.x. Me avtdév Tov TPoTO Taipvovpe plar 20-dda Tov aoTteAEiTOL
omd 15 doovg xot 5 undevixd &po LTAEYOLY axXELBHG

20
nT =
A
TéToleg axolovbicc.

[N voo Bpodue tov optBud na twy mo «Sixotwy» potpaotty, 0mov xovéva Totdl Sev UEveL
XWPELC LTTAAL, YENOLLOTIOLOVILE TO arxGA0LOO TELX: TP T dlvove ae OAo Tor TTodLE otd ict PLTTAAR
%ol peté poLpdllovue TG LTOAOLTIEG 9 UTTEASS YwPElg xavévay TEPLOPLOWUE. XOENOLULOTOLOVTOS TO
g0x0M0 Pépog Tov (o), ouvpmepaivovpe Gt aLTO PToPEL var yivel pe

no = Py(9,5) = (154>

TPHTTOLC. O
Hapdadetypa 2.2. No Bpebel To TAN00g Ty axéporwy Adoewy g eElowang
T1+2To+ - +xp=n

UE TEPLOPLOOVG
z; >0 (izl,...,k).

AnddeiEn. Oswpolpe n aotéplar o oelpd xow Bélovpe va ta ywpioovpe oc k ouddeg (émov
emitpémeTol piar opéda var etvar xevh). Ta va dnpiovpyroovpe k ouddeg, tomobetodue k —
1 ymépeg avapeoo and to actépra. ‘Etor maipvovpe pio 1-1 avtiototyior avépeoo os Adoetg
(x1,..., 7)) ®ou oe Srotdelg pe n aotépro xow k — 1 pmépec.

Zovohxd vmdpyovy n+k — 1 0éoetg avtixelpévey, and Tig omoleg emtAéyovpe Tig k — 1 Oéoetg
TWY pPrapwy. Apa o optbudg Aoswy elvor

n+k—1
k—1 '

Hopadetypo 2.3. Na Bpebel to mAnbog Twv axépatwy Aboewy g ekiowong
T +T2+ -+ T =n

UE TTEPLOPLAOVG
x>1 (i=1,...,k).

13



ArmodeEy. Oétovpe y; = x; — 1 > 0. Téte
yityet+-t+y=n—=k  y >0

Me ™ uébodo aotéptar xot umapes o aptbudg Aboewy eival
(n—k)+k—-1\ (n-1
k—1 S \k—1)

-1
Apa to TAN00g Adoewy elval (Z 1) . O

Hopadstypo 2.4. O A, 0 B, o I' xo 0 A BéAovy voau L3pBooLY Lo ETOLPELO XOL EXOLY VoL [LOLPEOOLY
16 (dreg petoyég avapeoo ot 4 dropa. Iaydovy ol TepLoplopof:

o Kabe dropo mpémel vo mapel Oetixo oxépato oplOpnd petoxwy xot 6Aeg ot 16 petoyéec va
LOLPOLGTOVVY.

e Koavéva dtopo dev pumopel vo €xel TEQLOGOTEPES LETOYES OTtd TOVG GAAOLG TEELS Uadl.

Me dedopévo 6Tl oL PeToyég elvol adLoPLOTEG XAAL T ATOUO SLAXPLTE, e TTOOOUVS TEPOTTOVS
pwmopel vou yivel To polpoopo;

ArodeEn. Xwpic tov 3eUTERO TEPLOPLOWO, LETPAUE TLS TETPAOES DETIRWY axepainy
(.1‘1,1'2,1'3,%1), T1 + T + x3 + x4 = 16, x; > 1.

Me aotépto xat umapes: yodpovue 16 aatépLa xat Tomtobetodue 3 Umtdpes WOTE Vo YWwELGOLILE Tol
0oTEPLO OFE 4 pn xeVA xopudtia. OL UTREES SV EMLTPETETUL VO LTTOLY GTA AXP0 OVTE SITTAX-G{TTAN.
Apo emréyovpe 3 Béoeig ard T 15 Srabéotpeg (avdpeon o dradoyixd aotépLa), 0TiTe

15
#{6\o Ta porpdopoto pe z; > 1} = < 3 > = 455.

Tdpo oupotpobue To “KaxA” LOLPATLOTO. OTTOV XATTOLO A TOUO EXEL TTEPLOGOTEPES UETOYES ATTO
Toug GAAoLG TEELS poll. Ay, TT.Y., 0 A €xeL 1 LETOYEC, O TtepLopLouds TTopaBidletol dtow

Ty >r9t+x3+a4=16—21 < 11 >8 <= x1>09.
Apo. petpdpe méoo potpdopata éxovy 1 > 9. Oétovpe ) = x1 — 8, téte ) > 1 %o

/ /
[L‘l+$2+3§'3+$4:8, $1,$2,x3,$421.

[+

To tdto mAnBog toydel av To &Touo Pe Tig TOAAEG petoyég elvar 0 B 1 o I' 1 o A, dnAodv 4(;)
OLVOALXAL.

Téhog, dev umopel vor vTaEYoLY dUo Gtopo. pe > 9 petoxég Tawtdypovae (Bo ypetaldToy
TOLAGLoTOV 18 petoyée), dpo dev LTTAEYEL SLTAOUETENON. ZVVETKC TO {NToduevo TTARBog elvo

15 7
—4( . ) =455—4-35=315.

14
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Epappoyn 9. H xnmovpos 0élet vo putéer 5 (St xoxnvor, 3 (Sior xitowa xow 2 (St Asvxa
Aovloldia o o oelpd. Me mOo0oVs TPOTOVS UTTOPEL;

Amtode&y. Tlpdxertan yio petabéoelg pe emavéAndm. To mAnbog Siveton amd tov tTo:

10!
a0
51.3!- 2!
YroAoyLopog:

3.628.800  3.628.800

120-6-2  1.440

= 2.520 TpomoL.

Hopadetypo 2.5. Avomtdocovpe xat amhomolodpe Ty apdotaon (r +y + z)lo.
(o) TI6ooL Stapopetixol bpot (povirvopa) eppaviovior oty TEANXT avATTUEY;
(B) Tlotog eiva 0 GuYTEAEGTYC TOL PLovLVHUOL 4y323 6Ty avdmtuEn Tou (x 4y + 2)'0;
Anddeity. (o) Kébe 6poc oty avémtoin tov (z + y + 2)'9 eivon g popeic
katyb 2,
omov k eivat xdmolor otabepd xow ot exbéteg a, b, ¢ eivor un opynTixol axéporol pe

a+b+c=10.

Apa to {nrodpevo mAnbog toobtar pe to TAR00g Twv Aoewy g eElowong a + b+ ¢ = 10 oe py
apvnTLxodg axepoiovg. Me ) pébodo aotéoia xar undpes (10 aotépa xor 2 prdpec) avutd eivor

10+3-1 12
("33 (2)

(B) Zto ToALLYLUXS avémTuYpa Tov (2+y+2)10, 0 suvtereaTic Tov %Y 2¢ (ue a+b4-c = 10)
SlveTot amd TOY TELWVLULXO GUVTEAEOTY

10 10
a,b,e)  alblel
INa a =4, b= 3, c =3 waipvovpe

10 \ 100 3628800 3628800
4,33/ 413131 24-6-6 864

= 4200.

Apa 0 ouvtereatiic Tov wty3 23 elvon | 4200 |. O

Mopadetypo 2.6. Ze éva opboywvio mAéypa, amd to (0,0) 6érovpe vo @tédoovpe oto (a,b)
xévovtog puovo xwhoelg de&id (1,0) xow mave (0,1). Tldoeg tétoreg Stadpouég LTEEYOLY;

ArodeEn. Kébe dradpopy) amotedeitar and axpPpug a xvhoetg deELd xat b xwhoelg mévw, dpa
ovvoMxé omd a + b xvrioetc.

Av xwdLxomotioovpe ) dtadpop| wg AéEn uixovg a + b tévew oto apéfrto {R, U}, émov R
onpoivel “3eBa” xow U onpoaivel “mavew”, tote xdbe emitpenty diadpouy] avtiotoyel 1-1 o po
Tétotor MEEN Tov éyet axpLPug a ypaupato R (xow dpo b ypdppoto U).

Emopévucg, apxel va emttAéEovpe oe moteg a amd tig a + b Béoerg g AéEng Ba pmovy ta R. O
opLudg emioydy eivor

a+b
()

b
Apo to TAN0og Stodpoptdv elvor <a + ) . O

15
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SyAuo 2: Topdderypo dradpopig amd (0,0) oto (a,b) pe xvioelg pévo dekréd (R) xan mévw (U).

Aoxnon 12. o Ostixd axépowo n, wdoes Svadinéc ovuPolooelpéc uixovg n (Sniadiy Aégeic
unixovg n mévw oto aipafnro {0,1}) dev mepiéyovy dvo ouvveydueva 1; XvuBoillovue Tov
aptBuo ue ay,.

Artodeén. Oo Ppodpe ovodpout] Yia TO Gy XWELLovTog TLg ETLTPETTEG GUUPOAOCELPES aVAAOYL [LE
TO TTPWTO oVUBoAo.
Mepimttwon 1: H ovpPoroocetpd apyilet pe 0. Téte too vmérotTa n — 1 Pneio oynrotifovy omolo-
dnmote emtpemty ovuforooelpd pxovg n — 1. Apo ov cLUPBOAOCELPES AVTYG TNG LOPPNS slvart
Ap—1.
Ilepimtwon 2: H ovpBorooetpd apyilet pe 1. I va uny vmgpyovy o ouveydueva 1, To dedtepo
Pnoelo Tpémel avayxaotixd vo elvar 0. Apa 1 supPorooerpd opyilet pe 10, xot Too vTéAOLTTOL 1 — 2
Pnplo oymuoatifovy omotadfmote enLTPETTY oLUBOAOCELPG Uxovg N — 2. Apa oL cLuBoroceLPES
QTG TNG LOPPNS EVOL Cp—2.

OL 8Vo mepimtioetg ivar aovuPifaoteg kot xOAOTTOVY OAEG TLG ETMLTPETTES GUULBOAOOCELEG,
omote

ap = Ap—1 + Ap—2 (TL > 3)

Amopével va dyoovpe apyLxég TLUES:
ap =2 (o.0,1), az =3 (ot 00,01,10).

Apa T0 ay, opileTon amd TNV oVodPOUY

‘a1:2, as =3, ap = Gp_1 + QGp_2 (n23).‘

(Ieodvapa, a, = Fp19 émov F,, ot aptbpoi Fibonacci pe F1 = Fp, = 1.) O

Aoxnon 13. Oswpobue tovs n-Piipovs (Sexadixods) aplbuois, dniadyy axolovbics Pnpiwy
didg---dy pe dp € {1,2,...,9} xar d; € {0,1,...,9} vix i > 2. Oflovue va petpioovue
doovg Exovy TNV OLOTNTA OTL ®owéva. dVo dradoyixd Pneio dev eivar (oo (Sniady d; # diy1 v
xabei=1,...,n— 1)

Opifovue:

E,, := #{térotoug n-Priprovg mov telewdvovy oe dotio ¢mpio}, Oy, := #{1érot005 n-Piprovs Tov TEAELWVO
1. Na amodetytlody ot avadpoués
E,+1 =4E, + 50, On+1 =bHE, +40,,
ue apxwés twéc B =4, Op =5.

2. Xpnoworowdvras wtivaxes, va vmoloylotoby xAetotol tomot vt B, xouw Oy, vmoloyilo-
vTag 1 O0vaun Tov mivaxa mov eupovilETal.
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Anddeln. (1) O avadpopée. o vo priaEovpe évay emttpentd (n+1)-PpH@Lo, xottéue to tehe-
Toio Pnelo.
N Epyq: ©éhovpe to tedevtaio Pngio va eivar qotio (0,2,4,6,8).

¢ Av 70 mtponyodpevo (3nAady to n-00T6) Pneio sivar dpTio, TGtE LIGEYOLY b doTLor PrPio
0ANG amoaryopeleTol voo emtavaidBovpe o (Sto, dpoa 4 emtAoyég Yo To TeEAevTolo Pnelo.
Avto6 diver 4FE,.

¢ Av 10 n-0076 Pnelo eivar TeELTTO, TETE PTopOoVUE Vo dLaAéEovpe omotodnToTe amd To O
Goton Yneia, Gpa maipvovpe 50,.

Apa Epy1 = 4E, + 50,.
Ouoiwe yior Opi1: Av T0 n-00td Pneio civar mepLttd, éxovpe 4 emthoyéc meptttol Pmeiov
(6L 70 (BL0), eved av eivan GpTLo, éxovpe b emthoyég meprttod. Apo Onq1 = HE, + 40,,.

Ov apyinég TLpég elvou:

Ei=4 (2,4,6,8), O1=5 (1,3,5,7,9).

(2) M£0030g TTLvaxmy ®ot VTOAOYLoROS dVvauns. 'pdpovpe To GVGTHUO G LOPEY] Ttivorxo:
En+l — A En ’ A= 4 5 ’ El _ 4 .
On+1 On 5 4 O1 5
En) _ gt (1),
On )

Yrohoyilovpe to A™ Sroywviomoldvtag Tov A. O xopaxTtnELoTinds TONWYLELOG EivoL

Apa

det(A— M) =(4—X)2?=25=X2-8A—-9=(A—-9)(\+1),

oo ot t3oTipég eivar A1 = 9 xow Ao = —1. Ebxoia Bpioxovpe tdrodtovdoy.otor:

1 1
)\1:9:1)1:(1), )\2:—1:02:<_1>.
1 1 9 0
P = , D = .
1 -1 0 -1

Téte A = PDP™! xou (ehéyyeton Gueoa) P~ = %P. Apa o xébe m > 0,

m mrmpet L (1 L) 9™ 0 11
AT =PD P1_2<1 —1)(0 (—1)m> (1 —1>'

Kavovtog tov ToAaTAaoLaoud Tolpyovue Tov XAELoTH TOTO

A™ 1 <9m + (_1)m 9™ — (_1)m> '

Oétovpe

S 2\ - ()" 9T ()

Oétovtag m = n — 1 xal ToAAaTAdoLALoVTOG e (é)

()=o) -3 ) ()
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YoAroyilovtog Tar 3OO0 PEAN:

_ 1 n—1 n—1 n—1_ ( 1yn—1 _ 9" + (_1>n
Bn= (0" 4+ (-0 4 (077 = (1)) 5 ) =
_ 1 n—1 n—1 n—1 n—1 _ 9" — (_1)11
On =5 (0" = (-1)" ™) 4+ (0" + (-1)" ) - 5) = ——
Apa
n _1\n n__ (_1\n
P St Y POS f Gel
2
Svverde E, + O, = 97, 6nwg avopévetal.) O

Mopadetypo 2.7. Téoor axéporot aptBupol petogd 1 xow 240 (cvpmephapPavopévmy) eivor ToA-
AatAdotor Tov 4 A tou 6;

Arodeén. Ymdpyovy % = 60 ToAaTAGOLa Tov 4 petaEd 1 xan 240, o 249 = 40 oA aTAdoLa

6
Tov 6 petokd 1 xon 240.
Ay mpocbécovpe 60 + 40, tdte éxovye petprioet dVo Popég Toug apPLbols oL elvort TOAO-
TAdoLor xow Tov 4 xor Tov 6, dNAadY Tor ToAAaTTAdota Tov lem(4, 6) = 12. Ta TOAATTAGGLO TOL

/ oy 240 _
12 petagd 1 xoun 240 eivon 5 = 20.

Apal, UE TNV 0EYN TNG EYHAELORLOV—OTTOXAELGLOV, TO {nTovpevo TAN00g elvan
60 + 40 — 20 = 80.

O

Mopédeiypo 2.8. Ta téooepa obvoro A, B,C, D éyovv amé 400 otovyeio to xabéva. H toph
omoLwydnmote 800 amd avtd €xel 115 ototyeia, 1 Topn OTOLWYSNTOTE TELWOY €XEL B3 OTOLXElRL, XOIL
N TOUY ®ow TV TEcodpwY éxel 28 atoyeio. Iléoo atouyeio éyet n évwon AU BUC U D;

Arodeén. Me v opyf TG EYXAELGLOO—ATTOXAELGLOD,
JAUBUCUD| =) 4| =Y [AinA;|+> |ANA;nAl—|AnBNCND.

‘Exovpe Y- |A;| = 4 - 400 = 1600. Yrdpxouv (3) = 6 Lebyn, dpa 3. [A; N Aj| = 6 - 115 = 690.
Y7tépyouy (g) = 4 touédeq, Gpa Y |A;NA; N A, =453 =212. Térog, [ANBNCND| =28.
Apa

|AUBUCUD| = 1600 — 690 + 212 — 28 = 1094.
0

Mopaderypa 2.9. No Bpebei 0 TAMBOC ToY Un cpvnTxdy axepainy wxpétepny tov 108 o
TepLéyovy xat tor Téoocpa Pneia 1,2, 3,4 ot dexadixy] TOLG AVOTOPAOTOOY.

Arodeén. 'BEotw N to {rodpevo mAnbog, xot n 1o TAN00g TV Y] apvnTiXey oxeQaimy UxpoTe-
pwv tov 10 ov Sev TepLéyoLy éva N TepLaadTEPR aTtd Tar Pl 1,2, 3, 4. Emeldh xdbe apLbude
pre Aydtepo amtd 6 Pnelo uropel vor Yooupel wg «eEohneLoc» pe mpdabeon opytxdy undevixwy,
éxovpe ovvohxé 108 eEadfiprec axorovdice Pnpiwy xan Gpo

N =10°—n.
N @ = 1,2, 3,4 6étovpe M; to 6bvoro 6Awv Twy (to TOAD) eEadfipLwy axepainy mov Sev

TepLéyovy to Pnelo 1. Tote
n = M1UM2UM3UM4‘.
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T %éBe pun xevé vroodvoro {J1, ..., Jr+ C {1,2,3,4} woyver
My, 020 My, = (10 1)

ooV amoyopedovue T Pneio xor pévovy 10 — r emthoyég ae xabepia and Tig 6 Héoels. Apa, pe
EYXAELOULO—UTIOXAELGLO,

Ao (46 o (N6 (%) o
= — + 7° — = 40.

N = 1000000 — 976840 = 23160.

Emopévwg

O

Aoxnon 14. Aivovtow téoocpa doyeion A, B, T, A xou ewéa Stapopetixd pordfro. (Aev vrdpyet
TEPLOPLOPGG 0T YWENTLXOTNTO TV SOYELWY.)

() Me méo0ULg BLopoPeTLR0VE TPOTTOLS LTTOPOVY Var ToTtoDeTHOVY Tar evvéa LOAOPLa oTor Soyela;

() Me mdoovg SLapopeTixolg TPOTOLG UTTOPOVY Vo ToTtodeTnBolY Tor evwéa LOADBLo oTor Soyeia
oTA, WoTE X&be SoYelo Vo TTEPLEYEL TOLAGYLATOY €val LOAVSL;

(7) Onwg oo (B), 0AAé& TP Tor LOAOPLa: eiva duota. Me mdaoug Tpdmoug;

Anodesy. (o) Kaébe éva ard ta 9 Sropopetixd oAb propel vo totobetndel aveEdptnta o
éva a6 ta 4 doyelo. Apa, e TOV XAYGVOL YLVOUEVOL, OL TEOTOL Elvol

49,

(B) @érovpe Ohec oL Béoeg A, B, T, A va eivon un xevéc. Anhady {ntépe 10 TAMbog Twv end
OLVOPTNOEWY aTtd TO VYOO TV 9 POALPLDY To abvoro Twy 4 Joyelwv.

Me eyxhetopbd—amoxhelond: amé tic 49 xoravopée apatpovue 6oec aPHvoLy x&moto Soxeio
AEVO.
® Av éva ouyxexpLévo doyelo elval xevo, ToTe Tor 9 LoAVOPLa ptailvouy ator dAAe 3 doyelor:
. . 4 . . ,
3 tpémot. Yrdpyouvy (1) eTAOYES Ylow TO XeVO Soyefo.

e Av 3o ovyxexptpéva doyelo eivor xevd, Tote Tor 9 pPoAVPLa praivovy otar G 2
doyeio: 22 tpémoL. Ymdpyouvy (;1) emtAoYég yia Tor SVo xevd Soyelior.

e Av tpior Soyelow elvar xevd, ToTE OAot Tt LOAOPLor ptaivovy aTto Lovoldixd LTOAOLTTO
;19 . . 4 , p . ,
doyeio: 1° = 1 tpdrog. Yrapyovy (3) emAoYég yia Ta Tplor xevd Soyela.

() (-

(Ioodbvapa: 4!1.5(9,4), 6mov S(9,4) aptbudg Stirling 2ov eidovg.)

Apa

(7) Todpa tar 9 poAdPiar eivar duota xan xébe doyeio TEémeL var ThPEL TOLAGYLOTOV évar. Ay
TA,TB, 2T, TA €lvar Tor TANOY LoALPLLY oe xdbe doyeio, ToTe {nTdpe Tor DeTind axépato

rat+xptar+aa=9,  Ta,xB,ar,rA =1
Oétovpe ya = x4 — L, yp=zp— 1, yr =ar — 1, ya = xa — 1. Tore

ya+ys +yr+ya =5, YA, YB,yr,ya = 0.
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Me «ooTtéplaoe xow UTaEES», To TAN00g AboEwyY elvort
5+4-1 8
= = 56.
()=

Aoxnon 15. T xé0e n € N, Oewpobue 2n otoryeio Ta ool ywpeilovton oe n TOTOVG, XoL OTtd
x&0e OO LTIAEYOLY axplfuc Vo duowa otoryeio. No Bpebel to TAR00g a, TwY SLoPOPETLUWY
dtatdEewy (o pLoe oeLpd) oWTHOY TWY 2N oToLYElwY, PE TNV BLoTHTR 6TL xavéva dBo atolyeio Tov
(dtov TUTOL deV Elval YELTOVLXA.

O

Amtodegy. Oétovpe a, to {nrodpevo mAbog. T i = 1,2, ..., n, éotw M; T0 6OVOAO GAWY TwY
JLataEewy oTLg omoieg o 3Vo aToLyeior Tov 1-00ToV TUTOL ivat yertovixd. Tote
(2n)! (2n)!

a, = (2!)n—‘MlUMQU"'UMn‘:?_}Mlu"'UMn"

I vo vtoAoyioovpe ‘M 1U-- -UMn‘ e@appolovue Ty oy eYxAstopod—amoxietopod. Ilapte
évar un xev6 vroovvoro J = {ji1,...,jr} C {1,2,...,n}. Téte M; N--- N M;, eivor 0 66voro
TV StotdEewy 6mov, Yoo xabe tomo tov J, T dVo Gpotar aToryeion elvor yertovixd. [ow xébe
TT0L0 TOTO UTOPOVUE VO EVEITOVUE TO LeOYOS OE évar «pUTthox» (évar véo avtixeipevo). 'Etot, avti
Lo 27 oToLyelon TOLPYOLUE T LTTAOX, QPO GUVONXAL EXOVIE 2N — T OVTLXELUEVOL.

A6 owTd, Tow T pumAox givor SLoxpLtd (SLOPOPETLXMY TOTWV), EVE Yot XABE évay amd Toug
n — 1 VTOAOLTIOLG TUTTOLG €YovUE oxduy dVOo duota atoryeio. Apa To TANBog dratdEewy lvat

(2n —1)!

Qn—r ’

m(r) == |Mj NN M, | =

xo eEopTdTon pévo amd To T, Oyt oTd TNV ETLAOYY TOL J.
Emopévwe, pe eyxAelopd—omoxAelopo,

e = (1) = 3o ()

r=1

TeAxd,

O

Mopdadetypo 2.10. ‘Eotw m > 1 axéporog xot €0Tw 6Tl Ol Sla@POPETIXO! TTEWTOL SLALPETES TOL
elvo

P1,DP2,..-,DPn, 8"]7\0‘8"7 m:p(lll pgﬂ

No vroroytotel (Le Ty 0pYH EYXAELopOV—aToxAELoL0D) TO TARHOG Twy axepaiwy k € {1,2,...,m}
0L gfvol TTEWTOL TTPOG TO M.

AnddeEy. @étovpe M = {1,2,...,m}. o xébe i = 1,...,n opilovpe
MZ:{]{?GM pz|k3}

Téte évag axépatog k € M Sev eivat TEHTOG TEOG TO M Oy %l LOVO oy EYEL XOLVE TIPWTO SLoLEETY
UE TO M, SNAadN av xot pévo o avnixet oto My U --- U M,. Apa to {ntodpevo mAnbog eivar

m— My U---UM,|.
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E@opudlovpe eYrAeLoUO—0TOXAELOUO:

n

|MyU-- UM, | =D (-0 > My -0 M

r=1 1<j1<-<jr<n
Mo éva o¥voro dentwdy j1 < -+ < Jp, EYOVUE

Mjn--—-NM;, ={keM: pj--pj |k}

Ened? pj, -+ pj. | m. oxppdg too TOAMaTAGSLar TOL Py, - - - pj, oto {1,...,m} eivou o ij
1 r
TOMAG, dNACON
m
My - = —
pjl o p_]r
Apa
- m
RASSTIATED UL Do
r=1 1< <<gr<nt L P
Tehxd, to TAfbog twv k € {1,...,m} pe ged(k,m) = 1 eivor
= 1
molnuuan =m (130 B
=1 <<k P
IoodVvapa, avayvwpllovtog Ty avaTTLEY YLYOUEVOL,
. 1
m—{Mlu---UMn‘ :mH<1—>.
- bi
=1
O

Optopdg 2.11. Mo Siapéoton Tov cuvéhoL [n] eiva Lot GUANOYH aTtd Un *EVE UTTAOX €TOL DOTE
x&Be otouyeio Tov [n] vor avixet oe axpLPog éva ol T TOL LTTAOX.

0 aptBudg twy Stapepioswy tov [n] oe k pn xevé priox ovpforiletan pe S(n, k). O aptbpof
S(n, k) ovopdlovron apibuol Stirling debtepov eldoug.

Nopadetypo 2.42. Ta xébe n > 1, éxovpe S(n,1) = S(n,n) = 1. T xéBe n > 2, n LodTa
S(n,n —1) = (3) woxdeL, xobeg prow Sropépton tov [n] oe n — 1 umhox mpémet vor amoteeiton
artd éva LTTOGHYOAO pe 3o atovyeio ((ebyog) xat n — 2 LOVOSUHVOAQ.

Hopéderypo 2.13. To obvoro [4] éxer emtd dopepioets oe V0 Un xeVd PTAOK, GUYREXQLULEVOL

{1,2,3}{4}; {1,2,4}{3}; {1,3,4}{2}; {2,3,4}{1}, »ou emiong {1,2}{3,4}; {1,3}{2,4}; xou
{1,4}{2,3}. Emopévwg, S(4,2) =T.

Apyxd, Ba amodeiEovue pLo avadpouLxn oxéon.
Ozwonuo 2.14. Ia 6Aovg Toug bBetixode axepaiovs k < n,
S(n,k)=Sn—-1,k—1)+k-S(n—1,k). €))

AmtodeEy. Omwg xo TELy, UToPoLUE Vo AdBovpe pia ouvdvaoTixy amtddetEy eketdlovtog mpooe-
XTLXA EVOL GUYXEXQLUEVO OTOLYELD, Og TTOOUE TO PEYLGTO GTOLXELO M. AV owTd TO oToLyelo aymuo-
TileL éva umAox amd pévo tov (Lovoovoro), téte Tor btdrotta N — 1 oTouyeior €xovy axpLBHg
S(n—1,k—1) tpémovg yio vor 0AoxAnpticovy T Stopépton. Avtég ol dtapepioelg amopLbpobvroL
o6 To TEWTO EAOG TG SekLdg TAELEAS. Ay, amtd TNV GAAY TAELEE, To oToLyelo n dev oynuoTilel
éval umAox amd pévo tov, Tote T LTTOAOLTT 1 — 1 oToLyeior TEETEL var oyuaTtioovy uLo StauépLlom
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ue k pmhox pe évay amnd toug S(n — 1, k) tpémovg. It cvvéyeta, propodue vo mposhésovpe To
N 0 OTOLONTOTE amtd To. k uwAox 7ov oymuortifovtar amd avtiy 0 StapépLoy, ToAaTAoGLELo-
vtag Tov apltbpd 6Awy twy Thavothtwy pog entl k. Autéc ol dtopepioelc amaptbpobvtol and To
debtepo pérog g OekLbic mAsvpads. Kabwg 1 aplotepn mAsvpd amoplbuel dAeg Tig drapepiosts
Tov [n] oe k umAox, 0 LoYLELOUOS OTTOSELXVVETAL. O

Méptopa 2.15. O apibuds dAwy Twy cvvaptioewy | : [n] — [k] mov eivor ent eivou k! - S(n, k).

Arddeiln. Mia tétoro ouvdptnon opilet pLow Sropépton tou [n]. To pmAox eivor Tor LTTOGBYOAX
TwY oToLYElwY TToL amelxovilovton 6To (Sto otorelo i € [k]. Emopévmcg, tor phox pépovy eTiréTec,
%O VTLAPYOLY oxELBWG k ard awTd. O

Mo evdrapépovoa ovvémetar awTol elval To axbéiovbo ampooddxnto méptopa. Elvor exmin-
%xTx6 xobdg deiyvel 6t to =, elvar oty mpaypatixdtnTo évar dbpotopo n + 1 6pwy Tov TEEL-
Aopfévouy opLbu.odg Stirling.

MMépopa 2.146. I dAovc TOUS TEAYUATIXOOS aPBUODE X, XAt CAOUS TOUS UN OCLOVNTIXOUS
axepaiovs n,

2" =Y S(n, k) (2). (2)
k=0

ArodeEn. Ko ot 300 mAevpég elval toAvwvupo tov & Podpod n. Eropévwe, av mopéoovye va
detEovpe 6Tl oLUPWYOVY YL TEPLGGOTEPES aTtd 1L TLUEG TOL I, M aTOdeLEn Bor €xel oAoxAnpwbel.
Qo amodeiEovpe pLor axdpn LoyLEOTEPY] TEOTUGY, GUYXEXPLLEVO OTL Ol SO0 TTAEVPES GLULPWYOVY
Yo 0A0VG TOUS BETIN0VS axepoiovs T.

"Eotw Aowmtéy & évoag Oetindg axéporog. Tote 1 opLatepy] TAevpd elval o opLiudg GAwy Twv
oLVOPTHoEWY aTtd To [n] oto [x]. loyvprldpaote dtL N dekLd mAcvpd elvar 7 (Sta, amoLBuuévn
obpEwva e To uéyeboc tng exovag. lpdyportt, o 7 etxdva pLog tétotog oLVEEToTG €xeL péyebog
k, téte vTdpyoLY (i) ETLAOYEG YLoL TNV etxéve. I, xow a1y cuvéyeta, oo To mapaTdvew Tlépiopa,
vrépyovy k! - S(n, k) emhoyés yio ty (Sia t ovvbpton. Kobas (z), = k! - (7). o woxvplopds
OTTOSELUYVETOL. O

Ozwonuoa 2.17. Ia 6Aovg tovg BeTixobc axcpaiovg n xou k, 1 todtrnTe

k
S008) = 4 S0 ()0 = 0
=0 =

LoxUEL.

Arddeln. Avti vo Bpodue évav tomo yia to S(n, k), B Bpodpe évav tomo yio to k! - S(n, k).
I'vwptlovpue améd to Méptopa 1t To TeAsvTaio elvor 0 aplBudg GAwWY Twy el GLYAPTHCEWY 0TS TO
[n] o7o [Kk].

Eivow mpogavég 61t 0 aptbudg 6Awv twv cuvaptioswy and to [n] oto [k] elvor k™ xabog
%60e ortoryeio Tov TESiOL OpPLoYOD PTOEEL va aTetxoviotel o éva amd ta k otoryeia. Qotdoo,
dev Oo elvor 6Aeg avTEG oL CLYAPTNOELS ETTL: TTOAAEG Bor y&oovy éva, 300 1N TeploadTepa oTOLYELD
Tov [k] oty etxdva toug. Tlpémet var amapLduicovpe exeiveg oL Sev XAVoLY xavéva GToLyelo ToL
k. Eotw i € [k] xou éotw A; T0 60v0A0 AWV TwY cuvapTicewy and to [n] oto [k] Twv omoiwy
7 ewxdva dey TepLéyeL 1o i. Eivor téte mpopovég ot |A;| = (k — 1) xabug tétoteg cuvapTioetg
UTT0POVY Vor aTteLxovioovy omoLodfmote otoLyelo Tov [n| o omolodfmote and ta k — 1 otouyeio.
[Mapopoiwe,

|Ai1 ﬂAiz n--- ﬂAij‘ = (k’—])n,
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o xé0e j < k. Emopévwg, 0 TUTTog eYXAELOLOD-0TTOXAELGHOY BiveL:

AL U Az U A, =) (=170 Y A, A, N-- N Ay
7j=1

i17i27"'7ij

Avtég etvor 0 0pLBudg Twv cuvopToewy amd To [n] oto [k] Twv omoiwy To TEdio TV dev
elvort 0AGxANP0 T0 6VVoro [k]. ETopévime, o aptBpdc excivwy pe medio poy to [k, pe dAa AdyLa,
0 0pLOKoc Twv €Tl CLYAPTATEWY, LTTOPEL VO TTEOXVPEL OLPOoLPWVTOS ALTOV ToV apLOpd amd excivoy
OV TV cLYOPTAGEWY amd To [n] oto [k, xat o LoyvELOWGS pog Enetoal. O

Optopdg 2.18. 'Eotw a1 > ag > -+ > ag > 1 axéporol wote
a1 +az+---+ag=n.

Téte n axorovbio (ay,ag,. .., ax) ovopdletor Siauéoton (partition) tov axepaiov n. To TARBog
6wV TV dtapepioswy Tov N svuPorileton pe p(n). To TAMBog TwV SLapepioewy ToL n ot axplBg
k pépn ovpfohileton pe pi(n).

Hopddetypo 2.19. O Oetixdg axéporog 5 éxet 7 Stapepioets. pdyportt, eivor
(5), (4,1), (3,2), (3,1,1), (2,2,1), (2,1,1,1), (1,1,1,1,1).
Apa p(5) =T.

‘Evae oyrjua Ferrers (Ferrers shape) ptog diapéplong p = (x1,2,...,2E) T0o0 n eivon éva
OOVOAO OTtd 1L TETPOYWYLUA XOUTAXLO UE OPLLOVTLEG KO XOTAXOPUPES TASLEES, TomobeTnuéva
€TOL DOTE OTNY 1-00TY GELPGL VO LTIARYOVY T; KOUTAXLA %Ol OAES OL OELPEG Vo ap)ilovy oTtd TNy
(Sta xotoxdpven svbeia. Ovoudletor and Tov Bpetavd pabnuotivé Norman Macleod Ferrers. To
oyfuo Ferrers tng dtopéptong p = (4,2,1) paivetow oto Tyuo 3. Eivow mpopovéc 6t vmdpyet
1-1 avtiotoryio avépeoo otig Stopepiostg Tov n xot oto oxfuoto Ferrers peyéfoug n.

Av xotomtpioovpe éva oynua Ferrers wg mpog Ty xOpLar SLoryvld Tov, ToLPVOLKE EVol GAAO
oyfua, oL avtiaoTolyel ot ouluy7 (conjugate) Stapéplomn. X0 TOPADELYUA Hag, N oLLLYAG TNG
(4,2,1) eivor m (3,2,1,1). Edixdtepa, 10 pixog g i-00THg 0eLpds tov oyfuatog Ferrers tng
ovluyoig dLopépLorg elval (00 Pe TO PNXOG TNG 1-0GTAG GTHANG TOL OPYLXOV GYALLOLTOG.

NN NN
L]
L]

Syfuo 3: TyAuo Ferrers tng Srapéprong (4,2, 1).

Bedonpa 2.20. To nwAnbos Twy Sopepioewy Tov N oe 10 TOAD k uéon elvor loo ue to mAn0og
TWY SIUEQLOEWY TOV N O UEPY TTov Sev Eemtepvoly To k.

ArodeEn. O aptbpdg twv Stopepioewy Tov N oe To TTOAD k uépn eivar icog pe tov aptdud twv
oynuértwy Ferrers peyéfovg n mov €xovy to oAl k oetpés. O aptbpdg twv dtapepioewy tov n
oe pépn < k eivon {oog pe tov aptbpd twv oynudrtwy Ferrers peyéfoug n mov €xovv to oA k
othAeg. AMG T oyfpotor Ferrers pe to moAd k oetpég avtiatoryody 1-1 oto oyfpoto Ferrers
KE TO TOAD Kk OTHAEG HE TNV XATOTTTELXY OUUUETELOL WG TTPOG TNY xVpLar dtorydvio (dnAad” pe ™)
ouluyy dropéptom). Apa ot dvo apLbuol eivar ioot. O
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3 TI'evvitoleg Xvvaprtnoetg

Mapédetypo 3.1 (ITOATAGGLAGROC TOANWYOUGY xal epunveia cuvteAeoTwY). Tldg ToMaTAc-
OLALOLUE TOL TTOALWVLLOL
px)=z+2*+23+2*  xw  q(x) =+ 2+t

5

Eniong, ywpic va vohoyioovpe 6A0 o YLvOUEVo, va Bpobue Tov ouvteheot Tov z° oto p(z)q(x).

Anddey. T vo moAamdaotdoovpe to p(x), ¢(x), moramAaotdlovpe xabe 6po tov p(x) pe
xdbe 6po oL q(x) xan abpoilovpe 6Aa To yvopeva. ES® 6hoL oL cuvtedeotés eivar 1, dpo 670
TENOG ATTADG <UETPAUE» TTOOES POPES epaviletor xdbe dovopn Tov x. 'Etol Taipvovyue

p(x)q(z) = 28 4227 49225 4 32° + 22% + 2% 4 22,

Tpa BEAOLUE TOV GUYTEAEGTH TOL T° YWPLc Vo x&yovPEe GAo To Ybuevo. O bpoc ° mpoxvmTeL
dtoy emAéEovpe évay 6po = amd to p(x) xow évav 6po x’ amd to q(x) pe i +j = 5. Tty
TEPIMTWOT pog 0 0 eppaviletol:

x-x", oz, z* -,
SnAadH vTdEYoLY 3 TéToLa LebYN, Gpa 0 GuVTEAEGTHC Tov 10 aTo p(x)q(r) eivon 3.

Mio wpaia «ewxdva» eivor 1 eEfg: oxe@topaote 6t 10 p(r) awvtioTtolyel o emtAoyY amd To
obvoro exbetdyv I = {1,2,3,4} xou 70 q(z) oe emhoyh and J = {1,3,4}. To vo udEovpe z°
tooduvopel pe To va emtAéEovpe Statetayudvo (edyog (i,j) pei € I, j € J xow i+ j = 5.

Avté yevixedetar: av I, J eivor memepacuéva oBvora QuoLxY oLBu®yY xot opicovue

pa) =Y al, () =>4,

iel jed

t6te yLoe x6be r € N, 0 ovvtereotig Tov =" 670 Ywopevo p(x)q(x) eivon (oog pe to TARHog TwY
dratetoryévewy Levywv (i, j) mov Advouy Ty eEiowon

i+j=m, 1e€l, jed
AT6deLEn TowTotiTeY. Ofhovye va amodeiEovpe
() -C)
; i)  \n)
=0

(1+2)"(1+2)" = (1+x)*.

Bewpodpe ™Y TAVTOHTNTO

O ovvteheotic Tov ™ ato JeELd pérog eivor (2;:) ot To SLwyLpLxd Dedpnpo. LTo apLaTtepd
UENOG, UTTOPOVUE Vo avorttOEoLUe %ot Tig dV0 duvdpels (1 + x)™ odppuvo pe o SLtwvopixo
Oedpnua, xow o) cLVEYELX TTOAMATAAGLALOVLUE Tor FVO TTPOXVTTTOVTO TTOAVWYLLL. O GUYTEAEGTNG
0L ™ 6TO YWWOUEVS TOVG UTOPEL VO EXPEATTEL WG (8) (Z) + (711) (nfl) + (g) (nEQ) +-+ (Z) (g),
%ol L TOG TPETEL Vo efvat 0 (Stog apLBpdg pe tov ouvteleot Tov =" oto dekLd pérog. Autéd odnyel

S ()(") - ()

24

oTO



Mopéderypo 3.2 (Kohdb pe ppodta xot YevwiTpLteg ouvoTioeLs). Me TGooug TGOS LTTOPOVLE
vo yeploovpe évar xoAabt e cLVOALXE N EEOVTA, av LaYVOLY Ol TEPLOPLOLLOL:

* 0 apLipdG TWY TOPTOXOALWY Elval GETLOG,

® LTIOPOVUE VoL EXOVUE TO TOAD 3 UTTOVAVEG,

* 0 0pLtOpds TWY avavddwy eivot TTOAOTAGGLO ToL 4,

® UTTOPOVUE Vo EYOVPE TO TTOAD 1 xopovlL,

* OAa Tor PEOVTO EVOL UOVO UTTOVAVEGS, TTOQTOXAALAL, OVOVEDES, XAPTTOVLLA.

Amddely. Ac eivon fi, 0 {nroduevog apLtbudc tpdmwy ot

F(X)=> fuX"
n>0
71 (oLVNONG) YewwftpLa sLVGETNON TG axorovbiag { fr}n>0. Oa yYpdovue pLo YevwhTpLo oLYEE-
™Nom YLa x60e «eldog PEPOoVTOL» o HETA Dol TLg TTOANXTTAAGLAGOVUE, ETELDY] OL ETILAOYES YivovTOoL
oveEgptnTo xo tor TN abpoilovtot.

Ioptoxalo (GoTiog apibuds).

1
X)=14+X?>4+X+4+...= —.
OX)=1+X*+x*+ 5
Mravaveg (to oAb 3).
1-Xx*
BX)=1+X+X*+X%= :
(X)=1+X+X%+ 5
Avavades (moldamddoto touv 4).
1
PX)=14+X'+X8+4...= — .
(X)=1+X"+X"+ T x4

Kaproblia (to mold 1).
W(X)=1+X.

Apoa M CLYOALXT YEVWATOLO ElvoiL

1 1-— x4 1

F(X)=0(X)B(X)P(X)IW(X) = . . (14 X).
(X) = O(X)BEX)POW(X) = ——5 - = - (14 X)
AmAoTolwvToag,
1-Xx* 1+X 1+ X 1
1-Xx4 7 1-X2 1-X)1+X) 1-X’
omoTE 1 1 1
(X) 1-X 1-X (1-X)?
Méver va Bpolue v avamtuEn Tov ﬁ Oupifovue TOV YeEVIXEVUEVO StwyLUIXO CUVTEAE-
oty:
<a>:a(a—1)...'(a—n+1) (n>0),
n n!

XolL TY TOVTOTYTA



Bélovtag o = —2 xon avtixabiotvtag X — — X, maipvoope

1 -2
i -0 =X (D) exr =X
n>0 n>0
(Mpd&yp.orte (_712)(—1)” =n+1.)
Apo 0 ovvtedeotic Tov X" oto F(X) eivon f, = n + 1. O

Aoxnon 16. 'Eva xouti meptéxet 30 xdunveg, 40 pmie xaw 50 dompeg umdieg. Ov umdieg tov
(dov ypwpatog Bewpovvtor Gpoteg. Me TOGOLE TEOTTOVG UTTOPOVUE VO ETTLAEEOVIE Lat GUANOYN
70 proAoy otd To xouT;

Amtode&y. Av 1, b, w eivor avtiotoryo oL xdxxlveg/UTAe/dompeg mdheg Tov eTtAéyove, ToTte (-
Tépe t0 TANBog TWY TELASWY

r+b+4+w =70, 0<r<30, 0<b<40, 0<w<50.
Me vyevwqTPLEG GUVOPTNCELG: O TTHPALYOVTOG YLOL TLG XOXXLVEG Elvort
l+x+a®+- 425

YLl TLG LTTAE

l+x+a®+- +2%
X0 YLOL TLG AOTTPES

I+a+2?+- 20

70

Apa To {nTovpevo TAMB0g elval 0 GLYTEAEGTHG TOL T GTO YLYOREVO

Q+z+-+2)1+z+ +2" )1+ +- +2%).

XOENOLLOTTOLOOUE TNV TOVTOTNTO YEWUETOLXNG TEOOSOL
1— m+1
1+$+...+xm:L
1—2x
‘Etot
(1 _ xSl)(l _ x41)(1 _ :U51)
(1—a)? '

I+a+-+2)1+a+ - +2)1+z+ +2°) =

Thpo YeeLaldpaoTe ToV GUYTEAEGTH ToL /0 GTOo

(1 _ x31)(1 _ x41)(1 _ x51)
(1—x)? '

o)

t>0

I'vwpilovpe 6Tt

3167t 0 ouvTereaTYc Tov ! 670 (1 — )73 UeTPd Tic U cEVNTIXEC ABOELC TN U + U 4+ 2 = t, oL

omoieg eiva (t—|2-2) (xoTtépLo xow umépeg).
EmumAéov, yio var Bpodpe Tov ouvteheat Tov 70, apxel vor xpathcovpe amé to (1 — 231 (1 —
o) (1 — %) wévo toug bpouc uéypt Padud 70. Modyuort,

7

1- 3331)(1 _ 3341)(1 _ 9351) Bl g Bl T2 82 92 128
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%ot 6hot ot bpor 272, 182 292 2123 éyovy Babud > 70, dpo Sev emnEEALOVY TOV GUYTEAEGTH TOL

2™ 670 Tehx6 Yépevo pe (1 — x) 73, Emopévuc, o ouvtereotic tov 70 eivar

(702+ 2) - ((70 - 21) + 2) - ((70 - ;11) +2> - ((70 - ;1) + 2>.
<722) - <421> - <321> - <221> = 2556 — 820 — 465 — 210 = 1061.

Apa vgpyovy 1061 TpdTOL. O

AnAadn

Ac vmobéoovpe 6t BEhovpe va Bpodue v axorovbio yiow Ty omola LoydeL
ani1 = 4a, — 100, 3)

Yo x&be oxépato n > 0, pe apxn oovbinn ap = 50. LTy TEAYULOTIXOTNTO €XOVUE ATELPES
eklavoele, oe ameLpesg LETOPANTES. Tla vou ouyxevTPWooLUE GAES TLG TTANPOQPOPIES TToL elvor dLd-
OTOPTEG OE OTEG TG Gmelpeg eElotioetg oe pla udévo eklowaon, o eoaydyovpe Ty TEYYLXY TV
YEVVNTOLY OLUYOOTHOEWY.

Optopog 3.3 (Tewwritpta ouvgpton). ‘Eoto { fi,}n>0 pta axorovbio mpoypatixody aptbuwy. Téte
7 TUTILXY SLYOLLOCELRE

F(z) = Z fnz"

n>0

ovopdletar  ouvilng yevvitolor ovvaptnon tng axolovbiog { fr }n>0-

Emetdn ed6 ovlntape povo cuvnlels Topoywyix€g CUVUPTNOELS, LEPLXES POPES Do TTopaAEl-
TOLPE TN AEN «ouviBng» Yiow ouvtopio. XN cvvéyeto Bo yetptotovpe v (8.1) étor wote vo
EUPOVLOTEL N TTOPOY WYX GLVAPTNON TNg axorovdiog {an tn>0. Oétovpe

G(z) = Z anz”.

MoMamAaotdlovpe xor Tor o péhn g (8.1) pe 2™, xow petd abpoiovpe wg mpog n > 0.
Anhadi: maipvovpe évar avtiypapo g (8.1) yio x&0e n > 0, Torhamhaot&lovue ue "L, xan
%xoTéTLY TolPVOoLE TO dbpoLopor GAWY Twy eElawaewy Tov TpoxLTTovy. [laipvovpe

Z aon”H = Z da,z" T — Z 100"t (8.2)

n>0 n>0 n>0

To apLotepd Péhog elvar «axedbv» N Toporywytny cuvdptnon G(x). Hpdyportt, av avixoto-
othoovpe n + 1 pe n, o pévog 6pog mouv Aeimel eivar 0 ag. Apo To aPLoteEd Léhog g (8.2) etvou
G(x) — ap. O mpwtog 6pog Tov dekLod pérovg eivar 4xG(x), eve) 0 debtepog Gpog Tov SekLov

00
_xx’ opob Y, 502" = T Emopéveg 7 (8.2) tooduvopet pe

UéAoLG elvar 1

100
G(x) — ag = 42G(x) — . T (8.3)
-z
Avadratéooovtag Ty (8.3) maipvoope
100
Gz) = 20 x (8.4)

T 1-4r (1-2)(1-4z)

Oupudpaote 6TL ag = D0, dpo To Se&l pérog dev TEPLEYEL aYVWOTOLS SNAXDY Elval pLo Tu-
T Suvoooelpd wg TTpog x. ‘Etot éxovpe Bpet évav pntd tomo yiow ™ G(x), Ty Toparywyixnd
ouvéptnon g axorovbiog {a, }.
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TéNog, B€Aovpe évay pNTd THTO YLow ToLg (BLOLG ToLG aPLOROVS ay,. TToportnEobue 6Tt 1 (8.4)
elvot LoOTNTO TUTILXWY SVVOOTELPWY, oL dV0 TUTILXEG OLVVAUOTELPEG E(VOL (OEC OV KoL POVO O,
ytoe %40 n, oL ovvteeoTég Tov T glvan (oot. O ovvtereoTthg Tov 2" oto G(x) givon (€& opLopon)
0 ay. Apo 0 cuvteleoTg ToL ™ 0TOo Sekf Péhog g (8.4) elvon emtiong ay,.

0 mpditog 6pog elvar ebxoog:

ap
=0 D (z)" =50 4"a",

n>0 n>0

G0, GTOV TPWTO GPO, 0 GLYTEAEGTHG Tov x™ eivor 50 - 4™,
0 dedbrepog 6poc eivar Alyo o odvhetog. 'pdpovpe

100z A B

(1 —2)(1—4x) 1—x+1—4a:'

[MoAhamAaotélovtog pe (1 — x)(1 — 4x) maipvovpe
A(l —4z) + B(1 — z) = 100z,

ONAaON
(=B —4A)x + (A+ B) = 100z.

Apoe —B —4A =100 xow A+ B =0, ont6te A = —1g—0 xol B = 1%—0. Eropévwg,

100x 100 1 1 100 100
— _ _ 4n n __ n — - 4n__1 n'
e g (i) — g (T - e ) - S e e

n>0 n>0 n>0

, . , , no_s 100 / 4 , , ,
Apa, aT0v 3eTEP0 6pO0, 0 GLYTEAEGTYG ToL ™ elvon 5= (4" — 1). Tehxd xotodiyovpe 6t

n

3
OroxAnpwdaope To {nrodpevo, dnhady Bpxope PNt TOTO YLoL TO ayn. Elval edxoho vor eAEY-
Eovpe 6Tt 1 (8.5) teavomotel Ty avadpopi: yio n = 0 diver ag = 50, xo emiong

a, = 50-4" —100 - (8.5)

Antl — 1
3

4" —1

4an—100:4<50-4n—100‘ > —100 = 50 - 4" — 100 - = Gp+1-

Moapadetypo 3.4 (Tevvitpla cuvdpTon Yior ovadpopn 200 Badpod). BETovpe anto = 3an4+1—2a,
vioen > 0, pe ag = 0 xat a; = 1. Now Bpebel pntdg toTog Yiow T0 Ay,
AnddeiEn. Oétovpe ™ (cLVABN) yevwitolor cuvdpTnoy
G(z) = Z anz™.
n>0

+2

IMoAAaAaotélovpe ™) 0x€0Y Apto = 3ap4+1 — 2ay, pe 777 xouw abpoilovpe yio 6Aa ta n > 0:

n>0 n>0 n>0

To aptotepd pérog eivor

Zan+2x"+2 =G(z) —ap — a1z = G(x) — x,
n>0
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emeldn ag = 0 xow a1 = 1. Enlong,

Z app1z" =2 Z anp12" M =2 (G(x) — ap) = 2G (),

n>0 n>0

Xol

Z ant" % = 2°G(x).

n>0

Apo ) TOPOTTEAVL LOGTNTO YIVETOL
G(z) — z = 32G(x) — 22°G(x),

omoTE
T

2y _ —
Mopatnpodpe dtt
1 -3z +22%=(1—2)(1—22),

oo
x
@) =g a2
Oérovpe A, B vote
x A B

I-2)1-22) 1-z 1-2z
HoMamiactélovtag pe (1 — z)(1 — 2z) maipvovpe
r=A(1-2z2)+B(1—z)=(A+ B)+ (—24— B)x.
Towtilovtag ovvtereotég: A+ B = 0 xaw —2A — B =1, dpo A = —1, B = 1. Emopévwg

1 . 1
1—=z 1—2x

G(z)=—

AvomttdOo0VTOG OE YEWWIETPLXES OELPEC,

1 1
D DL v i) DS

n>0 n>0
omoTe
G(z) =) (2" —1)a"
n>0
Apo 0 ovvteleaThg Tov & elval ay = 2™ — 1. O

Hapdadetypa 3.5. 'Eva eEdunvo oe éva [loAuteyveio €xel n Nuépeg. Ty oy ToL EQUTVOL, 1
Koopropag ywpeilet to eEdunvo o 3o Lépn we eENg: oL tpwTeg k nuépeg amotelody To Dewpntind
©épog, xoL ot ETOUEVES N — k NUéPeg atoTeEAOVY To epyaatnotaxd pépog, omov 1 < k < n — 2.
"Eretta, emAéyel ula opyio oto mpwto pépog xor 6o apyieg oto deltepo pépog. Me mdooLg
SLaPOPETLXOVS TPOTOLS UTOPEL Vo OYESLATEL TO €EAUNVO PE QW TODG TOUG TTEPLOPLOUOVG;

Amddely. Oétovpe fr, To (nroduevo TAHoc.

(Aueon aropibunon ws abpotoua). Tia dedopévo k, vapyovy k tpémoL va emtAéEovpe pio
nuépo-opyio ato mpwto Wépoc. o to Sedtepo pépog Bétovpue m = n — k (omdte m > 2) xoun
LTTEPYOLY (ZL) TpoTOoL Yo eTAéEovpe dVo apyies. Apa

n—2 _k
k=1 2
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H mopomdve popen civar owaot, alrd Sev elvor TPo@avég oy «xAelvel» o xAetotd toTo. IV
OUTO YPENOLULOTIOLOVILE YEVWTOLEG OLYOPTYOELG.

(Me yeyvijrpiec ovvaptiioes). Ocwpobpe Tig axorovbieg

k? k Z 1) (Tg)a m Z 27
ap = bm =
07 k= 07 0, m = 07 1.
xot Tt (GLYNBELS) YEWTTPLEC BLYPTHOELS TOLG
m
A =Y aat = Y ket Ba) =Y b = 3 <2)$m
k>0 k>1 m>0 m>2

Téte 1o fr, elvor axpiPfudc  cuvENEN fr, = Zk+m:n apbm, Gpo n yevhtolo

F(x):= anx"

n>0

LXOLYOTIOLEL

F(x) = A(z) B(x).

Yroloyilovpe tHpa xAetotég poppéc yiow A(x), B(x). Amé yvwotég towtotreg (m.y. pe mo-
POYOYLON TG D >0 ab = 1) éyovpe

Ax) = kak = ﬁ

E>1
Eriong, emeldn (Tg) = m(n;l), TEOXOTTEL (TTEAL OO TTHPOYDYLOT/YVWOTY GELRG) OTL
B( ) Z m m I’Q
) = T = —.
2 (1—x)3
m>2

Apa

x x? z3

F(z) = A(z)B(z) = =22 G2y = A=

XENOLULOTIOLOOUE THPA TO YVWOTO OVATTTUYUO
1 t+4\
—_— = T
S < 4 >
t>0

Omérte

Pl =Y <t—£4>xt :;’ <(n_i)+4>w"=z <n1—1)xn

t>0
n+1
Noapédetypa 3.6 (Mia ypfotun Towtdtnro oo oeLpég). T |z < 1 toyvet

n 1
Zx =T (4)

n>0

ZOVETIG, YLt 1 2> 3 TTolPVOLUE
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MopoywyiCovtog k @opég wg Tpog &, Ttaipvovue

k!
gn(n—l)...(n—kz—i-l)x"k:(l_w.

Avtixobiotdvtag n ard n + k xow drowpdvrag pe k! mpoxdmrer n tawtdtTo

n+k\ , 1

n>0

Hapdadeypa 3.7. Me tic iSteg n nuépes, n Koopftopag ywpeilelt oA to eEdunvo oe V0 Uépn,
xo Tdpo (ovtl yiow apyieg) emihéyel ueoés NuUépeg yrow aveEGETNTN LeAéTn xor ota dVo Pépn
(emitpémeton va pn StohéEet xapion nuépa og x&moLo wépog). Me TEo0LE SLOPOPETLXOVS TPOTTOVG
umopel vou ayedtéoetl to eEQunVo;

AmodeEy. Oétovue g, To {nroduevo TANboG.
Av to TpwTo pépog éxel k Muépeg, téte 0 aptbude TEéTwY va dtakéEovue Eva vTTOOoUYOAO
NUEPWDY YLow HeAéTn péoo oe avTég Tig k nuépeg eivar 2k Av 10 debtepo pépog éxet m = n — k
, , , , m , , , , k on—k _ on ,
NUépeg, T6te awvtioTolyo LTEGEYoLY 27 TpdToL. Apa yia dedopévo k éxovpe 27 -2 = 2" tpbémovg.
Av Bewproovpe 6t to k pmopel vo mhpet 6heg tig ttpég 0,1, ..., n, totE LTEEYOoLY N + 1
eTAOYES YLl TO onueio SLAoTOoYG, OTOTE

gn = (n+1)2™

(Me yewvitotec ovvaptioec). H axorovdia ¢, = 28 (k > 0) éyel yew#rora
1
Clz)=Y 2Fab = ———
(r)=2 2" =15,
k>0
To Tnrodpevo eivor GLVEALEN NG Ck LE TOV EQLTO TNG, QPO

1
G(x) =) guz"=C(z)? = ———.
nzzo " (1—2z)?
[Moportnpodue 6t

1 1d/ 1 1 d a1 . .
m:§%<1—2x):§%(z2x)‘52”‘25‘; t=) (n+ 12t

n>0 n>1 n>0

dopo. g, = (n + 1)2", émwg TEL. O

Hopadetypo 3.8. Av p<i(n) ovuPorilet To TAR00g Twy drapepioewy Tov n oe uépn peyébovg < k,

TOTE

oo
> par(n)z” =]] = (I+a+a?+a+ - ) (144 o 4204 ) - (TaF a4 ).
n>0 =1

Anddeln. Oo eEnyfioovue Yot 0 ouvtereotig Tov =" oTo Sekl pérog eivar p<i(n).
Avomtdooovtag To YLvouevo

k
H(1+5L‘i+x2i+a}3i+---),
i=1
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%&0e 6pog TOL TEORVTITEL ETULAEYEL OTTO TOV 1-00TO TOEAYOVTOL (Lot SHVOUY xY v xémoto §; > 0.
O ovvolxdg exBétng eivor
L-ji+2-jo+-+ k- ji
Apa 0 cuyteEAeaTYC TOL T pETEG oxELBWC T k-adeg (f1, - .-, k) ke Ji > 0 %o
11 +2jo+--+kjp=n <= 1+1+...+14+24+2+.. . +24+.. . +k+k+...+k=n.

ANAG owT6 Looduvoapel pe dtopéplor Tov . oTNY omola paviletol To LEPOG ¢ axpLBWs J; POPEG.
Emopévwg, petpdue 6Aeg tig dtapepioetg tov n oe puépn < k, dnhadh p<i(n). O

Noapédetypa 3.9. Av p(n) sivor to TAB0g GAwY TwY Stopepioewy Tov N, TéTe

o0

;p(n)mn:gljxk:(1+w+x2+-~)(1+x2+x4+-~)(1+x3+x6+---)-.-.

Amtode&y. AxplBog 6wg ato Topomave Tlapddetypa, pévo Tov ThEo deV LTTAEYEL VL EEAYLA
070 péyebog Twv PLepWy, Gpa eppovilovtat dmelpol Topdyovtes. O cLVTEAETTAG ToL T avTLloToLyEel
070 TAN00g TPOTTWY var Ypdovue

n=1j1 +2jo+3j3+--- (i >0, 6Aax undév tehixd),
ONAadn ato TAN0og Twv Stopeploewy TOoL N. O

Nopadetypo 3.10. To TAR00¢ Podd(n) Twv dapepioewy Tov N oe TeEiTTd PéEN elvon (00 pe To
TARB0C Paist(n) TwV Stopepioewy tov n oe Stapopetixd (dvioo) pépn.

Arode&n. H Poowny] tdéa eivor 6Tt opxel vor SelEovpe Twg oL YEVWTPLEG GLVOPTACELS TwY dVO
oxorovbLey eivor (Sieg.

(Ilepirtae péon). Av emitpémovtal L6vo mepittd péon 1,3.5, ..., téte yioo %éBe TepLttd i
umopovue va mapovpe 0,1,2, ... @opég To UEPOG T. Apa M YEYWATOLO CLYAPTNOY lval
1
— no_
F(x) = Zpodd(n)x = H T
n>0 i>1
1 TEPLTTO

(Awxpopetixc uéon). Av to pépn meémet va eivor Ao SLapopeTixd, Tote yiow x40 i > 1 eite
maipvovpe To UEPog ¢ wio opd eite Sev to matpvovue xaidrov. Apa 0 i-00TOHG TOPAYOVTOG ElvOL
(14 z°) %o

G@) = pas(n)a™ = [ (1 + 7).
n>0 i>1
XOENOLLOTTOLOVUE TWEOL TNV TOVTOTYTOL

17x2i

1+ 2t = .
+x T

Apa

LT T L0y

270 ¥Adopa owTd aTOAELPOVTAL OAOL OL «BETLOL» TTAPAYOVTIEG TOL TTOLPOVOUOTTY] ILE TO YLVOWIEVO
ToL oPLOUNTA, xow pével

Ga)=]] 1—a® [l —a®)

1
Gy =[] —— =F).
il
1 TEPLTTO

Apat oL ovvtedeotég Twv " ota F(x) xow G(x) givon toot yio x60e n, INAadH Podd(n) = Paist(n)-
O
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