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Problem 3.1 : Compute the the splitting field of each of the following polynomials over ℚ
(i) 𝑥3 − 5 ∈ ℚ[𝑥]

(ii) 𝑥6 − 2 ∈ ℚ[𝑥]
(iii) 𝑥4 − 1 ∈ ℚ[𝑥]
(iv) 𝑥3 − 𝑥2 − 𝑥 − 2 ∈ ℚ[𝑥]

Problem 3.2 : Let 𝐹  be a field, 𝑓 ∈ 𝐹 [𝑥] be an irreducible polynomial of degree 2 and let 𝑎 be a root of 𝑓 . Show that 
𝐹(𝑎) is a splitting field of 𝑓  over 𝐹 .

Problem 3.3 : Find all ℚ-embeddings ℚ( 4
√
2) → ℚ

Problem 3.4 : Find all ℚ-embeddings ℚ(
√
2,
√
3) → ℚ

Problem 3.5 : Let 𝜔 ∈ ℂ be a primitive 3-rd root of unity. Prove that ℚ( 3
√
2) and ℚ(𝜔 3

√
2) are isomorphic.

Problem 3.6 : The complex 8-th roots of unity are the roots of 𝑥8 − 1 ∈ ℚ[𝑥]. Let 𝜁 be a primitive 8-th root of unity.
(i) Show that 𝜁𝑗, 0 ≤ 𝑗 ≤ 7, are the (distinct) roots of 𝑥8 − 1.

(ii) Which of those roots are primitive?
(iii) Find the splitting field 𝐾 of 𝑥8 − 2 ∈ ℚ[𝑥] over ℚ.
(iv) Find all ℚ-automorphisms 𝐾 → 𝐾.

Hint: First extend id : ℚ → ℚ to all possible 𝜎 : ℚ( 8
√
2) → ℚ( 8

√
2).

Then extend each 𝜎 to all possible 𝜏 : ℚ( 8
√
2, 𝜁) → ℚ( 8

√
2, 𝜁).

Note that 𝑥4 + 1 = (𝑥2 −
√
2𝑥 + 1)(𝑥2 +

√
2𝑥 + 1).

Problem 3.7 : Let 𝑝 be a prime.
(i) Find a splitting field 𝐾 of 𝑥𝑝 − 2 ∈ ℚ[𝑥] over ℚ.

(ii) Show that [𝐾 : ℚ] = 𝑝(𝑝 − 1).
(iii) Find all ℚ-automorphisms 𝐾 → 𝐾.

Problem 3.8 : Let 𝐾,𝐿 be extensions of ℚ and 𝜎 : 𝐾 → 𝐿 an isomorphism. Prove that 𝜎 fixes ℚ.

Problem 3.9 : Prove that the fields ℚ(
√
2) and ℚ(

√
3) are not isomorphic.
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